Tilings with S-adic Rauzy fractals
Wolfgang Steiner
(joint work with Valérie Berthé and Jorg Thuswaldner)
LIAFA (CNRS, Université Paris Diderot — Paris 7)

FAN kickoff workshop, LIAFA, May 2, 2013



Codings of translations on the torus

Sturmian words are codings of rotations on T*

Rauzy'82:
Tribonacci word is the coding of a translation on T?

Conjecture by Arnoux and Rauzy:
each Arnoux-Rauzy word is the coding of a translation on T?

Cassaigne—Ferenczi—Zamboni’00:
there are Arnoux-Rauzy words that are not codings of translations

We show that almost all Arnoux-Rauzy words are codings of
translations on T?



S-adic words

Let (0n)nen be a sequence of substitutions over the alphabet
A={1,2,...,d}. we AV is a limit word of (op)nen if

W(O) = w, w(n) = O‘H(w(n+1)) for all n € N.

for some words w("; w is an S-adic word with S = {0, : n € N}.



S-adic words

Let (0n)nen be a sequence of substitutions over the alphabet
A={1,2,...,d}. we AV is a limit word of (op)nen if

w® =w, W= an(w("+1)) for all n € N.
for some words w("; w is an S-adic word with S = {0, : n € N}.

Example
Arnoux-Rauzy words on A = {1,2,3}: S = {1, a0, a3},

ar: 1 — 1 ar: 1 — 21 az: 1 — 31
2 — 12 2 = 2 2 — 32
3 — 13 3 — 23 3 — 3

e.g.

w =1121131121112113112111211311211211311211121131121 - - -

= 1(1213121121312112131212131211213121 - - -)
= a11(2321232123223212321 - - )

= ajayap(3131323131 - -+ )

= ajajapaz(11211-- )



Periodic case (fixed point of a substitution)

If wP) = w, then
w=0001 - 0p_1(w)

has a periodic directive sequence (0,)pen-

Example
Tribonacci sequence

w = armaz(w) = 7(w)

aiapasz s 1 — 1213121 T
2 +— 121312
3 — 1213
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10203 = ’7'3
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Broken line

The abelianisation map on A* is
£ A 5N wes H(|wlg, (wlo, .. | wlg),

where |w/|; denotes the number of occurrences of the letter j in w.
The broken line associated with w = wow; - - - € AN has vertex set

{E(W[O,n)) ‘ne N}, where Wio,n) = Wow1 "+ Wn—1-

Example
w = 1121131121112113112111211311211211311211121131121 - - -



Rauzy fractal

| [On‘

If the letter frequencies f; = lim,_ exist, let

u:t(flvféa"'afd)

be the frequency vector of w. Let m,, be the projection along u
onto a hyperplane v, v € R 20 \{0}. The Rauzy fractal (in v L) is

Ry = {muy £(wjo,n)) : n € N}.

A particular role will be played by Ry, 1 =*(1,...,1).



Subtiles and domain exchange
The Rauzy fractal has subtiles

Ru(i) = {muy b(wio,ny) : n €N, w, = i}. -

Ru(3) *
domain exchange Ry(i) — Ry(i) + mu v £€(i)

i) —£(j) €1t nz? = mu1£(i)=mu1£()) mod 1+ Nz



Covering and tiling of 1+

Lemma
Assume that Rq is compact. Then

(1t Nz + Ry =1+

if and only if i, f, ..., fy are rationally independent.

(0 -1 1) + R1
(0,0,0)" + Ry

(1,-1,0)"+ Ry

(— 101) —|—731 =




Covering and tiling of 1+

Lemma
Assume that Rq is compact. Then

(1t Nz + Ry =1+

if and only if i, f, ..., fy are rationally independent.

(0 -1 l) +R1
(0,0,0)" + Ry

(1,-1,0)"+ Ry

(— 101) —I—Rl =

For which w € AN, the collection
= {x+Ru(i) : xe 1t NZ7, i€ A}
forms a tiling of 117



Domain exchange and tiling for the Tribonacci sequence

Ru(1), Rv(2), Ry(3) Ry(i) + muy £(1)

{x+Ry:xeltnz}



Spectrum of the symbolic dynamical system
The symbolic dynamical system generated by w € A" is (X,,, ¥),
with X the shift on AN, ie., £((wn)nen) = (Wni1)nen, and

X, ={X"(w)| ne N}

(closure w.r.t. product topology of discrete topology on A).
For most S-adic words w, (X, X) is uniquely ergodic.



Spectrum of the symbolic dynamical system

The symbolic dynamical system generated by w € A" is (X,,, ¥),
with X the shift on AN, ie., £((wn)nen) = (Wni1)nen, and

X, ={X"(w)| ne N}

(closure w.r.t. product topology of discrete topology on A).
For most S-adic words w, (X, X) is uniquely ergodic.

Define the representation map
o: Xy = Ry, (Un)neN = ﬂ RV(U[O,/())7
keN

with RV(U[O,k)) = {7Tu,v E(W[O,n)) tne N7 Wn,n+k) = U[O,k)}y
if Nyken Ru(vo,k)) is a single point for each (vp)nen € X,




Spectrum of the symbolic dynamical system

The symbolic dynamical system generated by w € A" is (X,,, ¥),
with X the shift on AN, ie., £((wn)nen) = (Wni1)nen, and

X, ={X"(w)| ne N}

(closure w.r.t. product topology of discrete topology on A).
For most S-adic words w, (X, X) is uniquely ergodic.

Define the representation map
o: Xy = Ry, (Un)neN = ﬂ RV(U[O,/())7
keN

with RV(U[O,k)) = {7Tu,v E(W[O,n)) tne N7 Wn,n+k) = U[O,k)}y
if Nyken Ru(vo,k)) is a single point for each (vp)nen € X,

Lemma

If Cy forms a tiling of 1+ and ¢ is well defined, then (X,,,X) is
measurably conjugate to + 1 £(i) on 11 /(1+ NZ9) ~ T4,
hence (X, L) has purely discrete spectrum. (cf. Pisot conjecture)



Balanced words
A pair of words u,v € A* with |u| = |v| is C-balanced if
—CS’U’J'—‘VL'SC VJEA
w € AN is C-balanced if each pair of factors u, v of w with |u| = |v|
is C-balanced; w is balanced if w is C-balanced for some C.

Lemma
The Rauzy fractal R, is compact if and only if w is balanced.



Balanced words
A pair of words u,v € A* with |u| = |v| is C-balanced if
—C<|ulj—|v;<C VjeA

w € AV is C-balanced if each pair of factors u, v of w with |u] = |v|
is C-balanced; w is balanced if w is C-balanced for some C.
Lemma

The Rauzy fractal R, is compact if and only if w is balanced.

Examples (Berthé—Cassaigne-St '13)
Let w be an Arnoux-Rauzy word on A = {1,2,3}, 0, = ay,.
» If Zn € N with t, = thy1 =+ = thk (i.e., weak partial
quotients are bounded by h), then w is (2h+1)-balanced.

» Let X be the set {1121,1122,12121, 12122} together with
the words obtained by permutations of letters.
If tot1to - -+ has no factor in X, then w is 2-balanced.

» Cassaigne—Ferenczi—Zamboni '00 construct unbalanced
Arnoux-Rauzy words on 3 letters.



Irrationality and contraction properties
Let M, = (|on(j)|i)ijea be the incidence matrix of o,

Oln,ntk) = OnOn+1 - Ontk—1s Mipnik)y = MaMppr - Mpyp1.
We call a sequence of substitutions (¢,)pen
> primitive if Vn € N 3k € Nt M, ny ) > 0,

> irreducible if Vn € N the characteristic polynomial of M, ;)
is irreducible for all sufficiently large k.



Irrationality and contraction properties
Let M, = (|on(j)|i)ijea be the incidence matrix of o,
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We call a sequence of substitutions (¢,)pen
> primitive if Vn € N 3k € Nt M, ny ) > 0,
> irreducible if Vn € N the characteristic polynomial of M, ;)
is irreducible for all sufficiently large k.

Lemma

Let (op)nen be an irreducible sequence of substitutions with
balanced limit word w. Then the coordinates of the frequency
vectoru = *(f,f, ..., fy) of w are rationally independent.



Irrationality and contraction properties
Let M, = (|on(j)|i)ijea be the incidence matrix of o,

O[nntk) = OnOnt1 " Ontk—1s Minnik)y = MaMpy1 - Mpik—1.

We call a sequence of substitutions (¢,)pen
> primitive if Vn € N 3k € Nt M, ny ) > 0,
> irreducible if Vn € N the characteristic polynomial of M, ;)
is irreducible for all sufficiently large k.

Lemma

Let (op)nen be an irreducible sequence of substitutions with
balanced limit word w. Then the coordinates of the frequency
vectoru = *(f,f, ..., fy) of w are rationally independent.

Lemma
Let (on)nen be a primitive, irreducible, and recurrent sequence of
substitutions with balanced limit word w. Then

lim muy Mg,yx =0 VxR
n—00 ’



Main theorem

Let (o0p)nen be a primitive and irreducible sequence of unimodular
substitutions over the alphabet A with limit word w such that

JCeN:VkeNIn>0:0p,nk) = 0[0k), w("k) s C-balanced.
» (Xu, X) is minimal and uniquely ergodic.
» R, is compact and closure of its interior; OR, has measure 0.

» Cy1 forms a multiple tiling of 1.



Main theorem
Let (o0p)nen be a primitive and irreducible sequence of unimodular
substitutions over the alphabet A with limit word w such that

JCeN:VkeNIn>0:0p,nk) = 0[0k), w("k) s C-balanced.

>

>

>

>

(X, X) is minimal and uniquely ergodic.
Ry is compact and closure of its interior; ORy has measure 0.
C1 forms a multiple tiling of 1+
Ifdk e N:Vj,p e Adi€ A p1,p2 € A*:

£(p1) = £(p2), opo,.k)(1) € P1iA", o0, k)(j2) € P2i A
(strong coincidence condition), then the Ry(i), i € A, are

mutually disjoint in measure, and (X,,,X) is measurably
conjugate to an exchange of domains on R,.

C1 forms a tiling of 11 iff the geometric coincidence condition
holds. Then (X,,X) is measurably conjugate to a translation
on T9=1; in particular, its spectrum is purely discrete.



(Multiple) tiling of v by (subtiles of ) Rauzy fractals

The discrete hyperplane approximating v is
F(v) ={[x,i] €29 x A:0 < (v,x) < (v, £(i))}.

Let
Cv = {muy x + Ry(i) : [x,i] € T(v)}.

Since T(1) = {[x,i] € Z¢ x A:x € 11} and 7y x = x for all
x € v1, this definition is consistent with that of C; above.

Theorem
Under the conditions of the main theorem, C, is a multiple tiling of
vt forallv e R‘éo \ {0}, and the covering degree of C, does not

depend on v. (In particular, we have aperiodic and periodic
multiple tilings with same covering degree.)



Set equations
Let m, = T (Mg, )1, () with v(" = *(Mio,n) v, and

R‘(,n)(i) = {Wne(w[((;)k)) tk €N, w,ﬂ") = i}
be the subtile in (v(M)L = (I\/I[O’,,))_lvl corresponding to w(™.
(Note that (I\/I[O’n))_lu is the frequency vector of w(".) Then
Mom) ' Ru() = U (0 (Mo~ €(p) + RV()
JEA, peA*:ay ) () EPIA*

= U (my+rROG).

lyJ1€ES (o10,m)) (1)



Set equations
Let m, = T (Mg, )1, () with v(" = *(Mio,n) v, and

R = {mnl(wlp)y) k€N, wf = i}
be the subtile in (v(M)L = (I\/I[O’,,))_lvl corresponding to w(™.
(Note that (I\/I[O’n))_lu is the frequency vector of w(".) Then

(Mpo.m) "t Ru(i) = U (7 (Mio.) "  £(p) + RYV())
JEA, pEA*:0y, ) () EPIA*

= U (my+rROG).
[yJ1€E] (o10,n)) (i)

Let
" = {mx+ RV (1) : [x,1] € F(v(™)}.

If Olo,n) IS unimodular, i.e., |det M[o’,,)| =1, then
F(v) = Ef (o10,0)) (T(v)),

thus (I\/I[Q,,))_1 Cy is a collection of supertiles of C‘E").



Convergence of R{™

Lemma
Let (0n)nen be a primitive and irreducible sequence of unimodular
substitutions over the alphabet A with limit word w such that

JC e N:Vk e NIn>0: 0,01k = 00,k) w("tk) is C-balanced.

Then Jv € Rdzo \ {0} and a subsequence (ni)ken of N such that

lim R{(i)=Ry(i) VieA

k—o0

(w.r.t. Hausdorff metric).



Convergence of R{™

Lemma
Let (0n)nen be a primitive and irreducible sequence of unimodular
substitutions over the alphabet A with limit word w such that

JC e N:Vk e NIn>0: 0,01k = 00,k) w("tk) is C-balanced.

Then Jv € Rdzo \ {0} and a subsequence (ni)ken of N such that

lim R{(i)=Ry(i) VieA

k—o0

(w.r.t. Hausdorff metric). Using this equation, we show that
» OR\(i) has zero measure,
> C\(,") is @ multiple tiling with covering degree independent of n,
> wunions in the set equations are disjoint in measure,

» strong coincidence condition implies disjointness of the R(i).



Geometric coincidence condition

Theorem
Under the conditions of the main theorem, the following are equivalent:

» C, is a tiling of v.

» dneN,icA, [x,hel(1):
{1 € TAD) : maae ) tua (—y) oo < 2CH+L} € Ei (070,00, 1],
with C € N such that w(" is C-balanced.



Geometric coincidence condition

Theorem
Under the conditions of the main theorem, the following are equivalent:

» C, is a tiling of v.
» dneN,icA, [x,hel(1):
{71 € TAD) ¢ im0y 11 (x—Y) oo < 2C+1} € Ei (070,010, ],
with C € N such that w(" js C-balanced.
» Strong coincidences and 3n € N, i € A, [x, h] € T(1(") :

(Il € TAD) ¢ ey tua (=Yl < 2641} € | Ei (070010, 1,
icA
with C € N such that w(" is C-balanced.



Arnoux-Rauzy words

Arnoux-Rauzy substitutions on A= {1,2,...,d}
aj: i i, jijfor je A\ {i}.

Theorem (Avila—Delecroix, Delecroix-Hejda—-St)

There is a constant C(h) such that, for each directive sequence
(i, )nen satisfying {in, ..., inen} = A for all n € N (i.e., strong
partial quotients bounded by h), the limit word w is C(h)-balanced.

Let i be an ergodic invariant probability measure for the
Arnoux-Rauzy algorithm such that p([w]) > 0 for the cylinder
corresponding to a word w = wy py € A* with {wo, ..., wp_1} = A.
Then, for p-almost every u in the Rauzy gasket, the Arnoux-Rauzy
word with frequency vector u is balanced.



Arnoux-Rauzy words
Theorem (Avila—Delecroix, Delecroix-Hejda—-St)

There is a constant C(h) such that, for each directive sequence
(ci,)nen satisfying {in, ... intn} = A for all n € N (i.e., strong
partial quotients bounded by h), the limit word w is C(h)-balanced.

Let p be an ergodic invariant probability measure for the
Arnoux-Rauzy algorithm such that u([w]) > 0 for the cylinder
corresponding to a word w = w5y € A* with {wo, ..., wh_1} = A.
Then, for p-almost every u in the Rauzy gasket, the Arnoux-Rauzy
word with frequency vector u is balanced.

Theorem
(Xw, L) is conjugate to an exchange of domains on R,

» for p-almost every sequence («j,)nen,

» for each recurrent sequence («;,)nen With bounded strong
partial quotients (3h € N : {ip,...,intn} = AVn eN),

» for each recurrent sequence (c;, )neny on A = {1,2,3} with
bounded weak p.q. (3h € N : #{ip,...,Intn} >1Vn e N).



Arnoux-Rauzy words

Theorem
(X, X) is conjugate to an exchange of domains on R,

» for u-almost every sequence («j,)nen,

» for each recurrent sequence («j,)nen With bounded strong
partial quotients (3h € N : {i,, ... insn} = AVneN),

» for each recurrent sequence (v, )neny on A = {1,2,3} with
bounded weak p.q. (3h € N: #{in,...,Intn} >1V¥n € N).

Theorem (Berthé—Jolivet—Siegel'12)

Each directive sequence («j,)nen of an Arnoux-Rauzy word on
3 letters satisfies the geometric coincidence condition.

Theorem
(X., X) is conjugate to a rotation on T?

» for u-almost every sequence (v, )nen on A ={1,2,3},

» for each recurrent sequence («j,)neny on A ={1,2,3} with
bounded weak p.q. (3h € N: #{in,...,intn} >1Vn e N).



Brun words
Brun substitutions on A = {1,2,3}
Bij+ jij, k— kfor k € A\ {j},
Theorem (Avila—Delecroix, Delecroix-Hejda—-St)
There is a constant C(h) such that, for each directive sequence

(Bi.jn)nen satisfying {in, ..., intn} = A for all n € N (i.e., strong
partial quotients bounded by h), the limit word w is C(h)-balanced.

For Lebesgue almost every frequency vector u € R3 | the Brun
word with frequency vector u is balanced.



Brun words

Brun substitutions on A = {1,2,3}

Bij+ jij, k— kfor k € A\ {j},
Theorem (Avila—Delecroix, Delecroix-Hejda—-St)
There is a constant C(h) such that, for each directive sequence
(Bi.jn)nen satisfying {in, ..., intn} = A for all n € N (i.e., strong
partial quotients bounded by h), the limit word w is C(h)-balanced.
For Lebesgue almost every frequency vector u € R3 | the Brun
word with frequency vector u is balanced.
Theorem (Berthé-Bourdon—Jolivet-Siegel)

Each directive sequence (f3;, j,)nen of a Brun word on 3 letters
satisfies the geometric coincidence condition.



Brun words
Brun substitutions on A = {1,2,3}
Bij+ jij, k— kfor k € A\ {j},
Theorem (Avila—Delecroix, Delecroix-Hejda—-St)
There is a constant C(h) such that, for each directive sequence
(Bi.jn)nen satisfying {in, ..., intn} = A for all n € N (i.e., strong
partial quotients bounded by h), the limit word w is C(h)-balanced.
For Lebesgue almost every frequency vector u € R3 | the Brun
word with frequency vector u is balanced.
Theorem (Berthé-Bourdon—Jolivet-Siegel)
Each directive sequence (f3;, j,)nen of a Brun word on 3 letters
satisfies the geometric coincidence condition.
Theorem
(X, X) is conjugate to a rotation on T?
» for the Brun word corresponding to Lebesgue a.e. direction,

» for each recurrent sequence (f3;, j,)nen With bounded strong
partial quotients (3h € N : {i,, ... insn} = AVneN).



An example

Arnoux-Rauzy on A = {1,2,3} with
Op = Qy,, toty--- = Iimk_mo cpk(l)
11 1123,2 — 23,3 — 123 (Chacon)

Berthé—Cassaigne-St '13:
w(M is 2-balanced ¥ n € N

E{(010,13))[0, /] for i =1 (red), i = 2 (green), i = 3 (blue)



