MPRI 2-2 2015-2016 Exercises

Thomas Ehrhard

1) Integers in Call-by-push-value
Remember that 1 =!T. Let « = Fix( - (1@ () be the type of strict natural (unary) numbers. We also
define a type of “lazy integer” ¢j = Fix( - (1 & ().
1.1) Explain the intuitive difference between ¢ and ¢.
1.2) Write a successor succ and a predecessor pred function of type ¢ —o ¢.
1.3) Write similar functions for succ’. What are the simplest types you can give to these functions?
1.4) Compute the relational semantics of the functions defined above.

1.5) Is it true that (pred)(succ)M —?% M for any term M or type ¢? Otherwise, what property must
satisfy M for this property to hold?

1.6) Prove that an analogue of the property above holds for succ’ and pred’.

2) Streams
Given a positive type @, let p = Fix{ - (¢ ® I¢) be the type of streams of elements of type .

2.1) Taking ¢ = ¢, write a term M such that = M : p which represents the stream 0,1,... of all
natural numbers.

2.2) Explain why it wouldn’t be a good idea to define p by p = Fix( - (p ® ().

2.3) Write a closed term M of type !(p —o 1) —o p —o ¢ such that (M)F'S returns the first element,
of S which is mapped to 0 by F.

3) Taken from the slides... Use the semantic typing system to justify the following statements
and answer the following questions:

o [Aa¥z] ={(a,a)|ac[p]}.

e 7 = fixz'? x satisfies - Q7 : ¢. Then [Q7] = ().

o ()=(Q7), then - (): L and [()] = {[]}-

e If n € N one defines n such that Fn: ¢ by 0 =in;() and n + 1 = ingn. Then [n] = {7}.
e succ = \z‘iny(z), then - succ: ¢ —o ¢ and succ = {(m,n + 1) | n € N}.

e add = Mz‘fix ') \y* case(y, d - 0,z - (succ)(der(f))z) then - add : ¢+ — ¢+ —o+ and one has
[add] = {(n1,n2,n1 + n2) | n1,n2 € N}.

e maps = Af'#¥) fix b'(Pe—orv) \yPe ((der(f))pr,y, ((der(h))pryy)'). Then F maps : !(p —o 1)) —o
Pp —© py is a map functional for streams.
Then [maps] is the least set of tuples (([(a,b)]+m1+---+my), (a,[s1,-..,8k]), (b, [t1, ..., tx])) such
that (m, (s, t;)) € [maps] for each i € {1,...,k}.

e Using this we can define for instance M = \f'(*=%) \a% fix y'Pe (x, ((maps) f der(y))') such that F
M : (¢ — @) —o ¢ —o p,. What does this function compute? What is its relational interpretation?
Execute a few step of —,-reduction on S = (M)succ' 0 and give the relational interpretation of S
(observe that =S : p,).

4) Coalgebras in coherence spaces (from Shahin Amini’s PhD thesis)

We use the following notations for coherence spaces: |X| is the web of X, ©x is the coherence relation
on | X|, ~x is the strict coherence relation, CI(X) is the set of all cliques of X. We remind that |!X] is
the set of all finite cliques of X, and u <ix v’ iff uUu' € CI(X).

We also remind that if f € CI(()X — Y") then

If ={(u,v) € |'X| x |'Y] | I(a1,b1),...,(a1,b1) € f u={a1,...,an} and v = {by,...,bp}}
e CI(1X — 1Y)
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and that the comonad structure of the “!” functor is given by

derx = {({a},a) | a € |X|} € CI(!X — X)
digy = {(ur1 U - Uup, {u1,...,;un}) | {us,...,un} € CI(IIX)} € CI(IX — I1X).

We introduce now a notion of “coherent partial order” it is a pair P = (|P|,<p) where |P| is a
countable set and <p is a partial order relation on |P| such that

e for all a € |P| the set L a = {a’ € |P||d <p a} is finite

e for any a € |P|, any subset u of | a has exactly one least upper bound in | a, that is, the set
{b€la|uC]b} has a unique least element denoted V,(u).

We associate with P a coherence space P as follows: |P| =|P|and a <p o' if 3o € |P| a,a’ <p a”. Let
hp = {(a,u) € [P — !P| | a = V,u} (in other words: (a,u) € hp exactly when u is upper-bounded by a
and a is minimal with this property).

4.1) Prove that hp € CI(P. — |P).

4.2) Prove that (P,hp) is a coalgebra.

4.3) Describe as simply as possible the weakening and contraction morphisms associated with P.

Let 1 = ({*},=) (considered as a coherence space and as a coherent partial order).

4.4) Prove that a coalgebra morphism from 1 to P is exactly the same thing as a subset u of | P| such
that

e u is downwards-closed, that is a’ <pacu=da €u

e u is directed, that is, any finite subset of u is upper-bounded in u (in other words: u # ) and
Yai,a2 € uda € u ay,az < a).

Such a subset of |P| is called an ideal and the set of these ideals is called ideal completion of P, denoted
IdI(P). This set will always be considered as a partially ordered set, the order relation being C.

4.5) Prove that, if D C IdI(P) is directed, then UD € IdI(P).

4.6) Prove that, if uy,us € IdI(P) are upper-bounded in IdI(P) (that is, there is u € IdI(P) such that
u; Cufor i = 1,2), then u; Nuz € IdI(P). Explain why the upper-boundedness hypothesis is essential
(the best possible answer is to give a counter-example showing that this property does not hold in general
without this hypothesis).

Given a relation f C A x B, we use f for the function P(A) — P(B) defined by f(u) = {b € B |
Ja € A (a,b) € f}.

4.7) Let P and @ be coherent partial orders and let f € CI(P — Q). Assume that f is a coalgebra
morphism from (P,hp) to (Q,hg). Prove that, if v € IdI(P) then f(u) € 1dI(Q) [Hint: to prove that
f(u) is downwards closed, observe that if & <¢ b then (b, {b,b'}) € ho]-

4.8) Prove that f commutes with directed unions and bounded intersections (that is, if D C IdI(P) is
directed then f(UD) = U{f(u) | w € D} and, if u;,us € IdI(P) are upper-bounded, then f(u;)N f(u2) =

f(uy Nuz)) [Hint: you only need the fact that f is a clique in P — @ to prove this.|. One says that f is
stable.

4.9) Conversely, let F : IdI(P) — 1dI(Q) be a function which is monotone and stable. Define TrF C
|P| x |Q| as the set of all pairs (a,b) such that b € F(] a) and a is minimal with this property. Prove
that TrF" € Cl(P — Q).

4.10) Prove that TrF" is a coalgebra morphism from (P,hp) to (Q,hg).

4.11) Prove that the operations f — f and F +— TrF defined above are inverse of each other.

4.12) As a consequence, prove that the coalgebras (P,hp) and (Q,hg) are isomorphic as coalgebras
iff P and @ are isomorphic as partial orders. So from now on we consider freely coherent partial orders
as coalgebras.

4.13) Describe as coherent partial orders the coalgebras !X (when X is a coherence space), P ® ) and
P ®Q (when P and @ are coherent partial orders).



We say that X is a sub-coherence space of Y (notation X CY) if | X| C |Y| and Va,a’ € |X| a °&x
a' & a <y d. Then iy € CI(X —Y) is simply given by i}, = {(a,a) | a € |X[}. Given coherent
preorders P and (), we stipulate accordingly that P C Q if P E @ and iE,Q is a coalgebra morphism
from P to @ (see Section 3.5.11 of the Lecture Notes). -

4.14) Prove that P C @ iff the following conditions are satisfied:
o |P|C|Q
e for any a € |P| and b € |Q|, one has b<g aiff b€ |Pland b<pa

e if two elements of |P| are upper-bounded in @ then they are upper-bounded in P.
4.15) Describe as simply as possible the coherent partial orders interpreting the types ¢, ¢ and p (the
interpretation of ¢ being given) of Exercise 1 and 2.
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REDUCTION RULES We first define the notion of value as follows:
e any variable x is a value
e for any term M, the term M' is a value
e if M is a value then in; M is a value for i = 1,2
e if My and M, are values then (M7, Ms) is a value.

Notation for values: V, W...

der(M') = M (Az? M)V — M [V/z] pri(Vi, V2) =w Vi
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SEMANTIC TYPING RULES A semantic typing judgment is an expression ® = (z1 : a1 : p1,..., %k : g :
k) where the variables z; are pairwise distinct, the ¢;’s are positive types and a; € [p;]. Given such a
semantic judgment ®, we define its underlying typing judgment ® = (z1 : ¢1,..., 2 : @x) and the tuple

~

of points ® = (aq,...,a) € [D].
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Remember that we assume that ® = ®; for each i.
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