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Syntax of CBPV

Types :

ϕ,ψ, . . . := !σ | ϕ⊗ ψ | ϕ⊕ ψ | ζ | Fix ζ · ϕ
σ, τ . . . := ϕ | ϕ( σ | >

Terms :

M,N . . . := x | M ! | 〈M,N〉 | in1M | in2M
| λxϕM | 〈M〉N | case(M, x1 · N1, x2 · N2)

| pr1M | pr2M | der(M) | �x x !σM
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Typing rules

P ` M : σ

P ` M ! : !σ

P ` M1 : ϕ1 P ` M2 : ϕ2
P ` 〈M1,M2〉 : ϕ1 ⊗ ϕ2

P ` M : ϕi

P ` iniM : ϕ1 ⊕ ϕ2 P, x : ϕ ` x : ϕ

P, x : ϕ ` M : σ

P ` λxϕM : ϕ( σ

P ` M : ϕ( σ P ` N : ϕ

P ` 〈M〉N : σ

P ` M : !σ
P ` der(M) : σ

P, x : !σ ` M : σ

P ` �x x !σM : σ

P ` M : ϕ1 ⊕ ϕ2 P, x1 : ϕ1 ` M1 : σ P, x2 : ϕ2 ` M2 : σ

P ` case(M, x1 ·M1, x2 ·M2) : σ

P ` M : ϕ1 ⊗ ϕ2
P ` priM : ϕi
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Values

Values are special terms of positive types :

any variable x is a value

for any term M, the term M ! is a value

if M is a value then iniM is a value for i = 1, 2

if M1 and M2 are values then 〈M1,M2〉 is a value.

One uses letters V , W etc to denote values. If V is a value and
P ` V : σ then σ is a positive type ϕ.
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Reduction rules (weak reduction)

der(M !)→w M 〈λxϕM〉V →w M [V /x ]

pri 〈V1,V2〉 →w Vi �x x !σM →w M
[
(�x x !σM)!/x

]
M →w M ′

der(M)→w der(M ′)

M →w M ′

〈M〉N →w 〈M ′〉N

N →w N ′

〈M〉N →w 〈M〉N ′
M →w M ′

priM →w priM
′
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M1 →w M ′
1

〈M1,M2〉 →w 〈M ′1,M2〉
M2 →w M ′

2

〈M1,M2〉 →w 〈M1,M
′
2
〉

case(iniV , x1 ·M1, x2 ·M2)→w Mi [V /xi ]
M →w M ′

iniM →w iniM
′

M →w M ′

case(M, x1 ·M1, x2 ·M2)→w case(M ′, x1 ·M1, x2 ·M2)

This is a weak reduction (not inside boxes, not under λ's).

Values and abstractions are normal for this reduction.
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Relational semantics

[σ] is a set, [ϕ]! is a coalgebra ([ϕ], hϕ) where hϕ ∈ Rel([ϕ], ![ϕ])
satis�es two commutations (lecture notes). Concretely :

(a, [b]) ∈ hϕ i� a = b

and (a,m1 + · · ·+ mk) ∈ hϕ i� there are a1, . . . , ak ∈ [ϕ] such
that (a, [a1, . . . , ak ]) ∈ hϕ and (ai ,mi ) ∈ hϕ for i = 1, . . . , k .

[>] = ∅, [ϕ( σ] = [ϕ] ( [σ] = [ϕ]× [σ] ;

[!σ] = ![σ] =M�n([σ]) and (m, [m1, . . . ,mk ]) ∈ h!σ i�
m = m1 + · · ·+ mk .
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[ϕ1 ⊗ ϕ2] = [ϕ1]⊗ [ϕ2] = [ϕ1]× [ϕ2] and
((a1, a2), [(a1

1
, a2

1
), . . . , (a1k , a

2

k)]) ∈ hϕ1⊗ϕ2 i�

(aj , [aj
1
, . . . , aj

k ]) ∈ hϕj
for j = 1, 2.

[ϕ1 ⊕ ϕ2] = [ϕ1]⊕ [ϕ2] = {1} × [ϕ1] ∪ {2} × [ϕ2] and
((j , a), [(j1, a1), . . . , (jk , aj)]) ∈ hϕ1⊕ϕ2 i� j1 = · · · = jk = j and
(a, [a1, . . . , ak ]) ∈ hϕj

.

For recursive types, the general de�nitions based on
embedding/retraction pairs allows to get
[Fix ζ · ϕ]! = [ϕ [Fix ζ · ϕ/ζ]]!.
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Examples

1 = !>, so [1] = {[]} and ([], k[[]]) for all k ∈ N.

ι = 1⊕ ι (that is ι = Fix ζ · (1⊕ ζ), so that an element of [ι]
has shape (2, . . . , (2, (1, [])) . . . ) (represents the integer n
when there are n occurrences of �2�). We denote this element
as n. An element of hι is a pair (n, k[n]) for k , n ∈ N.

One can de�ne a type of lists of integers by λ = 1⊕ (ι⊗ λ) so
that an element of [λ] has shape
(2, (n1, (2, (n2, . . . , (2, (nk , (1, []))) . . . )))) which represents the
list ~n = 〈n1, . . . , nk〉. An element of hλ is a pair (~n, p[~n])
where ~n given list.
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Examples

The type of streams of elements of positive type ϕ can be
de�ned by ρϕ = ϕ⊗ !ρϕ, so an element of [ρϕ] is a pair
(a, [s1, . . . , sk ]) where s1, . . . , sk are elements of [ρϕ]. For
instance (3, [(0, [(7, [])]), (2, [])]) is an element of [ρϕ]. An
element of hρϕ is a pair
((a,m1 + · · ·+ mk), [(a1,m1), . . . , (ak ,mk)]) such that
(a, [a1, . . . , ak ]) ∈ hϕ.
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A term M such that P ` M : σ where P = (x1 : ϕ1, . . . , xk : ϕk) is
interpreted as a morphism [M]P ∈ Rel([ϕ1]⊗ · · · ⊗ [ϕk ], [σ]), that
is

[M]P ⊆ [ϕ1]× · · · × [ϕk ]× [σ]

When M is a value V and hence P ` V : ϕ for some positive ϕ we
have [V ]P ∈ Rel

!([ϕ1]! ⊗ · · · ⊗ [ϕk ]!, [ϕ]!).
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When ai ∈ [ϕi ] for i = 1, . . . , k and b ∈ [σ] satisfy
(a1, . . . , ak , b) ∈ [M]P we say that the following semantic judgment

holds :

Φ ` M : b : σ

where Φ = (x1 : a1 : ϕ1, . . . , xk : ak : ϕk) is a semantic context.
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If Φ = (x1 : a1 : ϕ1, . . . , xk : ak : ϕk) is a semantic context, we use
Φ for the ordinary context Φ = (x1 : ϕ1, . . . , xk : ϕk) and Φ̂ for the
sequence (aI , . . . , ak).

There is a �typing derivation system� for these semantic judgments
such that x1 : a1 : ϕ1, . . . , xk : ak : ϕk ` M : b : σ is derivable i�
(a1, . . . , ak , b) ∈ [M]P .

We give now the deduction rules for this system.
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(Φ̂, []) ∈ hΦ

Φ, x : a : ϕ ` x : a : ϕ

The premise of this rule means that the points ai mentioned in Φ
are �concealable�.

Φi ` M : ai : σ for i = 1, . . . , k (Φ̂, [Φ̂1, . . . , Φ̂k ]) ∈ hΦ

Φ ` M ! : [a1, . . . , ak ] : !σ

where we also assume that Φ = Φi for each i (similar assumptions
in the next rules). The last premise means that the ai in Φ are
k-duplicable.
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Φ1 ` M1 : a1 : ϕ1 Φ2 ` M2 : a2 : ϕ2 (Φ̂, [Φ̂1, Φ̂2]) ∈ hΦ

Φ ` 〈M1,M2〉 : (a1, a2) : ϕ1 ⊗ ϕ2

Φ ` M : a : ϕi

Φ ` iniM : (i , a) : ϕ1 ⊕ ϕ2
Φ, x : a : ϕ ` M : b : σ

Φ ` λxϕM : (a, b) : ϕ( σ

Φ1 ` M : (a, b) : ϕ( σ Φ2 ` N : a : ϕ (Φ̂, [Φ̂1, Φ̂2]) ∈ hΦ

Φ ` 〈M〉N : b : σ

Φ ` M : [a] : !σ

Φ ` der(M) : a : σ

Φ ` M : (a1, a2) : ϕ1 ⊗ ϕ2 (a2, []) ∈ hϕ2
Φ ` pr1M : a1 : ϕ1
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Φ ` M : (a1, a2) : ϕ1 ⊗ ϕ2 (a1, []) ∈ hϕ1
Φ ` pr2M : a2 : ϕ2

Φ0 ` M : (1, a1) : ϕ1 ⊕ ϕ2 Φ1, x : a1;ϕ1 ` N1 : b : σ

Φ ` case(M, x1 · N1, x2 · N2) : b : σ

To be precise one has also to assume that Φ, x2 : ϕ2 ` N2 : ϕ2, and
of course that (Φ̂, [Φ̂0, Φ̂1]) ∈ hΦ. Similarly :

Φ0 ` M : (2, a2) : ϕ1 ⊕ ϕ2 Φ2, x : a2;ϕ2 ` N2 : b : σ

Φ ` case(M, x1 · N1, x2 · N2) : b : σ

Φ0, x : [a1, . . . , ak ] : !σ ` M : a : σ ∀i Φi ` �x x !σM : ai : σ

Φ ` �x x !σM : a : σ

with the additional assumption that (Φ̂, [Φ̂0, . . . , Φ̂k ]) ∈ hΦ.
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The main feature of values is that, if P ` V : ϕ then
[V ]P ∈ Rel

!([P]!, [ϕ]!), that is :

if Φ ` V : a : ϕ and a1, . . . , ak ∈ [ϕ], one has (a, [a1, . . . , ak ]) ∈ hϕ
if and only if there are Φ1, . . . ,Φk such that :

Φi = Φ for each i

Φi ` V : ai : ϕ for each i

and (Φ̂, [Φ̂1, . . . , Φ̂k ]) ∈ hΦ.
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Examples of term interpretations

[λxϕ x ] = {(a, a) | a ∈ [ϕ]}.
Ωσ = �x x !σ x satis�es ` Ωσ : σ. Then [Ωσ] = ∅.
() = (Ω>)!, then ` () : 1 and [()] = {[]}.
If n ∈ N one de�nes n such that ` n : ι by 0 = in1() and
n + 1 = in2n. Then [n] = {n}.
succ = λx ι in2(x), then ` succ : ι( ι and
succ = {(n, n + 1) | n ∈ N}.
add = λx ι �x f !(ι(ι) λy ι case(y , d · 0, z · 〈succ〉〈der(f )〉z) then
` add : ι( ι( ι and one has
[add] = {(n1, n2, n1 + n2) | n1, n2 ∈ N}.
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maps =
λf !(ϕ(ψ) �x h!(ρϕ(ρψ) λyρϕ 〈〈der(f )〉pr1y , (〈der(h)〉pr2y)!〉.
Then ` maps : !(ϕ( ψ) ( ρϕ ( ρψ is a map functional for
streams. Then [maps] is the least set of tuples
(([(a, b)] + m1 + · · ·+ mk), (a, [s1, . . . , sk ]), (b, [t1, . . . , tk ]))
such that (mi , (si , ti )) ∈ [maps] for each i ∈ {1, . . . , k}.
Using this we can de�ne for instance
M = λf !(ϕ(ϕ) λxϕ �x y !ρϕ 〈x , (〈maps〉f der(y))!〉 such that
` M : !(ϕ( ϕ) ( ϕ( ρϕ. What does this function
compute ? What is its relational interpretation ? Execute a few
step of →w-reduction on S = 〈M〉succ! 0 and give the
relational interpretation of S (observe that ` S : ρι).
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