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Computing GCDs of d inputs
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For d > 3, there are various strategies.

The plain algorithm performs a sequence of computations on two entries;
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The same formal scheme
— for polynomials over a finite field: F,[X]

— for numbers : positive integers.

A very natural scheme, proposed in Knuth's book, but not yet analyzed.
In this talk, — we focus on the analysis of the number case,
— we explain the similarities/differences between the two cases.
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The same phenomena occur for the size of the partial gcd.
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On the input (21, 29,...,24),
— the algorithm computes the total ged v, = ged (21, 22, ..., 24)

— with d — 1 phases.
— The k-th phase computes the k—th gcd,

— each phase performs the classical Euclid algorithm
via a sequence of Euclidean divisions

The set of inputs is Q = {z := (z1,...,24); =x; € N}
The size of an input: d(z) := d(z122...24) with d(z) := [logz]
“almost additive” d(z) ~ d(z1) + ...+ d(zaq)

Main parameters of interest
— the number L;, of divisions during the k—th phase
i.e. on the input (zx,yr—1)
— the size Dy, of the k—th gcd
(at the beginning of the k-th phase).
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Y =) ), =Y

P’
(ay,a2)€EN? L2 peN

where the Riemann zeta function ((s) is the gen. function of the set N.
With the gedy

1 1 1
C(SI)C<52) = E 0 181+82 § 81 , 52
Y Uy Uy

y>1 (uq,ug)€EN?

ged(ug,ug)=1

With the previous decomposition with the LFT's
2 Z 31 52 I G‘51+92) (G“"l + Gsz)[l}(o)
(u1,u2)
where G is the generating operator for the quotients,

=S emn =3 (4 1 (55)

m>1 m>1
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The Euclid algorithm (d = 2) on integers
translates as a product of Dirichlet generating functions

2¢(s)C(t) = C(s + 1) - [(I = Gyia) "H 0 (G + Gy )[1](0)]

which involve — the Riemann Dirichlet series ((s) = > -, p~*
— the generating operator G for the quotients

This is a functional operator which depends on a complex parameter s,

cu0= (%) /()

m>1

This is the transfer operator of the Euclidean underlying dynamical system,
The analysis is more involved than the previous one,
but provides the same type of results.
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A(s) is the dominant eigenvalue of G,
A2)=1; N (2) closely related to the entropy
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((s1) C(s2) = T(s1,82) C(s1 + 52),

with 27(s,t) = (1 — Gypt) ' 0 (G4 + Gy) [1](0)

Then, for any d > 2, the d—Euclid algorithm translates as the product

d—1

C(s1) .- ¢(sa) = ¢(ta) H T(Skt1,tk) [tk =81+ 82+ ...+ Sk, ]
k=1

Now, with s = s1 = ... = 54,

the (plain) generating function S(s) of N¢ has an alternative expression

d—1

S(s) = ((s) = ¢(ds) [ [ T(s, ks)

k=1

which is an exact translation of the d-Euclid algorithm.
T is the “phase generating function”.
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d—1
We start with: S(s) = ¢(s)4 = ¢(ds) H T(s,ks)
k=1

For studying the distribution of the two parameters :
— Lj, (number of steps in the k-th phase)
— Dy, (size of the gcd at the beginning of the k-th phase)
we use bivariate generating functions, with an extra variable u

Lk(SaU)C(S)d'Wv Dk(S,U):C(S)d.M

((ks)

ud(n)

2T (s, t,u) = u(1—uGys) to(G+Gy)[1](0), Z(s,u) = Z

nS
n>1
For the expectations, the cumulative generating functions are useful:

~ 0 C(s)r 0
Li(s) := %Lk(svu)‘UZI = T(il:s) %T(&ksvu)‘u:l

~ 6 d a
Di(s) = - D5, ) e = EE;) 2 20 lumr
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Towards the distributional analysis of Lj and Dy.
The generating functions of the events [Ly > m] and [Dy > m] are

L) == o[ k(s,w), DY(s) = D [l Dils,w)

j>m j>m
They admit the alternative expressions

N s d ’
B9 = gl Glhneel = G) ™ o (G + G 1(0)

. Ser(s) Culs) = 3
n>M

both of type  B(s) - Agm/(s), with A (s) = A7 (s)
Ar(s) = A(k+1)s) [L —case] Ag(s) = exp[l — ks] [D —case]

The asymptotics depends on the value a := A, (1) at the pole s =1
For k=1, onehasa=1-For k > 2, one has a < 1.



Towards the distributional analysis of Lj and Dj.
We need extractors. For a Dirichlet generating function,
ap

S(s) = pr

p>1

we need to isolate the terms with indices p with d(p) = n, and we define

e™

U,[S] = Z ap = Z ap d(p) := [logp]

pid(p)=n p=en~1+1



Towards the distributional analysis of Lj and Dj.
We need extractors. For a Dirichlet generating function,

ap

S(s) = pr

p>1

we need to isolate the terms with indices p with d(p) = n, and we define

U,[S] = Z ap = Z ap d(p) := [logp]

pid(p)=n p=em 141

Then: P,[Ly>m]=



Towards the distributional analysis of Lj and Dj.
We need extractors. For a Dirichlet generating function,
ap

S(s) = pr

p>1
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We need theorems which relate

— the asymptotic properties of ¥,,[S] (for n — o0)

— and analytic properties of S(s) near its dominant singularity,
Dominant singularity = singularity with the largest real part = here s = 1.

We are interested in the case when S contains a large m-th power.
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Consider the sequence of Dirichlet series
[m]
m _ : m o __ ap m
Fml(s) = B(s) A(s)" =>_ ==, af™ >0
p>1

If there exists a vertical strip V = {s;|Rs — 1| < 4 for which

(1) B(s) has an only pole at s = 1 of order d > 2;

assume lim,_,; B(s)/(s — 1) =1
(#4) A(s) is analytic on V
(i4i) [on vertical lines], |A(s)] < |A(Rs)|.

(iv) [on the real axis] s — A(s) strictly decreasing and log convex

a:=A(1)#0, b:=A(1) <0,
(v) s — B(s) of polynomial growth in V for |Ss| — oo

Then, when m/n € [0, co] with ¢o < a/|b

v (plml) .= [l — one 1 nt=t 1 |b] m 1
n( )— Z CLp =€ (6,* )(d—l)la 77?

pid(p)=n

, one has:
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We have to adapt the previous result, as A,,(s) is not a true m—th power.
When |7 is small: A, (s) = a™(s)f($)[L 4+ Om(s)], |0m(s)] <™, (0 <1)
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Application to our context.

For the L case, with the constants a = A(k+1),b=(k+ )N (k + 1).

B, [Li > m] = Gy, [1)(0) (1 - M)dl [1 o (D]

a n

=a"[1+0(0™)] <1 - 2'7:)(1_1 [1 O (i)]

For the D-case, with the constants a = ¢! %, b = —ke! =%,
- (82 ool
— a1+ 0(6™)] <1 - 'Z’Dd_l {1 1o (iﬂ
For the first phase: a=1 = A quasi —beta behavior (1,d—1)

For the subsequent phases: a <1 = A quasi—geometric behavior
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The number of divisions L; performed by the d-Euclid algorithm during
the first phase has a mean value of linear order

6log 2 1 2
E,[L] = 7(:2g Z[1+O<n)] " = entropy

6log 2

It follows an asymptotic quasi-beta law of parameter (1,d—1) and its distri-
bution satisfies when n — oo, and m/n € [0, co| with ¢o € [0, (6log 2) /72|

P[L, > m] = (1 - TZGI);)CH [1+O (3}) +O(9m)] ,

0 related to the subdominant spectral radius
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— has a mean value of constant order
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The size Dy of the ged at the beginning of the first phase has a mean

o)

It follows an asymptotic quasi-beta law of parameter (1,d — 1) and its

value of linear order

E.[D{] =

Ul 3

distribution satisfies when n — oo, and m/n € [0, ¢p] with ¢ € [0, 1]

P[D;y > m] = (1~ %)H {1 +0 (i) - O(e"”’)] :
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For k > 2, the size Dy, at the beginning of the k—th phase
— has a mean value of constant order

EnlLi] = i(:)) {1 +0 <i)} J(s) = 1; ﬂ‘;gsi'ﬂ

— follows an asymptotic quasi-geometric law, with quasi-ratio '~
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