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A coherence space is a pair E = (|E|,<g) where |E| is a set and g C |E|? is a reflexive and
symmetric relation. Remember that ~g = <g \ {(a,a) | a € |E|}.

The set of cliques of E is CI(E) = {x C |E| | Va,d’ € x a < d'}. Equipped with the partial order
relation C, CI(E) is closed under directed unions!. Observe also that a subset of a clique is a clique, that
all singletons are cliques and that ) is a clique.

Let E and F be coherence spaces. A function f : CI(E) — CI(F) is stable is it is monotone, Scott-
continuous (that is, for all directed D C CI(E), one has f(UD) = Uzep f(x), or, equivalently f(UD) C
Uzep f(x), since the converse inclusion holds by monotonicity of f) and conditionally multiplicative, that
is

Ve,y € CI(E) zUy e Cl(E)= flzny) = f(z)N f(y)
or equivalently
Ve,y € C(E) zUye Cl(E)= flxny) D flx)N f(y)

since the converse inclusion holds by monotonicity of f.

1) Let E be a coherence space and let u € CI(E). One defines a coherence space E, as follows:
|E.| = {a € |E| | Vb € u a ~g b} and o, = <g N |E,|?. Observe that CI(E,) C CI(E) and that, if
x € CI(E,) then z Nu =0 and z Uu € CI(E).

Let f: CI(E) — CI(F) be a monotone and Scott-continuous function. Given u € CI(E) one defines a
function A, f : Cl(E,) — CI(F) by A, f(z) = f(z Uu)\ f(z).

1.1) Let f: CI(E) — CI(F) be a stable function. Compute A, f when f is constant, and when f is
linear (that is f(0) =0 and f(x Uy) = f(x) U f(y) if z,y € CI(E) satisfy z Uy € CI(E)).

1.2) Let f : CI(E) — CI(F) be a monotone and Scott-continuous function. Prove that if A, f is
monotone for all u € CI(E), then f is stable.

1.3) Conversely, prove that, if f is stable, then A, f is stable for all v € CI(E). In particular, f is
stable if and only if A, f is monotone for all u € CI(E).

Let f,g: CI(E) — CI(F) be stable functions. One says that f is stably less than g (notation f < g)
if

Ve,ye CI(E) = Cy= f(x)=f(y)Nglz).

Observe that f <q g = [ <ex g (where f <e g means Vo € CI(E) f(z) C g(z)): take z = y in the
definition above.

1.4) Prove that f <g g if and only if f < g and Yu € CI(E) Ay, f <ext Aug-
Remember that, if f: CI(E) — CI(F') is a stable function, one defines the trace Trf of f as the set of

all pairs (zg,b) where b € |Y| and z is minimal such that b € f(zo) (and is therefore finite by continuity
of f). Remember also that, if (zg,b), (yo,b) € Trf satisfy z¢ Uyg € CI(E), then z¢ = yo.

1.5) Let f: CI(E) — CI(F') be a stable function. Prove that

Tr(Auf) = {(yo \ u,0) | (y0,b) € Trf, yoNu# P and yo Uu € CI(E)}.
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