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A coherence spaces is a structure E = (|E|,cg) where Cg is a binary symmetric and reflexive relation
on the set |E|. The strict coherence relation is ~g is defined by: @ ~g b if a g b and a # b, which is a
symmetric and antireflexive relation.

We use CI(E) for the set of cliques of E, that is CI(E) = {z ¢ |E| | Va,a’ € x a g a’}. Ordered by
inclusion, this is a cpo.

We shall say that a family (x; € CI(E))ier is summable if Vi,jel i#j=a;nx; =& and Uy ; €
CI(E). When this is the case, we set 3 ;c; ¥; = Ujer ;. Accordingly, if x1,x2 € CI(E) are summable, we
write x1 + X9 = 1 U To.

Let E and F be coherence spaces and let f : CI(E) — CI(F). We use the following terminology
(warning: Paul-André Melliés may have used another onel).

e f is Scott-continuous if it is increasing, and, for any directed set D ¢ CI(E) (remember that this
means that D # @ and V21,29 € D3z € D 21,29 € x), we have f(UD) =U f(D) = U{f(x) | z € D}.
Since f is increasing, this condition is equivalent to f(UD) c U f(D).

e f is stable if it is Scott-continuous and
Vri, 22 z1Uz2 € CI(E) = f(21na2) = f(z1) 0 f(22)
that is, since f is increasing:

Vl‘hIL‘Q T U$2€C|(E)=>f(l‘1 ﬂIEQ)Qf(J?l)ﬂf(IQ).

e f is linear if it is stable and

f(2)=2
Vri,m0 w1Uze € C(E) = f(zrUzs) = f(21) U f(22) .

that is, since f is increasing;:

f(@)=2
thxg T U$2€C|(E)3f($1 U.’EQ)Ef((El)Uf(ZL'Q).

Remember also that if E and F are coherence spaces, the coherence space E — F is defined by |E — F| =
|E| x |F| and, for (a,b),(a’,b") € |E — F|, one has (a,b) cg_.p (a',b") if:

acgpa = (bopb and (b=b =a=4d")).

We define a coherence space D by [D| = {0,1} with 0 ~p 1, that is D=1 & 1.
We use Cohs for the category of coherence spaces and stable functions.



(a) Let E and F be coherence spaces and let f : CI(E) - CI(F') be increasing and Scott-continuous.
Prove that f is linear if and only if it is additive, that is:

» f(9)=2
e and for any z1,z9 € CI(E), if x; and x2 are summable in CI(E), then f(z1) and f(z2) are
summable in CI(F') and one has f(x1 +z2) = f(x1) + f(22).

(b) Let SE = (D — E), prove that there is an order isomorphism
CI(SE) = {(x,u) € CI(E)? | 2 and u are summable} (with the product order).

If z,u € CI(E) are summable, we use {z,u) for the corresponding element of CI(SE).

(c) Let (x1,u1), {x2,us)) € CI(SE), prove that (x1,u1) N {2, u2) = (z1 N2, u1 Nuz)). Assuming
moreover that {x1,u1) U {xa,us) € CI(SE), prove that (x1 +u1) U (22 + uz) € CI(E) and that
(Il + ul) N (JZQ + Uz) = (.131 N IQ) + (U1 I'WUQ).

(d) Let u € CI(E). We define a coherence space E,, by |E,| = {a € |E| | u and {a} are summable}
and a g, a' if a g a’, so that CI(E,) = {z € CI(F) |  and u are summable} as easily checked.
Let f:CI(E) » CI(F) be Scott-continuous and stable.

We define a function A, f: Cl(E,) - P(|F|) by

Auf(@) = f(x+u)N f(2).
Check that A, f(x) € CI(F). Prove that A, f is increasing and Scott-continuous. Prove that
A, f is stable.

(e) (*) Conversely let f: CI(E) - CI(F) be Scott-continuous and assume that, for all u € CI(E),
the function A, f : CI(E,) — CI(F) is increasing. Prove that f is stable.

(f) (*) Let f:CI(E) — CI(F') be stable. We define a function

Af:SE —»SF
(@, uh) » (f(2),Auf(2)).

Prove that Af is a stable function.

(g) Prove that the operation defined in Question (f) is a functor A : Cohs - Cohs which acts
on objects by AF = SE. In other words prove that Ald = Id and, for f € Cohs(E, F) and
g € Cohs(F,G), one has A(go f)=Ago Af.

We use Clg,(E) for the set of finite cliques of E.

(h) Remember that if f € Cohs(FE, F'), one defines Trf as the set of all pairs (x¢,b) € Clg,(E) x |F]|
such that b € f(xg) and xg is minimal with this property, that is: Vo € 29 b e f(z) = x = xo.
Prove that

Tr(Af) = {({zo, @), (0,b)) € Cliin (SE) x [SF[ | (20,b) € Trf}
{({zo,u0), (1,b)) € Clsin(SE) x |SF|| (xg + ug,b) € Trf and ug # @} .



