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Definition
A sequence (xp)nen in [0, 1] is uniformly distributed if and only if
for every interval [a, b[C [0, 1]

L
lim N Z 11 p((xi) = A([a, b[)
i=1
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Definition
Given a sequence (xp)nen in [0, 1], the quantity

N
DN(Xn) = sup Z [a,b] Xn) - [a b[) (1)

0<a<b<l

is called discrepancy of (xp)nen-



Classical example: van der Corput sequence in base b

Fix an integer b > 2. Then, every n € N has a unique expansion

n= €jb
>0

with ¢j € {0,1,..., b —1}.



Classical example: van der Corput sequence in base b

Fix an integer b > 2. Then, every n € N has a unique expansion

n= €jb

with ¢; € {0,1,...,b—1}.
Define the map ¢ : N — [0, 1] by

Db Zej-bj :Zej-b_j_l.

Jj=0 j20

Then the sequence
((z)b(n))neN

is the van der Corput sequence in base b.
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e Fix by, by > 1 positive integers. If gcd(by, bo) = 1, then the
sequence

(d)bl(n)’ ¢)b2(n))n€N

is called Halton sequence and it is low-discrepancy.



Extensions of the van der Corput sequence

e Multidimensional version
e Fix by, by > 1 positive integers. If gcd(by, bo) = 1, then the
sequence

(¢b1(n)’ ¢)b2(n))n€N

is called Halton sequence and it is low-discrepancy.

e Irrational base (8

e Fix an irrational 8 > 1. If § is Pisot and all its conjugates
belong to {z € C: |z| < 1}, then the sequence

(¢5(n))nen

is low-discrepancy.



Let 5> 1and g € R. Let f3: [0,1[— [0, 1] be the S-adic
transformation. Let A=Z N[0, 8[. Then we have the following
fibred system ([0, 1], f3):

s
a{ F
Q Q

o is the one-sided shift and ¢ is the representation map defined by

g

p(x)(n) =€, if % < ff(x) < (6’; D}




Let dg(1) the -expansion of 1 and
Xg={weQ:VneNo"w < ds(1)}.

Define pg : Xg — [0, 1] by

pala) = > el@)p
i=0
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Definition
Let (Gp)n>0 be an increasing sequence with Go =1 and G, € N.
Then every n € N can be written as

where g,(n) € {0, ..., | Gk+1/Gk|}. This expansion is unique and
finite, provided that for every K > 0

PN
—

ex(n) Gy < Gk. (2)
0

x
Il

K¢ is the subset of sequences that verify (2) and the elements in
K¢ are called G-admissible.



Let Go =1 and Gy = agGk_1+ -+ 3a,k_1Gop+ 1 for k < d and
Gnyd = a0Gpyd—1+ - +ag-1G,, n>d,

and 302...23‘1,121.



Let Go =1 and Gy = agGk_1+ -+ 3a,k_1Gop+ 1 for k < d and
Gnyd = a0Gpyd—1+ - +ag-1G,, n>d,

and ag > ... > ag_1 > 1. The solution 5 of the characteristic
equation of the numeration system G

Xd = agxd_l + ...+ ag-1-

is a Pisot number.



Theorem (Grabner-Liardet-Tichy 1995)
(Kg, A, p, 7) is uniquely ergodic.



Theorem (Grabner-Liardet-Tichy 1995)
(Kg, A, p, 7) is uniquely ergodic.

[0,1] — > [0,1]



e Fix an irrational basis 5 > 1 and consider

QSB: ’CG—>R+

9s(n) = s (Z q(n)Gj) =Y (st

j=z0 j>0



e Fix an irrational basis 5 > 1 and consider

QSBZ ’CG—>R+

¢p(n) = g Zej(n)Gj = Zﬁj(n)ﬁ_j_l ‘

Jj=0 Jj=0

e Is the image of K¢ under ¢4 contained and dense in [0, 1[7



Lemma
Let a = (ao,...,aq—1) be the decreasing coefficients defining G
and

d d—1
X" = agx + ...+ ag-1

be the minimal polynomial of 3. Then ¢5(N) C [0,1) is dense in
[0, 1] if and only if either

a:(ao,...,ao)

or
a=(ap,a0—1,...,30 — 1, a) ,

where ag > 0.



Lemma
Let
Gntd = a(Gpig-1+-+Gp), n=>d,

with a > 0 and let B denote the corresponding characteristic root.
Then u(Z) = XN ¢g(Z)) for every cylinder set Z in Kg.
Moreover ¢ is bijective in [0, 1].



Lemma
Let
Gn+d:a(Gn+d—1+"'+Gn)a nZdv

with a > 0 and let B denote the corresponding characteristic root.
Then u(Z) = XN ¢g(Z)) for every cylinder set Z in Kg.
Moreover ¢ is bijective in [0, 1].

The system ([0, 1[, A, T), with T =¢goTo cb[;l is uniquely
ergodic.



Theorem

Let G, ...

, G® be numeration systems given by

G,}.Hj — bl(Gn+d—1 + -+ Gn)v n> d 5

G,?+d - b2(Gn+d—1 + 4 Gn)y n Z d 5

Grsr—l-d = bs(Gpyg—1+---+Gp), n>d,

with pairwise coprime, positive integers b;. Furthermore let
k

% ¢ Q, for all I, k € N, where p1, ..., s denote the characteristic
J

roots of the numerations systems. Then

((’Ccl,Tl) X ... X (/CGs,TS)) s

is uniquely ergodic.



The (3-adic Halton sequence is given as

(68(n))nen = (05,(n), - .-, dp,(n))nen
where B8 = (51,...,0s).



Theorem

Let the numeration system G be defined by the coefficients

(ao, a1,a2) = (1,0,1), B be its characteristic root and T the
odometer on G. Then p(Z) = X(¢(Z)) for all cylinder sets Z.
Thus T(x) =¢goTo ¢E1(x) is uniquely ergodic and (T"x)pen is
u.d. for all x in [0,1).



