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The signs (*) and (**) try to indicate more difficult and interesting questions. These are of course
completely subjective indications!

1. Let E be a coherence space. We use CI(F) for the set of all cliques of E. We say that a family of
cliques Z = (z;)ic; € CH(E)! is summable if Vi,j € I i # j = z;Na; =0 and U,c;z; € CI(E).
Let E, F be coherence spaces and f : CI(E) — CI(F) be a function. Prove that f is linear iff for all
summable family Z € CI(E)?, one has:

e the family (f(x;))ics is summable
e and Uie[ flzs) = f(Uie[ ;).

2. This exercise develops a somehow degenerate model of Linear Logic which does not satisfy -
autonomy but satisfies all the other requirements. A pointed set is a structure X = (X,0x) where
X isaset and Ox € X. Given pointed sets X, X7, Xg and Y,

e a morphism of pointed sets from X to Y is a function f: X — Y such that f(0x) =0y
e and a bimorphism of pointed sets from X;, X5 to Y is a function f : X; x Xy — Y such that
f(0x,,x2) = f(x1,0x,) = Oy for each z; € X; and x5 € Xs.

(a) Prove that pointed sets together with morphisms of pointed sets form a category Sety,. What
are the isos in that category?

One sets 1 = ({01, *}) where * and 0; are are distinct chosen elements (for instance 0, is the integer
0 and * is the integer 1). Given pointed sets X; and X5 one defines X; ® X5 as follows:

X1 ®Xo = {(xl,l’g) € & X & | T = 0X1 & Lo = OXQ} and 0X1®X2 = (0X1,0X2).

Given z; € X, for ¢ = 1,2, one defines

o @y — (0x,,0x,) if ;1 =0x, or o = 0x,
e (x1,22) otherwise.

(b) Prove that the function (x1,xs) — &1 ® x5 is a bimorphism from X, X5 to X; ® X5 which is
surjective as a function X; x Xy — X; ® X3 and that for any bimorphism f from X;, X to Y’

there is exactly one morphism fve Seto(X; ® X5,Y) such that f(zq1,z2) = f(xl ® x9) for all
z1 € X; and z2 € Xo.

(¢) Given f; € Seto(X;,Y;) for i = 1,2, deduce from the above that there is exactly one morphism
f1® f2 € Sety(X; ® Xo,Y; ® Y3) such that

Vo € XaVao € Xo (fi ® fo)(z1 @ x2) = fi(z1) @ fa(z2).



(d) Using again the universal property of Question (b) prove that the operation on morphisms
defined in Question (c) is a functor.

(e) Exhibit isomorphisms Ax € Seto(l ® X,X) and ax, x, x; € Seto((X1 ® X2) ® X35, X1 ®
(XQ ®X3)).

So Sety is an SMC (there is a symmetry iso vx, x, € Seto(X1 ® Xs, Xo ® X1) such that yx, x,(z1®
Z9) = x2 ® x1 which is quite easy to define, and the Mac Lane coherence diagrams commute).

(f) One defines X — Y by X — Y = Seto(X,Y) and for 0x_.y we take the function such that

Oxy(x) =0y forallz € X. Let e : X oY x X — Y be defined by e(f,z) = f(z). Prove
that e is a bimorphism and that the SMC Set is closed.

(g) Prove that there is no object L of Sety which turns this symmetric monoidal closed category
into a x-autonomous category.
X; and

(h) Given a family (X;);cr of objects of Setq we define an object X as follows: X = [[,.; X;
0x = (0x,)ier € X so that the the projections 7; : X — X, are obviously morphisms of Sety.
Prove that X, together with these projections, is the cartesian product of the family (X;)er
that we denote as &7,; X;.

Notice that the terminal object (which is the product of an empty family of objects) is T =
({07}, 07).
Contrarily to Rel, the category Set has all (projective) limits. It seems rather difficult to build
x-autonomous categories which are at the same type complete. A noticeable exception is the category
of complete semilattices (next exercise).
Given an object X of Setq, we define !X by !X = {(0,01)} U {1} x X where 0, is a chosen element
(for instance, a given integer) and Oix = (0,0;). Notice that (1,0x) € !X but O;x # (1,0x). So !X
is just X to which we have added a new 0-element.
Given f € Seto(X,Y), we define !f € Seto(!X,!Y) by !f(0,x) = Oy and !f(1,z) = (1, f(z)). This
obviously defines a functor Sety — Sety.
(i) We define deryx : Seto(!X, X) by derx(0;x) = Ox and derx(1,z) = x. Prove that this is a
natural transformation.
(j) We define digy € Seto(!X,!!X) by digx (0,01) = (0,0), that is digx (01x) = Oux, and digx (1, z) =
(1,(1,2)) which is easily seen to be a natural transformation. Prove that equipped with the
natural transformations der and dig the functor ! is a comonad.

(k) Given two objects X and Y of Sety, exhibit an isomorphism between (X & Y) and !X @ Y.

(1) Prove that the Kleisli category of “!” can be identified with the category whose objects are
pointed sets and morphisms are arbitrary functions (not necessarily preserving the 0 element).

. In this exercise we study a model of linear logic which is based on complete sup-semilattices and
linear maps. A complete sup-semilattice (most often we will simply say “complete semilattice” or
CSL) is a partially ordered set S (the order relation will always be denoted as < or <g if required)
such that any subset A of S has a least upper bound \/ A € S (also called “lub”, “sup” or “supremum”).
Remember that this means

eVre Az <\ A

evVzeS(VyeAdy<z)=VA<uz.
In particular we have two elements 0 = \/ §) which is the least element of S and 1 = \/ .S which is the
greatest element of S. In particular, a sup-semilattice is never empty.

A subset A of S is down-closed if for all x € A and all y € S, if y < z then y € A. Given x € S we
set le ={ye S|y <a}.

A linear morphism of CSL from S to T is a function f : S — T such that for all A C S f(\/ A) =
V f(A) where we define as usual f(A) = {f(x) | + € A}. Notice that this implies that f is
monotone: given z < y in S we have f(y) = f(V{z,y}) = f(x) V f(y), that is f(zx) < f(y). Let



Csl be the category whose objects are the sup-semilattices and morphisms are the linear maps of
sup-semilattices. We set L = {0 < 1} for the object of Csl which has exactly two elements.

It is important to remember that any inf-semilattice, partially ordered set S where each A C S
has a greatest lower bound (also called “glb”, “inf” of “infimum”) A A, is also a sup-semilattice:
VA=N{zeS|VWweAdy<a}=A{zeS|AC |z}

It is easy to check that Csl is cartesian. The product of a family (S;),;cs of objects of Csl is the usual
cartesian product [ | jed S; equipped with the product order and projection defined in the usual way.
We also use S = &je, S; for this product and m; € Csl(S,S;) for the projections. The terminal
object is T = {0}.

(a) Show that the isomorphisms of Csl are the linear morphisms which are bijections.

(b) Given a set X we denote as P(X) its powerset (that is, the set of all of its subsets) ordered
under inclusion, so that P(X) is a sup-semilattice for \/ A = (J A for any A C P(X). Given
t € Rel(X,Y) we define fun(t) : P(X) = P(Y) by fun(t)(z) =t-o ={b€ Y | Ja € x (a,b) € t}.
Prove that fun(¢) € Csl(P(X),P(Y)) and that, for any f € Csl(P(X), P(Y)) there is exactly
one t = tr(f) € Rel(X,Y) such that f = fun(t). In other words, the functor L : Rel — Csl
which maps X to P(X) and ¢ to fun(t) is full and faithful. This is the categorical way of saying
that Rel is a “subcategory” of Csl.

(c) Prove that the category Csl has all equalizers, in other words: given objects S and T of Csl and
f,g € Csl(S,T) there is an object E of Csl and a morphism e € Csl(E,S) such that fe=ge
and, for any object V of Csl and any morphism h € Csl(V,.S) such that fh = gh, there is
exactly one morphism hg € Csl(V, E) such that h = e hg.

The Cantor space is the set {0, 1} of all infinites sequences « of 0 and 1 equipped with the following
topology (which is the product topology of the discrete space {0,1}): a subset U of {0,1}* is open
iff for any a € U there is a finite prefix w of « such that, for any 8 € {0,1}", if w is a prefix of
B then B € U. In other words, a subset I of {0,1}* is closed iff it has the following property: if
a € {0,1}" is such that, for any finite prefix w of « there exists 8 € F such that w is a prefix of 3,
then a € F. As in any topological spaces, if F is a set of closed subsets then (| F is closed (you are
advised to check this directly using the characterization above of closed subsets).

So the set of closed subsets of {0,1} ordered by inclusions is an inf-CSL (that is, any subset F has
a greatest lower bound, namely [ F) and hence also a CSL: the sup of a set of closed sets is the
closure of its union (= the intersection of all closed sets which contain this union).

(d) (**) Let W = {0,1}" be the set of all finite sequences of 0 and 1. If w = (a1,...,a,) € W
is such a sequence and a € {0,1} let wa = {(ay,...,an,a). Let § = {(wa,w) | w € W and a €
{0,1}} € Rel(W, W). Let (C, ¢) be the equalizer of Id, fun(#) € Csl(P(W),P(X)) (so that C is
a sup-semilattice and ¢ € Csl(C, P(W)). Exhibit an order isomorphism between C' and the set
of all closed subsets of the Cantor space.

Given a CSL S, we say that = € S is prime if

YACS wg\/AéﬂyEA:cgy.

(e) (*) Prove that, for a set X, the prime elements of P(X) € Csl are exactly the singletons. Prove
that C, in sharp contrast with the previous case, has no prime elements.
[ Hint: prove first that if F € C is prime, it must be a singleton {«} and then prove that no
such singleton is prime. For this notice that, for a collection F of closed subsets of {0,1}“, the
closed set \/ F is the closure of | JF (the intersection of all closed sets which contain | JF). So
consider a set F of shape F = {{a(n)} | n € N} where a(n) —,_00 @ and ¥n € N a(n) # .|

This shows that the category Rel is not complete, indeed it has no equalizer for the two maps
0,1d € Rel(W, W) because the equalizer of fun(¢) and Id in Csl is not an object of Rel. Indeed this
equalizer is an infinite CSL which has no prime elements, whereas the only set X such that the CSL
(P(X), C) has no prime element is X = ().



(f) Prove that the set of linear morphisms S — T', equipped with the pointwise order (that is f < g
if Ve e S f(x) < g(x)), is a sup-CSL. We denote it as S — T.

(g) Given x € S define a function z* : S — L by

m*(y):{l ify £ a

0 ify<z

Prove that 2* € S — L.

(h) Given a sup-CSL S, we use S°P for the same set S equipped with the reverse order: © <ge y
if y <g x. Prove that the map z + z* is an order isomorphism from the poset S°° to S — L.
Warning: one must prove that it is monotone in both directions because a monotone bijection
is not necessarily an order isomorphism! Call k : (S — L) — S°P the inverse isomorphism.

(i) (*) Given f € (S — T) define f* : (T — L) = (S — L) by f*(¢/) = ¢/ f. Prove that f* €
Csl(T — L, S —o 1). Let f+ € Csl(T°, S°) be the associated morphism (through the iso k
defined above, that is f*(y) = k(f*(y*))). Prove that

VeeSvyeT fla)<ysar<f(y).

One says that f and f* define a Galois connection between S and T'. Last prove that f++ = f.
(j) Given sup-CSL S and T we define S ® T as the set of all I C S x T such that
e [ is down-closed
e and, for all AC S and B C T, if A and B satisfy A x B C I then (\V A,V B) € 1.
Prove that (S ® T,C) is an inf-CSL (that is, is closed under arbitrary intersections). As a

consequence, it is also a sup-CSL: if Z C S®T then \VZ = ({I € S®T | | JZ C I}. But notice
that in this sup-CSL, the sups are not defined as unions in general.

(k) Prove that the least element of S ® T is Oggr = S x {0} U {0} x T. [Hint: Remember that
V0 =0 and that § x B =0 for any B.|
(1) We say that a map f: S x T — U (where S,T,U are sup-CSLs) is bilinear if for all A C §
and B C T we have \/ f(A x B) = f(\V(A x B)) = f(\V A,V B). Prove that this condition is
equivalent to the following:
e forallz € S and B C T, one has f(z,\ B) =V, cp f(z,y)
e and forall y € T and A C S, one has f(\/ A,y) =V, ca f(z,y)

that is, f is separately linear in both variables.

(m) (*) Givenz e Sandye T let z®y = l(z,y) UOsgr C S x T. Prove that xr ® y € S® T and
that the function 7 : (z,y) — x ® y is a bilinear map S x T — S® T.

(n) Let (S,T) — U be the set of all bilinear maps S x T' — U ordered pointwise (that is f < g if
V(z,y) € S xT f(z,y) < g(x,y)). Prove that (S,T) — U ~ (S — (T' — U)). Deduce from
this fact that (S,T") — U is a sup-CSL.

(o) Given I € X ® Y let f/: S x T — L be given by

Flay) = {0 if (z,y) el

1 otherwise.

Prove that f7 is bilinear. Conversely given f € (S,7) — L prove that keraf = {(z,y) € Sx T |
f(z,y) = 0} belongs to S®T. Prove that these operations define an order isomorphism between
S®T and ((S,T) — L)°°.

4. This problem is the sequel of the previous one. We deal now with a class of non-(multi)linear
functions. Given two objects S,T of Csl we define S =4 T as the set of all Scott continuous
functions S — T, that is, of all monotone functions f : S — T such that, for any directed D C S
one has f(\/ D) =V f(D) = V{f(z) | = € D}. We equip this set with the following order relation:
f<gisVx €S f(z) < g(x). We recall that D C S is directed if D is non-empty and Va,y € D3z €
D x < zand y < z, equivalently: any finite subset of D has an upper bound in D.



(a) Given CSL S,T,U and f : S & T — U, prove that f is Scott continuous iff it is separately
Scott-continuous, that is: for all z € S the function y — f(x,y) is Scott-continuous 7' — U and
for any y € T the function = — f(x,y) is Scott-continuous S — U.

(b) Prove that sup-CSL and Scott-continuous functions form a category, that we will denote as
CslC. Prove that this category has all products (defined as in Csl).

(c) Prove that S =4 T is a sup-CSL.

(d) Prove that the function Ev : (S = T) & S — T which maps (f,x) to f(x) is Scott continuous.
(e) Prove that CslC is cartesian closed, with (S = T, Ev) as object of morphisms from S to T
(f)

f) Let S be an object of Csl. We define ;S as the set of all I C P(.S) (the powerset of S) which are
down-closed and such that, for any directed subset D of S, if D C I then \/ D € I. Prove that,
equipped with the C partial order relation, !sS is an inf-CSL where infima are intersections.
Therefore it is also a sup-CSL (but suprema are not unions in general). What is the least
element of 1S (give a proof of your answer)?

(g) Prove that if Z C 1S is directed then \/Z = (JZ. And prove that if I € IS then \/{|z | z €
It = J{lz | z € I} = I. As a consequence show that if ¢ € Csl(lS,T) then VI € .S ¢(I) =
V{p(lx) | s € I'}. Show that if p,¢ € Csl(1sS,T) satisfy Vo € S p(lx) = ¢ (lz) then ¢ = .

(h) Let p € Csl(S,T). If I € S wet set lsp(I) = V{lo(x) |z € I} =N{J € T | o(I) C J}.
Prove that o € Csl(S,!T) and that I is a functor Csl — Csl. Notice that lsp is fully
characterized by Vo € S Lsp(lz) = Jp(z).

(i) Let f € CsIC(S,T). For y € T let
fy) ={zes|fx) <y}

Prove that f € Csl(T°P, (18)°"), that is, prove first that Vy € T f(y) € 14S and then that, for
any B C T, one has f(A\B) =(,cp f(y).

() Let lin(f) = F € Csl(!S, T) so that

VIiel SYyeT lin(f)(I)<y<sIC fy).

!
Prove that lin(f)(I) = A{y € T'| f(I) C Ly} where as usual f(I) = {f(z) | x € I'}. [ Hint: See
Question (i) of Problem 3.

(k) Let cnt : S — P(S) be defined by cnt(z) = lz. Prove that cnt € CslC(S,!sS) and that cnt is
never linear [ Hint: Consider cnt(0).]. Prove that lin(cnt) = Idy g.

(1) Prove that the function

Csl(1,S,T) — CsIC(S,T)
@ +— @ocnt

is the inverse of lin.

(m) We define derg = lin(lds) € Csl(!S,.S) where lds € CsIC(S,.S). Prove that derg(I) =/ 1.

(n) Let f:S — LS be the function given by f(x) = |lz. Prove that f is Scott continuous. Let
digg = lin(f) € Csl(LS, lls.5).

(o) Prove that der and dig are natural transformations and that s, equipped with these two
natural transformations, is a comonad.

(p) For any objects S, T,U prove that there is a bijection Csl(l(S & T'),U) — Csl(!sS ® IT, U).

From this observation, we could deduce with a bit more work that there are also Seely isomorphisms,
taking U = 1,(S & T) and U = .S ® I, T.

. The goal of this exercise is to study the properties of the objects of the Eilenberg Moore category
Rel' of Rel, the relational model of LL.

Let P be an object of Rel' (the category of coalgebras of | ). Remember that P = (P,hp) where
P is an object of Rel (a set) and hp € Rel(P,!P) satisfies the following commutations:



(a)

Check that these commutations mean:
e for all a,a’ € P, one has (a,[d]) € hp iff a = d’

e and for all a € P and my,...,m; € !P, one has (a,m; + --- + my) € hp iff there are
ai,...,a € P such that (a,[as,...,ax]) € hp and (a;,m;) € hp fori=1,... k.
Intuitively, (a, [a1,...,a;]) means that a can be decomposed into “a; + - - - + a” where the “+”

is the decomposition operation associated with P.

Prove that if P is an object of Rel' such that P # () then there is at least one element e of P
such that (e,[]) € hp. Explain why such an e could be called a “coneutral element of P”.

If P and Q are objects of Rel', remember that an f € Rel' (P, Q) (morphism of coalgebras) is
an f € Rel(P, Q) such that the following diagram commutes

-l |he

J ATy

Check that this commutation means that for all @ € P and b1,...,b; € @, the two following
properties are equivalent

e there is b € @ such that (a,b) € f and (b, [b1,...,b]) € hg

e there are ay,...,a; € P such that (a,[ay,...,ax]) € hp and (a;,b;) € flori=1,... k.
Remember that 1 (the set {*}) can be equipped with a structure of coalgebra (still denoted 1)
with hy = {(, k[#]) | k € N}. Prove that the elements of Rel'(1, P) can be identified with the
subsets x of P such that: for all aq,...,ar € P, one has ay,...,a; € x iff there exists a € =
such that (a,[a1,...,ar]) € hp. We call values of P these subsets of P and denote as val(P)
the set of these values.
Prove that an element of val(P) is never empty and that val(P), equipped with inclusion, is a
complete partially ordered set (cpo), that is: the union of a set of values which is directed (with
respect to C) is still a value.

Remember that if E is an object of Rel then (!E, digy) is an object of Rel' (the free coalgebra
generated by F, that we can identify with an object of the Kleisli category Rel,). Prove that,
as a partially ordered set, val(!E, digg) is isomorphic to P(FE).

Is it always true that if z1, 22 € val(P) then z; U s € val(P)?

We have seen (without proof) that Rel' is cartesian. Remember that the product of P, and P,
is P ® P», the coalgebra defined by P, ® P, = P, ® P, and hp,gp, is the following composition
of morphisms in Rel:

P, ®hp,

h “%1’1’2
PLo P~ 1P @I — 5 (P Py)

where p%, p, € Rel(!Ey ® !By, (B ® Ey)) is the lax monoidality natural transformation of ! _,
remember that in Rel we have

:U‘2E1,E2 = {(([ala"'va’k]v [b17"'7ka7 [(ahbl)r"a(akabk’)}) |
k€N and (a1, b1),...,(ak bg) € E1 x Es}.

Concretely, we have simply that ((a1,as),[(al,ad),..., (a¥,a})]) € hp,gp, iff (a;, [al, ..., a¥]) €
hp, for i =1,2.

Prove that P; ® P, equipped with suitable projections, is the cartesian product of P; and P»
in Rel'. Prove also that 1 is the terminal object of Rel'. Warning;: L is always cartesian when
L is'a model of LL; I'm not asking for a general proof, just for a verification that this is true in

Rel'.



(h) Check directly that the partially ordered sets val(P; ® P,) and val(Py) X val(Pz) are isomorphic.
(i) Remember also that we have defined Py & P, = (PL & P2, hp,op,) where hp gp, is the unique

element of Rel(P1 & P, !(P1 @ %)) such that, for ¢ = 1,2, the morphism hp ¢p, T; coincides
with the following composition of morphisms in Rel:

hp, 7
P "5 1B T (P e Py)

Describe hp, ¢ p, as simply as possible and prove that, equipped with suitable injections, P, ® P,
is the coproduct of P; and P, in Rel'.

6. The goal of this exercise is to illustrate the fact that Rel, the relational model of LL, can be equipped
with additional structures of various kinds without modifying the interpretation of proofs and pro-
grams. As an example we shall study the notion of non-uniform coherence space (NUCS). A NUCS
is a triple X = (|X|, ~x,—x) where

e | X]| is a set (the web of X)

e and ~x and wx are two symmetric relations on | X| such that ~x N x = 0. In other words,
for any a,a’ € |X|, one never has a ~x o’ and a —x d’.

So we can consider an ordinary coherence space (in the sense of the first part of thise series of
lectures) as a NUCS X which satisfies moreover:

Va,a' €|X| (a~xd oravxd)sa#ad.
It is then possible to introduce three other natural symmetric relations on the elements of | X]|:

e a =x a' if it is not true that a ~x a’ or a —x a’.
eacxdifa~xad ora=xa.

eaxya ifavya ora=yxa.

A clique of a NUCS X is a subset z of |X| such that Va,a’ € | X| a cx o, we use ClI(X) for the set
of cliques of X.

We say that a NUCS X satisfies the Boudes’ Condition! (or simply that X is Boudes) if
Va,a' € |X|a=xd =a=d".

We shall show that the class of NUCS’s can be turned into a categorical model of LL in such a way
that all the operations on objects coincide with the corresponding operations on objects in Rel. For
instance we shall define !X in such a way that [!X| =!|X| = Mg, (] X]). Moreover, all the “structure
morphisms” of this model will be defined exactly as in Rel. For instance, the digging morphism from
1X to "X will simply be dig|x|- Important: such definitions are impossible with ordinary coherence
spaces. When defining |!F| in ordinary coherence spaces one needs to restrict to the finite multisets
(or finite sets) of elements of | E/| which are cliques of E. It is exactly for that reason that, in NUCS’s,
the relation =x is not required to coincide with equality. Nevertheless, the weaker Boudes’ condition
will be preserved by all of our constructions.

(a) Check that a NUCS can be specified by |X| together with any of the following seven pairs of
relations.

e Two symmetric relations ©x and ~x on |X| such that ~x C <x. Then setting —x =
(|IX|x|X])\cx, the relation < x is the one canonically associated with the NUCS (| X|, ~x,—x).

e Two symmetric relations <x and —x on |X| such that —«x C xx. How should we define
~x in that case?

e Two symmetric relations cx and =x on | X| such that =x C <x. How should we define
~x and —x in that case?

e Two symmetric relations <y and =x on | X| such that =x C x<x. How should we define
~x and v« x in that case?

1From Pierre Boudes who discovered this condition and the nice properties of these objects.



e Two symmetric relations ~x and =x on | X| such that =x N~x = 0. How should we define
< x in that case?

e Two symmetric relations «x and =x on | X| such that =x N x = 0. How should we define
~x in that case?
e Two symmetric relation ©x and <x such that cx Uxx = |X| x| X|. How should we define
~x and w—x in that case?
(b) Given NUCS’s X and Y, we define a NUCS X — Y by | X — Y| = |X|x |Y| and
o (a,b) =x_oy (a/,b)ifa=x a and b=y V
e and (a,b) ~x_oy (a/,0)if a~x a’ or b ~y V.
Check that we have defined in that way a NUCS. Prove that Id| x| = {(a,a)|a € |X]|} €
Cl(X — X). Prove that if X and Y are Boudes then X — Y is Boudes.

(c) Prove that, if s € CI(X —Y) and ¢ € Cl(Y — Z) then ts € CI(X — Z). So we define a
category Nucs by taking the NUCS’s as object and by setting Nucs(X,Y) = CI(X — V).

(d) We define X+ by [X+| =[X|, ~x1 =wx and wx. = ~x. Then we set X®Y = (X —o YJ-)J'.
Describe as simply as possible the NUCS structure of X ® Y. We set 1 = ({*},0,0) (in other
words * =; *). Prove that if X and Y are Boudes then X+ and X ® Y is Boudes.

(e) Given s; € Nucs(X;,Y;) for i = 1,2, prove that s1 ® s2 € Rel(]X1| ® | X2, |Y1] ® |Y2|) (defined
as in Rel) does actually belong to Nucs(X; ® X»,Y; ® Y2).

(f) Check quickly that Nucs (equipped with the ® defined above and 1 as tensor unit, and L =1
as dualizing object) is a *-autonomous category.

(g) Prove that the category Nucs is cartesian and cocartesian, with X = &, ; X; given by |X| =

UieI {i} x |X;|, and
o (i,a) =x (¢,

o (i,a) wx (i,d)ifi=14 and a —x, d'.

iel
a')ifi=14 and a =x, d

and the associated operations (projections, tupling of morphisms) defined as in Rel.
Prove that if all X;’s are Boudes then &iel X; is Boudes.
(h) We define !X as follows. We take !X | = Mg, (| X]|) and, given m, m’ € |IX]|
e we have m <x m/ if for all a € supp(m) and o’ € supp(m’) one has a cx o
e and m = x m' if m<ix m' and m = [aq1,...,a,], W = [a},...,a}] with a; =x a] for each
ie{l,...,k}.
Notice that m 1 x m’ iff there is a € supp(m) and a’ € supp(m’) such that a —x a’. Remember
that supp(m) = {a € |X| | m(a) # 0}.
Let s € Nucs(X,Y). Prove that s € Rel(!| X[, !|Y]) actually belongs to Nucs(!X,!Y).
(i) Prove that der|x| = {([a],a) | a € | X|} belongs to Nucs(!.X, X).
(j) Prove that digy = {(m1 4+ -+ +myg, [m1,...,mg]) | m1,...,mr € Man(|X|)} is an element of
Nucs(!X, 'X).
(k) Prove that if X is Boudes then !X is Boudes.

(1) Let X = 1@ 1, and let t,f be the two elements of |X| (X is the “type of booleans”). Let
s € Rel(|X| @ |X|,|X]) by s = {((t,£),t),((f,t),f)}. Prove that s € Nucs(X ® X, X). Let
then ¢ € Nucs(!X, X) be defined by the following composition of morphisms in Nucs:

IX XX @ly _dex@erx vox 5, X
We recall that contraction
cx € Nues(1X, !X ®1X)
is given by cx = {m1 + ma, (m1,m2) | m1, ma € ||X|} and dereliction derx € Nucs(!X, X) is
given by derx = {([a],a) | a € |X]|}.

Prove that ([t, f],t), ([t,f],f) € t. So any notion of coherence on !| X | must satisfy [t, f] —ix [t, ]
since we have t —x f by the definition of the NUCS 1 & 1 since we must have ([t,f],t) S1xox



([t,f],f) because t is a clique. In particular it is impossible to endow !|X| with a notion of
Girard’s coherence space since in such a coherence space we would have [t,f] <ix [t,f] and
hence ([t,f],t) “1x—x ([t,f],£).

As an illustration of the usefulness of this semantics, consider the language PCF studied during the
lectures. Let M be a closed term such that = M : .. By the Church Rosser Theorem for PCF (of
which we have outlined the proof) we know that if M 5* n and M B* p then n = p. This proof is
completely syntactic and not very modular (if we modify the syntax, a lot of work has to be redone).

The PCF type ¢ is interpreted in any model of LL as N=1® 1@ ---. In Nucs, the only cliques of
N are () and the singletons. The semantics of any term is identical in Rel and in Nucs. Since the
semantics of M in Nucs is a clique of N, this proves that if M 8* n and M 3* p then n = p.

. Remember that, in probabilistic coherence spaces, P(1) = [0, 1] (the closed unit interval) and P(1¢1)
can be described as follows

P1@1) = {(uo,u1) € [0,1)% | up +uy < 1}

whose elements are the sub-probability distributions on the booleans. We consider the program
M :bool — bool defined by

let M(x) = if = then if z then true else false

else if x then false else true

and we admit that the semantics of M in the model of probabilistic coherence spaces is the function
f:P0®1) = P(1d1) given by

flug,ur) = (ug + uf)eo + 2uguieq

where eg = (1,0) € P(1 ¢ 1) and e; = (0,1) € P(1 & 1). Check that when (ug,u1) is a probability
distribution (that is ug+wu; = 1), sois f(ug,u1). Compute the distributions f(1,0), f(0,1), f(%, %),
f(i, %) and f(%7 %)

. We consider the program M : bool — bool defined by

let rec M(z) = if x then if x then M(z) else true
else if x then false else M (x)

called the Von Neumann rectifier. We admit that the semantics of M in the model of probabilistic
coherence spaces is a function f: P(1) x P(1® 1) — P(1) which satisfies

flug,ur) = (Ug + U?)f(u(mu) + upui(eo +€1) .

and is minimal for this property (for the pointwise order on functions: g < ¢’ if g(uo, u1) < ¢'(ug,u1)
for all (ug,uq) € P(1 4 1)).

(a) Prove that, assuming that (ug,u;) is a probability distribution (that is ug + u; = 1) one has

0 ifug=1loru; =1

f(anul) - {

3e0 + 3e1  otherwise.

Explain the name given to this program.
(b) Define the function g : [0,1] x [0,1] — [0,1] by

g(uvt) = s(f(tu, (1 - t)u))

where s : P(1 @ 1) — [0,1] is defined by s(ug,u1) = ug + u;. Using for instance the function
splot of gnuplot, plot the function ¢ in 3d and observe its behaviour when w is close to 1.



9. We consider the program M : unit X bool — unit defined by

let rec M(z,y) = if y then = else (M (z,y); M(z,y))

and we admit that the semantics of M in the model of probabilistic coherence spaces is a function
f:P(1) xP(1®1) — P(1) which satisfies

(a)

(b)

flw, (uo, u1)) = uow + uy f(w, (U07U1))2 .

Express explicitely f(w, (ug,u1)) in function of wp, u; and w. For u; # 0 you will have to
solve a quadratic equation and hence to choose between “+” and “—” for the square root of the
discriminant. Explain why one must choose “—”. To this end, remember that there must be
coefficients a4 € R>o such that f(w, (ug,u1)) = 32, ) ey @npqw"ugui (you are not asked
to compute these coefficients). Remember that

(@=1) 5 ala=—1(a=2) 3

(1+0)*=1+au+ = vt 5.3 v+

for v € [0,1] and o € R>q (here a = ).

Let g : [0,1] — [0, 1] be defined by ¢(t) = f(1,(1 — ¢,t)). Describe this function as simply as
possible (observe that there is a critical value for ¢, namely ¢ = 1/2). Draw the graph of g and
interpret it computationally.

10. We recall that there is a probabilistic coherence space N such that |[N| = N and

11.

PIN) ={w e RY, | Y w, <1},
neN

We consider the program M : int X bool — unit defined by

let rec M(z,y) = if y then = else M(x + 1,y)

and we admit that the semantics of M in the model of probabilistic coherence spaces is a function
f:P(N) xP(1®1) — P(N) which satisfies

fw, (ug,u1)) = uow + uy f(s - w, (ug,u1)) -

where s € P(N —o N) is given by

1 ifj=i+1
P
e 0 otherwise.

Remember also that, for ¢ € N, one has e; € P(N) defined by

@%:{1iw—i

0 otherwise.

Prove that w = f(eq, (ug,u1)) € P(N) is given by w,, = uguf.

Let I and J be sets, with I C J. We use 77 s, or simply 7, for the element of RIZE‘] defined by

1 it =i
g = 0 otherwise
and pr, 7, or simply p, for the element of RZX” defined by
)1 ifj=i
Pii = 0 otherwise.
If X and Y are probabilistic coherence spaces, we write X <Y if

10



o |X|CY],
® 7ix|,y| € Pcoh(X,Y) (in other words: if x € P(X) then y € RLYOl obtained by extending z
with 0’s belongs to P(Y)) B

e and p|x||y| € Pcoh(Y, X) (in other words: if y € P(Y) then x € RL}%‘ obtained by restricting
y to | X| belongs to P(X)). -

When these conditions hold, we use nx,y and px y instead of 9 x| y| and p|x|y|-

(a) Prove that X <Y = X+ <Y+

(b) Prove that if X; < X5 and Y7 < Y5 then (X; — Y]) < (X3 — Y3). We say that the operation
_ —o _is increasing.

(c¢) Let (X, )nen be a family of probabilistic coherence spaces which is increasing in the sense that
vn € N X;, < X,41. Let X be defined as follows: |X| = {J,cn|Xn| and z € lej‘ if, for all

n €N, pix, x| -z € P(X,) (that is, for each n € N, the restriction of = to |X,| belongs to
P(X,)). Prove that X is a probabilistic coherence space.

We admit that X,, < X for all n, the verification is easy. We set X = UneN Xn.

(d) Prove that X is the colimit of the X, in the sense that, given any family probabilistic coherence
space Y and any family of morphisms (¢(n) € Pcoh(X,,Y)),en such that ¥n € N ¢(n) =
t(n+1)nx,, X, there is exactly one t € Pcoh(Y, X) such that Vn € N t(n) = tnx, x.

(e) Let (Xp)nen and (Y;,)nen be increasing sequences of probabilistic coherence spaces. Prove that

Ux,—- Y= —-Y).

neN neN neN

We will say that the functor —  is cocontinuous.

We admit that the operation _ & _ on probabilistic coherence spaces is similalry increasing and
continuous (the proof is very easy). Observe that the probabilistic coherence space 0 whose web is
empty is < than any probabilistic coherence space.

(f) Prove that if F/(_) is an increasing and continuous operation on probabilistic coherence space,
then the sequence (F™(0))nen is increasing and, setting puF = |J F™(0), one has pF = F(uF)
and pF' is minimal with this property (for the order relation <).

(g) Let F be defined by F(X) =1 & (X & X). Prove that F is increasing and continuous. Prove
by induction on n € N that F™(0) can be described as the following probabilistic coherence
spaces:

e |F™(0)] is the set of all sequences of 0 and 1 of length <n — 1,
e and z € RgL(O)‘ belongs to P(F™(0)) if, for any u C |F™(0)], if u satisfies

Vs,s cu s<s =>s=5

(where < is the prefix order on finite sequeces; we say that such an w is an antichain), then
D oscuTs < 1
(h) Prove that pF' can be described as follows.
o [uF| = {0,1}<

e and z € Rlﬁgl belongs to P(pF') iff, for any u C |pF'| which is an antichain, one has

Yseu s < 1.

The two last questions require some basic knowledge in measure theory.

(i) Remember that the Cantor space C is the set {0, 1}* of infinite sequences of 0’s and 1’s equipped
with the coarsest topology such that, for any s € {0,1}<“ (finite sequence of 0’s and 1’s) the
set 1s of all a € {0,1}* such that s is a prefix of « is open.

Let v be a sub-probability measure for the Borel o-algebra of the Cantor space (a measure v
on C is a sub-probability measure if v(C) < 1). Define = € Rlﬁf‘ by zs = v(fs). Prove that
x € P(uF).
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() (*) Let = € P(uF'). Prove that the two following properties are equivalent:

e there is a sub-probability measure v for the Borel o-algebra of the Cantor space such that
xs = v(fs) for all s € {0,1}<
e for all s € |uF|, one has x; = x40 + zs1

where si is the sequence s to which ¢ € {0, 1} has been appended.

12. Let X and Y be probabilistic coherence spaces. Let B C R‘Z)g‘ be such that P(X) = Bt Let
t € RI™1 Prove that ¢ € P(X —o Y) if and only if Yz € B t -z € P(Y).

13. We identify |1 & 1] with {0,1} and |!(1 ® 1)| with N x N.
(a) Justify the second of these identifications.

(b) We identify [(1 @ 1) —o 1| with Nx N. Let s € R{®Y ™! Prove that s € P((1 @ 1) —o 1) iff for
all r € [0,1], one has -

Z Spprt(1—1m)P < 1.

n,peEN

(c) Let s € RgéN be given by

2" ifn=p>0
Sn,p = .
P 0  otherwise.

Prove that s € P((1® 1) — 1). Let f: P(1&1) — P(1) = [0, 1] be the associated function, that
is

oo
flug,un) =Y 2 uguy
n=1

Is this function convex, that is, is it true that for all u,v € P(1 @ 1) and A € [0,1], one has
fOu+ (1= A)v) < Af(u) + (1= A)f(v)?
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