4- The Aupi-calculus

4.1 Sequent calculus

4.1.1 Gentzen’s LK calculus

The sequent calculus was originally introduced by Gentzen [56] 57] who was trying to reformulate
the system of natural deduction in a more symmetric presentation. He was looking at the time for a
proof of normalization for the natural deduction system in order to prove the coherence of first-order
arithmetic. The principal novelty of this system is that it gives an equal importance to left and right parts
(hypotheses and conclusions) of sequents. In particular, sequents are of the form I' + A, where both T
and A are sequences of formulas. Besides, the deductive system does no longer make the distinction
between introduction and elimination rules but is only compound of (left and right) introduction rules.
Intuitively, a sequent is provable if the conjunction of hypotheses on the left entails the disjunction of
(possible) conclusions on the right. More precisely, we can define the formula associated to the sequent
Ai,...,Ay v By,...,Byastheformula Aj A...AA, — By V...V B,, and prove the previous statement,
namely that a sequent is valid if and only if its associated formula is valid (Proposition [4.3). To put it
differently, a sequent I' + A is intuitively derivable if there is a formula in A that is provable using the
hypotheses in T".

4.1.1.1 Language

In the original presentation of Gentzen [56][57]], who was interested in first-order arithmetic, first-order
expressions and binary predicates where defined by the following grammar:

x|neN|t+u|t—ul|tXu
t=ul|t<u

Terms t,u
Predicates P

As explained in Section[1.1.1] this corresponds to the axiomatic part of a theory. Here we rather want
to deal with the deductive part of the proof system, that is the set of inferences rules that encompasses
the logical part of the theory. Hence we shall consider the generic case of first-order logic formulas (see
Example [1.2), which are built from a fixed set V of variables and a fixed signature 3, for first-order
terms, and from a signature X, for predicates:

Terms e,e; == x| f(er,....ex) (xeV,fe)
Predicates A,B P(e,...,ex) | Vx.A|dx. A|A—>B|AAB|AVB (P e X

A sequent, written I' - A, is a pair of two (possibly empty) lists of formulas I" and A, defined by:

A= ¢ | T,A
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Identity rules
TrAA F,AFA(C N )
TFA v AFA
Structural rules
TrA () FI—A,A,A( ) T+ o(A)
r Cr Or
TrAA TrAA TrA
LreA o LAAFA G(I‘)FA()
TAFA TAFA TrA
Logical rules
TLAFA o TLAF B,A - T'rAA TrBA ) T+ AB,A o)
Tr-AA " T'+A—BA T'+AAB,A ’ TFAVBA
TrAA - TrAA F,BI—A(_}) TLABF A . T,AF A I",BI—A(V)
[L-A+rA "' [LA— BFA ! TLAABFA ' [LAVBFA !
TrAA xgéFV(l",A)(v) LA/ FA T+ A[t/x],A TLAFA x¢FV(T,A)
TrVx.AA ’ TVxArA Tradx.AA [LAx.Ar A !

Figure 4.1: Gentzen LK calculus

4.1.1.2 Deductive system

The rules of Gentzen deductive system, given in Figure [4.1/and named LK, are splitted in three groups:

o identity rules, which specify the two pure manners of proving a sequent, namely reducing to an
hypothesis or by introducing a cut over a formula;

o structural rules, which correspond to contexts management: they allows us to weaken, rearrange
(0 is a permutation) or duplicate formulas within left and right contexts;

o logical rules, which are the left and right introduction rules for logical connectives.

Intuitively, a sequent I' - A is derivable if there is a formula in A that is provable using the hypotheses in
I'. This intuition is actually valid up to the subtlety that we do not necessarily know which formula of the
right-handside is proven. In fact, there is not necessarily one specific formula that is proven, but rather
a superposition of formulas. For instance, as we shall see a derivation of the sequent  A(x) V =A(x)
proves neither A(x) nor —A(x), it only proves that for any x, one of both is true. If A(x) is the formula
“the cat is alive at the instant x”, we are in presence of a Schrédinger’s catZ,

This presentation is indeed more symmetric than natural deduction, in that it highlights the dual
behaviors of hypothesis and conclusions. This observation will be reflected through the proofs-as-
programs interpretation of sequent calculus in the next section. Lastly, this deduction system encom-
passes classical logic. In particular, it is easy to derive proofs for the excluded-middle, the double-
negation elimination or the law of Peirce (see Figure [4.2). Actually, the case of intuitionistic logic,
named L]J, corresponds to the same calculus where only one formula is allowed in the right-hand side
of sequents.

As an example to illustrate the construction of proof derivations in LK, we shall now prove the
claim that a sequent is provable if and only if its associate formula is.

IWe are very grateful to Alexandre Miquel for this very nice metaphor.
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A AFA(ﬁ%
Ara M ArBA "
T - A -A (ﬁ(’)) FA>BACT Ara EAX))
A O A F A ﬂ(’ ) (A>B) - ArA ’)
FAv-A ) Fo(cA) > A T F(A>B) oA >4 7
(a) Excluded-middle (b) Double-negation elimination (c) Peirce’s law

Figure 4.2: Proof of classical principles in LK

Definition 4.1 (Admissible rule). A rule is said to be admissible in a proof system if there exists a
derivation of its conclusion using its hypotheses as axioms. a

Lemma 4.2. The following rules are admissible in LK:

Ael AeA Aell AeA
rra Ara —TrAa W
Proof. We only give the proof for the first rule. Knowing that A € T' we can assume that T is of the
general form By,...,B,,A,Cy,...,C, and prove the first rule as follows:
m (Ax;)

*(wp)

A,Bl,. . .,Bn,(jl,. .. ,Cp_l FA
ABi,. . BuCr...Cp1.CpF A
Bq,... ,Bn,A,Cl,. .. ,Cp_l,Cp FA

(wr1)
(o1)

Proofs for the other two cases are very similar. O

Proposition 4.3 (Associated formula). A sequentI' + A is valid if and only if its associated formula is
valid.

Proof. The proof on the left-to-right part is left as an exercise for the willful reader. We only give the
right-to-left proof in the case where I' and A both contains two formulas:

Al,Az FA; (Axr) Al,Az + Az (Axr) By + B1,Bs (Axz)
Al,Az + Al /\Az (r) B,V By, + By,By e
Al,Az + Al /\Az,Bl,Bz (wr) Al,Az,Bl V By + By,Bs (wr)
F Ay A Ay — By V B, ALAnA NA, > B VB, v BB, , "
Ay, Az ¥ By, By (Com

We implicitly use the fact that the following rule is admissible (which also is an easy exercise):

FA T,AFA
T'rA

(CUT)/

4.1.2 Alternative presentation

In order to give a computational content to sequent calculus, we will use a slightly different presenta-
tion. While this presentation does not bring any logical benefits (it actually has the drawback of making
the size of proofs grow), it forces the derivation to be somewhat more structured by preventing arbi-
trary changes of side (left or right) when applying inference rules. Quite the opposite, at any time is
explicitly identified which formula is being worked on. In a nutshell, instead of considering one unique
kind of sequent I + A, this presentation now distinguishes between three kinds of sequents:
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Identity rules:
AecA AeT TFA|A TIAFA
_L= 8 (A =2 -
TIArA ™ Tra|Aa ™ TrA (Com)
Structural rules:
IArFA TFAA
—_— (fOCl) —_— (fOCr)
I'NArFA F'rA|A

Logical rules:

IA-B| A I'tA|A TrBJ|A F'rA|A . I'tB|A ,
TFrASB[A " TrAAB[A 7 TrAvB(A " TravB|a "
F'rA|A ' BFrA I ABr A I'A+A T,BrA
TlA>BrA " T|AABrA " TAvBra 7
Figure 4.3: Sequent calculus with focus
(Ax,) (Axp)
(A->B) > A A+A|B (A->B) > A|A+AB
(A>B) > A Ar AB (con
(A>B) oA ArB|A Y
) A>B -ArA=B|A " (A—>B)—>A|A|—Azixll))
(A>B) > Ar(A>B) > A|A (A>B) >Al(A—>B) >ArA
(A>B) > A+ A
(A>B) > A+ A| (Foer)
F((A> B) > A) > A| "

Figure 4.4: Peirce’s law

1. sequents of the form I' - A | A, where the focus is put on the (right) formula A;
2. sequents of the form I’ | A + A, where the focus is put on the (left) formula A;

3. sequents of the form I' + A, where no focus is set.

In a right (resp. left) sequent T' + A | A, the singled out formuld? A reads as the conclusion “where the
proof shall continue” (resp. hypothesis “where it happened before”). The rules of this sequent calculus
with focus are given in Figure 4.3 for the propositional fragment. It is easy to check that any of the
structural and identity rules of LK are admissible within this framework, and that any derivation in one
system is derivable in the other. We could also have given the rules for first-order quantifications in
the same way, but it is not the point here. Actually, neither did we include the negation rule, which we
could have done directly. Another solution to retrieve the negation would be to add constant symbols
T and L with the following axioms:

an)

R )
'lLFA F'rT]|A

Then defining the negation by —A £ A — L, it is easy to check that the rules (=,) and (—;) are
admissible.

To be fair, we should confess two things. First, that in itself, this presentation is mainly motivated
here to make a transition to the type system of the Auji-calculus, that we shall introduce in the next

2This formula is often referred to as the formula in the stoup, a terminology due to Girard [59].
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section. That is, as a deductive system for mathematicians, this is LK buried under administrative duties.
As an example to illustrate the difference between LK and this presentation, we give in Figure [4.4| the
derivation tree for the law of Peirce, which is indeed bigger than its twin in LK. Second, we should
mention that LK can be directly use as a type system for a calculus, namely Munch-Maccagnoni’s
system L [[126]]. If the second part of this thesis is presented in the framework of Apjfi-calculus, it could
as well have been rephrased entirely using system L, of which we use fragments in the third part. In
other words, the current section is motivated by the sole purpose of making obvious the equivalence
between both presentations.

4.2 The Apji-calculus

We shall now present the Auji-calculus, originally introduced by Curien and Herbelin [32]] to emphasize
implicit symmetries of computation such as the duality between programs and contexts or the duality
between call-by-name and call-by-value evaluation strategies. One of the huge advantages that this
calculus has over the usual A-calculus is that its reduction system comes directly in the form of an
abstract machine. As we will discuss in the next sections, this is particularly convenient when it comes
to the definition of a realizability interpretation or of a continuation-passing style translation. Actually,
this also was one of the starting observation that led to the very definition of the Auji-calculus®: when
it comes to abstract machines, the evolution of types has much more to do with sequent calculus than
with natural deduction. Consider for instance the rules (PusH) and (GRAB) of Krivine abstract machine:

(PushH) tu % > txu-m
(GraB) Ax.t)*xu-m > tu/x]*xx

In the first rule, if u has type A and & type B, then resulting stack u - 7 is of type A — B: this is a left-
introduction rule of implication. Then the second rule reads as a cut between two implications which
have been introduced on each side:

T,x:Art:B|A - Tru:A|A FIH:BFA( )
TrAxt:A—>B|A ' Tlu-n:A>BrA !
(Cur)

Axtxu-m): (T +A)

where we make use of the three kinds of sequents from last section.

4.2.1 Syntax

The syntax of the Apji-calculus, just like the one of the A.-calculus, is divided in three categories: terms
(or proofs), which represent programs; evaluation contexts® (or co-proofs), which represent environ-
ments of execution; commands, which are pairs consisting of a term and a context and represent a
closed system containing both the program and its environment. Formally, terms, contexts and com-
mands are defined by the following grammar:

Terms p == a |dap|pac
Contexts e a|p-e | pac
Commands c (ple)

where variables a,b, ... and co-variables «, 5,... range over two fixed alphabets. To draw the parallel
with the A.-calculus and the Curry-Howard correspondence, a command is a process or a state of an

3See the introduction of [32].

4We draw the reader’s attention to the fact that the terminology of contexts is already overloaded, and we insist on the
fact that here they refer to co-terms. Nonetheless, the usual notion of evaluation contexts (see Remark [2.5) and this one are
not disconnected, since both refer to the environment in which a term is evaluated.
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abstract machine, representing the evaluation of a proof (the program) against a co-proof (the context).
The notion of evaluation context is a generalization of the notion of stacks where fia.c can be read as a
context leta = [ ] inc. As for terms, the p operator comes from Parigot’s Au-calculus [131]], za binds a
context to a context variable & in the same way fia binds a proof to some proof variable a. In particular,
as we shall see now, it allows to capture evaluation contexts and as such is a control operator which
plays a role similar to call/cc.

4.2.2 Reduction rules and evaluation strategies

The reduction rules of the Auji-calculus are parameterized by a particular set of proofs, written V, and
a particular set of contexts, written &:

(plpa.cy ~ — clp/a] (peV)
(pacley - cle/a] (e € &)
(Aaplu-e)y — (ulfalple))

If V and & are not restricted enough, these rules admit a critical pair:

(pacljia.c’y
e N
cliga.c’/a] ¢’[pa.c/al

Unlike the A-calculus, the Ayji-calculus is clearly not confluent: in the above critical pair, if ¢ = (b|f)
and ¢’ = {(d|y) for distinct variables, then the reduction is blocked after one step for each command
and ¢ # ¢’. Moreover, the critical pair can be interpreted in terms of non-determinism. Indeed, we can
define a fork instruction by h £ Aab.pa.(u_{a|a)|fi-(b]a)), which verifies indeed that:

(Fork) (Mlpo - p1-€) = (poley ~ and  (Mlpo - p1 - e) = (pile).

The difference between call-by-name and call-by-value can be characterized by how this critical
pair is solved, by defining V and & in such a way that the two rules do not overlap. This justifies the
definition of a subcategory V of proofs, that we call values, and of the dual subset E of contexts that we
call co-values:

(Values) Vu=allap (Co-values) Ez=alq-e

The call-by-name evaluation strategy amounts to the case where V £ Proofs and & £ Co-values. This
is reflected in the reduction of the command where a function is applied to a stack:

(Aaplu-e) — (ulpalple)) — (plu/a]le)

We observe that the variable is substituted no matter what by the proof u (unreduced). Dually, the
call-by-value corresponds to V £ Values and & = Contexts. In this case, assuming that the proof u
reducesd to a value V,, the previous command will reduce as follows:

(Aaplu-e) — (ulialple)y = (Vulialpleyy — (p[Vi/alle)

where the substitution in p is done only after u has reduced. If u does not reduce to a value in front of
fa.(ple) (which is the case if u drops its evaluation context), this substitution never happens.

Finally, it is worth noting that the p binder is a control operator, since it allows for catching eval-
uation contexts and backtracking further in the execution. This is then the key ingredient that makes
the Auji-calculus a proof system for classical logic, as the continuation-passing style translation or the
embedding of call/cc will emphasize in the next sections.

5That is to say that for any command e, the command (u|e) reduces to (Vy|e).
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Trp:A|A Tle:ArA
(Cur)
(ple) : (T'+ A)
(a:A)eT ax) la:Arp:B|A o) c:(TFA,a:A)()
Tra:A|A 7 Trlap:A—>B[A Trpac:AlA "
(x:A)eA Ax) F'rp:AlA Fle:BI—A( ) c:(T,a: Ar A) )
Tla:ArA ! Tlp-e:A>BrA ! T|jac:ArA "

Figure 4.5: The simply-typed Apji-calculus

4.2.3 Type system
4.2.3.1 Two-sided sequents

The type system for the simply-typed Apji-calculus, given in Figure[4.5] corresponds exactly to the de-
ductive system of sequent calculus with focus in Figure[4.3] It is therefore the programming counterpart
of a proof-as-program correspondence between sequent calculus and abstract machines. Commands
are typed by the (Cur) rule, right introduction rules correspond to typing rules for proofs, while left
introduction rules are typing rules for evaluation contexts. The duality between hypotheses and con-
clusion in the sequent calculus is thus directly reflected into the duality between proofs and contexts.

4.2.3.2 One-sided sequents

The very same type system can be expressed through one-sided sequents, where hypotheses in I" and A
are regrouped in a same context, written I'U A, where hypotheses « : A formerly in A are distinguished
with an annotation on the type: a : A*. The typing rules are the same, except that the three kinds of
sequents are now denoted by:

Trp:A Fhte:A" Tkre

In the case of simple types, the ordering of hypotheses is irrelevant, in the sense that any sequent
derivable with a context I' would also be derivable with o(I') for any permutation o. However, if
necessary (for instance with dependent types), it is always possible to consider that hypotheses are
introduced with an index so that I' U A is defined to match the order of introduction of the hypotheses.
Technically, it suffices to redefine inferences rules to include these indices, for instance:

c:TrAa:y A) TI+]|Al=n
F'vpuac:AlA

This allows us to define a function join by:

join((a :n AT),A,n)
join(T,(a :p, A,A),n)
join(e,e,n)

(a:A),join(l,A,n+1)
(a : A1), join(T,A,n + 1
£

and welet TUA £ join(T,A,0). One-sided or two-sided sequents are then essentially a matter of taste.
In the next chapters we will mostly use two-sided sequents, because they are closer to the original
presentations of LK or the Apji-calculus. Yet, we always consider that contexts are implicitly numbered
so that we can make use of I' U A in the right order if needed.
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Ax, A
O,a’:AI-a’:Alo(X) OIa:AI-a:A,o(Xl)

(Curt)
(d|ay:(e,a" : A+ a:A,p:B) p
oa :Ar pfdla):B|a:A)
/ - - — (A%
) o Aa’.uf.la’|a)y | a: A Ia:Al—a:A_)
4 A>B) oAra:(A>B) SAle « [ ppdla)-a: (A= B) > Ara:h) !
UT

(al|Aa’.ppla’|a)-a):(a: (A— B) > A+ a:A)
a:(A— B) = At pafalda’.ppa’|a) - a): Al
F Aa.pafa|ra’ . ppla’|a) - a): ((A— B) > A) - A|

r

Figure 4.6: Proof term for Peirce’s law

4.2.4 Embedding of the A -calculus

In order to get more familiar with the syntax and computation of the Apji-calculus, let us draw the
analogy with the A.-calculus. Let us begin by embedding the syntax of the call-by-name Krivine abstract
machine for A-terms (that is without call/cc). The embedding [-] is straightforward:

[t ]
[x]

(Cee 1) [Ax.t]
x [tu]

Ax.[[t]] [a]
po ([tNIul - a) [t-r]

o

] - [ell

1> 1>

Y L
L L

It is then an easy exercise to check that typing judgments are preserved through the embedding®, and
it also easily verified that in the call-by-name setting, reductions are also preserved:

(Pusn) [tuxrx] = (padltllul - aOllzl) —  Cedilel - Dz = [t*xu-x]
(GraB)  [[Ax.txu-rx] Ax. [t1 1 [l - [21) 2 (IelTul/x]T 2T [t[u/x] * ]l

Actually, the full A, calculus can be retrieved since the call/cc operator and continuation constants
k, can also be soundly embedded. Interestingly, by being more atomic the syntax of the Auji-calculus
forces us to define both terms in a way that the corresponding reductions rules:

(SAvVE) call/cckxt-m > txk,; -«
(RESTORE) kyxt-n’/ > txm

are decomposed into elementary steps. Indeed, let us define the following proof terms:
call/cc £ Aa.palalky - @) ke 2 Aa' .pu_{ad|e)

and set [[cc]] £ call/cc and [k, ] £ kyr]. As expected, call/cc can be typed with Peirce’s law (see
Figure[4.6), as a matter of fact its very definition is obtained from the proof of Peirce’s law in Figure
through Curry-Howard isomorphism. Let us observe the computational behavior of call/cc: in front
of a context of the right shape (that is a stack g - e with e of type A), it catches the context e thanks to
the pa binder and reduces as follows:

(call/cclg-e) = (Aa.palalky - a)lg-e)y — (ualglkq-a)le)y —  {(qlk.-e)

In particular, if g - e = [t - 7], we recognize the (SAVE) rule. Notice also that the proof term now on
top of the stack k. = Aa’.u_.{a’|le) (which, if e was of type A, is of type A — B, see Figure[4.6) contains

SThat is to say that if a typing judgment T - ¢ : A is derivable then T + [[¢] : A | ¢ is derivable within the Auji-calculus. To
be precise, this would require to restrict to simple types for ¢ or to extend the Ayji-calculus type system to second-order, but
in fact both lead to the desired result.
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a second binder . In front of a stack ¢’ - e’, this binder will now catch the context e’ and replace it by
the former context e:

(kelg’ €'y = (Aa’.p-(d'ledlg’ - ¢y —  (u-Lqledle’)  —  (q'le)

Here again, we recognize exactly the (RESTORE) rule of the A.-calculus. For both cc and k,; (and both
reduction rules), their definitions in the Apji-calculus is more atomic and highlights that these terms
computes in two elementary steps: they first grab (by means of a A abstraction) a term t on the stack,
then they capture the evaluation context e (by means of a u abstraction) and reduce accordingly to their
specification (call/cc furnishes to ¢ the continuation k. while k.- drops the continuation context and
let t be evaluated in the (restored) context e’).

4.2.5 Soundness

When defining a proof system by means of a calculus, one should necessarily proceed to a sanity
check. It is standard to consider a calculus safe if it enjoys properties such as type safety (like subject
reduction), soundness and normalization, which correspond respectively to the following questions: Is
the reduction system correct with respect to the type system? Is there a proof of false? Does the typing
ensure normalization of terms?

There are actually many ways to answer each of these questions. Let us briefly present three of
them. The first option is to prove everything directly, from scratch. The property of subject reduction
is usually proved by a cautious induction over the reduction rules, with a bunch of auxiliary lemmas
about substitution. Assuming that the normalization holds, it can be combined with subject reduction
to prove the soundnes: if there was a proof of false then this proof can be reduced to a term in normal
form (normalization) which is also a proof of false (subject reduction). Then if suffices to show that
there is no such term. Finally, the normalization is proved by any possible means (most of the time it is
the hardest part), for instance by a combinatorial argument, like identifying a decreasing quantity on
the typing derivation, or by adapting one the following techniques.

A second technique consists in the definition of a realizability interpretation for the calculus. While
the interpretation can be tricky in itself to define and prove adequate, in the end the adequacy generally
gives normalization and soundness for free.

A third solution relies on the definition of an embedding into another proof system for which these
properties holds. Then, if the translation is adequate in the sense that it preserves types and reduction,
the normalization of the target calculus ensures the one of the source, and the non existence of a proof
of false (or the corresponding translated type) in the target language should also ensure the soundness
of the source language. Aside from proving these properties, an interest of this technique is that it might
decompose or reduce difficulties of the source calculus (for instance the presence of control operators)
into well-known pieces of the target calculus (for instance the simply-typed A-calculus). A standard
class of such embeddings are the continuation-passing style translations that we shall now present.

We will then take the call-by-name and call-by-value Apji-calculi as examples, and use both a
continuation-passing style translation and a realizability interpretation in each case to prove that these
calculi enjoy the properties of soundness and normalization.

4.3 Continuation-passing style translation

4.3.1 Principles

In the realm of the proofs-as-programs correspondence, continuation-passing style (CPS) translations
are twofold: they bring both a program translation and a logical translation. We shall first focus on
the computational aspect, and emphasize the logical side in the next section. As a program transla-
tion, continuation-passing style translations are a well-known class of computational reductions from
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a calculus to another one. In particular, they have a lot of application in terms of compilation. The
terminology was first introduced in 1975 by Sussman and Steele in a technical report about the Scheme
programming language [152]). They illustrate this technique with the example of the factorial. Using a
mixed notation between pseudo-code and A-calculudZ, a standard recursive definition of the factorial is
given by:

fact.aux := An.if n = 0 then 1 else nxfact(n—-1)

It is easy to check that fact computes correctly the factorial, for instance when applied to 3 it reduces
as follows:

fact 3 » 3xfact2 —» 3x2Xxfactl —» 3x2X1Xfact0 —» 3X2X1 — 6

However, there is another way to drive the same computation forward, which Sussman and Steele [152]]
describe by:

Tt is always possible, if we are willing to specify explicitly what to do with the answer, to
perform any calculation in this way: rather than reducing to its value, it reduces to an appli-
cation of a continuation to its value. That is, in this continuation-passing programming style,
a function always “returns” its result by “sending” it to another function. This is the key idea.”

This corresponds to this alternative definition of the factorial:
fact := Ank.if n = 0 then k1 else fact(n—1)(Ar.k(nxr))

where the abstracted variable k is expecting the continuation as an argument. A continuation is a
function waiting for the return value to drive the computation forward. In other words, from the point
of view of the program, a continuation is a term that reifies the future of the computation. For instance,
when applied to 3 and a function answer as continuation, the execution thread of fact is now:

fact 3answer — fact 2 (Ar.answer (3 Xr))
— fact 1 (Ar.(Ar.answer (3 X r)) (2 Xr))
—  fact 0 (Ar.(Ar.(Ar.answer (3 X)) (2Xr)(1Xr))
—  (Ar.(Ar.(Ar.answer 3 xr)) (2xr))(1xr)1
—  (Ar.(Ar.answer 3 xr)) (2xr))1
— (Ar.answer (3 xr))2
— answer 6

We notice that if the first argument n is different from 0, fact makes a recursive call to itself with n — 1
and a new continuation that is waiting for the answer r to compute the product n X r and return it to
the former continuation®. This idea could of course be generalized to translate as well the arithmetic
primitives: any integer n could be transformed into the function n := Ak.k n that expects a continuation
and apply this continuation to n. Similarly, the multiplication operator could be transformed into an
operator X waiting for the translations n,m of two integers and a continuation k, furnishing to 7 and
m the adequate continuations to extract their values and finally return the multiplication to k: X :=

"This could be formally embedded in the A**-calculus with integers, but there is no interest in being so formal here.

81n fact, we could optimize the continuation in the continuation-passing style translated form of the factorial to obtain an
alternative definition of the factorial function, which has the same computational behavior of without continuation:

fact An.fact_auxn1
fact_.aux := Amr.if m = 0 then r else fact.aux(n—1)(nxr)
In that case, the function fact is said to be tail-recursive, and reduces as follows:
fact 3 — fact.aux 31 — fact.aux 23 — fact.aux 16 — fact.aux 06 — 6

where we skipped the arithmetic reductions.
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Atuk.t (An.u (Am.k (n X m)). Again, when applied to a continuation answer and the translation of 3 and
2, this term will compute the expected result by passing of continuations along the execution:

3 (An.2 (Am.answer (n x m)))
(An.2 (Am.answer (n X m))) 3
2 (Am.answer (3 x m))
(Am.answer (3 X m)) 2
answer 6

X 3 2 answer

Ll Ll

It is worth noting that the continuation-passing style translation also proposes an operational semantics
in that it makes explicit the order in which the reduction steps are computed. In particular, different
evaluation strategies correspond to different continuation-passing style translations?. This was studied
by Plotkin for the call-by-name and call-by-value strategies within the A-calculus [139], and we shall
recall in the sequel the corresponding translations for the Apji-calculus [32]].

In addition to the operational semantics, continuation-passing style translations allow to benefit
from properties already proved for the target calculus. Besides, the passing of continuations provides
a way to handle the flow of control, and in particular to embed control operators (like call/cc or
the u operator). For instance, we will see how to define translations p — [p] from the simply-typed
Apfi-calculus (the source language) to the simply-typed A-calculus (the target language) along which the
properties of normalization and soundness can be transfered. In details, these translations will preserve
reduction, in that a reduction step in the source language gives rise to a step (or more) in the target
language:

c Lo = [cT L)ﬁ Mc'1 (4.1)

We will say that a translation is typed when it comes with a translation A — [[A] from types of the
source language to types of the target language, such that a typed proof in the source language is
translated into a typed proof of the target language:

F'rp:AlA = [T, 0AT - [pl - TAT (4.2)

Lastly, these translations will map the type L into a type [L] which is not inhabited:

Fop:lL] (4.3)
Assuming that the previous properties hold, one automatically gets:

Theorem 4.4 (Benefits of the translation). If the target language of the translation is sound and normal-

izing, and if besides the equations (4.1), and hold, then:

1. If [p]l normalizes, then p normalizes
2. If p is typed, then p normalizes

3. The source language is sound, i.e. there is no proof +p: L

roof. . contrapositive, 1 0eSs not normalizes, €n accorain 0 equation . neitner does
P 1. By contrapositive, if p d t lizes, th ding to equation (&.1) neither d

1.
2. If pistyped, then [p] is also typed by(4.2), and thus normalizes. Using the first item, p normalizes.
3. By reductio ad absurdum, direct consequence of (4.3). O

9For instance, in our example the translation of the operator X corresponds to the call-by-name translation, because it
is waiting for the unevaluated translations of 3 and 2 and takes the responsibility of evaluating them when needed. On the
opposite, the call-by-value translation X := Anmk.k (n X m) would have been waiting directly for integers (values) and the
application of a function to its argument (that is the translation of t u) should then have been in charge of performing the
evaluation of the argument: tu := Ak.uAv.tvk.
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4.3.2 The underlying negative translation

As mentioned in the last paragraphs, continuation-passing style translations have their logical coun-
terpart, since they induce a translation on formulas. If we observe for instance the translation of 2,
defined as Ak.k 2, we see that it now expects a continuation waiting for an integer (atomic type nat)
whose return type is unknown, say R. That is, the atomic type nat is translated into:

nat £ (nat > R) - R

As for the multiplication operator, its translation X, which is waiting for two translated integers and a
continuation is now of type:

(nat — nat — nat) £ nat — nat — (nat - R) - R = nat — nat — nat

In the case where R is taken to be L, this corresponds exactly to Godel-Gentzen negative translation
N of formula:

N & atomic A
e s N (patomic) | (g & N
(¢ - ¢) ¢ - lﬁ (Vx ¢)N 2 Yy _|¢N
N é b N G | N - N ’ N ’
VA AT @)V 2 (vxgY)
@APN = (N AyYN) ' '

This translation actually defines an embedding of classical (first-order) logic into intuitionistic (first-
order) logic, in the sense that if .7 is a set of axioms, then the sequent .7 + ® is provable in LK if and
only if the translated sequent 7N + ®V is provable in L] (intuitionistic sequent calculus). This is to be
related with the fact that it allows to embed control operators in the A-calculus. Since classical logic
is computationally obtained from intuitionistic logic (A-calculus) by addition of a control operator, it
is quite natural that a sound embedding of the calculus with control operator back to the A-calculus
defines an embedding of classical logic within intuitionistic logic.

4.3.3 The benefits of semantic artifacts

Continuation-passing style translations are thus a powerful tool both on the computational and the
logical facets of the proofs-as-programs correspondence, which we use in the forthcoming sections to
prove normalization and soundness of the Ayji-calculus. Rather than giving directly the appropriate
definitions, we would like to insist on a convenient methodology to obtain CPS translations as well as
realizability interpretations (which are deeply connected). This methodology is directly inspired from
Danvy et al method to derive hygienic semantics artifacts for a call-by-need calculus [37]]. Reframed in
out setting, it essentially consists in the successive definitions of:

1. an operational semantics,

2. a small-step calculus or abstract machine,

3. a continuation-passing style translation,

4. arealizability model.
The first step is nothing more than the usual definition of a reduction system. The second step consists
in refining the reduction system to obtain small-step reduction rules (as opposed to big-step ones),
that are finer-grained reduction steps. These steps should be as atomic as possible, and in particular,
they should correspond to an abstract machine in which the sole analysis of the term (or the context)
should determine the reduction to perform. Such a machine is called in context-free form [37]. If so, the

definition of a CPS translation is almost straightforward, as well as the realizability interpretation. Let
us now illustrate this methodology on the call-by-name and call-by-value Apji-calculi.
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4.4 The call-by-name Apyji-calculus

4.4.1 Reduction rules

We recall here the (big-step) reduction rules of the call-by-name Apji-calculus (Section[4.2.2), where the
[i operator gets the priority over the y operator:

(plpa.c) - c[p/a]
(ua.c|E) - c[E/a]

(Aaplg-e)  —  (qlaalple))

As such, these rules define an abstract machine which is not in context-free from since to reduce a
command one need to analyze simultaneously what is the term and what is the context.

4.4.2 Small-step abstract machine

To alleviate this ambiguity, we will refine the reduction system into small-step rules in which it is
always specified which part of the command is being analyzed. If we examine the big-step rules, the
only case where the knowledge of only one side suffices: when the context is of the form fia.c, which
has the absolute priority. So that we can start our analysis of a command by looking at its left-hand
side. If it is a fia.c, we reduce it, otherwise, we can look at the right-hand side. Now, if the term is of the
shape pia.c, it should be reduced, otherwise, we can analyze the left-hand side again. The only case left
is when the context is a stack q - e and the term is a function Aa.p, in which case the command reduces.

The former case suggests two things: first, that the reduction should proceed by alternating exam-
ination of the left-hand and the right-hand side of commands. Second, that there is a descent in the
syntax from the most general level (context e) to the most specific one (values™® V), passing by p and E
in the middle:

Terms p paclalVv Contexts e u= [a.cl|E
Values V u= ldap Co-values E == alp-e

So as to stick to this intuition, we denote commands with the level of syntax we are examining (c., ¢;, cg, cy),
and define a new set of reduction rules which are of two kinds: computational steps, which reflect the
former reduction steps, and administrative steps, which organize the descent in the syntax. For each
level in the syntax, we define one rule for each possible construction. For instance, at level e, there is
one rule if the context is of the shape fia.c, and one rule if it is of shape E. This results in the following
set of small-step reduction rules:

(plpa.c). ~ ce[p/a]
(PIE). ~ (PIE),

(pa.c|E), ~ ce[E/a]
(VIE), ~ (VIE)g

Vg - e)e ~ Vlg - e)v

(Aaplg-eyy  ~  (qlpalple)).
where the last two rules could be compressed in one rule:
(Aaplq - e)p ~ (qlpalple))e

Note that there is no rule for variables and co-variables, since they block the reduction. It is obvious that
theses rules are indeed a decomposition of the previous ones, in the sense that if ¢, ¢’ are two commands
such that ¢ b ¢, then there exists n > 1 such that ¢ % ¢’.

100bserve that values usually include variables, but here we rather consider them in the category p. This is due to the
fact that the operator fi catches proofs at level p and variables are hence intended to be substituted by proofs at this level.
Through the CPS, we will see that we actually need values to be considered at level p as they are indeed substituted by proofs
translated at this level.
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4.4.3 Call-by-name type system

The previous subdivision of the syntax and reductions also suggests a fine-grained type system, where
sequents are annotated with the adequate syntactic categories:

FI—VV:AIA(V) (a:A)eT (Ax) c:(Tre Aoz A) : Fa:Atpp:B|A o)
= A —— (Ax, -,
Tr,V:A[A Trya:A|A Trypac:AlA " Trylap:A— B|A
TlE:AFEAE c:T,a:Ar. A) (a:A)EA(A) Cryp:AlA FIe:BI—eA( )
— (Ax —
T|E:Are A Tjac:AreA”  Tla:ArpA " Tlpe:AoBrgA :

While this does not bring any benefit when building typing derivations (when collapsed at level e
and p, this type system is exactly the original one), it has the advantage of splitting the rules in more
atomic ones which are closer from the reduction system. Hence it will be easier to prove that the CPS
translation is typed using these rules as induction bricks.

4.4.4 Continuation-passing style translation

4.4.4.1 Translation of terms

Once we have an abstract-machine in context-free form at hands, the corresponding continuation-
passing style translation is straightforward. It suffices to start from the higher level in the descent
(here e) and to define a translation for each level which, for each element of the syntax, simply describe
the corresponding small-step rule. In the current case, this leads to the following definition:

liaclep = (Aa.lcle)p [Vl,E £ ELVIy
[Elep = plEle [q-eleV £ Vigl, lel.
[pa.cl, E £ (Aa.[cl.)E [ale £ a

[al, £ 4 [Aa.plvqge £ (Aa.eply) q

where administrative reductions peculiar to the translation (like continuation-passing) are compressed,
and where [{ple)]. 2 el [p1,. The expanded version is simply:

[ga.cle = Aa.lcle [vl, £ AEE[VIy
[Ele = ApplEle [q-ele = AV.VIql, [ele
[pe.cly £ a.lcl. [alE L
[al, £ 4 [Aa.plyv £ Age.(Aa.e[[ply) q
This induces a translation of commands at each level of the translation:
[<ple)l¢ = Mele lpl, [KVIEYIE = [ETe [VIv
[pIEYIE £ [pl, [E]E [Vig- ey = [VIv l[qll, [el

which is easy to prove correct with respect to computation, since the translation is defined from the
reduction rules. We first prove that substitution is sound through the translation, and then prove that
the whole translation preserves the reduction.

Lemma 4.5. For any variable a (co-variable a) and any proof q (co-value E), the following holds for any
command c:

[clg/allle = lelelligll,y/al [clE/alle = lellc[lETE/a]

The same holds for substitution within proofs and contexts.
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Proof. Easy induction on the syntax of commands, proofs and contexts, the key cases corresponding to
(co-)variables:

[ale[lENe/a] = (Appa)[[E]e/a] = AppEle = [Ele = [alE/a]l.
O

Proposition 4.6. For all levels 1,0 of e,p,E, and any commands c,c’, if ¢, % ¢/, then [[c]. —+>[3 [c'12.

Proof. The proof is an easy induction on the reduction ~». Administrative reductions are trivial, the
cases for y and ji correspond to the previous lemma, which leaves us with the case for A:

[(Aa.plg - el = (Age.(Aa. [plp) @) [qll, Lelle o5 (Aa.llelle [plp) [ql, = [(qlfia(ple)]s

O

4.4.4.2 Translation of types
The computational translation induces the following translation on types:

LAl = [Al, - L

[Al, = [Als > L

[Alle 2 [Aly - L

[A— Bly = [Al, = [Bl. — L

[XTv £ x (X variable)

where we take L as return type for continuations. This extends naturally to typing contexts, where the
translation of T is defined at level p while A is translated at level E:

[T.a:Alp, = [Tlp.a: [Al, [A,a: Al = [Allg a : [Alg

As we did not include any constant of atomic types, the choice for the translation of atomic types is
somehow arbitrary, and corresponds to the idea that a constant ¢ would be translated into Ak.k ¢. We
could also have translated atomic types at level p, with constants translated as themselves. In any case,
the translation of proofs, contexts and commands is well-typed:

Proposition 4.7. For any contexts T and A, we have

LifTrp:A|A then[T1,,[Ale + [pl, : [Al,

2. ifT|e:Ar A then [T],,[Alg + [ele : [Ale

3. if c:T+A  then [Ty, [Alg + [cle: L
Proof. The proof is done by induction over the typing derivation. We can refine the statement by using
the type system presented in Section [4.4.3] and proving two additional statements: if T +y V : A | A

then [T'],,[Allg + [VIy : [Al, (and similarly for E). We only give two cases, other cases are easier or
very similar.

« Casec. Ifc=(p|e)isacommand typed under the hypotheses I, A:

Tryp:AlA Tle:Ar, A
(ple) :T re A

(Cur)

then by induction hypotheses for e and p, we have that [I'],,[Allg + [ele : [Al, — L and that
[T1,.[Alg + [plp : [Alp, thus we deduce that [T'],, [Allg + [elle [p1, ¢ L.
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« CaseV. If Aa.p hastype A — B:
Fa:Arpp:B|A o
Ity dap:A—=B|A
then by induction hypothesis, we get that [T'],, [Allz.a : [Al, + [pl, : [Bl,. By definition, we have
[Aa.plly = Age.(Aa.e [p],) g, which we can type:
(Ax)

r)

e:[Blle+e:[Bl, —» L (T1p.[Alg,a: [Al, v [pl, : (B, .
[T1,.[Alg.e: [Ble.a: [Al, - ellpll, : L o )
[T1,,[AlE.e: [Ble + Aa.e[pl, : [Al, — L q: [Al, +q: [Al, o)
[T1,.[AlE.q : [Allp.e: [Ble + (Aa.e[ply) q: L o
[T1,.[AlE + Age.(Aa.e [p]l,) g : [All, — [Ble — L o

Up to this point, we already proved enough to obtain the normalization of the Ayji-calculus for the
operational semantics considered:

Theorem 4.8 (Normalization). Typed commands of the simply typed call-by-name Auji-calculus are nor-
malizing.

Proof. By applying the generic result for translations (Theorem since the required conditions are
satisfied: the simply-typed A-calculus is normalizing (Theorem [2.17), and Propositions and
correspond exactly to equations (5.1) and (5.2). O

It only remains to prove that there is no term of the type [L], to ensure the soundness of the
Apfi-calculus.
Proposition 4.9. There is no term t in the simply typed A-calculus such thatt+ t : [L],.
Proof. By definition, [L], = (L — 1) — L. Since Ax.x is of type L — 1, if there was such a term ¢,
then we would obtain + ¢ Ax.x : L, which is absurd. O
Theorem 4.10. There is no proofp (in the simply typed call-by-name Apji-calculus) such that +p: L | .
Proof. Simple application of Theorem [4.4] o

4.4.5 Realizability interpretation

We shall present in this section a realizability interpretation a la Krivine for the call-by-name Apjfi-
calculus. As Krivine classical realizability is naturally suited for a second-order setting, we shall first
extend the type system to second-order logic. As we will see, the adequacy of the typing rules for
universal quantification almost comes for free. However, we could also have sticked to the simple-
typed setting, whose interpretation would have required to explicitly interpret each atomic type by a
falsity value.

4.4.5.1 Extension to second-order

We first give the usual typing rules a la Curry for first- and second-order universal quantifications in
the framework of the Auji-calculus. Note that in the call-by-name setting, these rules are not restricted
and defined at the highest levels of the hierarchy (e for context, p for proofs).

I'|le:A[n/x]+A
I'le:Vx.ArA

THp:A|A x¢FV(T,A)
I'rp:Vx.A|A

()

v}

T|e:AB/X]+A
Tle:VX.ArF A

Tep:AlA X¢FVELA)
Trp:YXA|A )

)
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4.4.5.2 Realizability interpretation

We shall now present the realizability interpretation. As shown in Section[4.2.4} the call-by-name eval-
uation strategy allows to fully embed the A.-calculus. It is no surprise that the respective realizability
interpretations for these calculi are very close. The major difference lies in the presence of the ji oper-
ator which has no equivalent in the A.-calculus, and forces to add a level in the interpretation. While
we could directly state the definition and prove its adequacy, we rather wish to attract the reader atten-
tion to the fact that this definition is a consequence of the small-steps operational semantics. Indeed,
going back to the intuition of a game underlying the definition of Krivine realizability, we are looking
for sets of proofs (truth values) and set of contexts (falsity values) which are “well-behaved” against
their respective opponents. That is, given a formula A, we are looking for players for A which com-
pute “correctly” in front of any contexts opposed to A. If we take a closer look at the definition of the
context-free abstract machine (Section , we see that the four levels e,p,E,V are precisely defined as
sets of objects computing “correctly” in front of any object in the previous category: for instance, proofs
in p are defined together with their reductions in front of any context in E. This was already reflected
in the continuation-passing style translation. This suggests a four-level definition of the realizability
interpretation, which we compact in three levels as the lowest level V' can easily be inlined at level p
(this was already the case in the small-step operational semantics and we could have done it also for
the CPS).

The interpretation uses again the standard model IN for the interpretation of first-order expressions
and is parameterized by a pole 1L, whose definition exactly matches the one for the A.-calculus:

Definition 4.11 (Pole). A pole is any subset L of commands which is closed by anti-reduction, that is
for all commands c¢,c¢’,ifc € 1L andc — ¢/, thenc € 1L. _J

We try to stick as much as possible to the notations and definitions of Krivine realizability. In
particular, we define II (the base set for falsity values) as the set of all co-values: II £ E. Falsity
value functions, which are again defined as functions F : N¥ — ®(II), are once more associated
with predicate symbols F, so that we use the very same definition of formulas with parameters. The
interpretation of formulas with parameters is defined by induction on the structure of formulas:

IE(es,....en)lle = Flel,....TexD)
IA>Ble 2 (p-c: pelAlyAeelBll)
vxAlle 2 | ) IALn/x]le

nelN
VXAl = () IAF/X]lE

F:Nk P (1)
lAl, = Al = {p: VYee lAlle(ple) € 1)
lAlle = Ay = {e: Vee€ ||Allg.(ple) € i}

This definition exactly matches the one for the A.-calculus, considering that the “extra” level of interpre-
tation ||Al|, is hidden in the latter, since all stacks are co-values. The expected monotonicity properties
are satisfied:

Proposition 4.12 (Monotonicity). For any formula A, the following hold:

L lAlle < llAlle 4. VX .Aly = Npnkopa ALF/ X
2. Al = 1A 5. IVx.Alle 2 Unen IIA[R/x]]le
3. Vx.Alp = Naen |1AIn/x]l, 6. IVX.Alle 2 Upnk—pa IALE/X]lle
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Proof. These properties actually hold for arbitrary sets A and orthogonality relation L. Facts 1 and 2
are simply the usual properties of bi-orthogonal sets: A C A*+ and A**+ = A*. Facts 3 and 4 are the
usual equality ((Uaecsn A)" = Naea A*. Facts 5 and 6 are the inclusion (N aeq A" 2 Uaca AT o

A valuation is defined again as a function p which associates a natural number p(x) € N to every
first-order variable x and a falsity value function p(X) : N¥ — P(II) to every second-order variable X
of arity k. As for substitutions, written o, they now map variables to closed proofs (written o,a := p)
and co-variables to co-values (written o, := E). We denote again by A[p] (resp. p[o],e[o,...) the
closed formula (resp. proofs, context,...) where all variables are substituted by their values through p.

Given a closed (one-sided) context I', we say that a substitution o realizes I', which we write o IF T, if
forany (a: A) € T, o(a) € |Al, andif for any (o : A*) € T, o () € ||Allg. We are now equipped to prove
the adequacy of the typing rules for the (call-by-name) Apji-calculus with respect to the realizability
interpretation we defined.

Proposition 4.13 (Adequacy). Let I',A be typing contexts, p be any valuation and o be a substitution
such that o I (I' U A)[p], then

L if Trp:AlA, thenplo] € |Alp]lp
2. ifT'|e:Ar A, thene[o] € ||Alp]lle
3 ifc:TrA, thenc[o] € 1L

Proof. By mutual induction over the typing derivation.

« Case (Cut). We are in the following situation:

Trp:A|A Tle:ArA
(ple): T+ A

(CuT)
By induction, we have p[o] € |A[p]l, and e[o] € [|A[p]lle, thus (p[c]le[c]) € LL.

« Case (Ax,). We are in the following situation:

(a:A) el
————— (Ax,)
F'ra:A|A
Since o |- T'[p], we deduce that o(a) € |Al, C |A[p]].
« Case (Ax;). We are in the following situation:
(a:A)eA
(Ax))
I'a:ArA
Since o I A[p], we deduce that o(a) € ||A[p]ll.
« Case (u). We are in the following situation:
c:(TrHAa:A w
F'Fpac:AlA g

Let E be any context in [|A[p]||g, then (o, := E) I (TUA)[p],a : A*[p]. By induction, we can deduce
that c[o,a := E] = (c[o])[E/a] € L. By definition,

((pa.o)[o]lE) = (ua.c[o]IE) — c[o][E/a] € 1L

thus we can conclude by anti-reduction.
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« Case (). We are in the following situation:

c:(Ca:AlFD)
T |jac:ArA "

Let p be a proof in |A[p]|,, by assumption we have (c,a := p) I (I',a : AU A)[p]. As a consequence,
we deduce from the induction hypothesis that c[o,a := p] = (c[c])[p/a] € L. By definition, we have:

pl(aa.c)la]) = (plpa.clo]) = (c[o])[p/a] € 1
so that we can conclude by anti-reduction.

« Case (—,). We are in the following situation:

Ia:Arp:B|A o
Trlap:A—>B|A

Let g-e be a stack in ||(A — B)[p]||g, that is to say that g € |A[p]|, and e € ||B[p]ll.. By definition, since
q € |A[p]ly, we have (o,a := q) I (T',a : AU A)[p]. By induction hypothesis, this implies in particular
that p[o,a := q] € |B[p]|, and thus {p[c,a := g]|le) € 1. We can now use the closure by anti-reduction
to get the expected result:

(Aaplollq - e) — (qlialplolle)) — {plo.a = qlle) € 1L

« Case (—;). We are in the following situation:

I'tq:A|A Tle:BrA
'lg-e:A—>BFA

—E

By induction hypothesis, we obtain that q[c] € |A[p]|, and e[c] € [|B[p]ll.. By definition, we thus
have that (g - e)[o] € [|A — Bl||lg € ||A — Blle.
. Case (V!). We are in the following situation:

TrpiAlA x¢FVTA)
TFrp:VxAlA 4

By induction hypothesis, since x ¢ FV(I',A), for any n € N we have (I' U A)[p,x « n] = (T UA)[p]
and thus o + (T' U A)[p,x < n]. We obtain by induction hypothesis that p[c] € |A[p,x < n]|, for any
n € N, ie that p[o] € Nyen [Alp,x < n]l, = [¥x.A[p]|,. The case (¥}) is identical to this one.

. Case (Vll). We have that
I'le:A[n/x]+A
T'le:Vx.Ar A

)
thus by induction hypothesis we get that e[o] € ||(A[n/x])[p]lle. Therefore we have in particular that
e[o] € Unen (A[n/x])[p]lle S IVx.A[p]lle (Proposition|4.22). The case (¥?) is identical to this one. O

Once the adequacy is proved, normalization and soundness almost come for free. The normalization
is a direct corollary of the following observation, whose proof is the same as for Proposition [6.%

Proposition 4.14. The set 1] = {c : ¢ normalizes} of normalizing commands defines a valid pole.

Theorem 4.15 (Normalization). For any contextsI', A and any commandc, ifc : I’ v A, then c normalizes.
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Proof. By adequacy, any typed command c belongs to the pole 1L j modulo the closure under a substitu-
tion o realizing the typing contexts. It suffices to observe that to obtain a closed term, any free variable
a of type A in ¢ can be substituted by an inert constant a which will realize its type (since it forms a
normalizing command in front of any E in ||Al|g). Thus c[a/a,b/b,...] normalizes and so doesc. O

Similarly, the soundness is an easy consequence of adequacy, since the existence of a proof p of type
1 = VX.X would imply that p € | L|, for any pole 1L. For any consistent pole (say the empty pole), this
is absurd.

Theorem 4.16 (Soundness). There is no proof p (in the second-order call-by-name Apji-calculus) such that
Fp:Ll]| .

For what concerns the induced model, it is worth noting that the notion of proof-like terms for the
Ac-calculus corresponds to closed proofs in the Apjfi-calculus. Indeed, recall that continuation constants
are translated by k. £ Aa’.u_.(a’|e), where e necessarily contains a free co-variable (or a stack bottom
if we had included co-constants in our syntax). The restriction to closed realizers is thus enough to
obtain a sound model.

4.5 The call-by-value Ayji-calculus

We shall now reproduce this approach for the call-by-value Apji-calculus. Since most of the steps are
very similar, we will try to be briefer in this section.
4.5.1 Reduction rules

We recall the reductions rules for the call-by-value evaluation strategy, in which p gets the priority
over fi:

8

(pa.cle) cle/a]
(V| jia.c) c[V/a]
(Aaplg-e)  —  (qljiaple))

\

4.5.2 Small-step abstract machine

We can split again the previous operational semantics into small-step reduction rules. The underlying
syntactical subcategories for proofs, contexts and command are almost the same as in the call-by-name
setting, except that variables are now substituted by (and thus at the level of) values, while co-variables
are no longer co-values. Besides, the absolute priority is given to proofs at level p, so that the hierarchy
is reordered in p,e,V, E. The corresponding syntax is given by:

Terms p u= pac|V Contexts e
Values V 2= allap Co-values E

flac|E|«a
p-e

and the small-step reduction system is given by:

(pacley, — ~ cple/a]
(Vled, - (Vle),
(Vlja.c),  ~ ¢[V/a]
(VIE), - (VIE)y
QaplEyy  ~  (aplE)
Qaplg-eyp  ~  (qlaaiple),

This defines an abstract-machine in context-free form, and the last two rules can again be compacted in
one. We could also give a type system subdivided according to the syntactic hierarchy, which is exactly
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as expected. At this stage, we hope that any reader would be bored if we were to introduce it formally,
therefore we shall omit it.

4.5.3 Continuation-passing style translation

4.5.3.1 Translation of terms

Having the abstract-machine in context-free form at our disposal, we can give the continuation-passing
style corresponding to this operational semantics. The direct translation of small-step rules gives:

Lpledle = [pl, el [g-eleV = VIgl, el
[pa.clpe = (Aa.lcllc)e [l £ q
[Vlpe = elVIy Lalv 24
[ia.cleV £ (Aa.[c]e)V [Aa.pllv ge = q(Aa.lplye)

where administrative reductions particular to the translation are compressed. The expanded version is
then:

[<pleyle = [plp Lele [q-ele = AV.VIql, [ele
[pa.cl, = Aa.lcl. [ale = «a
Vl, = ZeelVly [aly = a
[fa.cle £ Ja.lcl. [Aa.plv £ Age.q (Aa.[[pl, e)

This induces a translation of commands at each level of the translation:

[ple)1Z = [pl, Tele [VIp)IE £ Tele [VIy [Vig- ey £ [VIv liqll, [ele

which is again easy to prove correct with respect to computation, since the translation is defined from
the reduction rules. This requires again a lemma on the soundness of substitution through the CPS.

Lemma 4.17. For any variable a (co-variable ) and any value V (context e), the following holds for any
command c:

[c[V/allle = lclc[lVIv/al [cle/allle = lclcllelle/a]
The same holds for substitution within proofs and contexts.

Proof. By induction on the syntax of commands, proofs and contexts, the key cases corresponding to
(co-)variables:

[alp[[VIv/a]l = (Ae.ea)[[VIv/a] = Ae.e[VIv = [V, = [a[V/all,
O

Proposition 4.18. For all levels 1,0 of e,p,E, and any commands c,c’, if ¢, ~ ¢/, then [c]. —+>ﬁ [c’]2.
Proof. The proof is again an easy induction on the reduction ~+. Administrative reductions are trivial,

the cases for p and i correspond to the previous lemma, which leaves us again with the more interesting
cases of A:

[(Aa.plg - )1 = (Age.q (Aa.Ipl, €)) [ql, Lele 55 [qll, (Aa.lpll, Lelle) = [{gla-ple) ]t
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4.5.3.2 Translation of types

The computational translation induces the following translation on types:

AT, £ [Alle — L

[AT. 2 [Aly —» L

[A— Bly £ [Al, - [Ble — L
[XTv £ X

(X variable)

where we take L as return type for continuations. This translation extends naturally to contexts, where
the translation of T is defined at level V while A is translated at level e:

[T.a:Aly £ [Tlv.a: [Alv [A.a: Alle £ [Alle.a : [Al.
The translation of proofs, contexts and commands is well-typed:

Proposition 4.19. For any contexts ' and A, we have

LifTrp:A|A then [Tly,[Al v [pl, : [Al,
2 ifT|e:Ar A then [Tlv.[Al - [el. : [Al.
3. if ¢:TrA  then [Tly.[Ale F [cle: L

Proof. The proofis done by induction over the typing derivation. The proof is essentially the same than
in the call-by-name case, the main difference being in the case of (—,), which is the only one we give
here. If Aa.p has type A — B:
Fa:At,p:B|A
Fl—VAa.p:A—>B|A(_>

r)

then by induction hypothesis, we get that [T']ly,[Alle.a : [Ally + [p], : [Bl,. By definition, we have
[Aa.pllv = Age.q (Aa.[p], e), which we can type:

[TD,.[Alz.a: [Al, v [plp : [Ble > L ¢ [Blore: [Ble

[Tlv,[Ale.e: [Blle.a: [Alv + [plpye: L

q:[Alp Fq:[Alle —» L [Tlv,[Alle,e: [Blle + Aa.lipllpe : [Ale (
[Tlv,[Ale.q : [Alp.e: [Ble + g (Aa.[plye) : L

[T1v.[Ale + Age.q (Aa.[plpe) : [Al, — [Ble — L

(—E)

(Ax)

-1)

—E)

(—=1)

The continuation-passing style translation preserves both reduction and typing, thus it is sufficient
to deduce the normalization and the soundness (observe that we have again [ L], = (L — 1) — 1)
for the call-by-value Apjfi-calculus. The proofs are exactly the same as in the call-by-name case.

Theorem 4.20 (Normalization). Typed commands of the simply-typed call-by-value Apfi-calculus are
normalizing.

Theorem 4.21 (Soundness). There is no proof p (in the simply-typed call-by-value Apfi-calculus) such
that Fp: 1| .
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4.5.4 Realizability interpretation

The realizability interpretation follows the same guidelines than in the call-by-name setting. The ma-
jor change comes with the syntactic hierarchy: given a formula A, its interpretation |A|, (the truth
value |A|) will be defined by orthogonality to ||A|l (falsity value ||A||), which will be itself defined by
orthogonality to |Aly. The latter is sometimes called truth value of values of the formula A, and is rem-
iniscent of call-by-value interpretations in Krivine realizability (see for instance [126} [108]]). The main
consequence of these bi-orthogonal definitions of truth values is that it requires a value restriction for
universal quantifications:

I'le:Aln/x]+A
I'le:¥x.ArA

LrViA|A x¢FVIA)
TV :VrA|A r)

)

T|e:A[B/X]FA

TrV:AIA X¢FV(LA)
T|e:VX.AFA

Fr'rV:vVX.A|lA "

(¥2)

As we will study value restriction more in depth in Chapter [7| (with different motivations), we do not
want to give too much details at this stage. We only mention that this restriction is necessary to obtain
the adequacy of typing rules, and can be understood as a consequence of the strict inclusion between
the orthogonal of an intersection and the union of orthogonal sets: |Jscq A € (Naea A)*. For
further explanations on the topic, we refer the reader to the appendices of [126]].

Apart from this, the interpretation is straightforward. Poles are defined as usual as sets of com-
mands closed under anti-reduction, and predicates are now interpreted as function F : N* — $(1?)
where VY is the set of closed values. The interpretation of formulas with parameters is then defined by
induction on the structure of formulas:

|F(er,....ex)lv = F(lerl.....Mexl)
|JA— Bly £ {Aa.p:Vu € |Aly,p[u/a] € |Bl,}
VxAly 2 () 1An/x]lv
neN )
VX.Aly = |A[F/X]lv
FNkSP(V9)
lAlle £ 1A = {e| YV € |Aly,(V]e) € 1}
lAl, = [AIE = {t|Ve € |lAlle.(ple) € 1}

The intuition underlying this definition is the very same: a proof in the truth value (of values) |Vx.A|y of
a universally quantified formula has to be in the corresponding truth value |A[n/x]|y for every possible
instantiation n € N of the variable x. As for values in [A — Bly, they are functions of the form Aa.p
where, according to the operational semantics, the abstracted a variable is intended to be substituted
by a value (i.e. a realizer in |Aly), giving raise to a proof at level p (i.e. a realizer in |B|,).

This interpretation satisfies the following monotonicity relations:

Proposition 4.22 (Monotonicity). For any formula A, the following hold:

1. |Aly < |Alp 4. IVXAlle 2 Upank o IALF/X]lle
2. JIAlI- = llAlle 5. [¥x.Alp € Mnen |Aln/x]lp
3. I¥x.Alle 2 Unen lA[n/x]lle 6. IVX.Alp € Npnkop AIF/Xp
Proof. Usual properties of orthogonality with respect to unions and intersections. O

A valuation is defined again as a function p which associates a natural number p(x) € N to every
first-order variable x and a function p(X) : N — P (V) to every second-order variable X of arity k.
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As for substitutions, written o, they now map variables to closed values (written o,a := V) and co-
variables to contexts (written o, a := e).

Given a closed (one-sided) context I', we say that a substitution o realizes I', which we write ¢ IF T, if
forany (a: A) € T,0(a) € |Aly andif for any (a : A*) € T, o(a) € ||All. We are now equipped to prove
the adequacy of the typing rules for the (call-by-value) Ayji-calculus with respect to the realizability
interpretation we defined.

Proposition 4.23 (Adequacy). LetT',A be typing context, and p IF T and p |- A, then
1L if Trp:AlA, then plo] € |Alp]lp

2. ifT'|e:Ar A, then e[o] € ||Alp]lle

3. if c¢:TrA, then c[o]e L
Proof. The proofis again a mutual induction over the typing derivation. Cases (CUT),(AXr),(AX[),(,U),([I),(VII)
and (\7’12) are essentially the same as in the call-by-name setting. Cases (¥!),(¥?) are the same, except that

they require to refine the induction hypotheses to also prove thatif I' - V : A | A, then V[o] € |A[p]lv.
We only prove the two cases left, which are the cases for the implication.

« Case (—,). We are in the following situation:

la:Arp:B|A )
FI—)La.p:A—>B|A( '

V) IF (T,a: AUA) and thus p[o,a := V] € |B[p]|p.

By induction hypothesis, if V € |A[p]|y, then (o,a :=
= (Aa.p)[o] is thus in |[(A — B)[p]lv.

By definition of truth values of values, Aa.p[c]
« Case (—;). We are in the following situation:

F'rq:A|A Tle:BrA
I'lg-e:A—=BrA

(=1)

Let Aa.p € [(A — B)[p]lv, that is p[V/a] € |B[p]l|, for any V € |A[p]|ly. By induction, we have that
q[o] € |A[p]l,. Besides,

(Aaplqla] - e[a]) — (qlo]lpalple[a]))

thus by anti-reduction, it suffices to show that jia.(p|e) € [|A[p]|l.. Once more, considering V € |A[p]lv,
since

(Vlja-(ple[a])y — <p[V/alle[o])

we can conclude by anti-reduction: using the hypothesis for p[V/a] and the induction hypothesis to
get e[o] € ||B[p]lle, we deduce that the latter command is in the pole. O

Normalization and soundness are again direct consequences of adequacy, the proofs being similar
we do not recall them.

Theorem 4.24 (Normalization). Typed commands of the second-order call-by-value Apji-calculus are nor-
malizing.

Theorem 4.25 (Soundness). There is no proof p (in the second-order call-by-value Apji-calculus) such that
Fp:L] .
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4.6 From adequacy to operational semantics

We should say a word about the dogmatism of our presentation. As we were interested in proving
properties of a language with its operational semantics, we started from the reduction system, then
defined the adequate realizability interpretation. However, as highlighted by Dagand and Scherer [35]],
it is possible to work the other way round. While studying the computational content of the adequacy
lemma™ (in the case of simply-typed lambda-calculus), they showed in passing that one could first
define the desired interpretation (i.e. truth and falsity values at each levels), then deduce the reduction
rules from the proof of adequacy. Their paper was supported by a Coq development which we adapted to
match the framework of the Ayji-calculust. To better illustrate this observation, our development also
includes a positive product type A X B (inhabited by pairs and contexts of the shape fi(a,b).c to destruct
pairs). We give several cases depending on whether product type and arrow type are interpreted in a
call-by-value or call-by-name fashion.

To come full circle, we would like to attract the reader’s attention to the fact that when the adequacy
lemma is defined as a program, it almost gives the definition of the corresponding CPS translation. This
is particularly reflected on the call-by-value cases for pairs and stacks. In the latter, using informal
notations, the function rea which proves the adequacy is defined by:

rea (u-e:I' A=>BrA)(plFT) (clFA) :== Af.(reaupo)(AV.fV (reaepo))
which is to compare with the following (call-by-value) CPS translation:

[q-ele = Af.Iql,(AV.£V [ell)

This corresponds intuitively to the following reduction rules:

plg - ) - (qlpalpla-e))
(Vljia.c) — c[V/a]

(Aap|V-e) - (plV/alle)

All in all, if the reader was to remember only one idea of this chapter, we would like this idea to
be the claim that given a calculus, the given of a fine-grain operational semantics naturally induces
a continuation-passing style translation and a realizability interpretation a la Krivine (and even vice-
versa). This should not come as a surprise as all these artifacts relies on a common notion of computa-
tion, which they share. As we saw with the call-by-name and call-by-value Ayuji-calculi, these artifacts
can be derived methodically and provides us with powerful proof tools.

"The main claim of their paper is that proofs of normalization by realizability and by evaluation are almost the same, in
that the proof of the adequacy lemma, as a program (that is, roughly, a function taking a typing derivation for a term and
constructing the proof that this term is a realizer of the corresponding type), is a normalization machine: it takes a term
and evaluates it again a well-chosen stack to use induction hypotheses. If we observe carefully the proofs of adequacy for
the A.-calculus or the ones of the Ayji-calculi we presented, this is indeed their computational contents: almost all cases are
proved by reducing a process, then using induction hypotheses and the closure of the pole under anti-reduction.

12The source can be browsed here or downloaded here|
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