8- dLPA“: a sequent calculus with depen-
dent types for classical arithmetic

Drawing on the calculi we studied in the last chapters, we shall now present dLPA®, a sequent calcu-
lus version of Herbelin’s dPA®. This calculus provides us with dependent types restricted to the NEF
fragment, for which dLPA® is an extension of dLg,. Indeed, in addition to the language of dLg,, dLPA®
has terms for classical arithmetic in finite types (PA“). More importantly, it includes a lazily evaluated
co-fixpoint operator. To this end, the calculus uses a shared store, as in the X[lw*]—calculus.

We first present the language of dLPA® with its type system and its reduction rules. We prove that
the calculus verifies the property of subject reduction and that it is as expressive as dPA®. In particular,
the proof terms for ACn and DC of dPA® can be directly defined in dLPA®. We then apply once again
the methodology of Danvy’s semantic artifacts to derive a small-step calculus, from which we deduce
a continuation-passing-style translation and a realizability interpretation. Both artifacts are somehow
a combination of the corresponding ones that we developed for the I[lm*]-calculus and dLg,.

In some sense, there will not be any real novelties in this chapter. In particular, most of the proofs
resemble a lot to the corresponding ones in the previous chapters. Yet, as dLPA® gathers all the ex-
pressive power and features of the ZUUH]-calculus and dLy,, the different proofs also combined all the
tools and tricks used in each case. They are therefore very technical and long, in particular proofs by
induction require the tedious verification of multiple cases which are very similar to cases of proofs we
already did. We will hence sketch them most of the time, trying to highlight the most interesting parts.

Normalization of dLPA?

The main result of this chapter consists in the normalization of dLPA®, from which it is easy to convince
ourself that dPA® normalizes tod!. We sketch a proof of normalization through a continuation-passing-
style translation, which would rely on the normalization of System Fy. We then give a detailed proof
through the realizability interpretation.

Nonetheless, we should say before starting this chapter that we already have a guardrail for the nor-
malization. Indeed, we already proved the normalization of a simply-typed classical call-by-need calcu-
lus and we explained that the proof was scalable to the same calculus with a second-order type system.
Yet, co-fixpoints are definable in a second-order calculudZ for instance a stream for the infinite conjunc-
tion A(0) AA(1) A. .. can be obtained through the formula AX.[X(0) A Vx™N.(X(x) — A(x) AX(S(x)))].
Besides, the presence of dependent types does not bring any risk of loosing the normalization, since
erasing the dependencies in types yield a system with the exact same computational behavior. Hence
the normalization of dLﬁO and the one of the second-order z[lw*]—calculus should be enough, a priori,
to guarantee the normalization of dLPA®.

1 As explained in Chapter we will not bother with a formal proof of this statement, neither will we prove any properties
on the preservation of dPA® reduction rules through the embedding in dLPA®. Indeed, we are already satisfied with the
normalization of dLPA®, which is as expressive as dPA® and which allows for the same proof terms for dependent and
countable choice.

2A definition in the framework of dPA® is given in [70].
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Another handwavy explanation could consist in arguing that we could authorize infinite stores
in the X[lm*]—calculus without altering its normalization. Indeed, from the point of view of existing
programs (which are finite and typed in finite contexts), they are computing with a finite knowledge
of the memory (and we proved that all the terms were suitable for a store extension). Note that in the
store, we could theoretically replace any co-fixpoint that produces a stream by the (fully developped)
stream in question. Due to the presence of backtracks in co-fixpoints, the store would contain all the
possible streams (possibly an infinite number of it) produced when reducing co-fixpoints. In this setting,
if a term were to perform an infinite number of reductions steps, it would necessarily have to explore an
infinite number of cells in the pre-computed memory, independently from its production. This should
not be possible either.

The latter argument is actually quite close from Herbelin’s original proof sketch, which this thesis
is precisely trying to replace with a more formal proof. So that these unprecise explanations should be
taken more as spoilers of the final result than as proof sketches. We shall now present formally dLPA®
and prove its normalization, which will then not come as a surprise.

8.1 dLPA“: asequent calculus with dependent types for classical arith-
metic

8.1.1 Syntax

The language of dLPA® should not be a surprise either. It is based on the syntax of dLg, extended
with the expressive power of dPA® and with explicit stores as in the I[lw*]—calculus. We stick to a
stratified presentation of dependent types, which we find very convenient to separate terms and proof
terms which are handled differently.

The syntax of terms is extended as in dPA® to include functions Ax.t and applications tu, as well as
a recursion operator recfcy[to | ts], so that terms represent objects in arithmetic of finite types.

As for proof terms (and contexts, commands), they are now defined with all the expressiveness of
dPA® (see Chapter[5). Each constructor in the syntax of formulas is reflected by a constructor in the
syntax of proofs and by the dual co-proof (i.e. destructor) in the syntax of evaluation contexts. Namely,
the syntax is an extension of dLg,’s syntax which now includes:

« the usual proofs pa.c and contexts fia.c of the Auji-calculus;

« pairs (p1,p2), which inhabit the conjunction type A; A Ay;

« co-pairs [i(ay,az).c, which bind the variables a; and a; in the command c;

« injections 1;(p) for the logical disjunction;

« co-injections or pattern-matching fi[a;.c;|az.c;] which bind the variables a; in ¢; and a; in c;;

« pairs (t,p) where ¢ is a term and p a proof, which inhabit the dependent sum type Ix7.A;

« dual co-pairs fi(x,a).c which bind the (term and proof) variables x and a in the command c;

. functions Ax.p, which inhabit the dependent product type Vx'.A;

« dual stacks ¢ - e, where ¢ is a term and e a context whose type might be dependent in ¢;

« functions Aa.p, which inhabit the dependent product type Ila : A.B;

« dual stacks g - e, where g is a term and e a context whose type might be dependent in q if q is NEF;

« a proof term refl which is the proof of atomic equalities t = t;

o the dual destructor fi=.c which allows to type the command ¢ modulo an equality of terms;

3See Lemma for the realizability interpretation and Lemma for the CPS translation of the E[lm*]—calculus.
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Closures l n= cr
Commands c = (ple)
Proof terms p,q = alup) | .9 | (tp) | Axp | Aap | refl

| ind![polps] | cofix} [p] | pa.c| ptp.ce,
Proof values \%4 = aluy(V)| (V,V) | (V,,V) | Ax.p | Aa.p | refl
Contexts e = flaljact
Forcing contexts f x= []] flag.ci | az.co] | fi(ar,az).c | fi(x,a).c

| t-elp-elf=c
Stores T w= el rla:=p] | rla:=¢]
Storables pr == V]indit[po|ps] | cofix,’ [p]
Terms tu u= x| 0]S(t) | reci,ltolts] | Ax.t [ tu|witp
Terms values Vi w= x| S™(0) | Ax.t
Delimited cp  w= (pnley) | (PID)
continuations eg n= fa.cgt | filar.cg | ag.c{b] | iar,az).cq, | fi(x,a).cq
NEF CN = (pnlen)

PN-gN == alu(pn) | (pN.gN) | (EpN) | Axp | Aa.p | refl
| indl [pn Ign] | cofix) [pn] | pk.cn | ptp.cg
en = k| filai.cn | az.cy] | fia.cnt | fi(a1,az).cn | fi(x,a).cn

Figure 8.1: The language of dLPA®

« operators ind}, [po | ps] and cofix} [p], as in dPA®, for inductive and coinductive reasoning;
« delimited continuations through proofs utp..cy, and the context p;

« a distinguished context [] of type L, which allows us to reason ex-falso.

As in dLg,, the syntax of NEF proofs, contexts and commands is defined as a restriction of the previous
syntax. Here again, they are defined (modulo a-conversion) with only one distinguished context vari-
able % (and consequently only one binder px.c) and without stacks of the shape ¢ - e or g - e (to avoid
applications). The commands cg, within delimited continuations are again defined as commands of the
shape (p|tp) or formed by a NEF proof and a context of the shape ﬁa.Cﬁar, ﬁ[al.(:ﬁalaz.ci’i)], ﬂ(al,az).c&)
or fi(x,a).cg,.

We adopt a call-by-value evaluation strategy except for fixpoint operators? which are evaluated in
a lazy way. To this purpose, we use stores in the spirit of the z[lm*]-calculus, which are thus defined
as lists of bindings of the shape [a := p] where p is a value or a (co-)fixpoint, and of bindings of the
shape [« := e] where e is any context. We assume that each variable occurs at most once in a store 7,
therefore we reason up to a-reduction and we assume the capability of generating fresh names. Apart
from evaluation contexts of the shape jia.c and co-variables «, all the contexts are forcing contexts since
they eagerly require a value to be reduced. The resulting language is given in Figure[8.1]

4To highlight the duality between inductive and coinductive fixpoints, we evaluate both in a lazy way. Even though this
is not indispensable for inductive fixpoints, we find this approach more natural in that we can treat both in a similar way in
the small-step reduction system and thus through the CPS translation or the realizability interpretation.
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Basic rules

QxplVe-eyr = @lVi/xller
(q € NEF) (Aaplg-e)r — (utpLqlpaplto)le)r
(q ¢ NEF) (Aaplg-eyr — (qlpalplenr
(e # eg) (ua.cleyr — crla = e]
(Vlga.ct’yr — crla:=V]r’
Elimination rules
GWlalar.cy | az.ex])t — citla; == V]
((Vi,W)lfi(ar,az).c)r — crlay := Vi][az := V5]
(Ve, V)Ifi(x,a).c)r — (c[t/x])r[a = V]
(refl|ji=.c)r — cr
Delimited continuations
(if et — c1’) (utp.cleyr — (,uﬁ:).clle)r’
Apacleg)t — cleg/alr
(ptp.(pltpdleyr — (ple)r
Call-by-value
(a fresh) ipleyr — (pliaali(a)lenr
(a1,az fresh) ((p1-p2)leyr — (piliai(pzlfiaz.((a1,az)le)))r
(a fresh) (Vep)leyr — (plaal(Ve,a)ley)r
Laziness
(a fresh) <cofix‘b/;[p] leye — ({ale)r[a:= cofixz;[p]]
(a fresh) (ind)" [po | pslle)r — <(ale)r[a = ind}" [po | ps]]
Lookup
Vayr[a :=e]t’ — (V]e)r[a :=e]r’
(alfirla:=V]t' - (V]a)r[a:=V]r’
(b fresh)  (alfyrla:=cofix/“[pllc’ — (p[Vi/x][b'/bllfatalf)")e[b’ = Ay.cofix!_[p]]
(alfirla:= ind% [po [ ps]le” — (polialalf)z’)r
(b fresh)  (alfyrla = indS D py I pslle’ — (pslt/xIlb/blljiatal H)r"ye[b’ = ind!_[py]ps]]
Terms
(ift —p t) T[t]lr — T[t']r

(Yo, {playt — ((t.p")la)7)

T[wit p]r — 5 T[t]

()Lx.t)Vt _)ﬁ t[Vt/X]
rec?cy[to | ts] —>ﬁ l'()

recS®

where:

xy Lol ts] —p ts[u/x][recy,[to | ts]/y]

Ce[ == ([ L.p)le) | (indikpo | pslle) | (cofixt ! [pllle) | (x.pl[ 1-e)

T[] == Co[ 11 TIL Jud | Tlreck) [t ] ts]]

Figure 8.2: Reduction rules of dLPA®
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8.1.2 Reduction rules

Concerning the reduction system of dLPA®, which is given in Figure[8.2] there is not much to say. The
basic rules are those of the call-by-value Apji-calculus and of dLg,. The rules for delimited continuations
are exactly the same as in dLy,, except that we have to prevent tp from being caught and stored by a
proof pa.c. We thus distinguish two rules for commands of the shape {ua.c|e), depending on whether
e is of the shape ey, or not. In the former case, we perform the substitution [es,/a], which is linear since
pa.c is necessarily NEF. We should also mention in passing that we abuse the syntax in every other rules,
since e should actually refer to e or eq, (or the reduction of delimited continuations would be stuck).
Elimination rules correspond to commands where the proof is a constructor (say of pairs) applied to
values, and where the context is the matching destructor. Call-by-value rules correspond to (¢) rule of
Wadler’s sequent calculus [[161]]. The next rules express the fact that (co-)fixpoints are lazily stored, and
reduced only if their value is eagerly demanded by a forcing context. Lastly, terms are reduced according
to the usual f-reduction, with the operator rec computing with the usual recursion rules. It is worth
noting that the stratified presentation allows to define the reduction of terms as external: within proofs
and contexts, terms are reduced in place. Consequently, as in dLy, the very same happen for NEF proofs
embedded within terms. Computationally speaking, this corresponds indeed to the intuition that terms
are reduced on an external device.

8.1.3 Typing rules

The language of types and formulas is the same as for dPA®. As explained, terms are simply typed,
with the set of natural numbers as the sole ground type. The formulas are inductively built on atomic
equalities of terms, by means of conjunctions, disjunctions, first-order quantifications, dependent prod-
ucts and co-inductive formulas. As in dLg, the dependent product Ila : A.B corresponds to the usual
implication if a does not occur in the conclusion B. Formulas and types are formally defined by:

Types T,U == N|T->U
Formulas AB = TlJ—|t:u|A/\B|AVB|VXT.A|3xT.A|Ha:A.B|v;fA,

Formulas are considered up to equational theory on terms, as often in Martin-Lof’s intensional type
theory. We denote by A = B the reflexive-transitive-symmetric closure of the relation » induced by the
reduction of terms and NEF proofs as follows:

Alt] » A[t’] whenever t—gt’
Alp] > Alg] whenever Va({pla)— (qla))

in addition to the reduction rules for equality and for coinductive formulas:

0=S() » 1 St)y=Su) > t=u
S()=0 > L ViA > A[t/XJ[VJ"fo/f(y) = 0]

We work with one-sided sequents® where typing contexts are defined by:
Typing contexts LT/ == ¢e|T,x:T|T,a:A|T,a: A" |T,tp: AL

using the notation « : A* for an assumption of the refutation of A. This allows us to mix hypotheses
over terms, proofs and contexts while keeping track of the order in which they are added (which is
necessary because of the dependencies). We assume that a variable occurs at most once in a typing
context.

>This is essentially an aesthetic choice, which we hope to ease the readability of sequents. On top of that, it avoids us to
deal with unified contexts I' U A (see Section [4.2.3.2) as we would have done with two-sided sequents.
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We define nine syntactic kinds of typing judgments:

« six in regular mode, that we write I' ¢ J:

1. T+9t:T for typing terms, 4. T'+9 ¢ for typing commands,
2.T+? p: A for typing proofs, 5. I' 9 ¢t for typing closures,
3. T +9 e: A" for typing contexts, 6. '+ v/ : (I"; 0’) for typing stores;

« three more for the dependent mode, that we write T' +4 J; o:

7. T +q e : A'; 0 for typing contexts, 9. I'+4 cr; 0 for typing closures.
8. I' g c;o  for typing commands,

In each case, o is a list of dependencies—we explain the presence of a list of dependencies in each case
thereafter—, which are still defined from the following grammar:

o :==¢| o{plg}

The substitution on formulas according to a list of dependencies o is defined by:

o(Alq/p]) ifq € NEF

o(A) otherwise

e(A) £ {A) alplgh(A) = {

Because the language of proof terms now include constructors for pairs, injections, etc, the notation
Alq/p] does not refer to usual substitutions properly speaking: p can be a pattern (for instance (a;,az))
and not only a variable.

We shall attract the reader’s attention to the fact that all typing judgments include a list of depen-
dencies. As in the ZUUH]—calculus, when a proof or a context is caught by a binder, say V and jia, the
substitution [V/a] is not performed but rather put in the store: v[a := V]. This forces us to slightly
change the rules from dLg,. Indeed, consider for instance the reduction of a dependent function Aa.p
(of type Ila : A.B) applied to a stack V - e:

AaplV - eyt = (upVijalplole)r — (up.plh)le)rla:= V] — (pleyr[a:= V]

which we examined in details in the previous chapter (see Section. In dLg,, the reduced command
was (p[V/a]le), which was typed with the (CuT) rule over the formula B[V /a]. In the present case, p
still contains the variable a, whence his type is still B[a], whereas the type of e is B[V]. We thus need
to compensate the missing substitution.

We are mostly left with two choices. Either we mimic the substitution in the type system, which
would amount to the following typing rule:

A

ILT'rr(c) Trer: T’ where: tla = pn](c) = t(c[pn/al) (p € NEF)
T'ker tla == e](c) £ 7(c) tla = pl(c) £ 7(c) (p ¢ NEF)

Or we type stores in the spirit of the 71[10,*] -calculus, and we carry along the derivations all the bindings
susceptible to be used in types, which constitutes again a list of dependencies.

The former solution has the advantage of solving the problem before typing the command, but it
has the flaw of performing computations which would not occur in the reduction system. For instance,
the substitution 7(c) could duplicate co-fixpoints (and their typing derivations), which would never
happen in the calculus. That is the reason why we privilege the other solution, which is closer to the
calculus in our opinion. Yet, it has the inconvenient that if forces us to carry a dependencies list even
in regular mode. Since this list is fixed (it does not evolve in the derivation except when stores occur),
we differentiate the denotation of regular typing judgments, written I' +° ], from the one judgments
in dependent mode, which we write T' 4 J; o to highlight that ¢ grows along derivations. The type
system we obtain is given in Figure
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Regular types
T 7:(I0’) T,V p:A o Tro7:(T0") T,IVF°7 a: AL .
T, Te
T+ rla:=p]: T,a: A;c'{alp)) T rla:=e]: (I',a : At;0’)
Tt p:A T+ e:BY o(A) =0(B) [,I'F°% ¢ T+ 7:(I7;07)
(CuT) ()
'k {ple) I'ker
:A) el a:A') el DAL o
(a:A) (Ax,) ( ) — (ax) Ia:A~+%¢ W
I't9a:A Frr?a:A ' pac:A
Ia: A% cr . Fk"ple Fk"pZ:B(A) I'a; : Aj,a2 : Ay % ¢ (A)
T +° figcr: AL T+° (pips) AANB 7 T +° fi(anaz)c: (AL A AL
I’I—"p:A,— W) I'a; : A1 +%¢; T,ay: A3+ ¢ )
THo5(p) i ALV A T+ filar.ci | az.co] s (A VAL
I'ro p: Alt/x] Fk"t:T(H) Ix:T,a:A+% ¢ A
T+ (t,p) : IxT.A ’ T+ fi(x,a).c: AT AL
[x:Tr°p: A Trot:T T+ e: Alt/x]* T ¢: N
= (¥r) T (1) - refl
't Ax.p:Vx'.A Tro t-e: (Vx'.A) F'rorefl:t=t
I'r7p:A TH e:Alu/t] T2 p:A AEB(_) [ e: AL A=B _,
THo f=(ple): (t=u)L Trop:B T+ e:BL -
TLa:Av° p:B F+2q:A T+°e:B[g/a]™ ifq(;éNEFthenaéEA( )
Tro dap:Ta:AB " T+oqg-e:(Ila: AB)L :
N F'rot:IN TFo py:Al0/x] T,x:T,a:Ar ps: A[S(x)/x] (ind)
R —— in
I IR '+ indg,[po | ps] - Alt/x]

T t:T T,f:T—>Nx:T,b:Yyl.f(y) =0+ p: A f positive in A

> ; 7 (cofix)
[+ cofix, [p]: vfo
Dependent mode
Ip: AL g Cips0 o(A) = a(B) 5
- () L (#)
l"l—“,utp.CﬁJ:A Ltp: AT g tp: B o{-|p}
[T kg cgy00” Tr77:(I50) [T+ p:A T,p:BLT rge: AL of|p)
(L) - (Curq)
[kgcgytso [,tp: BL T kg {ple);o
T.a:Argcer’sofalpy) [x:T,a:Arg cgio{(x,a)lpn}
- P (Aa) -
[ kg fla.cet’ : A% of-pN) [ kg fi(x,a).cq, : AxTA)L; of-Ipn} !

[ a; : Ar,az 0 Ay kg cgpy0{(ar,az)lpn} L,a;:Ajrq C%O;G{ti(ai)le}) Vi e {1,2)

T kg fiar,az).c : (A1 A Ag)*50(-IpN)

d
1

" v
T Fa //l[(ll.Cil‘_b | az.CED] : (A1 VAz)J'L;O'{'|pN} !

Terms o reot:N o Dx:Ur?t:T 0 Teot:sUsT Teuil o
F'r?0: NN L2 S(t): N Fre Axt:U->T F'v%tu:T

(x:T)eT F'r?t:N T'rot:U T,x:Nyy:Ur ts:U I“l—”p:EIxT,A p NEF
5 (Ax) 7 (rec o (wit)
v x:T I'+7 reci,[tolts] : U Frowitp: T

Figure 8.3: Type system for dLPA®
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8.1.4 Subject reduction

It only remains to prove that typing is preserved along reduction. As for the X[lw*]—calculus, the
proof is simplified by the fact that substitutions are not performed (except for terms), which keeps us
from proving the safety of the corresponding substitutions. Yet, we first need to prove some technical
lemmas about dependencies. As in the previous chapter, we define a relation o = ¢’ between lists of
dependencies, which expresses the fact that any typing derivation obtained with ¢ could be obtained
as well as with ¢

c=0 £ o(A) =0(B) = d'(A) ='(B) (for any A, B)

We first show that the cases which we encounter in the proof of subject reduction satisfy this relation:

Lemma 8.1 (Dependencies implication). The following holds for any o,0’,0" :
1. 006” = 00’0’ 5. of-l(p1.p2)} = olailpiHazlp2}{-1(a1,a2)}
2. o{(a1,a2)|(V1,V2)} = ofa1lViHaz|V2)
3. olii(a)|ti(V)} = olalV}
4. o{(x,a)|(t,V)} = ola|V}{x|t} 7. oll(t,p)} = olalp}{-I(t,a)}

where the fourth item abuse the definition of list of dependencies to include a substitution of terms.

6. af-li(p)} = olalp}{-lii(a)}

Proof. All the properties are trivial from the definition of the substitution ¢ (A). ]

Proposition 8.2 (Dependencies weakening). If 0,0’ are two dependencies list such that o0 = o¢’, then
any derivation using o can be one using o’ instead. In other words, the following rules are admissible:

e J Ty J;0

= (w) 1raJio
T+ J Fl—d];a’(d)

Proof. Simple induction on the typing derivations. The rules (tp) and (CuT) where the list of depen-
dencies is used exactly match the definition of =>. Every other case is direct using the first item of
Lemma 8.1 O

We also need a simple lemma about stores to simplify the proof of subject reduction:
Lemma 8.3. The following rule is admissible:

I'v? 19: To;00) T,To F7% 7 : (Th;01)
I'+7 o1y 2 (I, Th; 00, 01)

(r7")

Proof. By induction on the structure of 7. O

Lemma 8.4 (Safe term substitution). If T +7 t : T then for any conclusion ] for typing proofs, contexts,
terms, etc; the following holds:

1L IfT,x:T,I"+° J  then T,I"[t/x] v“l/*] J[t/x].
2. If I',x: T,I" vy J;o then T,I'[t/x] Fq J[t/x]; o[t/x].

Proof. By induction on typing rules. O

Theorem 8.5 (Subject reduction). For any context T' and any closures ct and ¢’t’ such that ct — c¢’t’,
we have:
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L IfTrerthenT k', 2. If T krgcr;ethenT kg c't';e.

Proof. The proof follows the usual proof of subject reduction, by induction on the typing derivation
and the reduction ¢t — ¢’r’. Since there is no substitution but for terms (proof terms and contexts
being stored), there is no need for auxiliary lemmas about the safety of substitution. We sketch it by
examining all the rules from Figure [8.3|from top to bottom.

«  The cases for reductions of 1 are identical to the cases proven in the previous chapter for dLg,.

« The rules for reducing p and fi are almost the same except that elements are stored, which makes it
even easier. For instance in the case of [, the reduction rule is:

<V||ﬁa.CT1>T0 — CTy [a = V]T1

A typing derivation in regular mode for the command on the left-hand side is of the shape:

HC HTl
IIy,a: AT %% ¢ T, Tg,a:Ar7% 71 : (I; 01) "
Iy I'Ij,a: Aro% ¢y @
I V:A [T, +7% fa.cry : A* o) I,
[T, F7% (V| jia.cty) T+ 19 : (To; 00)

1
T Fo (Viia.ctm @

Thus we can type the command on the right-hand side:

1—ITo HV
I, TH 7 (Tp;00) LI FO V: A I,
I.Tp,a: ATy poolelVion e o L mla=V]:(@.a: Ao lalV]) &) ITa:Ar% 7 : (Ds01)
[,Ly,a: AT rooolalVien ¢ T'+2 rola = V] : To,a: ATy 00l{alVier) ) o

I'+% crpla = V]
As for the dependent mode, the binding {a|p} within the list of dependencies is compensated when

typing the store as shown in the last derivation.

Similarly, elimination rules for contexts ji[a;.c1|az.c2], fi(a1,az).c, fi(x,a).c or ji=.c are easy to check,
using Lemma and the rule (z,) in dependent mode to prove the safety with respect to dependencies.

+  The cases for delimited continuations are identical to the corresponding cases for dLy,.

« The cases for the so-called “call-by-value” rules opening constructors are straightforward, using
again Lemma|8.1]in dependent mode to prove the consistency with respect to the list of dependencies.

« The cases for the lazy rules are trivial.

« The first case in the “lookup” section is trivial. The three lefts correspond to the usual unfolding of
inductive and co-inductive fixpoints. We only sketch the latter in regular mode. The reduction rule is:

(al f)zola == co{-‘ixgx[p]]r1 — (p[t/x][b’/b]lgalalf)ri)ro[b := Ay.cofixgx[p]]

The crucial part of the derivation for the left-hand side command is the derivation for the cofix in the
store:

I, I,

I, TH% ¢t:T T,Ip,f:T—Nx:T,b:Vyl .f(y) =0+ p: A o)
e —————— COT1X
I'+° T0 - (r();O'()) LI o0 CO'FiXZx[p] : V;XA

. (Tp)
I +9 ofa := cofix; [p]]: (ly.a: v]ﬁxA; oo)
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Then, using this derivation, we can type the store of the right-hand side command:

HP
T,T,y:T+°%y:T T,L,f:T—>Nux:T,b:Yy .f(y) =0r°% p: A orin
COT1X
m, I.To.y : T H7% cofixy [p]: v}, A "
I'+° 19 : (To; 09) LT, +o9 Ay.cofixgx[p] :Vy.v;xA
’ . B (Tp)
I b = Ay.coflxzx[p]] :To, b - —Vy.v;xA

It only remains to type (we avoid the rest of the derivation, which is less interesting) the proof p[t/x]
with this new store to ensure us that the reduction is safe (since the variable a will still be of type v{ A

f
when typing the rest of the command):

11,
ITo,b: Vy.v}/xA F plt/x] :A[t/x][vjfo/f(y) =0] v;xA = Alt/x] [V;XA/f(y) =0]

I,I,,b : Vy.vjfo Fo plt/x] - v}xA

(=r)

« The cases for reductions of terms are easy. Since terms are reduced in place within proofs, the only
things to check is that the reduction of wit preserves types (which is trivial) and that the S-reduction
verifies the subject reduction (which is a well-known fact).

O

8.1.5 Natural deduction as macros

We can recover the usual proof terms for elimination rules in natural deduction systems, and in partic-
ular the ones from dPA®, by defining them as macros in our language. The definitions are straightfor-
ward, using delimited continuations for let ... in and the constructors over NEF proofs which might
be dependently typed:

leta=ping = pap(plialqla,)) R )
. ) i bst pg £ pa.(plji-.
split p as(a1.az) in g = pop.(plii(ar,az)-(qllep)) eil:faslsfz = ﬁz g”ﬁ><q”a>>
case p of [ar.p1 | az.pa] = pay(pliilar{pilap)laz.(p2lay)]) catch, p & Ha.<p||a>
dest p as (a,x) in q % pap pli(x,a){qlapy)) chrou zp N y,.‘(plla)

prfp £ pw.(plii(x,a)(altp))

where o), = tp if p is NEF and a, = a otherwise.
Proposition 8.6 (Natural deduction). The typing rules from dPA®, given in Section[8.1.5), are admissible
Proof. Straightforward derivations, the cases for prf p q and subst p q are given in Section ]

One can even check that the reduction rules in dLPA® for these proofs almost mimic the ones of
dPA®. To be more precise, the rules of dLPA® do not allow to simulate each rule of dPA®, due to
the head-reduction strategy, amongst other things. Nonetheless, up to a few details the reduction of a
command in dLPA® follows one particular reduction path of the corresponding proof in dPA®, or in
other word, one reduction strategy.

The main result is that using the macros, the same proof terms are suitable for countable and de-
pendent choice [70]. We do not state it here, but following the approach of [70], we could also extend
dLPA“ to obtain a proof for the axiom of bar induction.
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Trp:IxT.A T,x:T,a:Arq:B[(x,a)/e] p¢NEF= e¢B (dest) Trp:IxT A(x) f
I'+ dest p as(x,a) in q : B[p/e] ° I'kprfp:Awit p) er
FFPZAIAAZ I‘,al:Al,aZ:Azl—q:B[(al,az)/O] piNEF=>.¢B l"l—p:Al/\Az )
- - (split) ———~——— (Ap)
I'+ split p as(aj,az) in q: B[p/e] I'rmi(p): A;
I'tp:A VA, T,a;:A;+q:B[i(a)i/e] fori=1,2 p¢NEF=e¢B (case) F'rp:L
I'+ case p of [a1.p1 | az.p2] : Blp/e] case I'+ exfalsop:B )
TLa:A+q:Bla/e] p¢NEF= e¢B Lot Ta:Atrp:A Ta:AYrp: A
T+ leta=ping: Blp/e] (ev T+ catchyp: A T,a: A"+ throw ap: B
Figure 8.4: Typing rules of dPA®
Theorem 8.7 (Countable choice [70]). We have:
ACN = MH.leta = cofix) [(Hn,b(S(n))] in (An.wit (nthy a),An. prf (nth, a)
VaNIyTP(x,y) — AFN=TVANP(x, f(x))
wherenthy, a := my(ind}  [a| m(c)]).
Proof. See Figure 8.5 i
Theorem 8.8 (Dependent choice [70]). We have:
DC := AH.Axg.let a= (xg,cofixgn[dest Hn as (y,c) in (y,(c,by)))]
in (An.wit (nthy a), (refl,An.zi(prf (prf (nth, a)))))
VxT.AyT.P(x,y) — VxOT.EIf e TN.(£(0) = xo AVANP(f(n), f(s(n))))

wherenthy, a := ind] [a| (wit (prf d),m(prf (prf(d))))].
Proof. Left to the reader. ]

8.2 Small-step calculus

Once more, we follow Danvy’s methodology of semantic artifacts to obtain a continuation-passing style
translation and a realizability interpretation. We first decompose the reduction system of dLPA“ into
small-step reduction rules, that we denote by ~;. This requires a refinement and an extension of the
syntax, that we shall now present. To keep us from boring the reader stiff with new (huge) tables for
the syntax, typing rules and so forth, we will introduce them step by step. We hope it will help the
reader to convince herself of the necessity and of the somewhat naturality of these extensions.

First of all, we need to refine the syntax to distinguish between strong and weak values in the syntax
of proof terms. As in the I[lw*] -calculus, this refinement is induced by the computational behavior
of the calculus: weak values are the ones which are stored by j binders, but which are not values
enough to be eliminated in front of a forcing context, that is to say variables. Indeed, if we observe the
reduction system, we see that in front of a forcing context f, a variable leads a search through the store
for a “stronger” value, which could incidentally provoke the evaluation of some fixpoints. On the other
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Notations:

. nthtp = m(indﬁx[p I %) S)
A% = Vi [AR) A f(S() = 0]

. strl, H—coflx LL(Hn,b(S(n))]
- A(x) = 3y" P(x.y)
Typing derivation for nth (II¢h):

(Ax,)
DA™ s ASI) A™ = A(m) A A3

m:]Ns:Aml—s:A(m)/\A (m)
n:Nrn:N (Axn) a:A% ra:AY () m:IN,s: A" + m5(s) : As(m) _
a:A%,n: Nt ind! [a]m(s)]: AL lx)’ = A(n) A AS™
a: A%, n: Nt ind [a]m(s)]: A(n) A A
a:A%,n: Nt m(ind [a]|m(s)]) : A(n)
a:A% . n:Ntnth,a:An)

S(m)

Il
<
N

(r%)

(=)

(AE)
(def)

Typing derivation for strd (IIse_):

(Ax,)

Axy)) ———
H :VxNIyTP(x,y) v H : VxNTyT P(x,y) n:Nrn:N )

H :VxNIyTP(x,y),n : N + Hn : Ay’ .P(n,y)
FO:IN H:VxNIyTP(x,y),n:N,b:VzN . f(z) =0+ (Hn b(S(n)) : IyT.P(n,y) A f(S(n)) =0
H :VxNIyTP(x,y) + cofixg [(Hn,b(S(n))] : Hy LPle,y) A f(S(x)) =0

H:VxNIyTP(x,y) v ster : AL (0en)
Typing derivation for ACN:
Hntn
Moh a:A% . n:N+nth,a: An) ()
a:A%.n:Ntnth,a:An) a:A%.n:Nrnth,a:yl.P(ny) ~
a:A%,n:N+nth,a: Ayl .P(n,y) z:i)) a:A%,x:NFprf(nth,a) : P(x,wit (nthy a)) :r(): :
a:A% n:Nrwit(nthya):T a:A%,x: Nt prf(nth,a): P(x,An.wit (nth, a)x) rv N

a:A% +An.wit (nthp,a) : N> T a: A% + An.prf (nth, a) : VxN.P(x, (An. wit (nth, a))x)

a: A%+ (An.wit (nthy, a),An. prf (nth, a) : AFNTVxNP(x, f(x))
H:VxNIyTP(x,y) + leta = str® Hin (An.wit (nth, a),An. prf (nth, a) : AFNTVxNP(x, f(x)) e(t_i )

FAH.leta = str% Hin (An.wit (nth, a),An. prf (nth, a) : VaN3y".P(x,y) — AFN>TVxNP(x, f(x))

where we omit the conversion P(x, (An.wit (nth, a))x) = P(x,wit (nthy a)) on the right-hand side
derivation.

Figure 8.5: Proof of the axiom of countable choice in dLPA“
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hand, strong values are the ones which can be reduced in front of the matching forcing context, that is
to say functions, refl, pairs of (weak) values, injections or dependent pairs:

Weak values V 2= alv
Strong values v (V)1 (V, V)| (V,,V) | Axp | Aa.p | refl

This allows to distinguish commands of the shape (v| f)r, where the forcing context (and next the
strong value) are examined to determine whether the command reduces or not; from commands of the
shape (a| f)r where the focus is put on the variable a, which leads to a lookup for the associated proof
in the store.

Next, we need to explicit the reduction of terms. To this purpose, we include a machinery to evaluate
terms in a way which resemble the evaluation of proofs. In particular, we define new commands which
we write (t]|) where ¢ is a term and 7 is a context for terms (or co-term). Co-terms are either of the
shape jix.c or stacks ot the shape u- . These constructions are the usual ones of the Ayji-calculus (which
are also the ones for proofs). We also extend the definitions of commands with delimited continuations
to include the corresponding commands for terms:

Commands c
Co-terms T

pley | (tlr) Delimited ¢t
t-m| jx.c continuations T4,

SRS
t- g, | px.cg,

We give typing rules for these new constructions, which are the usual rules for typing contexts in the
Apfi-calculus:

Crt:T Tra:UL c:(T,x:T) Trot:T TrO T
— =0 T () — (cut,)
F'vt-n:(T—-U) I'kjxc:T I+ (t|)

It is worth noting that the syntax as well as the typing and reduction rules for terms now match exactly
the ones for proofs@. In other words, with these definitions, we could abandon the stratified presentation
without any trouble, since reduction rules for terms will naturally collapse to the ones for proofs.

Finally, in order to maintain typability when reducing dependent pairs of the strong existential
type, we need to add what we call co-delimited continuations. We saw in the previous chapter that the
CPS translation of pairs (t,p) was not the expected one, and we mentioned the fact that it reflected
the need for a special reduction rule. Indeed, consider such a pair of type dx’.A, the standard way of
reducing it would be a rule like:

((t.p)le)r ~=s (tlfpx(plfia.{(x,a)le)))z

but such a rule does not satisfy subject reduction. Indeed, consider a typing derivation for the left-hand
side command, when typing the pair (t,p), p is of type A[t]. On the command on the right-hand side,
the variable a will then also be of type A[t], while it should be of type A[x] for the pair (x,a) to be
typed. We thus need to compensate this mismatching of types, by reducing ¢ within a context where a
is not linked to p but to a co-reset tp (dually to reset tp), whose type can be changed from A[x] to A[¢]
thanks to a list of dependencies:

((t.p)le)yT ~ s (platp-tlix(Plial(x,a)le)),r

We thus equip the language with new contexts ﬁ'&).Cﬁ), which we call co-shifts, and where cg, is a
command whose last cut is of the shape (tp|e). This corresponds formally to the following syntactic

6Except for substitutions of terms, which we could store as well
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sets, which are dual to the ones introduced for delimited continuations:

Contexts e u= .- ,[ttvp.c,b

Co-delimited cp = (pnleg) | {tlmg) | (tple)

continuations e, == fa.cg | flar.cy | az.c%p] | fi(ar,az).cq | fi(x,a).cq
Ty u= e | fxecg

NEF ey u= - [ztb.%

This might seem to be a heavy addition to the language, but we insist on the fact that these artifacts
are merely the dual constructions of delimited continuations that we introduced in dLg,, with a very
similar intuition. In particular, it might be helpful for the reader to think of the fact that we introduced
delimited continuations for type safety of the evaluation of dependent products in Ila : A.B (which
naturally extends to the case ¥x'.A). Therefore, to maintain type safety of dependent sums in dx’.A,
we need to introduce the dual constructions of co-delimited continuations. We also give typing rules
to these constructions, which are dual to the typing rules for delimited-continuations:

[,tp:Ary Cﬁ3;0(~&)) IL['r o e: ALY o(A) = o(B) .
T H fitp.cg : AL [,t:B,I ry (Dle)o

Note that we also need to extend the definition of list of dependencies so as to include bindings of the
shape {x[t} for terms, and that we have to give the corresponding typing rules to type commands of
terms in dependent mode:

c: (T,x:T;olx|t)) . [T+ t:T T,tp:BI g m: AL of

|t
A i - 2 com
[ by jix.c: TH ot} [,tp:BI kg (tlm); 0o

The small-step reduction system is given in Figure[8.6] The rules are written ¢,z ~+ ¢,7’ where the
annotation ¢,p on commands are indices (i.e. c,p,e,V, f,t,m,V;) indicating which part of the command
is in control. As in the z[lm*]-calculus, we observe an alternation of steps descending from p to f for
proofs and from t to V; for terms. The descent for proofs can be divided in two main phases. During
the first phase, from p to e we observe the call-by-value process, which extracts values from proofs,
opening recursively the constructors and computing values. In the second phase, the core computation
takes place from V to f, with the destruction of constructors and the application of function to their
arguments. The laziness corresponds precisely to a skip of the first phase, waiting to possibly reach the
second phase before actually going through the first one.

We briefly state the important properties of this system.

Proposition 8.9 (Subject reduction). The small-step reduction rules satisfy subject reduction.

Proof. The proof is again a tedious induction on the reduction ~-;. There is almost nothing new in
comparison with the cases for the big-step reduction rules: the cases for reduction of terms are straight-
forward, as well as the administrative reductions changing the focus on a command. We only give the
case for the reduction of pairs (¢,p). The reduction rule is:

((t.p)le)pt ~ s (platp-tlix(Plial(x,a)le)),r

Consider a typing derivation for the command on the left-hand side, which is of the shape (we omit the
rule (I) and the store for conciseness):

I, HP
Frot:T T p:Alt/x] @) I1,
T+ (t,p) : IxTA T T e (AxTAL

(Cur)
I+ ((Ep)le)
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Commands

Ple)er ~ (ple),
()t~ (),

Delimited continuations

(for any 1,0)

(for any 1,0)

(Aytb.cz”||e>pr g (,thb.c’r”lle}pr’ (if e,7 ~5 clT’)
(Ht()(P"tpv)”e)pT s <P||€>va
V0gtp.c)et ~s (Vatp.c'yt’ (if e,7 ~5 clT’)

(VI (tplle))er ~s (Ve)t

Proofs
(e # eg) (pa.cley,t ~s cctla = e]
(pa.cleg)pyt ~s ccleg/al T
(a fresh) ((pr.p2)l€)pT ~5 (prlfiar {pzllfiaz (a1, az)le))),T
(a fresh) wP)ledpt ~s Plia(i(a)le)),r
(a fresh) ((t,p)llept ~s platptlix(tplial(x,a)le))),r
(y.a fresh) (indd [p] qlledyt ~s (u.(tliy (al §)la = ind [p| gI)le),r
(y.a fresh) (cofixt _[plle,r ~s (utp.(tljiy.(al®)la = cofix!_[pllle,r
(Vley,r ~s (Vle)e
Contexts
Vla)er[a = e]t’ ~s (Vle) r[a = e]r’
Vlfa.ct’y,t ~~s cetla == V]’
Vet ~=s VIfive
Values

alfvrla = V]t' s (VIfvrla:= V]’
@I vt ~s Ol )T

(b fresh)  (alf)yrla = cofix} [p]le’ ~ (plt/x][b'/bllfia-(al f)r"),7[b’ := Ay.cofixy [p]]
(alfyvrla=ind) [Pol st ~s (poljia.(al f)z'),T
(b fresh) (alf)orla = ind] O [po | psTIe’ ~s (pslt/x1[b'/Blljiaal f)e'), (b’ = ind? [po | ps]l]

Forcing contexts

Ax.plt - €) T~ (utp.(tlfix(pl))e),T

(q € NEF) (Aaplq - eyt~ (utplqliia.(plD))le), T
(q ¢ NEF) (Aaplg - eyt~ (qliia(ple)),r
(V) ilarct | ap.c?]yt ~, cirla; := V]
(Vi V)lli(ar, ).}t ~s corlar = Villas = V3]
((Ve, V)Ifi(x,a).c)pr ~~s (c[Vi/x])ct[a = V]
(refl||ﬁ=.c)fr ~og CeT
Terms
(tullmyit ~=s (Elu - )T

(x fresh) S@)m)pt ~s (EliaxLS(x) 7)),
(x,a fresh) Wit pllm),t ~s (pli(x,a) (xlm)),T
(t¢Vy) (recy,[to [ ts]lm), 7~ (tlfiz(rect [t | ts]lm)), T

(recyy

<rec§’q§[to | tslm) T~ (tollm), T
SV [t sy et~ (ts[Ve/x][reck,lio | ts]/yllm) e
(Velm)yt o (Vilmypt
Qox.tu - 1) 57~ Cul i (lm)), T
<Vt||l7x«ct>nf Mg (CtT)[Vt/x]
(Vilfix.c) T~ (cp7)[Vi/x]

Figure 8.6: Small-step reduction rules
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Then we can type the command on the right-hand side with the following derivation:

I—I(x,a) IT,
I,x:T,a:Alx] 2 {(x,a)|e) : A[x]* E?:T)
Lo TH jal(rale) AL " Al = () @Ak)
_ I1; F,vtvp tAlt],x T hg SﬁDHI]a-((Xﬂ)”e»;0{x|t} ()
Dp:Alt]re:T _ I'tp: A[t/)f] Fa px (plpal(x,a)le)) : T; of-|t} (Cor)
II, I', tp ii‘l[t] F (tll;?x.(ujllﬁa.((x,a)||e>)>;o- )
I+ p: Alt] ] I'He ﬁtf).(tllﬁx.(tpllﬁa.((x,a)IIe))) L Al (Cum)
[ F (platp(tlfx (tolfa{(x, a)len)),
where I, 4) is as expected. O

It is direct to check that the small-step reduction system simulates the big-step one, and in particular
that it preserves the normalization :

Proposition 8.10. If a closure ct normalizes for the reduction ~, then it normalizes for —.

Proof. By contraposition, one proves that if a command cr produces an infinite number of steps for
the reduction —, then it does not normalize for ~- either. This is proved by showing by induction on
the reduction — that each step, except for the contextual reduction of terms, is reflected in at least on
for the reduction ~~. The rules for term reductions require a separate treatment, which is really not
interesting at this point. We claim that the reduction of terms, which are usual simply-typed A-terms,
is known to be normalizing anyway and does not deserve that we spend another page proving it in this
particular setting. O

8.3 A continuation-passing style translation

We present in this section the continuation-passing style translation? which arises from the small-
step reduction system we defined. In practice, we will not give here a formal proof of normalization
for dLPA®(we will give one using a realizability interpretation in the next section), so that we will
deliberately omit some proofs and details. In particular, we have a priori two choices for the target
language of this translation.

Either our interest in the translation is only to prove the normalization of dLPA®, in which case we
can erase the dependencies and use a non-dependently typed target language. Starting from dLPA®,
embedding terms and proofs in a single syntactic set then removing dependent types would roughly
leave us with a first-order language similar to the I[lw*]—calculus (but more expressive). A good can-
didate as a target language for a CPS translation erasing dependencies is hence System Fy, possibly
enriched® with conjunction, disjunction, etc... to recover the same expressiveness as dLPA®. In this
case, the typability of the translation would be greatly simplified and it would mostly amount to the
typability of the CPS translation for the I[lw*]-calculus in Chapter

On the other hand, we could be interested in a translation carrying the dependencies, and choose
a target language compatible with that. In which case, the proof of typability would concentrate both
the difficulties for typing the store-passing part of the translation, and the difficulties related to type

7As in for the I[ZUT*]-calculus, it is in fact a continuation-and-store passing style translation, but we refer to it as
continuation-passing style for conciseness.

81t is folklore that conjunctions, disjunctions and even co-inductive types can be encoded in System F, and thus in System
Fy. Adding primitive constructions both in the syntax of types and programs is thus just a matter of convenience to sim-
plify the translation. We can thus consider without lost of generality that the language includes these constructions, since
alternatively, one could combine the CPS translation with the encoding to obtain a translation to “pure” System Fy.
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dependencies as for the translation of dLy,. For instance, we could pick the calculus of constructions [28]
as a very general target language, in which we would dispose of dependent types and of the expressive
power to encode the type of second-order vectors from Fy.

We choose to leave the choice of our target language ambiguous, and give the most general transla-
tion possible. We thus assume that the proof terms of the target language contain at least constructors
for pairs, injections, equality and the same destructors as in dPA® (i.e. split, case, dest, subst,
exfalso), as well as a way to encode vectors. We do not add substitutions to rename variables, but
a thorough definition of the translation should also include an explicit renaming procedure, for the
reasons invoked in Section[6.4.1]

This being said, the translation is derived directly from the small-step reduction rules. As for the
I[lw*] -calculus, the different levels p,e,V, f,v and t,7,V; are reflected in a translation [-], for each
level 1. The main subtlety concerns the way we handle inductive and co-inductive fixpoints, and more
generally the store. Observe that in dLPA“ we managed to delimit the unfolding of fixpoints to the store,
everything happening as if they were special cells producing computations. In other words, we could
have been one step further to remove fixpoints from the syntax of proofs, limiting their occurrences
strictly to the store. This is actually what is done through the translation, where we mark some cells
with IND and COFIX. The computational content of the fixpoint is thus decomposed step by step, each
step being produced by the lookup function, that is defined (in pseudo-code) as follows:

lookupk 71[k := p]lrp k := match (k,p) with
a,e — enla:=V]nk

|
| a,V — Vrla:=V]nk

| GCOFIX. p > (p[t/xI[b'/b]) malb’ 5= [Ay.cofix! [p]1.] (Arq.qrla = qlzz k)
| a,INDgx[pO [ps] +— pori(Arq.qrla:=qln k)

| aIND, [polps] = (pslt/x1[b'/B) ma[b = IND}_[po | ps]] (Arq.g ela := qlra )

where in each case b’ is fresh. In practice, this simply corresponds to a store where cells include a
flag so that the lookup function given above could be implemented in the target language by means of
pattern-matching using injections and case. The lookup function is now the only piece of the whole
translation which actually has the computational content of a fixpoint.

The full translation is given by Figure[8.7} and is by construction correct with respect to reduction.
In particular, we could again prove by a tedious induction on the reduction ~- that the normalization
is preserved:

Proposition 8.11. If [[ct]l; normalizes, then so does ct for ~~.

In what concerns the typing of the translation, in the case where we erase the dependencies, it
would simply amount to the typing of the translation for the Af;,«]-calculus, that is to say that the
translation of typing judgments for proofs (resp. contexts, etc) will be of the shape:

[T+ p: Al =G [pl, : [T1r»p 1(A))

where again:
Yo, A & VY<:Y.Y 5 (Yr A) > L.

The only novelty with respect to the CPS translation for the z[lm*]-calculus sites in the lookup function
in the cases of IND and COFIX. However, it is easy to check that in both cases, through the translation
(and already in the small-step reduction system) these elements take a continuation at level f and put
in active position a proof at level p in front of a continuation which is built to be at level e. In particular,
types are respected in the sense that lookup a (r[a := COFIXZX [pl,]) kr is indeed of type L. We claim
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Commands
[pleXlcr = [plpzlele
Kployler = [plyr Kelm)ler = [tz
[Kle)lcr = [elet
Proofs
[[llﬁ)-C]]ka = ([elcr)k
[pa.clytk = [cle[a:=k]
[uLp)lpytk = [pilyt (Ariqa.[p2llp milar := q1] (A12q2.k 12[a2 = q2] [(a1,a2)1v))
@)tk = [pl,r(Arq.kzla:=q][u(a)lv)
[E.p)lprk = [plyt(Ar.[t]: z (Arxa.k 7 [(x,a)]v))
(a fresh) [cofix] [pllpck = ([tl; 7 (Ary.[al,tla:= COFIXZX [p1,1) k
(a fresh) [ind, [plpsllptk = ([t]: 7 (Ary.[al, z[a := IND] [[pl, | [ql,])]) k
(Vlpzk = kr[Vly
Contexts
[ga.ct’lecV = [cle(rla:=VIlz'1:) [alletV = lookupartV
[itp.clerV = ([eler)V [flezV = Vlfly
Weak values
[allvtk, = 1lookupartk, [vlvtk, = kor[V]e
Forcing contexts
[t-elprv = ([tl: 7z (Arx.v7x)) [ele
(9N € NEF) gy -elfro = (lgnlpt(Arq .01 q")) [ele
(q ¢ NEF) [g-elfrv = lqlpr(Arq’ v q [ele)
(b; fresh) [i(ai,az).clfro = split v as(bi,by) in([clc z[a; == bi][az = b3])
(b; fresh) [ilai.cilaz.co]llfrv = case v of [by.[eille 7[ar := bi] | bz.[co]le Taz := by,]]
(b fresh) [i(x,a).clfrv = destvas(y,b) in(Ax.[c]c)yr[a:=b]

[g=clfro subst v ¢l T
[[lfzro exfalso v
Strong values
[Ax.plorVie = [plp[Vi/x]te [(ar,a2)lo = (Lailv,la21v)
[AaplotVe = [plyrla:=V]e [u(@)]o = u(lalv)
[refl], = refl [(Vi.a)lo = ([Vilv,.lalv)
Environments - Lell, = ¢
Ila:= cofixy  [p1le = 7] [a = COFIX, " Ip1] lzla:= V1l = [rl[a = [V].]
[[a:= ind;/;[qu]]]]r =[rl.[a:= IND,,? " [T, | Lqlp]] [z[a :=e]l; = [r]:[a = [ele
Terms
[[Vt]]tTkt = ktT[[Vt]]Vt
(Sl tk: = [[u]]tT(ATthT[[S(x)]]V,))
[tull;tk: = [tl; 7 Aro.Jull; r Arw.owrk;))
[wit()l:tk: = lplp 7 (Arq.q7 (Aa.([f(x,a)(xla)]f) ki)
[[r'ecf(y[uo lus]ll: Tk = [[t]]tf(/lrz.recfcy[[[uo]]t | [usl:] 7 k;)
[u-nlpro = [ull;r(Arworw([x]:) [xIv, = x
[px.clzto = ([cle7)[v/x] [SVOlv, = S(IVelv,)
foly, = 0 [Ax.tly, = Arxk.[t]:7k

Figure 8.7: Continuation-and-store-passing style translation
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than once we understood how the translation of the /_l[lw*]-calculus was typed, this setting is more or
less the same and should not give us a hard time.

However, in the case where we would like to obtain a translation compatible with dependent types,
we know that we need to refine the typing of terms and NEF proof terms, as we did in dLg,. This is
certainly possible, in particular given a NEF proof term p, it is still possible to pass the continuation
Ata.a to [pn], to force the extraction of a proof py,. This should allow us to refine the type of [pn ],
to obtain something like:

Yep, A 2 VY<:Y.Y > VR/a: (Yr. A).R(a) > R(p})).

However, due to the laziness and the two layers of alternation between proof and contexts, we should
probably process to a second extraction to obtain a strong value, and cleverly handle the store while
doing so. In the absence of a real motivation for such a translation, we did not take the time to study
the question more in depth. However we are confident in the fact that the main difficulties has been
studied in the previous chapters, so that if it was worthwhile, with time and rigor, it should be possible
to methodically obtain a translation of types compatible with the dependencies.

8.4 Normalization of dLPA%

8.4.1 A realizability interpretation of dLPA®

We shall now present the realizability interpretation of dLPA®, which will finally give us a proof of
its normalization. Here again, the interpretation combines ideas of the interpretations for the I[lw*]-
calculus (Chapter@ and for dLg, through the embedding in Lepigre’s calculus (Chapter . Namely, as
for the z[lw*]—calulus, formulas will be interpreted by sets of proofs-in-store of the shape (p|r), and
the orthogonality will be defined between proofs-in-store (p|r) and contexts-in-store (e|z’) such that
the stores 7 an 7’ are compatible.

We recall the main definition necessary to the realizability interpretation:

Definition 8.12 (Proofs-in-store). We call closed proof-in-store (resp. closed context-in-store, closed term-
in-store, etc) the combination of a proof p (resp. context e, term t, etc) with a closed store 7 such that
FV(p) € dom(r). We use the notation (p|r) to denote such a pair. In addition, we denote by A, (resp.
A, etc.) the set of all proofs and by A}, (resp. Ag, etc.) the set of all proofs-in-store. a

We denote the sets of closed closures by Cy, and we identify again (c|7) with the closure ¢t when ¢
is closed in 7. We can now define the notion of pole, which has to satisfy an extra condition due to the
presence of delimited continuations

Definition 8.13 (Pole). A subset AL € Cj is said to be saturated or closed by anti-reduction whenever
for all (c|7),(c’|t’) € Cy, we have

(c't"ed) A (ct > c't") = (cr e 1)

It is said to be closed by store extension if whenever cr is in 1L, for any store 7’ extending 7, ct’ is also
in 1l:
(ctel) Az <t’) = (ct/ e )

It is said to be closed under delimited continuations if whenever c[e/tp]r (resp. c[V/tp]r) is in L, then
(,uﬁ).clle)r (resp (V| itp.c)T) belongs to L:

(cle/lr € 1) = (utp.cle)r € 1) (c[V/®lr € 1) = (VIit.c)r € 1)

A pole is defined as any subset of C, that is closed by anti-reduction, by store extension and under
delimited continuations. a
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We can verify that the set of normalizing command is indeed a pole:
Proposition 8.14. The set 1L = {ct € Cy : ct normalizes } is a pole.

Proof. The first two conditions have already been verified for the z[lvr*]-calculus. The third one is
straightforward, since if a closure (yﬁ).clle}r is not normalizing, it is easy to verify that c[e/ 1p] is not
normalizing either. Roughly, there is only two possible reduction steps for a command (utp.c|e)z: either
it reduces to {utp.c’|e)r’, in which case c[e/tp]r also reduces to a closure which is almost (c’z")[e/tp];
or c is of the shape (pllﬁ)) and it reduces to c[e/tp]r. In both cases, if (yﬁ).clle}r can reduce, so can
c[e/tp]r. The same reasoning allows us to show that if ¢[V/tp]7 normalizes, then so does (V| itp.c)r
for any value sV. O

We now recall the notion of compatible stores, which allows us to define an orthogonality relation
between proofs- and contexts-in-store.

Definition 8.15 (Compatible stores and union). Let 7 and 7’ be stores, we say that:

« they are independent and note 7#7’ when dom(r) N dom(z’) = 0.

« they are compatible and note 7 ¢ 7’ whenever for all variables a (resp. co-variables «) present in
both stores: a € dom(z) N dom(z’); the corresponding proofs (resp. contexts) in r and 7’ coincide.

« 7’ is an extension of T and we write 7 < 7’ whenever dom(7) C dom(z’) and 7 ¢ 7’.

« the compatible union 77’ of compatible closed stores 7 and 7’, is defined as join(r,7’), which

itself given by:
join(ro[a := p]ry,74[a == p]{) = 107, [a := pljoin(ry, 1)) (if To#1y)
join(r[a := e]ry, 75[a = e]7) = 07y [ = e]join(ry, 7] (if ro#7)
join(r,7’) & 17’ (if t#7’) |

The next lemma (which follows from the previous definition) states the main property we will use
about union of compatible stores.

Lemma 8.16. If7 and t’ are two compatible stores, thent <I ¢’ and v’ <I 71’. Besides, if T is of the form
To[x := t]ry, then T’ is of the form To[x := t]t] withy < 7y and 1 < 77.

We recall the definition of the orthogonality relation with respect to a pole, which is identical to
the one for the A, ,4]-calculus:

Definition 8.17 (Orthogonality). Given a pole 1L, we say that a proof-in-store (p|7) is orthogonal to
a context-in-store (e|r’) and write (p|r)lL(e|r’) if 7 and 7" are compatible and (p|e)rr’ € 1. The
orthogonality between terms and coterms is defined identically. a

We are now equipped to define the realizability interpretation of dLPA“. Firstly, in order to simplify
the treatment of coinductive formulas, we extend the language of formulas with second-order variables
X,Y,... and we replace v]ﬁxA by vi A[X(y)/f(y) = 0]. The typing rule for co-fixpoint operators then
becomes:

Trot:T T,x:T,b:Yy'X(@y)+° p: A X positivein A X ¢ FV(T)

I'+9 cofix) [p]:vi A

(cofix)

Secondly, as in the interpretation of dLg, through Lepigre’s calculus, we introduce two new predi-
cates, p € A for NEF proofs and ¢t € T for terms. This allows us to decompose the dependent products
and sums into:

VxTA £ Vx.(xeT — A) Ha:AB £ VYa.(aecA— B) (if a € FV(B))
WxTA & Ix(xeT - A Ma:AB £ A—B (if a ¢ FV(B))
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This corresponds to the language of formulas and types defined by:

N|T->U|teT
TILIX(t)|t=u|AAB|AVBlacA|Vx.A|IxA|VaA|v} A

Types T,U
Formulas A,B

and to the following inference rules:

F'r?v:A a¢FV(I) v 'rv:A x¢FV() ) T v Alt/x] @
F'r? v:VYa.A " 't v:VYx.A " o ov:dx.A 7
o . o . o .
I'+9 e: Alg/a] qNEF v I+ e: A[t/x] ) 'r%e:A x¢FV() @)

I+ e: (Ya. AL o e: (Vx. AL I e: (Ax. AL

PH p:A pNEF I e: AL (e I’F"it:T(ei) PHom: T (eh)

)
Tropiped ) Troe:(geAt TrHot:teT T (teT)t

These rules are exactly the same as in Lepigre’s calculus [108] up to our stratified presentation in a
sequent calculus fashion and modulo our syntactic restriction to NEF proofs instead of his semantical
restriction. It is a straightforward verification to check that the typability is maintained through the
decomposition of dependent products and sums.

Another similarity with Lepigre’s realizability model is that truth/falsity values will be closed under
observational equivalence of proofs and terms. To this purpose, for each store r we introduce the
relation =;, which we define as the reflexive-transitive-symmetric closure of the relation »:

t »; t' whenever 3’ Vx, ({t|m)r — {¢'|7)r’
p > g whenever I7"Vf ({plf)r — (qlf)7")

All this being settled, it only remains to determine how to interpret coinductive formulas. While
it would be natural to try to interpret them by fixpoints in the semantics, this poses difficulties for the
proof of adequacy. We will discuss this matter in the next section, but as for now, we will give a simpler
interpretation. We stick to the intuition that since cofix operators are lazily evaluated, they actually
are realizers of every finite approximation of the (possibly infinite) coinductive formulas. Consider for
instance the case of a stream

strlip = cofix%x[(px,b(S(x)))]

of type VJQXA(x) A f(S(x)) = 0. Such stream will produce on demand any tuple (p0, (p1,...(pn,01)...)

where [] denotes the fact that it could be any term, in particular str’;p. So that str?p should be a
successful defender of the formula

(A(0) A (A(1) A ...(A(n) A T)...)

Since cofix operators only reduce when they are bound to a variable in front of a forcing context,
it suggests to interpret the coinductive formula VJQXA(x) A X(S(x)) at level f as the union of all the
opponents to a finite approximation.
To this end, given a coinductive formula v§, A where X is positive in A, we define its finite approx-
imations by:
B eT Fi 2 AL, /X W)

+1

Since f is positive in A, we have for any integer n and any term ¢ that ||F welle S IF X, ]

finally define the interpretation of coinductive formulas by:

vk Al 2 | IFS, Iy
nelN

lr. We can
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Il = A7
Tl £ 0
IE@N; £ F(t)
el 2 {{(ﬁz.clr):crel} iftET%t
AJTC otherwise

lpeAly = {(VIr) €lAly:V = p}*s
IT - Bl = {(Vi-elt): (Vilr) €1t € Tly, A (elr) € |IBlle}

IA= Bl £ {(V-elr): (Vlr) € |Aly A (e|r) € [|Bll}

ITAAly = {(i(xa).clr) : Y2, Ve € ITI5,V € ALYt 07" = c[Vy/x]ze’[a:= V] € 1}
1AL A Al 2 {(i(ar,az).clt) : YT/, Vi € |ALT Vs € |Ap]T  r 0 T/ = crt’[ay = Vi][az := Vo] € 1L}
ALV Aolly & {(ilar.cilaz.co]lt) : V7',V € |A]T ,t o7/ = crr’[a; = V] € 1L}

Ix.A = Alt/x

Al (Qﬁf:itllld[i/a]cyﬂ#)ﬂf

IVa.Aly 2 (Nie, 1Alp/alll )"

IVEAllF £ Unen IF4 e

|Aly = IIAII;LV = {(Vlr) :Vfr',t ot A(flr') € lAlly = (VIr) L(F|z')}
l1Alle 2 AL = {(Elr) : YV, ot/ A(VIT') € |Aly = (VIr') L(El7))

|Alp 2 All,* = {(plr) : VET,z o7’ A (ElT’) € |Allp = (t7) L(El’)}

NIy, £ {(S™(0)lr),n e N}

lteTly, £ {(Vilt)€lTl,:V, =t}

IT—Uly, 2 {((Ax.tlr):VVio/,zot’ A (Vi) € |Tly, = (t[Vi/x]lr7’) € |U|;}
|T|, £ IAl‘J,Lt” = {(F|r) : Yor',t o " A (v|t’) € |Al, = (v]t”)LL(F|T)}
Tl 2 Azt = {(VI) : VFr',z ot/ A (Flz') € |Allp = (VIz) L (FI7))

where:

o p € S7 (resp. e,V ,etc.) denote (p|z) € S (resp. (e|r),(V]|7),etc.),
« Fis a function from A; to P(A})/ET.

Figure 8.8: Realizability interpretation for dLPA®

The realizability interpretation of closed formulas and types is defined in Figure[8.8|by induction on
the structure of formulas at level f, and by orthogonality at levels V,e,p. When S is a subset of (A7)
(resp. P(AL),P(AL),P(AL)), we use the notation S (resp. S™V, etc.) to denote its orthogonal set
restricted to AJZ (resp. AL, etc.):

S 2 ((flr) € AL :V(plt') € S,z 01" = (plfire’ € u)

At level f, closed formulas are interpreted by sets of strong forcing contexts-in-store (f|r). As
observed in the previous section, these sets are besides closed under the relation =, along their com-
ponent 7, we thus denote them by P(Afi) /=, Second-order variables X,Y,... are then interpreted by
functions from the set of terms A; to P(A}) /=, and as usual for each such function F we add a predicate

symbol F in the language.
We shall now prove the adequacy of the interpretation with respect to the type system. To this
end, we need to recall a few definitions and lemmas. Since stores only contain proof terms, we need
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to define valuations for term variables in order to close formulas?. These valuations are defined by the
usual grammar:
pu=¢|plx V]| p[X — F]

We denote by (p|7), (resp. p,, A,) the proof-in-store (p|r) where all the variables x € dom(p) (resp.
X € dom(p)) have been substituted by the corresponding term p(x) (resp. falsity value p(x)).

Definition 8.18. Given a closed store 7, a valuation p and a fixed pole 1L, we say that the pair (z, p)
realizes T, which we writdl (z, p) IF T, if:

—_

. forany (a: A) €T, (alr), € |A,lv
. for any (« :Ai}) €T, (alr), € lAplle

. for any {a|p} € 0,a=; p

= W N

. forany (x : T) € ', x € dom(p) and (p(x)|7) € [T, ly,

_l

We recall two key properties of the interpretation, whose proofs are similar to the proofs for the
corresponding statement in the Af;,«j-calculus (Lemma and Proposition :

Lemma 8.19 (Store weakening). Let ¢ and t’ be two stores such that t < t’, let T be a typing context,
let AL be a pole and p a valuation. The following statements hold:

1. /=1

2. If (plt), € |A,l, for some closed proof-in-store (p|r), and formula A, then (p|t’), € |A,ly. The
same holds for each level e ,E,V, f,t,m,V; of the interpretation.

3. If (z,p) IFT then (7/,p) IFT.

Proposition 8.20 (Monotonicity). For any closed formula A, any type T and any given pole 1., we have
the following inclusions:

|Aly < |Alp lAllf < [IAlle ITlv, < ITl:
Finally we can check that the interpretation is indeed defined up to the relations =;:

Lemma 8.21. For any store T and any valuation p, the component along t of the truth and falsity values
defined in Figure[8.8 are closed under the relation =, :

L if (flr), € |Apllf and A, =; By, then (f]7), € |IB,llf,
2. if (Vilt), € |Aply, and A, =; By, then (Vi|1), € |Bplo.

The same applies with |A,|p, l|Aplle, ete.

Proof. By induction on the structure of A, and the different levels of interpretation. The different base
cases (p € A,,t € T, t = u) are direct since their components along 7 are defined modulo =;, the other
cases are trivial inductions. O

Proposition 8.22 (Adequacy). The typing rules are adequate with respect to the realizability interpreta-
tion. In other words, if T is a typing context, I a pole, p a valuation and t a store such that (r,p) I T; o,
then the following hold:

1. If v is a strong value such thatT +° v : A or ' +q v : A;0, then (v|1), € |A,lv.

9 Alternatively, we could have modified the small-step reduction rules to include substitutions of terms.
190nce again, we should formally write (z, p) Iy T but we will omit the annotation by L as often as possible.
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If f is a forcing context such thatT v f : A% or T +4 f : A% 0, then (fIr), € lIA,llf.
If V is a weak value such thatT +° V : A or T +q V : A; 0, then (V|1), € |A,ly.

If e is a context such thatT +7 e : A" or T 4 e : A*; 0, then (e|r), € [|A,lle.

SANEN N

If p is a proof term such that T +7 p: A or T vy p : A;0, then (pl7), € |Aplp.
If Vi is a term value such thatT +° V; : T, then (V;|1), € |Tplv,.
If 7 is a term context such thatT +7 x : T, then (7|1), € |T)l,.

If t is a term such thatT v t : T, then (t|7), € |Tp|;.

o % N

If ©’ is a store such thatT +° ' : (I";)c’, then (z7’,p) IF (T,T'; 00").
10. If c is a command such thatT +° ¢ or T +q c; 0, then (c7), € L.

11. If ct’ is a closure such thatT' +° ct’ or I +g ct’;0, then (ct7’), € AL.

Proof. The proof is done by induction on the typing derivation such as given in the system extended
with the small-step reduction ~~5. Most of the cases correspond to the proof of adequacy for the in-
terpretation of the I[lm*]—calculus, so that we only give the most interesting cases. To lighten the
notations, we omit the annotation by the valuation p whenever it is possible.

« Case (3,). We recall the typing rule through the decomposition of dependent sums:

F't9t:ueT T+ p:Alu/x]
T+r (t,p): (ueTAA[u))

By induction hypothesis, we obtain that (t|z) € |u € T|; and (p|r) € |A[u]|,. Consider thus any
context-in-store (e|r’) € ||lu € T A A[u]|| such that 7 and 7’ are compatible, and let us denote by 7, the
union 77’. We have:

((t.p)leyyto ~s (plitptlfix(tplia.{(x,a)le)))pTo

so that by anti-reduction, we need to show that jitp.(t|jix.(tp|fia.{(x,a)|e))) € ||A[u]|l.. Let us then
consider a value-in-store (V|z;) € |A[u]|y such that 7y and 7 are compatible, and let us denote by 7; the
union KTO'. By closure under delimited continuations, to show that (V| itp.(t| ix.(tp| ia.{(x, a) e,
is in the pole it is enough to show that the closure (t|fix.(V|fa.((x,a)|e)))r; is in AL,. Thus it suffices
to show that the coterm-in-store (fix.(V|fa.{(x,a)le))|r1) isin |u € T|,.

Consider a term value-in-store (V;|7{) € |u € Tly,, such that 7; and 7 are compatible, and let us
denote by 7, the union TT{ We have:

Velpx (Vlpal(x,a)|e)))r2 ~s (VIia{(Ve,a)le))zz ~s ((Vi,a)le)rz[a = V]

It is now easy to check that ((V;,a)|rz[a := V]) € lu € T A Alu]ly and to conclude, using Lemma
to get (e|rz[a :=V]) € |lu € T A A[u]lle, that this closure is finally in the pole.

« Case (=,),(=;). These cases are direct consequences of Lemma since if A, B are two formulas
such that A = B, in particular A =; B and thus |A|, = |B|,.

« Case (refl),(=;). The casefor reflis trivial, while itis trivial to show that (ji=.(ple)|r) isin ||t = ul|f
if (plr) € |A[t]l, and (e|7) € ||A[u]lle. Indeed, either + =, u and thus A[t] =, A[u] (Lemma or
t #- uand ||t = ullf = A}.
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+ Case (V7). This case is standard in a call-by-value language with value restriction. We recall the
typing rule:
'r°v:A x¢FV(I)
't v:Vx.A

)

The induction hypothesis gives us that (v|r), is in |A,|y for any valuation p[x + t]. Then for any ¢,
we have (v|7), € ||Ap[t/x]||;L” so that (v|7), € (N;ea, ||A[t/x]||jf”). Therefore if (f|7’), belongs to

IVx.Apllf = (Nyea, IAlL/x] ||flv)lf, we have by definition that (v|7),L(f|7”),.

« Case (ind). We recall the typing rule:

Trt:IN T+ po: A[0/x] T,x:T,a:Ar ps: A[S(x)/x]
T+ ind., [po | ps] : Alt/x]

(ind)

We want to show that (ind!  [po | ps]it) € |A[¢] |p, let us then consider (e|z’) € [|A[t]|l. such that 7 and
7’ are compatible, and let us denote by 7, the union 77’. By induction hypothesis, we havél't € |t € N,
and we have:

(ind} [po | pslle),to ~ (uip(tliiy-(alp)la := indY [po | psIle)pto

so that by anti-reduction and closure under delimited continuations, it is enough to show that the
coterm-in-store (jy.(ale)[a := indzx [po | psllizo) isin |t € N|,. Let us then consider (V;|zy) € |t € Nly,
such that 7y and 7 are compatible, and let us denote by 7; the union 7y7;. By definition, V; = 5"(0) for
some n € N and t =, $”(0), and we have:

(™(0)liy-Calle)la := ind! [po|ps]ir ~s (ale)ra[a := ind}. [po | ps]]

We conclude by showing by induction on the natural numbers that for any n € N, the value-in-store

(a|lti[a := indg;(o) [po | ps]]) is in |A[S™(0)]]y. Let us consider (f]|z{) € ||A[S"(0)]||f such that the store

570

b )[po | ps]] and 7 are compatible, and let us denote by 73[a := indiz(o) [po | ps]lz, their

7i[a := ind
union.

« If n = 0, we have:

(alf)rzla = indy [po | ps]]ry ~s (pol iaal f)z;)7s

We conclude by anti-reduction and the induction hypothesis for py, since it is easy to show that

(faal frylz) € IA[O]e.

« If n = S(m), we have:
3 gS(S™(0)) ’ m ’ ~ ’ r_ s 1S™(0)
(@l f)esla = ind>" O py | pslles ~s (ps[S™(0)/x][’ [blliaal £)zg)pralt’ := indS @ [po | ps]]
Since we have by induction that (b’|z,[b" := indi:(o) [po | ps]]) isin |A[S™(0)]|yv, we can conclude

by anti-reduction, using the induction hypothesis for ps and the fact that (jia.(a| f),|72) belongs
to IA[S(S™(0))]lle-

HRecall that any term t of type T can be given the type t € T.
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+ Case (cofix). We recall the typing rule:

Trot:T T,x:T,b:Yy'X(y)+° p: A X positivein A X ¢ FV(T)
I +9 cofix [p] A

7 (cofix)
SVEL
We want to show that (cofix] [p]|r) € |[vi Alp, let us then consider (e|r”) € ||v§, All, such that 7 and

t’ are compatible, and let us denote by 7, the union r7’. By induction hypothesis, we have t € |t € T|,
and we have:

(cofixt [plle)ymo ~=s (utb(tly.cal®)la := cofix!, [pIDle)pmo
so that by anti-reduction and closure under delimited continuations, it is enough to show that the
coterm-in-store (fiy.{ale)[a := cofixgx[p]]lro) is in |t € N|,. Let us then consider (V;|75) € |t € Tly,

such that 7y and 7 are compatible, and let us denote by 7, the union ?TOI We have:
(Velfiy(ale)[a = cofix} [p]])r ~; (alle)rs[a = cofix," [p]]

It suffices to show now that the value-in store (a|r{[a := cof ixZ; [p]]) is in |v¥txA|V. By definition, we

have:
Vi AL
v Alv = (B 0™ = (Y IER I = () IFR v
neN neN nelN

We conclude by showing by induction on the natural numbers that for any n € N and any V;, the
. .V .
value-in-store (alz;[a := cofix,’ [p]]) is in |F2,Vt|V'
The case n = 0 is trivial since |F,?1 v, lv = |Tlv = Aj,. Let then n be an integer and any V; be a term

+1
Vi

us denote by 13[a := cof ix;)/; [p]l]r, their union. By definition, we have:

value. Let us consider (f|z]) € ||[F}, Allf such that 71[a := cofixZ; [r]] and 7] are compatible, and let

(al fyrala = cofix," [pllry ~s (p[Vi/x][b'/b]lfiaal fHzy)m[b’ = Ay.cofix] [p]]

It is straightforward to check, using the induction hypothesis for n, that (b’|z,[b’ := Ay.cof iXZx lp1D)
isin VyyeT —» F Z,ylV' Thus we deduce by induction hypothesis for p, denoting by S the function
t = IFy ,lr, that:

PV /X110 Bimalb o= Ay.cofix! [p]]) € ATV:/x10S/XTlp = ATVA /x1LFL /X ()]lp = I3,

+1

It only remains to show that (fia.(al f)z,|72) € ||F} v,

|le, which is trival from the hypothesis for f. O
We can finally deduce from Propositions and|[8.22|that dLPA® is normalizable and sound.

Theorem 8.23 (Normalization). If T +7 c, then c is normalizable.

Theorem 8.24 (Consistency). ¥ gipao p: L

Proof. Assume there is such a proof p, by adequacy (ple) is in | L|, for any pole. Yet, the set 1L £0isa

valid pole, and with this pole, | L|, = 0, which is absurd. m|

8.4.2 About the interpretation of coinductive formulas

While our realizability interpretation finally gave us a proof of normalization and soundness for dLPA“,
it has two aspects that we could find unsatisfactory. First, regarding the small-step reduction system,
one could have expected the lowest level of interpretation to be v instead of f. Moreover, if we observe
our definition, we notice that most of the cases of || - ||¢ are in fact defined by orthogonality to a subset
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of strong values. Indeed, except for coinductive formulas, we could indeed have defined instead an
interpretation | - |,, of formulas at level v and then the interpretation || - || by orthogonality:

Ll £ 0
N {refl ift=u
It = ulv =
0 otherwise
lpeAl, = {(vlr)€lAl:v=,p) o
IT = Bl, = {(Axple):VV,o',z 00’ A(Vile') € [Tly = (p[Ve/x]lz7’) € |Bly)
|JA—> Bl, £ {(Raplr):YVi',rot' A(VIZ') € |Aly = (plrt’[a:=V]) € |Bly}
ITAAL, = {(Ve,V)I) : (Vil7) € [Tly, A (VI7) € |Azly}
AL A Azly = (L, W)IT) + (Vi) € |Adly A (Velt) € |Azly)
A1V Azl £ {((V)I7) : (VIT) € Ailv)
Fx.Al, = Usea, IA[E/x]lo
IVx.Alo £ Niea, JALE/X]lo
VaAl, & Npea, lAlP/x]lo
Al £ {(flr) : Yor',t ot/ A (vr') € |Alp = (v|r’)IL(F|T)}

If this definition is somewhat more natural, it poses a problem for the definition of coinductive
formulas. Indeed, there is a priori no strong value in the orthogonal of ||VJ€UA|| 7, which is:

vk, Al e = () IES ™ = () UFS, ™)

nelN nelN

For instance, consider again the case of a stream of type v?xA(x) A f(S(x)) = 0, a strong value in the
intersection should be in every |A(0) A (A(1) A ...(A(n) A T)...)ly, which is not possible due to the
finiteness of terms™ Thus the definition |V;UA|U 2 MuenN |F} | would give Iv;xAIU =0=|L],.

Interestingly, and this is the second aspect that we do not find completely satisfactory, we could
have define instead the truth value of coinductive formulas directly by :

Ve Al £ 1A[/x] [v]?xA/f(y) =0]lo

Let us sketch the proof that such a definition is well-founded. We consider the language of formulas
without coinductive formulas and extended with formulas of the shape X () where X,Y, ... are param-
eters. At level v, closed formulas are interpreted by sets of strong values-in-store (v|7), and as we
already observed, these sets are besides closed under the relation =, along their component 7. If A(x)
is a formula whose only free variable is x, the function which associates to each term ¢ the set |A(t)|,
is thus a function from A; to P(A%)=_, let us denote the set of these functions by .Z".

Proposition 8.25. The set £ is a complete lattice with respect to the order < ¢ defined by:

F<y GEVte A F(t) CG(1)

Proof. Trivial since the order on functions is defined pointwise and the co-domain P (A?Y) is itself a
complete lattice. O

12¥et, it might possible to consider interpretation with infinite proof terms, the proof of adequacy for proofs and contexts
(which are finite) will still work exactly the same. However, another problem will arise for the adequacy of the cofix operator.
Indeed, with the interpretation above, we would obtain the inclusion UnE]N(”Fz’ Al f) C (NneN |Fz’ ‘ | = V;xA” I which

is strict in general. By orthogonality, this gives us that |V}XA|V € Unen(lIFZ I f))i'-V, while the proof of adequacy only
proves that (a|zr[a := cofixi[x]p]) belongs to the latter set.
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We define valuations, which we write p, as functions mapping each parameter X to a function
p(X) € Z. We then define the interpretations |AlD, ||A||J’,) ,... of formulas with parameters exactly as

above with the additional rulé2:

IX(1)I5 = {(vlr) € p(X) (1)}

Let us fix a formula A which has one free variable x and a parameter X such that sub-formulas of
the shape X t only occur in positive positions in A.

Lemma 8.26. Let B(x) is a formula without parameters whose only free variable is x, and let p be a
valuation which maps X to the function t — |B(t)|,. Then |AlL = |A[B(t)/X(t)]l.

Proof. By induction on the structure of A, all cases are trivial, and this is true for the basic case A = X (t):

IX(0)I5 = pX)(t) = IB()lo

Let us now define ¢4 as the following function:

|z - A
AN F o t - |A[t/x] Z[)XHF]

Proposition 8.27. The function ¢4 is monotone.

Proof. By induction on the structure of A, where X can only occur in positive positions. The case |X(¢)|,
is trivial, and it is easy to check that truth values are monotonic with respect to the interpretation of
formulas in positive positions, while falsity values are anti-monotonic. O

We can thus apply Knaster-Tarski theorem to ¢4, and we denote by gfp(¢a) its greatest fixpoint.
We can now define:

Vi Alo = gfp(pa)(t)

This definition satisfies the expected equality:

Proposition 8.28. We have:
[vieAlo = ALt /x][vy A/X )]l

Proof. Observe first that by definition, the formula B(z) = [v§  Al, satisfies the hypotheses of Lemma(8.26]
and that gfp(@4) =t — B(t). Then we can deduce :

Ve Aly = gfp(0a) () = 0a(gfp(pa)) (1) = 1A[t/x]IEEPC = Al/x] v A/X ()]l
a

Back to the original language, it only remains to define |V}XA|U as the set IV)t(xA[X )/ f(y) =0]l,
that we just defined. This concludes our proof that the interpretation of coinductive formulas through
the equation in Proposition is well-founded.

We could also have done the same reasoning with the interpretation from the previous section, by
defining .Z as the set of functions from A; to P (A})Er. The function ¢4, which is again monotonic, is
then:

2 - <z
ANV F b ot |A[t/x] LXHF]

BObserve that this rule is exactly the same as in the previous section (see Figure .
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We recognize here the definition of the formula F)} ,. Defining f 0 as the function t Tl and

FL 2 pa(f™) we have:
Yn e NIIF, Il = f™(8) = o4 (f*) (1)

However, in both cases (defining primitively the interpretation at level v or f), this definition does
not allow us to prové™ the adequacy of the (cofix) rule. In the case of an interpretation defined at
level f, the best that we can do is to show that for any n € N, " is a post-fixpoint since for any term
t, we have:

fr@) = 1FL Nl S NEL Ml = £ (1) = ea(FM()
With || v}xAll r defined as the greatest fixpoint of ¢ 4, for any term ¢ and any n € IN we have the inclusion
fm(0) € gfp(pa)(t) = llvy, Ally and thus:

J ez = U £ < v Al

nelN nelN

By orthogonality, we get:

i Aly € [ IFS,Iv
neN
and thus our proof of adequacy from the last section is not enough to conclude that cofix; [p] €
|v]€xA|p. For this, we would need to prove that the inclusion is an equality. An alternative to this would
be to show that the function t — |J, N IIF X’ (lr is a fixpoint for g 4. In that case, we could stick to this
definition and happily conclude that it satisfies the equation:

IvieAlly = AL /x][vy A/X )]l

This would be the case if the function ¢4 was Scott-continuous on .Z (which is a dcpo), since we
could then apply Kleene fixed-point theorem™ to prove that t > |, e IIF 'w.¢ |l is the stationary limit
of ¢’ (fo). However, ¢4 is not Scott-continuous™ (the definition of falsity values involves double-
orthogonal sets which do not preserve supremums), and this does not apply.

8.5 Conclusion and perspectives

Recap of the journey In the end, we met our main objective, namely proving the soundness and
the normalization of a language which includes proof terms for dependent and countable choice in
a classical setting. This language, which we called dLPA®, provides us with the same computational
features as dPA® but in a sequent-calculus fashion. The calculus indeed includes co-fixpoint operators,
which are lazily evaluated. To this end, dLPA® uses the design of the I[lw*]—calculus of Ariola et
al. [4], which we equipped in Chapter [6 with a type system and which we proved to be normalizing.
In addition, the proof terms of dLPA“ are dependently typed thanks to a restriction of dependencies
to the negative-elimination-free fragment which makes them compatible with classical logic. These
computational features allows dLPA® to internalize the realizability approach of [15] [40]] as a direct
proofs-as-programs interpretation: both proof terms for countable and dependent choices furnish a

14To be honest, we should rather say that we could not manage to find a proof, and that we would welcome any suggestion
from insightful readers.

15In fact, Cousot and Cousot proved a constructive version of Kleene fixed-point theorem which states that without any
continuity requirement, the transfinite sequence (¢4 (f 0))a€on is stationary [30]. Yet, we doubt that the gain of the desired
equality is worth a transfinite definition of the realizability interpretation.

1611 fact, this is nonetheless a good news about our interpretation. Indeed, it is well-know that the more “regular” a model
is, the less interesting it is. For instance, Streicher showed that the realizability model induced by Scott domains (using it as
a realizability structure) was not only a forcing model by also equivalent to the ground model.
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lazy witness for the ideal choice function which is evaluated on demand. At the risk of repeating
ourself, this interpretation is in line with the slogan that with new programing principles—here the
lazy evaluation and the co-inductive objects—come new reasoning principles—here the axioms ACn
and DC.

In our search for a proof of normalization for dLPA®, we developed novel tools to study these side-
effects and dependent types in presence of classical logic. On the one hand, we set out in Chapter|[7|the
difficulties related to the definition of a sequent calculus with dependent types. We proposed a formal-
ism, dLg,, which restricts the dependencies to proofs in the NEF fragment together. This restriction is
strengthened with an evaluation of dependently typed computations within delimited continuations;
while the type system is enriched with an explicit list of dependencies. This provides us with a calculus
whose reduction is safe, and which has the advantage of being suitable for a typed continuation-passing
style translation carrying the dependencies.

On the other hand, we defined a typed continuation-and-store passing style translation for the
I[lm*] -calculus, which we related to Kripke forcing semantics. Besides, we saw how to handle laziness
and explicit stores in a realizability interpretation a la Krivine. This might be a first step toward new
interpretations of different axioms using laziness within Krivine classical realizability. In a long term
perspective, it would be interesting to understand the impact of laziness and stores on the corresponding
realizability algebras. More generally, the algebraic models that we study in the last part of this thesis
are oriented toward the call-by-name and the call-by-value evaluation strategies. While it is probably
the case that these structures could be modified to obtain call-by-need algebras, the structure of such
algebras is not obvious a priori.

Comparison with Krivine’s interpretations of dependent choice At the end of the day, we pre-
sented a calculus, dLPA®, with the nice property of allowing for the direct definition of a proof term for
the axiom of dependent choice. Beside, we prove the normalization and soundness of dLPA® by means
of a realizability interpretation a la Krivine. Yet, the computational content we give to the axiom of
dependent choice is pretty different of Krivine’s usual realizer of the same [94]]. Indeed, our proof uses
dependent types to get witnesses of existential formulas, and represents the choice function through
the lazily evaluated stream of its values. In turn, Krivine realizes a statement which is logically equiv-
alent to the axiom of dependent choice thanks to the instruction quote, which injectively associates a
natural number to each closed A.-term. In particular, such an instruction allows to compare the codes
of two programs, so that terms of the A.-calculus extended with quote can reduce differently according
to the code of the arguments they are given. In a more recent work [102], Krivine proposes a realiz-
ability model which has a bar-recursor and where the axiom of dependent choice is realized using the
bar-recursion. This realizability model satisfies the continuum hypothesis and many more properties,
in particular the real numbers have the same properties as in the ground model. However, the very
structure of this model, where A is of cardinal 8; (in particular infinite streams of integer are terms),
makes it incompatible with the instruction quote.

It is clear that the three approaches are different in terms of programming languages. Nonetheless,
it could be interesting to compare them from the point of view of the realizability models they give rise
to. We did not study at all this question for dLPA®, especially we do not know whether it is suitable
to define the same model of ZF + = AC + — CH (set theory with the negation of the axiom of choice
and the negation of continuum hypothesis). Neither do we know if the induced model is compatible
with the quote instruction (we conjecture that it is). It might be the case that our approach can be
related with the one with a bar-recursor in [102]. In particular, our analysis of the interpretation of
co-inductive formulas may suggest that the interest of lazy co-fixpoints is precisely to approximate the
limit situation where A has infinite objects.

The study of the structures of Krivine realizability models is already a hard question, and so is in
general the problem of determining the consequences that a particular set of instructions or a specific
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pole might have on on the model™. Nonetheless, the question still holds.

Reduction of the consistency of classical arithmetic in finite types with dependent choice to
the consistency of second-order arithmetic The standard approach to the computational content
of classical dependent choice in the classical arithmetic in finite types is via realizability as initiated by
Spector [150] in the context of Godel’s functional interpretation, and later adapted to the context of
modified realizability by Berardi et al [15]]. In the different settings of second-order arithmetic [97] and
classical realizability, Krivine [94] gives a realization of a formulation of dependent choice over sets of
numbers using side-effects (a clock or a quote operator).

In all these approaches, the correctness of the realizer, which implies consistency of the system,
is itself justified by a use at the meta-level of a principle classically equivalent to dependent choice
(dependent choice itself in Krivine, bar induction or update induction [16] in the case of Spector or
Berardi et al).

Our approach is here different. Not only we directly interpret proofs of dependent choice in classical
arithmetic computationally but we propose a path to a computational reduction of the consistency of
classical arithmetic in finite types (PA®) to the one of the target language Fy. This system is an extension
of system F, but it is not clear whether its consistency is conservative of not over system F. Ultimately,
we would be interested in a computational reduction of the consistency of dPA® or dLPA® to the
one of PA2, that is to the consistency of second-order arithmetic. While it is well-known that DC is
conservative over second-order arithmetic with full comprehension (see [149, Theorem VIL.6.20]), it
would nevertheless be very interesting to have such a direct computational reduction. The converse
direction has been recently studied by Valentin Blot, who presented in [18]] a translation of System F
into a simply-typed total language with a variant of bar recursion.

7To quote the last PhD student in date who attempted to define purpose-oriented realizability models [2], they are like
Forrest’s Gump chocolates boxes, “you never know what you’re gonna get”.
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