MPRI Année 2020-2021

Module 2.2: Models of Programming Languages
Exam, parts II and 111

(Correction)

There are 5 exercices gathered in 3 parts which are independent of each other. Part (a) and (b) will be
corrected by Thomas Ehrhard, Part (c¢) will be corrected by Michele Pagani. Try to answer some questions
in the three parts, but you are free to invest more time in one part than in the others, depending on your
feeling and strengths.

We expect from you a personal work. You can use all the documents provided during the lecture (lecture
notes, slides, exercise sheets). You can write in French and in English.

You must submit your solutions in an electronic format (pdf, jpeg, png etc) by email to both ehrharde
irif.fr and pagani@irif.fr, strictly before 11 :50 am this morning (Tue Mar 9th, 2021). The email
must have as object "MPRI EXAM : MODULE 2-02 [yourname]'.

a) Lists in the relational model of linear logic

Exercice 1 :

Remember that Rel is the category of sets and relations, which is a model of linear logic. All the objects
and morphisms in this exercise are in Rel.

Let L be the set N<“ of finite sequences of integers and N = N, considered as objects of Rel (the category
of sets and relations). We write (nq,...,ny) for an empty sequence of length k, () for the empty sequence
and we set nQ(ny,...,ng) = (n,nq,...,nk). Remember that, in Rel, the object 1 is the set {x}.

1. Let 6 € Rel(L,1® (N®L)) be defined as
0 ={((),(1,%)}U{(n@s, (2,(n,s))) | neNand s€L}.

Prove that 6 is an isomorphism in Rel, that is, that 6 is (the graph of) a bijection.

2. Let E be a set and let f € Rel(1® (N® E), E). We define a sequence f, of elements of Rel(L, F)
by induction on & as follows

fo=10
frerr ={((),€) | (1,%),€) € fYU{(n@s,e) | I’ € E ((2,(n,¢')),€) € f and (s,¢') € fi}

Prove that Vk € N fi C fyi1. We set f = U,y fr € Rel(L, B).

3. Prove that the following diagram is commutative in Rel

L / E
({ 3 ) Tf
teNel) 2220 o ne B)

where f’ is obtained by applying the functor 1@ (N® ) to f, that is

Fr=1(1,%), (L)} U{((2.(n,9)), (2, (n,€))) [ n € N and (s,e) € f)}.

4. Prove that f is the only element of Rel(L, E) such that the diagram above is commutative. In other
word, prove that if g € Rel(L, E) satisfies

L g E
| I
leo(NeL) 209 1o Ng B)

then g = f. [ Hint : assuming the commutation above, prove by induction on (the length of) s € L
that, for any e € E, one has (s,e) € g iff (s,e) € f.]
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5. If m is a multiset and k£ € N, we set km = m+---+ m. We define a morphism a € Rel(l &
(N®IL),!L) by

= {((1, %), K[O) [ k € N}
U{((2,(n,[s1,-..,5k]})), [n@Qsq,...,nQsg]) | n,k € N and sq,...,s, € L}.

By the construction above, there is a unique h. = a € Rel(L,!L) such that
he

L L
dl [
1o (NoL) 2N o (Ng L)

Prove that
hr ={(s,k[s]) | ke Nand s € L}.

1. This amounts to proving that 0 is (the graph of) a bijection. First, it is a total function defined by cases as
follows : 0({)) = (1,%) and 0(nQs) = (2, (n,s)). It is injective since, if 5,5’ € L satisfy 6(s) = 0(s’) then
either 0(s) = 0(s’) = (1,%), in which case s = s' = (), or 6(s) = 0(s") = (2, (n,t)) in which case we must
have s = s’ = n@Qt. Last 0 is surjective since an element d of 1 ® (N ® L) is either of shape d = (1,%)) in
which case d = 0(()) or of shape d = (2, (n,t)) in which case d = 6(nQt).

2. Straightforward induction on k.

3. We prove first that f C f f'0, that s, we prove that for all k € N, fi, C f f'0. The proof is by induction on
k. For k = 0 this is obvious since fo = 0. So assume that fr C f f' 0 and let us prove that fry1 C f f'6.
Let (s,e) € fut1. If s = () we have that ((1,%),e) € f by definition of fry1. We also have (s, (1,%)) € 6
and since ((1,%),(1,%)) € f', we have (s,e) € f f' 0. Assume now that s = n@t. We have (s, (2, (n,t))) € 6.
Moreover by definition of fr+1 we have that (t,€') € fi and ((2,(n,€")),e) € f for some ¢’ € E. We have
(t,e') € f since fir, C f and hence ((2, (n, 1)), (2, (n,e'))) € f'. Therefore (s,e) € f f'0.

We prove now that f f'6 C f. So let (s,e) € f f'0 and let (d,r) € f' be such that (s,d) € 0 and (r,e) € f.

— If s = () we have d = (1, %) and hence r = (1, %), therefore ((1,%),e) € f so that (s,e) € f C f.

- If s = n@t then d = (2, (n,t)) and therefore, by definition of f', we have r = (2, (n,¢’)) for somee’ € E
such that (t,e') € f. Let k € N be such that (t,€') € fi. Since ((2,(n,€')),e) € f we have (s,€) € fri1
by definition of fr+1 and hence (s,e) € f.

4. We follow the Hint. Assume first s = (). If (s,e) € g = fg' 0 (where ¢ = 1® (N®g)), then we have
((1,%),e) € f by definition of g’ and hence (s,e) € f. I (s,e) € f then by definition of f we have
((1,%),e) € f and hence (s,e) € fg'0 by definition of g’ so that (s,e) € g. Assume now that s = n@t and
assume that Ve' € E (t,€') € g < (t,¢') € f (inductz"ue hypothesis). Assume first (s,e) € g = fg' 0. By
definition of 6 and g', this means that there is ¢’ € E such that (t,e') € g such that ((2,(n,¢e')),e) € f.
By inductive hypothesis we have (t,e’) € f so let k € N be such that (t,e') € fx. Then by definition of
frs1 we have (s,e) € frr1 and hence (s,e) € f. Assume next that (s, e) € f and let k € N be such that
(s,e) € fx. This implies that k # 0 and since s = nQt there must be ¢’ € E such that (t,e') € fr—1 and
((2,(n,€")),e) € f. By inductive hypothesis we have (t,e') € g and hence (s,e) € fg'0 =g.

5. With the notations above we have hy = UkeN ar where

ap =10
ars1 = {(()ym) | (1,),m) € a} U {(n@t,m) | Im’((2, (n,m')),m) € a and (t,m') € ai} .

We prove that ap = by, where by, = {(s,1[s]) |l € N, s € L and len(s) < k} where len(s) is the length of the
sequence s. The proof is by induction on k. The base case k = 0 is obvious since bp = (). Assume that the
equation holds for k and let us prove it for k + 1. Let (s,m) € axt1. If s = () we must have ((1,%),m) €
and hence m = l[()] for some | € N so that (s,m) € byt1. If s = nQt we must have ((2, (n,m’)),m) €
and (t,m') € ay, for some m’ € IL. By the inductive hypothesis we have ax = bx and hence m' = [[t] where
l € N (this also shows that len(t) < k). By definition of a we have m = l[s] hence (s,m) € axy1. Last let
(s,m) € bp41 which means that m = [[s] for somel € N and that len(s) < k. If s = () we have ((1,%),m) € a
by definition of a and hence (s,m) € apt1. Assume that s = n@t. Let m' = l[t], we have len(t) < k and
hence (t,m’) € by, by definition of by, and hence (t,m') € ai by inductive hypothesis. By definition of a and
ak+1 we get (s,m) € ay1.




MPRI Année 2020-2021

b) Computing the denotation of a probabilistic term

In this section, we consider the category Pcoh; of probabilistic coherence spaces (PCS) and analytic
maps between PCS. We recall that Pcoh, is a model of probabilistic PCF and it is the Kleisli category
associated with the ! comonad of the category Pcoh of PCS and linear morphisms between PCS.

Exercice 2 :

Consider the following PCF terms :
T =if(z,if(z,y,2z-0), 2z - if(z, 1, w - y))
U = Az'fix(A\y* T)
1. Give a type derivation of - U : v = .

Suppose v, u € PN, compute the value of [T,y (v, u). (It can be convenient to use the notation
vso for the scalar Y 07 | vy,).

Let ¢, = [[/U\]](v) Prove that ¢, = [[mu(% Pu)-

o

—

Suppose vg + v~¢ = 1 and vovs > 0. By using the recursive equation above, compute [U](v).

In the case vg =1 or vs¢ = 1 what is the value of [[/U\]}(v) ?

S oo W

Deduce a specification for the operational behaviour of the term U.

~

See Figure 2.

2. [TTewy(v,u) = vovsoleo + 1) + (vh + v30)u
8. We have :

—

s (09 )" 0))

Yo
n=0

—

st ([T (0 (D T () )

—

=T (w50 (O T ) 0)) )

= HTﬂx:L,y:L ('U7 @v)

4. By 2 and 3, we have @, = vovso(eo + e1) 4+ (v§ +v20) 0w, s0 that : v, = 1:%”75320
>

(eo + e1). By hypothesis

vo—vg

vs0 =1— w0, 50 Py, = (eo +e1) = 3(eo +e1).

2110—211(2)
5. If one between vy or vso is 1, so the other one is 0, we have the recursive equation p, = p,, of which the
smallest solution is 0, so [U](v) = 0.

6. By the Adequacy Theorem, we deduce that U returns the uniform distribution over 0,1 whenever applied to
a probabilistic distribution having 0 < vo < 1. In the cases vo = 0,1, U diverges.

c) Extending pPCF with a type for lists

We recall that N<¢ is the set of finite sequences of natural numbers, the writing (n1,...,n) denoting a
sequence of length k, and () being the empty sequence. The metavariable s will always range over N<¢.
Given n € N and (ny,...,nx) € N<“, we denote by n@(ny,...,n;) the sequence (n,ny,...,ng).

Consider the extension of pPCF with the ground type List for the set of finite sequences of natural
numbers and the new operators presented in Figure 1 with the associated typing rules 1a and operational
semantics 1b. In particular, s is the constant of pPCF associated with a sequence s, the writing :: denotes
the append operation over pPCF terms of suitable type and a further conditional ifl is introduced, allowing
a pattern matching and a decomposition for non-empty sequences. Notice that the definition of the
stochastic matrix Red (and hence of Red™) can be also extended to encompass these new operations by
following the rules of Figure 1b.
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s € N<w I'-M:. I' N : List
TFs: List TF (M N): List

I'F P : List rcQ:A Dyz:yy:ListFR: A
FHifl(P,Q,z-y-R): A

(a) The new typing rules : notice that « - y - R is a binder in ifl(P, Q,z - y - R) for the free variables z,y of R.

(n:s) 5 n@s ifl((), P,x-y- R) ifl(nQ@s, P,x -y - R) N Rin/x,s/y]
M5 N M5 N M5 N
(M::P)g(N::P) (@::M)g(@::N) ifI(M,P,x-y-R)£>if|(N,P,x~y-R)

(b) The new reduction rules extending the pPCF reduction relation.

[List] = (|L],PL)

—

[[§]]F("7) = €5

[(M = N)]r(3) = >y M), [NTr (9), enes

neN seN<w

[f(P,Q.x -y - R)r(@) = [PIr@) o [QI () + Y. Y [PIr(@nas Rl sgise(, en, e0)

neN seN<w

(c) The extension of the Pcoh; denotational model of pPCF for modelling the new primitives, where ¥ € P[I'].

FI1GURE 1 — The extension of pPCF with new primitives manipulating finite sequences of natural numbers.
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The new ground type List is interpreted in Pcoh, by endowing the Rel object L of finite sequences of
natural numbers with the PCS of subprobability distributions, that is :

IL] = N<v, PLz{uE[O,l]N@; Z usgl}

seN<w

Figure 1c gives the functional characterisation of the denotation of the new primitives of pPCF in Pcohy,
where we recall that, for any sequence s € N<“, ¢, is the vector in PL giving 1 to s and zero to any other
sequence.

Exercice 3 :

Consider the hom-set Pcoh(L,1 & (N ® L)) of linear morphisms between the PCSs L and 1 ® (N ® L).
Prove that the matrix mat() generated by the relational isomorphism 6 discussed in Exercise 1 is an
isomorphism in Pcoh(L,1® (N® L)).

> By definition we have :

1 if s =naQs

0 otherwise

1 oifs=()

0 otherwise

mat(0)s,(1.4) = { mat(0)s,(2,(n,s)) = {
One way to prove that mat(6) € Pcoh([List],1 @ (N ® [List])) is to check that for every x € P[List], mat(0) -z €
P(1 & (N ® [List])). Notice that :

mat(0) -z = z(e + D Tn@s€(2,(n,s)
n@seN<w

Notice also that e(1,4),€2,(n,s)) € P(1® (N® [List])), so mat(d) - € P(1® (N ® [List])) as a barycentric combi-
nation of vectors in P(1 ® (N ® [List])).

In order to prove that mat(0™') € Pcoh(1 @ (N ® [List]), [List]). Consider the matrices f € R{;()}X‘[[Li“]” and
ge R\}NOX [List]| x | [List] | -

f*,s = 65,() 9(n,s),s’ = 55’,11@5

Notice that they are morphisms in Pcoh, in fact for g we have, for any v € PN and v € P[List], g(u ® v) =
DonUn D  Ustnas, this latter being in P[List] as a barycentric combination of vectors in P[List]. By the density
lemma for the monoidal product this is enough to conclude that g € Pcoh(N ® [List], [List]).

Finally, we can conclude that mat(0~') € Pcoh(1 @ (N ® [List]), [List]) as mat(6~') is the copairing of f and g.

The goal of the next exercices is to prove the adequacy Theorem of Pcoh, for this extension of pPCF
with List. The idea is to adapt the technique of logical relations for standard pPCF. We first extend the
definition of logical relation we have considered in the lecture notes with the relation R stC PL x A'@'St :

u Ryist M iff Vs € N u, < Red(List)37

Exercice 4 :

An auxiliary lemma convenient for the logical relation technique is the following statement ' :
(*) For every closed terms M of type ¢ and P of type List, we have :

Red(L)?\/?)ﬂRed(List)(});(j§ < Red(LISt)ﬁv];:p)yL@s

Prove the above inequality. [Hint : one can prove that for any k,h € N, Red(L)’f\,,mRed(List)}Igys <
Red(List)‘(’X/I::P) nas- The proof can be developed by induction on k + h.] B N

> We have to prove that for any k,h € N, Red (1)}, ,Red(List)} . < Red(List)(3s..p),nas- The proof is by induction
on k+ h. o
— For k+ h =0, then the left-hand side of the claimed inequality is non-zero only for M =n and P = s, in
which case the right-hand side values 1.

1. Actually also the inverse inequality of (x) holds, but it is not necessary for the proof of the adequacy.
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— For k=0, h > 0, then for a similar reasoning as above, we can suppose M = n, in which case we have :

Red(:)%s.,Red(List)} , = ZRed List) p,.Red(¢ )nnRed(Llst)

< Z Red(List) p, Red(List) (.. ) nas by ind. hyp.
L

= Z Red(List) (n::p),(n::)Red(List) (n.:ry.nes by the contextual rules of Figure 1b
L

= Red(LiSt)i::p%L@S
— For k > 0, we have :

Red (1)}, Red(List)? Z Red(¢)s,.Red (1)}, Red(List)p
< Z Red(List) s, Red(List) (Y. p) nas by ind. hyp.
L

= Z Red(List)(ar.:p),(z::p)Red(List)(Z..py nas by the contextual rules of Figure 1b
L

= Red(LiSt)?‘j\/I::p)’ﬁ

Exercice 5 :

The key lemma of a logical relation is the so-called interpretation Lemma, stating that for all '+ M : A,
with T' = 21 : Ay,..., 2 : Ag, for all closed terms N; of type A;, for all vectors u; € P([A]) such that
u; Ra, Ni fori=1,...k, one has :

M (ui, ..., uk) Ra M[Ni /1, ..., Ny/zx]. (1)

The proof of this lemma is by structural induction on the type derivation of I' - M : A. Detail the cases
of this inductive proof for the three new typing rules of Figure la.
In addition to the inequality (x) of Exercise 4 you can also use (without proving it) the following inequality,
for any type judgments - M : List, - P: Aand x : ¢,y : List-F R: A :

(%) for all closed value V of type A,

Red(List)37 (,Re ed(A)Fy + > > Red(List)3] asRed(A)55, /0o /yiv < Red(A)F 0 pay r) v
neN seN<w

— If M = s, then the proof is trivial, as [[g]]\r(ﬁ) =es; = (Red(Llst)M[N/f] o s’
- If M = (P :: Q), then we have F FP:., T'FQ: List, and A is the ground type List. We should then prove

that for any n € N, s € N<¢, [[M]]r( i)nas < Red(List) \/5/2).nas (the case of the empty list being trivial
as the left-hand side of the inequality is null). We have :

[MIr (@) nas = [P (@)a[QIr (@),
Red(¢ )P[ﬁ/f] Red(Llst)Q[N/ s
< Red(List) ] /) nas by (x)

N

by ind. hyp.

- IfM =ifl(P,Q,x-y-R). Then A= By = --- = Bg = G, for some ¢ € N and G € {i,List}. For every
J < g, let v; Rp; Hj, we have to prove that (with a bit of abuse of notation), for every w value of type G,
[M]r (@, 7)w < Red(G)3;

(2 In fact, we have (remarking that e, R, n and es Riist 1) -

[MIr(, 9o = [PTe(@) ) [QIF (7, D + Y Y [PIe(@nos[RIrwswtin (@ en, s, T

neN seN<w

B2, Red(G) dwt Y D RedW35)510:Red( D) rs 5 n/ms/uiiiw Y ind-hyp.

neN seN<w

< Red(Cv’);";[]\-,/f]ﬂﬂ by (%)

< Red(1) %,
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