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@ Model 1 : sandpile and cfg
@ Model 2 : dynamical system with hole
@ Model 3 : Probabilistic dynamical system
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o Classical models
@ Input bases coming from applications
@ General model of inputs
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© Introduction
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Generalizations of the Euclid algorithm

GCD
Simultaneous Rational Approximation

Problem : Consider y € R”, find ¢ € Z
with ¢ < M and P € Z" such that

llg-y — P s small.

Continued Fraction Expansion

my,+0

This morning . ..
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Generalizations of the Euclid algorithm

GCD

‘ Simultaneous Rational Approximation
Problem : Consider ¥ € R”", find ¢ € Z

with ¢ < M and P € Z" such that
is small.

@ Algorithms : LLL, HKZ, lg- ¥ — Pl
BKZ, ...

@ Models for the algorithms

‘ Lattice reduction

Continued Fraction Expansion

(sandpile, CFG, ...) u_ 1
@ Models for the inputs o o+ ! 1
(cryptography, factorization, my +
1
Mp—1 + m,+0

This afternoon. . .

This morning . ..
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© The LLL algorithm
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The LLL algorithm

Input : A lattice £ given by a basis (by,...,bp)
t>1

Output : A basis (by,...,by,) of £ such that the Gram-Schmidt
Orthogonalization (GSO) satisfies ,

There exist a matrix M such that

B = MB* and
1 0o ... 0
« o1 1
M = :
: . 0
Nm,l e e /‘Lm7m71 1
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The LLL algorithm

Input : A lattice £ given by a basis (by,...,bp)
t>1

Output : A basis (by,...,by,) of £ such that the Gram-Schmidt
Orthogonalization (GSO) satisfies ,

Q forall1<j<i<m, || <35 (size reduced)
Q forall 1<i<m, [bf,|+u?,;lb}|I>> &|lbf[|> (Lovdsz conditions)

There exist a matrix M such that

B = MB* and
1 0o .- 0
« o1 1
M = :
: . 0
Nm,l ce . “e . /‘Lm7m71 1
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The LLL algorithm

LLL performs translations and exchanges.

An exchange between two consecutive vectors is performed as soon as a Lovasz
condition is not satisfied.

The exchanges improve the orthogonality and globally the ratios b7 /b7, ; decrease.

Translations are performed for shortening the vectors (size-reduction)
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The LLL algorithm in dimension 2 (Gauss algorithm)
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The LLL algorithm in dimension 2 (Gauss algorithm)
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The LLL algorithm in dimension 2 (Gauss algorithm)
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The LLL algorithm in dimension 2 (Gauss algorithm)

Loick Lhote (GREYC, Caen) ANR Dyna3S 8 /53



The LLL algorithm in dimension 2 (Gauss algorithm)
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The LLL algorithm in dimension 2 (Gauss algorithm)
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The LLL algorithm in dimension 2 (Gauss algorithm)
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The LLL algorithm in dimension 2 (Gauss algorithm)
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Translations and exchanges

Role of the translations (size-reduction):
The length of the vectors decreases with the translations.

Role of the exchanges:

Each exchange between by and b}, increases the length of b}, ; and decreases the
length of b}.

The vectors are then more “orthogonal” and the ratio ||b}||/||b, || decreases.
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The LLL algorithm

Input : A lattice £ = L(b1,...,by)
t>1
Output : A t-LLL reduced basis of £

Algorithm
0: Compute the GSO

1: size-reduce the basis using only translations (| ;| < %)

2 :  while the basis is not t-LLL reduced do

3: choose i such that |[b,,|[? + 17, ;| |bf[|* < %||bf]?
according to a strategy

4 exchange b;_; and b;

5: size-reduce the basis using only translations

6 : end while

7: return (by,...,bp)

Remark : The LLL algorithm only uses the orthogonal basis to make decision
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Quality of the output

@ The norms ||b¥|| do not decrease too quickly since ||b*|| > s'~1||bf|| with

11,1
2 4 2

@ by is a “short enough” vector of the lattice since

||ba]| < 2(m=D/2)\(L)

[A(L) is the length of a shortest non zero vector of L.]
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Complexity

LLL performs O(n*mlog B) arithmetic operations with integers of size O(nlog B)
where B = max;—1., ||bi]|.

The real D .
— x||n—i < gn’ i — ,
D=]]Ib:I""<B™, with B max ||,

i=1

decreases by a factor § = (1 + s2)!/2 at each exchange. Then LLL performs
O(n? log B) exchanges.

Between two exchanges, there are at most O(n?) arithmetic operations.

The size of the integer increases quickly and the computations need multiprecision
even for low dimensions (~ 20).
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The LLL algorithm : a new point of vue

Input : the real vector (¢1,...,¢y) with ¢; = ||b}||
the subdiagonal coefficients (p1, ..., ftm—1) with |u;| = il < %
t>1
Output : (61,...,f ) and ( yeeosfim—1) with forall i =1...m—1,
> (& - )

Algorithm
0: Compute the GSO

1: size-reduce the basis using only translations (|u; ;| < %)

2 :  while the basis is not t-LLL reduced do

3: choose i such that [|bf, ,|[> + 7, ;| |bf||* < S|b¥[[?
according to a strategy

4 exchange b;_; and b;

5: size-reduce the basis using only translations

6 : end while

7: return (by,...,by)
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The LLL algorithm : a new point of vue

Input : the real vector (¢1,...,¢y) with ¢; = ||b}||
the subdiagonal coefficients (p1, ..., ftm—1) with |u;| = il < %
t>1
Output : (61,...,f ) and ( yeeosfim—1) with forall i =1...m—1,
> (& -3
Algorithm
0:
1:
2 :  while the basis is not t-LLL reduced do
3: choose i such that |[b,,|[? + 17, ;| |bf[|* < &||bf]?

according to a strategy
4 exchange b;_; and b;
5: size-reduce the basis using only translations
6 end while
7 return (by,...,b,)
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The LLL algorithm : a new point of vue

Input : the real vector ({1,...,¢n) with ¢; = ||b7||
the subdiagonal coefficients (1, ..., pm—1) with [u;] = [pit1,i| < 3
t>1

Output : (517...,6 ) and (fi1, ..., fim—1) with forall i=1...m—1,
B > (% - B9

Algorithm

0:

1:

2: while there exists i such that | (2., < (& — 1i?)(? | do

3: choose i such that [|bf,,[|* + 17, ;| [b}[|* < b} ]]?

according to a strategy
4 exchange b;_; and b;
5: size-reduce the basis using only translations
6 : end while
7 return (by,...,b,)
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The LLL algorithm : a new point of vue

Input : the real vector ({1, ...,¢n) with ¢; = ||b7||
the subdiagonal coefficients (pu, ..., ftm—1) With ;| = |piy1,i] < 3
t>1

Output :  (f1,...,0n) and (D1, ..., fim—1) with forall i=1...m—1,

Algorithm
0:
1:
2: while there exists i such that | (2, < (& — 1i?)(? | do
3: choose i such that (2, < (% — p?)(?
according to a strategy
4 exchange b;_; and b;
5: size-reduce the basis using only translations
6 end while
7 return (by,...,by)
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The LLL algorithm : a new point of vue

Input : the real vector (¢1,...,¢y) with ¢; = ||b}||
the subdiagonal coefficients (1, ..., pm—1) with [p;] = [piz1,i| < 3
t>1

Output : (é\l,... @\m) and (i1, ..., fim—1) with forall i=1...m—1,

Algorithm
0:
1:
2: while there exists i such that | (2 ; < (% — p?)(? | do
3: choose i such that 2., < (& — u?)2
according to a strategy
4 0j < pli and Ciy1 < (1/p)liy1 with | p? = = 2
5: size-reduce the basis using only translations
6 end while
7 return (by,...,b,)
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The LLL algorithm : a new point of vue

Input : the real vector (¢1,...,¢y) with ¢; = ||b}||
the subdiagonal coefficients (p1, . .., ftm—1) With |gi| = |piy1,i| < %
t>1

Output : (21,...,2m) and (f1,...,fAm—1) with forall i=1...m—1,
i 2 (& = D)

.

Algorithm
0:

1:
2: while there exists i such that | (2, < (% — p?)(? | do
3

choose i such that 2., < (% — p?)2
according to a strategy

4. i+ pli and £; 1 < (1/p)lisy with | p? = /(—‘ + p?
5: call an that recomputes p; and g1

6 : end while

7: return (by,... b)
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The LLL algorithm : a new point of vue

Input : the real vector (¢1,...,¢y) with ¢; = ||b}||
the subdiagonal coefficients (p1, . .., ftm—1) With |gi| = |piy1,i| < %
t>1

Output : (21,...,2m) and (f1,...,fAm—1) with forall i=1...m—1,
i 2 (& = D)

.

Algorithm
0:

1:
2: while there exists i such that | (2, < (% — p?)(? | do
3

choose i such that 2., < (% — p?)2
according to a strategy

4: i+ pli and £; 1 < (1/p)lisy with | p? = /(—‘ + p?
5: call an that recomputes p; and g1

6 : end while

7: return (f1,....0y) and (p1,-. -, ftm=1)
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© Modelling the LLL algorithm
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Simplified versions of the LLL algorithm

Updates in the LLL algorithm:
During an exchange, the norms of the vectors in the orthogonal basis become

_ 1IbylP?
167>

b7 || = pl[b7[|  and [|bfi4 [ « — ||b,+1|\ with  p° +
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Simplified versions of the LLL algorithm

Updates in the LLL algorithm:
During an exchange, the norms of the vectors in the orthogonal basis become

B (L |
[[bY|| <= plIb}]] and [|bf ]| + — ||b,+1|‘ with  p” Hll)*Hz + Hig,
1
LLL Model 3 Model 2 Model 1
Conditions - pig1,; fol- | - the piy1; | p is supposed
on p lows a uniform are supposed | to be constant
law on [, 1] | to be constant
- p depends | - p only de-
on the ratio | pends on the
(167411 and b2, |12
ICHIE ratio III;J:HZ
Hit1,i
Remarks Too  compli- | Open problem | Work in | True Chip Fir-
cated progress ing Game
[Madritsch,
Vallée]
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© Modelling the LLL algorithm
@ Model 1 : sandpile and cfg
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The LLL algorithm : additive point of vue

Input : the real vector (¢1,...,¢y) with ¢; = ||b}||
the subdiagonal coefficients (1, ..., ftm—1) With || = |piy1,i| < 3
t>1

N

Output : (é\l,..., m) and (f1,...,fim—1) with forall i=1...m—1,
1

Algorithm
0:

1:

2 while there exists i such that | (2, < (& — 1i?)(? | do
3 choose i such that [|bf,,[|* + 17, ;| [b}[|* < [b}]]?
according to a strategy

4 Ui < pli and £; 11 + (1/p)lisq with | p? = ’/—‘ + 2
5: call an that recomputes p; and fj1+1

6 : end while

7: return (¢1,...,0y) and (p1,. .., fim—1)
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The LLL algorithm : additive point of vue

Input : the real vector (qi, ..., qm) with g; = log ¢2
the subdiagonal coefficients (u1,. .., fim—1) With || = |pit1,i| < %
t>1
Output :  (G1,...,8m) and (f1,...,fim—1) with forall i=1...m—1,
Giv1 > log(g — 17) + @i
Algorithm

0:

1:

2: while there exists i such that | (2, < (& — p?)(? | do

3 choose i such that [|bf,,||* + 17, ;[[b}[]* < I[b}]]?
according to a strategy

4 i+ pli and £i 11 < (1/p)lis1 with | p? = (/—‘ + p?
5: call an that recomputes p; and pj41

6 : end while

7: return ({1,...,¢p) and (p1,. -\ fm—1)
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The LLL algorithm : additive point of vue

Input : the real vector (q1,...,qm) with g; = log ¢2
the subdiagonal coefficients (p1, . .., ftm—1) With |gi| = |piy1,i| < %
t>1
Output :  (G1,...,qm) and (fi1,...,fim—1) with forall i=1...m—1,
diy1 > log(% — 22) + &
Algorithm

0:

1:
2 :  while there exists i such that | g;.1 < H + g; |with H = Iog(ti2 —p?) do
3 choose i such that |[b%,|* + 17, ;| [bf[[* < %||bf?

accordlng to a strategy

4: Ui < pli and Ci1q1 < (1/p)liy1 with | p? = 5L + 12
5: call an that recomputes p; and fj+1
6 : end while

~

return ({1,...,¢y) and (g1, ..., fim—1)
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The LLL algorithm : additive point of vue

Input : the real vector (qi,...,qm) with g; = log £2
the subdiagonal coefficients (p1, . .., ftm—1) With |gi| = |piy1,i| < %
t>1
Output :  (G1,...,qm) and (fi1,...,fAm—1) with forall i=1...m—1,
giv1 > log(% — A7) + &
Algorithm
0:

1:
2 . while there exists i such that | g,y 1 < H+ g; |with H = Iog;(%2 —p?) do
3: )

choose i such that g;y1 < H+ g; with H = Iog(?
according to a strategy

4: li < pl; and L1 < (1/p)liy1 with | p? = ’(—‘ -2
5: call an that recomputes p; and i1
6 : end while

~

return ({1,...,¢y) and (g1, .., fm—1)
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The LLL algorithm : additive point of vue

Input : the real vector (q1,...,qm) with g; = log (2
the subdiagonal coefficients (p1, - .., ftm—1) wWith |u;| = il < %
t>1
Output :  (G1,...,8m) and (f1,...,fim—1) with foralli=1...m—1,
Giv1 > log( — A7) + &
Algorithm
0:

1:
2 . while there exists i such that | g,y 1 < H+ ¢g; | with H = Iog(%2 — ,2) do
3: ©?)

choose i such that g;y1 < H+ g; with H = Iog(?
according to a strategy

4 gi < q; — h and gi11 < gir1 + h with
h = —log p?> = —log e9+1 79 + 12
5: call an | oracle | that recomputes p; and iy
6 : end while
7: vreturn (¢1,...,0y) and (p1,. .., fm—1)
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The LLL algorithm : additive point of vue

Input : the real vector (q1,...,qm) with g; = log (2
the subdiagonal coefficients (p1, - .., ftm—1) wWith |u;| = il < %
t>1
Output :  (G1,...,8m) and (f1,...,fim—1) with foralli=1...m—1,
Giv1 > log( — A7) + &
Algorithm
0:

1:
2 . while there exists i such that | g,y 1 < H+ ¢g; | with H = Iog(%2 — ,2) do
3: ©?)

choose i such that g;y1 < H+ g; with H = Iog(?
according to a strategy

4 gi < q; — h and gi11 < gir1 + h with
h = —log p?> = —log e9+1 79 + 12
5: call an |oracle | that recomputes p; and fuj+1
6 : end while
7: return (qg1,...,qm) and (p1,. .., tm—1)
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Hypotheses

H and h are supposed to be constant.
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General sandpiles and chip firing games with parameters

(H, h).
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General sandpiles and chip firing games with parameters

(H, h).

[Ib7a 12

* |12
In our context, q; = Iog||b}‘||2 ri=q;i — qiy1 = log [1b7]] J
i+1
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General sandpiles and chip firing games with parameters

(H, h).

[Ib7a 12

) U 1
our context, g; = log ||b?]| ri=qi — qir1 = log
i+1

The equation

If g >gqix1+H, then [§i=g —h gti=gis1+h]
defines the sandpile model of parameters (H, h).

Loick Lhote (GREYC, Caen) ANR Dyna3S 19 / 53



General sandpiles and chip firing games with parameters

(H, h).

[[b7 12

b7 [17

In our context, g; = log||b¥|[? ri=q;i — qiy1 = log

The equation
If  qi>qi+1+H, then [§i=q —h q%1=qi1+h]
defines the sandpile model of parameters (H, h).
The equation
If rn>H, then [Fi=r—2h, ri1=ry+h rli=ri_1+h]
defines the chip firing game of parameters (H, h).
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General sandpiles and chip firing games with parameters

(H, h).

| = *|[2 S g = ||bf||2
n our context, g; = log ||b¥|| ri=qi — Giy1 = log T ——>
1674

The equation
If  qi>qi+1+H, then [§i=q —h q%1=qi1+h]
defines the sandpile model of parameters (H, h).
The equation
If rn>H, then [F=r—2h, ri1=riy+h rii=ri_1+h]
defines the chip firing game of parameters (H, h).
Classical instances studied : basic and decreasing.

— Basic instances : Initial integer g;'s and parameters H, h equal to 1.
— Basic (strictly) decreasing instances :
The sequence i +— gq; is (strictly) decreasing.
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General sandpiles and chip firing games with parameters

(H, h).

* |12
In our context, q; = Iog||b}‘||2 ri=q;i — qiy1 = log I — I 5
|74

The equation
If  qi>qi+1+H, then [§i=q —h q%1=qi1+h]
defines the sandpile model of parameters (H, h).
The equation
If rn>H, then [F=r—2h, ri1=riy+h rii=ri_1+h]
defines the chip firing game of parameters (H, h).

Classical instances studied : basic and decreasing.

— Basic instances : Initial integer g;'s and parameters H, h equal to 1.
— Basic (strictly) decreasing instances :
The sequence i +— gq; is (strictly) decreasing.

Here, we study general instances of sandpile models.
Loick Lhote (GREYC, Caen) ANR Dyna3S 19 / 53



Evolution of a CFG and its sandpile

e e ==

| | A

The evolution of a basic chip firing game (above),
and its associated sandpile (below).

above : g; = log ||b¥||? 2
I[bf]

b7y [?

below : r; = q; — gj+1 = log
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Evolutions of a basic sandpile

/

|
e
;
|
}\

l\\
l

Possible evolutions of a basic sandpile.
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For any sandpile of parameters (h, H)...

(i) There is a unique final §. The length of any path q — § is

T(a) = ' i(n—1i)(ri =)
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For any sandpile of parameters (h, H)...

(i) There is a unique final §. The length of any path q — § is
T(@) = 5 > i =) (5= )

(i) If the sandpile is decreasing, H — 2h < #; < H,
n—1

0< T(q)— % > i(n—i)(r—H)<2A(n)  with A(n):=n

i=1

n” -1
12
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For any sandpile of parameters (h, H)...

(i) There is a unique final §. The length of any path q — § is
T(@ = o S iln =) (5~ )

(i) If the sandpile is decreasing, H — 2h < #; < H,

0< T(q) - % : i(n—i)(ri— H) <2A(n)  with A(n):= n”21; !
(iii) If the sandpile is strictly decreasing,
3 ViAj, H—h<#H<H,  and H—2h<#<H-—h,
1 & 1
0< T(q)— [A(n) + T 2 i(ln—=10)(rn—H)| < §n2
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For any sandpile of parameters (h, H)...

(i) There is a unique final §. The length of any path q — § is

n—1
T(a) = o > itn =)~ )
(i) If the sandpile is delcreasing, H-2h<? <H,
0< T(q) - % 2; i(n—i)(ri— H) <2A(n)  with A(n):= n”21; !
(iii) If the sandpile is strictly decreasing,
3 ViAj, H—h<#H<H,  and H—2h<#<H-—h,
1 & 1
0< T(q)— [A(n) + oh 2 i(ln—=10)(rn—H)| < §n2

i=1

(iv) For a general sandpile,
H—-2h<t <H if rn>H-—h, > if n<H-—Ah

1 n—1
ﬂZ/'(,1—,')(r,-—H+h) < T(q) <

i=1
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For any sandpile of parameters (h, H)...

(v) A sufficient condition for two adjacent strictly decreasing basic sandpiles
q- = (qla qz, .-, qp)a q+ = (qp+1a Ap+25 -+ qn+p)

to be independent is

(Be) e () 2
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For any sandpile of parameters (h, H)...

(v) A sufficient condition for two adjacent strictly decreasing basic sandpiles
q- = (qla qz, .-, qp)a q+ = (qp+1a Ap+25 -+ qn+p)

to be independent is

(Be) e () 2

In this case, the number of steps for the total sandpile q is (in parallel)

T(a) = max[T(qa-), T(a+)]
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© Modelling the LLL algorithm

@ Model 2 : dynamical system with hole
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Simplified versions of the LLL algorithm

Updates in the LLL algorithm:
During an exchange, the norms of the vectors in the orthogonal basis become

B (L |
[[bY|| <= plIb}]] and [|bf ]| + — ||b,+1|‘ with  p” Hll)*Hz + Hig,
1
LLL Model 3 Model 2 Model 1
Conditions - pig1,i fol- | - the pjy1; | p is supposed
on p lows a uniform are supposed | to be constant
law on [, 1] | to be constant
- p depends | - p only de-
on the ratio | pends on the
[1b7,4 ]l and b2, |12
[lbr[I? ratio |||;J:H2
Hit1,i
Remarks Too  compli- | Open problem | Work in | True Chip Fir-
cated progress ing Game
[Madritsch,
Vallée]
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Model M2(t, 1)

|Ibi4 2 2 _ _ (1
Xj = ThRel12 P _Xi+/j/u Ot,,u_ 72_/">+Oo
|[b7]| t
Entrées: Le vecteur x = (x1,...,X4_1) € Rﬂ’:l
Résultat: Le vecteur final & = (%1,...,%q-1) € 00"

tant que x & Od ! faire
Choisir i tel que Xi € Opes
Calculer x := T; ,(x) vérifiant

Xi—1 1= Xi—1(x; + ), Xi1 = Xip1 (X + ), Xi = 5,

fintq

This is a general dynamical system in RY with
@ a hole Ot‘{;l

@ and an attractive fixed point in (1 — p,...,1— p)
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Strategies

n T n
R R e B
Tl
T T, T, T, Tior T, T
LLL strategy Greedy strategy Random strategy
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First result when t > 1

Potential

P(x) := H x,"(df'.)

i=1
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First result when t > 1

Potential
d—1 o
P(x) := Hx,'( =7
i=1
With the greedy strategy, we have
P(x)

P(T(x) =

Loick Lhote (GREYC, Caen) ANR Dyna3S 28 / 53



First result when t > 1

Potential
d—1 o
P(x) := Hx,'( =7
i=1
With the greedy strategy, we have
P(x)

P(T(x)) = > P(x)

i=

: - 2
_in_,Gi+n)
and if the basis is far from being reduced,

min_(xi+u)*~p? P(x) ~uP(T(x),  P(x) ~ u*P(TH(x))

i=
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First result when t > 1

Potential
d—1 o
P(x) := Hx,'( =7
i=1
With the greedy strategy, we have
P(x)

P(T(x)) = > P(x)

: - 2
i ba+ 1)
and if the basis is far from being reduced,

min_(xi+u)*~p? P(x) ~uP(T(x),  P(x) ~ u*P(TH(x))

i=
But if the basis is close to be reduced,

1
. 2 .
' ~— <1 if 1
min 1(x, +p) 2 <l t>

I=1...d—
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First result when t > 1

Number of iterations when t > 1

Consider the dynamical system M2(u, t) with t > 1, p € [0, %] and x ¢ (’);{;1. The
number of iterations of M2(u, t) on x, denoted by K ,(x) satisfies

K pu(x) = % log,, P(x) + o(d®).

Remark :
@ the known results on the complexity of LLL involve log, P(x),

@ nothing is known when t = 1.
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Model M2(t, i) with t =1

We did not succeed in generalizing the result except for d = 2 (Gauss) and d = 3
(LLL in dimension 3).

Number of iterations when t =1 and d = 2,3

Consider the dynamical system M2(y, 1), pu € [0, 1], x ¢ Od Yand d =2,3. The
number of iterations of M2(y, 1) on x, denoted by Ki ,,(x) satlsfles

Ki,u(x) = % log,, P(x) + O(1).
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Model M2(t, i) with t =1

We did not succeed in generalizing the result except for d = 2 (Gauss) and d = 3
(LLL in dimension 3).

Number of iterations when t =1 and d = 2,3

Consider the dynamical system M2(y, 1), pu € [0, 1], x ¢ Od Yand d =2,3. The
number of iterations of M2(y, 1) on x, denoted by Ki ,,(x) satlsfles

Ki,u(x) = % log,, P(x) + O(1).

Ki,u(x) = % log,, P(x) + O(d®).
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© Modelling the LLL algorithm

@ Model 3 : Probabilistic dynamical system
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Simplified versions of the LLL algorithm

Updates in the LLL algorithm:
During an exchange, the norms of the vectors in the orthogonal basis become

B (L |
[[bY|| <= plIb}]] and [|bf ]| + — ||b,+1|‘ with  p” Hll)*Hz + Hig,
1
LLL Model 3 Model 2 Model 1
Conditions - pig1,i fol- | - the pjy1; | p is supposed
on p lows a uniform are supposed | to be constant
law on [, 1] | to be constant
- p depends | - p only de-
on the ratio | pends on the
[1b7,4 ]l and b2, |12
[lbr[I? ratio |||;J:H2
Hit1,i
Remarks Too  compli- | Open problem | Work in | True Chip Fir-
cated progress ing Game
[Madritsch,
Vallée]
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Model M3(t, )

Entrées: Le vecteur x = (x1,...,X4_1) € Rﬂ’:l
Le vecteur 1 = (pa,..., ptg—1) € [0, 3472

Résultat: Les vecteurs X = (X1,...,%4—1) et fi = (f1,- .., fig—1) tels que
K> 5=

tant que il existe i tel que x; < % — p; faire

Choisir i tel que x; < t% — Wi

Calculer x := T; ,,,(x) vérifiant

Xi

Xi—1 = Xi—1(X; + i), Xip1 = X1 (X + i), Xj = m
Générer aléatoirement un nouveau p;

fintq

This is a probabilistic dynamical system
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Results

NONE'!
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Some ideas

K(x) denotes the number of iterations on the input x
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Some ideas

K(x) denotes the number of iterations on the input x

Consider Py the potential such that P(x) > Py = x is “reduced”
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Some ideas

K(x) denotes the number of iterations on the input x
Consider Py the potential such that P(x) > Py = x is “reduced”

Consider a sequence of i.i.d. random variables (x;); that follow the same uniform
law over [0, 1].
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Some ideas

K(x) denotes the number of iterations on the input x
Consider Py the potential such that P(x) > Py = x is “reduced”

Consider a sequence of i.i.d. random variables (x;); that follow the same uniform
law over [0, 1].

Consider the stopping time T(x) defined as the minimum k such that

k

P()H/J,,‘ < P(X)

i=1
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Some ideas

K(x) denotes the number of iterations on the input x
Consider Py the potential such that P(x) > Py = x is “reduced”

Consider a sequence of i.i.d. random variables (x;); that follow the same uniform
law over [0, 1].
Consider the stopping time T(x) defined as the minimum k such that

k

PoH/J,,‘ < P(X)

i=1

my feeling : K(x) = T(x) + O(d®). J
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© Modelling the input bases
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© Modelling the input bases
@ Classical models
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Various notions of a random basis of a lattice.

(a) “Useful” lattice bases arise in applications : variations around knapsack bases
and their transposes with bordered identity matrices.

Al y0><lpHp> (qO)
(Alh) <Xq/,, 0, [dly s

(b) Ajtai "bad" bases B, := (b ) associated to a sequence a;

i—1
bip €ZP, bip=ai,6+ Y aijpeg (=], =aip)

j=1
(p)
i 11
i R Y - 11 -

with Yijp = ) T rand ( > 2) [size-reduced]
J

||bl+1 p|| a,(-f_)l -

and 167,11 =T 0 when p — o0 [bad ratios - non reduced]
a:
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Experimental mean values .... versus proven upper bounds

[Nguyen and Stehlé]

Main parameters.

167 1,pl1/1167, |

approx. factor

Nb. steps

Worst-case
(Proven upper bounds)
“Bad"” lattice bases

1/s

sPT

o(Mp?)

Random Ajtai bases
(Experimental mean values)

/B

pPt

o(Mp?)

“Useful " lattice bases
Random knapsack—shape bases
(Experimental mean values)

1/8

pPt

©(Mp)

The execution parameters depend on the type of the lattice basis.

The output configuration does not depend strongly neither on index i nor on the type of

bases.

“experimental” value : 5 ~ 1.04
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Other notions of a random basis of a lattice — reference

models.

(c) Spherical model.

Choose independently each one of the p vectors in the ambient space R”,
under a common distribution that is invariant by rotation.

Classical instances :

@ uniform distribution in the ball, on the sphere

@ gaussian distribution on coordinates

(d) Random lattices.
The space of (full-rank) lattices in R" (modulo scale) is X, = SL,(R)/SL,(Z).
It possesses a unique probability measure
which is invariant under the action of SL,(R).
This gives rise to a natural notion of random lattices.
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Probabilistic analyses of lattice reduction

@ Akhavi, Marckert, Rouault (2005) [spherical model]

o All the local bases are reduced except the last few ones
o For the last few local bases, the length of the b} follows an explicit distribution

e Daudé and Vallée (1994) [random ball model]

e The mean number of steps K satisfies

Eq[K] < n’ (@) B log n + 2}

o The mean size of the smallest nonzero vector of the lattice satisfies

1
B =2 57
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© Modelling the input bases

@ Input bases coming from applications
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Some instances of cfg related to natural inputs

(loa) A coeffs (

Ajtai type input

(log) r-Siegel coeffs (Max =16.7793515166, Min=0.0)

Knapsack type input
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Some instances of cfg related to natural inputs

N -

[

(log) r-Siegel coeffs (Max =1.71489518265, Min=-0.375785022098)

uniform distribution in the unit ball

_Wuu U U

llog) r-Siegel coeffs (M

Coppersmlth s method
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© Modelling the input bases

@ General model of inputs
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General model of Ajtai inputs

This is a general model of random cfg. Once a cfg is given, it is easy to compute a
random lattice associated to the cfg.

The general model is based on 3 parameters
@ T : the total mass of the cfg
@ d : the dimension of the cfg

@ g : density function over [0, 1]

The cfg (c1, ..., cq—1) satisfies

o for all i, ¢; follows an exponential law
1 i
El¢]= —=Tg | =
° Elc]= T ( d)
o the total mass : E[M] = Zf’z_ll E[ci] oy T
xde el
o the energy (potential) :

1
E[e] = Y70 i(d — DE[a] ~ d*T /0 x(1 = x)g(x)dxT
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model A(Tﬂ d? g)

The cfg (c1, ..., cq—1) satisfies
o for all i, ¢; follows an exponential law

1 i
o the total mass : E[M] = Y7 ' E[c/] My T
—00
o the energy (potential) :

Elg] = Y050 i(d — DEle] ~_d*T /0 x(1 — x)g(x)dxT

'FITFIMTA

a+1 2
gx) = oo —7(2—x)"

In Ajtai work,
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“Uni-tas" general model : U(7T, d, )

The general model is based on 3 parameters
@ T : the total mass of the cfg
@ d : the dimension of the cfg
@ 3 €0,1] related to the position of the unique “pile”

i=1+18(d—-2)]

The cfg (c1, ..., cq—1) satisfies
o Elc] =T, E[g]=0forj#i
o the total mass : EM] =T
o the energy (potential) :

Maw{d%ﬂmT si 8 €]0,1]

dr si Be{0,1}
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“Uni-tas" general model : U(7T, d, )

Applications
@ Knapsack problem : 5 =0 (model (7T, d))
@ Schnorr factorization : § =0
@ protocol NTRU : 8 =1/2 (model M(T,d))
° ...
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Coppersmith general model

A Coppersmith cfg can also be represented as the concatenation of several cfg
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Results with the models M1/M2

‘ Modeles ‘ K pire des cas ‘ K pour Mi(a) ‘ K pour M2(p) ‘ K expérimental ‘

1 -~ 1 -~ 1 - e
AT, d) | oo d(@ + DT | od(d 4 DT | ood(d +1)T o(d2F)
T s T s I 24 24
N(T. d) 8logt 8 T 4| log ©(d™T)
(T, d) LI a7 1 47 o(d)
’ 2logt 20 | log
o T =a- T with @ a known constant
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© Conclusion
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Conclusion

— Simplified models,
very useful for explaining, making experiments, finding conjectures......

— Only qualitative similarities with the actual LLL algorithm.
— Possible (easy) proofs.
— Some results in dimension d > 3 that do not exist for the LLL algorithm

— New challenges : model M3 which is a probabilistic dynamical system with a hole
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