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Abstract

We extend the classical hierarchy of branching-time temporal logics between UB and CTL*
by studying which additional expressive power (if any) stems from the incorporation of past-
time modalities. In addition, we propose a new temporal combinator, N for “From Now On”,
that brings new and interesting expressive power. In several situations, nontrivial translation
algorithms exist from a temporal logic with past to a pure-future fragment. These algorithms
have important practical applications, e.g., in the field of model-checking.

0. Introduction

Temporal logics have long been recognized as a very convenient formalism with
which to reason about concurrent and reactive systems [8,21]. In computer science,
most theoretical studies of temporal logics only use future-time constructs. This is in
contrast with the temporal logics studied by linguists, philosophers, ..., where past-time
and future-time have been on an equal footing [23].

This situation is surprising because computer scientists recognize that past-time con-
structs can be very useful when it comes to express certain properties. For example,
using “0” for “at all future moments” and “< ~'” for “at some past moment”, it is
easy to state that “in all cases the occurrence of a problem must have been preceded
by a cause”, i.e., “no problem will ever occur without a cause”, which is an important
safety property one often uses (under some form). One just writes:

o(problem = ¢ ~'cause) (1)

Finally, the usefulness of past-time constructs is most apparent in the classification of
temporal properties [28, 20, 5].

However, it has been shown that formulas using past-time constructs can often be
replaced by equivalent pure-future formulas [13, 18]. For example, (1) is equivalent to

—(—cause U problem) (2)
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which uses the “Until” construct U. (We state in the next section in which formal
sense these two formulas are equivalent.) The underlying motto is that past-time brings
additional expressivity from a practical, but not from a theoretical viewpoint. Clearly,
a formulation like (1) is much more natural than the clumsier (2). This is even more
obvious when one tries to express a statement like 0O (problem = ¢ ~'(causelA ™!
cause2)) without past-time.

Another reason why past-time is often omitted in theoretical studies is that very effi-
cient model-checking algorithms exist for state-based logics like CTL (with or without
fairmess) [8, 7], while it is not clear how to adapt this technology to (history-based)
logics with past. Some existing results (e.g. [15]) consider model-checking for P7L
with past, but this problem is already PSPACE-complete for pure-future PTL [24].

This raises the following question: “Is it possible to combine the great convenience
of past-time for specification with the efficiency of CTL model-checking for verifica-
tion?” Rather than try to adapt the existing technology to, e.g., CTL + Past, which
we believe is a very difficult problem, we argue that a translation-based approach is
feasible [16]. By only requiring the addition of a translating interface, such an approach
would allow to reuse the very efficient model-checking tools that have been built after
years of improvement [3]. Of course, this approach requires the use of a logic with
past that can be translated into, e.g., CTL.

When we surveyed the available past-elimination results in the literature, we found:
e PTL + Past can be translated into PTL [13,12]. This is the standard result in the

field.

o The linear-time propositional p-calculus, Ly + Past can be translated into the usual
pure-future y-calculus [26]. !

e CTL* + Past can be translated into CTL* [14]. This is a simple corollary of Gabbay’s
proof for PTL.

e PTL\ X + Past can be translated into PTL \ X [22]. This uses rewrite rules similar
to Gabbay’s rules.

Finally, apart from [26] all of these (and some more, e.g. [4]) are just variants of
Gabbay’s result for PTL. And they do not solve our problem. For example, if we
want to add past-time constructs to a (state-based) branching-time logic-like CTL, the
literature only tells us how to translate CTL + Past into CTL*. This is not satisfac-
tory, for we consider CTL precisely because it admits a very efficient model-checking
procedure, while this is not the case with C7L*. Therefore, knowing that C7L + Past
can be translated into C7L would be, from a practical viewpoint, a very interesting
addition to the results we mentioned.

This is exactly what we investigate in this article. We address general questions
of the form “Which past-time combinators can be added to branching-time temporal
logics like CTL, ECTL, ... without compromising the possibility to translate back

"I fact, [26] gives a translation from some kind of backward-and-forward Biichi automata into usual Biichi
automata, so that one has to translate from the u-calculus into Biichi automata, and vice versa.
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into CTL, ECTL, ... 7”7 We consider the classical branching-time hierarchy from UB
to CTL* [10, 11] and systematically try to add past-time constructs.

A second motivation for this study is the introduction of a new temporal combinator,
“N” for “From Now On” or “Henceforth”. N is very useful in some situations where
we want to restrict the scope of past-time combinators. This new combinator can also
be eliminated (i.e., translated into pure-future constructs) in some situations.

Here is the plan of the article: we define PCTL* (CTL* + Past) in Section 1, and the
relevant fragments (PTL, CTL, ...) in Section 2. Section 3 discusses and motivates ini-
tial equivalence, the correctness criterion we use for our expressivity problems. Then
Sections 4 and 5 state fundamental expressivity results of past-time combinators in
branching-time logics. The new “From Now On” combinator is motivated and intro-
duced in Section 6 where our expressivity results are extended. Some proofs have been
relegated to an Appendix when they disturb the exposition.

1. Temporal logics with Past

1.1. Syntax

We define PCTL* (for “CTL* with Past”) as an extension of CTL* [11] with past-
time combinators. (Our definition differs slightly from the PCTL* used in [14] as we
explain later.) We assume a given set Prop = {a,b,...,problem, cause,...} of atomic
propositions.

Definition 1.1 (Syntax of PCTL*). The formulas of PCTL* are given by the following
grammar

PCTL* > fig u=a | fAg | ~f | Ef | fUg | Xf | fSqg| XS
where a € Prop.
Here S is the “Since” combinator, a past-time variant of U (“Until”). X~ is “Pre-

viously”, a past-time variant of X (“Next”). We use the standard abbreviations T, L,
fvg, f&<g, ... and

def
Af = ”1E—\f
Fr¥Tur Fr&rsy .
dof L oaef Ff=GFf 3)
Gf = "1F‘|f G f = —\F "1f oo def
Gf = FGSf

F and G corresponds to the ¢ and 0 notations sometimes used in modal logics. In
PCTL*, (1) is written G(problem = F~'cause).

Though we did not make the usual (unnecessary) distinction between “state” and
“path” formulas, PCTL* includes as fragments the CTL and CTL* branching-time
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temporal logics, as well as the PTL linear-time temporal logic. In all the following, “a
logic” means “a fragment of PCTL*”.

A pure-future formula is a formula in which no X' and S occur. Then CTL* is
the fragment of PCTL* containing all pure-future formulas. A state formula is a pure-
future formula that starts with a A or E quantifier. A linear-time formula is a formula
without any E (or A) quantifier.

1.2. Semantics

Temporal logics are interpreted in Kripke structures:

Definition 1.2. A Kripke structure S is a tuple § = (QOs, Rs, Is), where Os = {p,q,...}
is a set of states, Rs C Qs x Qs is a total? accessibility relation, and Ig: Qs — 277
is a labeling of the states with propositions.

A run in a structure S is any infinite sequence of states go.q;... s.t. g:Rg:+, for
i=0,... We write IIs(q) = {=,...} for the set of all runs (in §) starting from ¢, and

II(S) for the set of all runs in S. For any i, n(i) (q—Ef g), 7 (‘Le-f gi-qi+1...), and 7

((Le_f g0.91 ---gi—1) are resp. the ith state, the /th suffix and the ith prefix of z.

A PCTL* formula expresses properties of a moment in a run. Formally, we define,
for any = € JI(S) and any n =0,1,2,... when a formula € PCTL* is true of run n
at time n, written m,n =g f. We often drop the “S™ subscript when it is clear from
the context.

Definition 1.3 (Semantics of PCTL*). We define 7, n =5 f by induction on the struc-
ture of f:

mnnkEa iff a € I(n(n)),

mnk fAg ifnnl= fand mon k=g,

murkEaf ffnaelef,

mnl=Ef  iff there exists a n’ € [I(S) with ', = 7}, st. 2',n k= f,

mnk fUg iff there isa k>n st mk =g and i = f for all n<i < &,
nnEXf ffzat+lE/S,

n,nk= fSy iff thereis a 0<k<nst. nkf=gand ni=f forall k <i<n,
maEX""fifn>0and m,n— 1k f.

Informally, n(n) is the present state. The prefix 7, is the past and =" is a selected
future. @ means “a holds now”, /U g means “g will hold at some point in the (selected)
future, and £ holds in the meantime”, X f means “f holds at the next moment”, X' f
means “f did hold at the previous moment”, f S g means “g did hold in the past and
S has been holding ever since that moment”, Ef means that “the present admits a

2 Restricting to structures with a total accessibility relation is a technical simplification that does not change
any of our expressivity results.
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possible future for which f Lloolds”, of? f means that “f will hold infinitely many times
in the (selected) future” and G / means that “f will hold at all but finitely many times
in the (selected) future”.

This semantics is Ockhamist [23,27] in the sense that it views the past as fixed
(and finite) and only considers nondeterminism in the future. This is in contrast with
e.g. the CTL*+Past from [25] where it is possible to quantify over all potential ways
of reaching a given state. We claim that the Ockhamist viewpoint is more suited to the
specification of reactive systems behaviour, because it considers states in a computation
tree, while the non-Ockhamist viewpoints consider machine states (where past is not
very meaningful).

Notice also that our semantics considers a cumulative past, where the history of the
current situation increases with time and is never forgotten. This contrasts with the
definition from [14] where one has

n,n = Ef iff there is a #’ € [I(n(n)) st. 7', 0 = f

We believe our definition is more natural and, because a non-cumulative past is some-
times handy, we present in Section 6 a larger logic, NCTL*, which allows both view-

points.
Now for a formula f we define derived truth concepts:

TEs f gef 0 Es f reads “run n satisfies f”

gkE=s f o . Es f for all = € II(g) “state g satisfies f”

SES & 5 Es f for all @ € II(S) “structure S satisfies
=, f & s £ for all (n,n) “f is (globally) valid”

in all Kripke structures S

E f & 5 k= f for all Kripke structures S “f is (initially) valid”

=, f entails |=; f but the converse is not true, and in fact =, f iff =; Gf. As indicated
by our definition of S |= f, it is the “k=;", so-called anchored [19], notion of validity
that interests us here, as is usual in computer science [8].

The following proposition is a formal justification that an Ockhamist viewpoint is
sensible.

Proposition 1.4. Two states q.q' (in a finite Kripke Structure) satisfy the same
PCTL* formulas iff they are bisimilar.

This generalizes Theorem 3.2 of [2] where a formal definition of the well-known
notion of bisimilarity can be found. The proof is an easy corollary of our Theorem 3.12.
In general, this proposition does not hold for logics with a non-Ockhamist viewpoint.

Definition 1.5. (1) We say that two formulas f and g are equivalent, written [ = g,
when for all (%,n) in all structures, m,n |= f iff m,n = g.
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(2) We say that f and g are initially equivalent, written f =; g, when for all = in
all structures, n = f iff n E g.

Thus f =g when |5, f < g, and f =; g when |= f < g. Clearly, f = g entails
/ =i g but the converse is not true. Here is a simple example: X' T =; L because no
run satisfies X' T at its starting point. But of course X~'T # L because for any run
n with length at least 2, we have 7,1 = X~'T. Similarly, G(problem = F'cause)
is initially equivalent and not globally equivalent to (2).*

When we use temporal logics to reason about programs, it is customary to consider
initial validity as the basic concept. Specifications refer to the runs of a program,
starting from some initial states. Therefore, we are content to replace a given formula
f by an equivalent f’, using “initial equivalence” as the relevant notion. The interest
with global equivalence is that it is substitutive: if f = f’ then f can be replaced by
f’ in any temporal context, yielding equivalent formulas. That is, = is a congruence
w.rt. all temporal combinators. On the other hand, =; is only a congruence w.r.t.
boolean combinators (and X' and S).

Considering initial equivalence as the correctness criterion allows to eliminate past-
time combinators, according to

X_lf = _L,
fSg =g

but, because =; is not substitutive in temporal contexts, these simplification rules cannot
be used in all situations.

(4)

2. A menagerie of temporal logics

Many fragments of CTL* have been used and investigated. In fact, CTL* was first
proposed as a logic which included all other previously proposed temporal logics.
Emerson and Halpern introduced a very convenient device to denote such fragments.
Following them, we write B(C,...) the fragment of CTL* where C,... are the only
allowed linear-time combinators, and where every occurrence of a linear-time com-
binator must be under the immediate scope of an E or A quantifier (the “B” is for
“branching™). For example:

e B(X,F) is the UB logic from [1]. AFXa is not in UB while AFAXa is.

e B(X,U): This is the CTL logic from [6]. A[laUEX&] is in CTL but not in UB

where only F and X can be used.

e B(X,U, F) This is the ECTL (“Extended CTL”) logic from [11]. E F ais in ECTL
but not in CTL.

3 To be precise (2) is not sufficient. G(problem = F~'cause) =; —(~cause U (problem A ~cause)) is
correct.
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B(C,...,—,A\) denotes a fragment enlarging B(C,...) inasmuch as it allows boolean
combinators to appear between the linear-time combinators C,... and the branching-
time quantifier on top of it. For example:

e B(X,F,—,A) (also called UB") allows E[FanFb = Xc].

e B(X,U,~,A) (also called CTL™) allows A[(aU b)vXc].

. B(X,U,?:C, -,A) is the ECTL* logic that roughly corresponds to the CTF logic
introduced in [9)].

Now, because for any branching-time formulas £, g, ... we have EX™'f = X' f,
E(fSg) = fSy, etc., we do not enforce the use of a E or A immediately on top of past-
time combinators in a B(C,...) fragment. For example, we consider that X~' (E(F~'a)U
F'5) is a B(U,X™',S) formula.

This (syntactic) classification of relevant fragments of PCTL* can be linked to se-
mantic notions through the following

Definition 2.1.

e A formula f is a future-formula iff the truth of f at (n,n) in S only depends on
the future z(n)n(n + 1)..., ie. if 7" = 2'" implies n,n Esf < n',m =sf.

o [ is a present-formula iff the truth of f at (=,n) in S only depends on the current
state, i.e. if n(n) = 7'(m) implies n,n =5 f < o', m =sf

e f is a branching-time formula iff the truth of f at (n,n) in S does not depend of the
selected future, i.e. if 7(0)...n(n) = #’(0)...n'(m) implies n,n E=sf & n',m =f.

Clearly, any present-formula is a future-formula and a branching formula.

Proposition 2.2. (1) Any pure-future formula is a future-formula.
(2) Any state formula is a present-formula.

Proposition 2.3. A4 logic of the form B(C,...,—,A\) only contains branching-time for-
mulas.

3. Compared expressivity

When we discuss comparative expressivity between two temporal logics L; and L,,
two notions can be used:

Definition 3.1. (1) L, is less* expressive than L,, written L, =g Lo, if for any f) € Ly
there is a f € Ly s.t. f1 = fa.

4or equally ...
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(2) L, is initially less expressive than L,, written L, <; L,, if for any f € L, there
isa fz €L, st f] = fa.

Clearly, L; €L, implies L; =, Ly. Also, L| =, L, implies L; <; L,. In both cases

the converse is not true in general. As usual we denote by “<,” and “=,” the strict
ordering and the equivalence relation induced by “=<.”.

Also, for pure-future logics, both “=<,” and “=,” coincide. For pure-future logics,
the classical hierarchy result has been established in [10, 11]:

UB < UB* < CTL = CTL* < ECTL < ECTL* < CTL*

When logics with past-time are considered, the most relevant result is the Separation
Theorem for PTL.

Theorem 3.2 (Gabbay [13]). Any PPTL formula can be rewritten into an equivalent
totally separated formula (that is, a boolean combination of pure-past and pure-future
PPTL formulas.)

See [12] for a proof. The immediate corollary is
Corollary 3.3. PPTL =; PTL.

Proof. With totally separated formulas, (4) allows to fully remove past-time constructs
(modulo =;). O

There is a branching-time equivalent to this last result:
Theorem 3.4 (Hafer and Thomas [14]). PCTL* =; CTL*.

(The proof in [14] applies to their definition of PCTL* but it can be adapted without
any difficulty to our definition.)

4. Temporal logics with X' and S
Let us write PCTL for “CTL + Past”, i.e. B(X,U,X™',S). The question which
initiated our study was “does PCTL =; CTL?”. The answer is unfortunately:
PCTL #; CTL

This section investigates why.

One problem is that the simple addition of X' gives a logic which cannot be
(initially) less expressive than ECTL" which is the largest relevant fragment of CTL*
for which efficient model-checking exists.

Theorem 4.1. ECTL* #; B(F,X™").
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Proof. The CTL* formula EG(aVvXa) has no ECTL* equivalent [11] but it is initially
equivalent to the B(F,X™") formula EG(avX 'av-X"'T). O

The simple addition of S brings similar problems.

Theorem 4.2. ECTL* % UB+ S ¥ B(X.F.S).

Proof. The CTL* formula E(s vV aUb)Ur has no ECTL™ equivalent but it can be written
{modulo =;) in UB + S. See the Appendix. [

The F combinator of UB is necessary here and for example, one has
Theorem 4.3. B(X,X™',S) =; B(X).
Proof. See the Appendix. [

In some way, these negative results rely on the fact that our semantics considers
the past as fixed so that X™' and S can express properties which usually can only be
expressed in a linear-time framework. However, adopting a non-Ockhamist viewpoint
would make things even worse since no translation can be expected if Proposition 1.4
does not hold.

5. Temporal logics with F~

When we consider the F~' past-time combinator alone, the problems we had with
X" and S do not occur.

Theorem 5.1. CTL +F~' € B(X, U,F~") =, CTL.

This result is fundamental. The crucial step in the proof is to establish the following
lemma.

Lemma 5.2 (Separation lemma for CTL + F™'). Any CTL+F ™' formula is (globally)
equivalent to a separated CTL + F~' formula.

Here a (partially) separated formula is a formula where no past-time combinator
occurs under the scope of a future-time combinator.® Once a CTL + F~' formula
has been separated, (4) can be applied to eliminate all past-time constructs. (See the
Appendix for a proof of Lemma 5.2.)

5 Observe that the usual notion of (totally) separated formula used for linear-time logics will not work in
our branching-time framework.
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The previous theorem shows how one can extend CTL with past-time constructs
without loosing the ability to translate back into CTL. This must be done precisely.
Adding F~' will do, adding X~' or S will fail. F~' is a specialization of S but it is
nonetheless sufficient in many situations. For example, (1) is written in CTL + F~'.

F~' can be added to other logics as well. We have

Theorem 5.3. CTL* + F~' % (X, U,F~", =, A) =; CTL.

A similar result exists for ECTL*:
-1 def oo —1 - +
Theorem 54. ECTLT + F~' = B(X,U,F,F~',-,A) =; ECTL*.
Adding F~' to ECTL increase the expressive power:

Theorem 5.5. ECTL* »~; ECTL + F~' >=; ECTL.

o0
Proof. Modulo =;, the ECTL + F~' formula EF (aAG™'b) cannot be expressed in

o0 o0
ECTL, and the ECTL* formula E(F aA F b) cannot be expressed in ECTL + F~'. See
the Appendix. [

6. A combinator for From Now On

We introduce a new unary combinator, N, for “From Now On”¢ or “Henceforth”,
in our PCTL* logic and write NCTL* for the logic PCTL* + N.
The semantics of N is given by

mnnENfIf "0 f
That is, Nf holds if f holds when we forget the past, or if “from now on f holds”.
Here is an example motivating this new construct. Assume we want to state that
AG(problem = F~'cause) holds as soon as a proper reset had been done. We can
write

AG[reset = AG(problem = F 'cause)] (5)

Then, if a problem occurs after a proper reset, there must have been a cause, but the
cause may have occurred before the reset. If we want to specify that every time there
is a reset, then from now on no problem can occur without a cause (i.e., a cause
occurring after the reset), we can write:

AG[reset = NAG(problem = F'cause)] (6)

6 No connection with the Now of H. Kamp, Formal properties of ‘now’, Theoria, 227263, 1971.
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The difference between (5) and (6) is important. It exemplifies the interest of having
N. With N we can encode the definition for E used in [14]: their Ef is equivalent
to our NEf. Then, the PCTL* logic of [14] can express {6). But it cannot express
(directly) (5). In our experience, both constructs are useful, and that’s why we propose
a specific combinator.

Finally, N is very useful to characterize key semantic properties:

Proposition 6.1. A4 NCTL* formula f is a future-formula iff f = Nf.
and to explain the difference between initial and global validity:
Proposition 6.2. |=; f iff =, Nf.

Basic properties of N are:

Proposition 6.3. For all NCTL* formulas f,g:
N(fArg)=NfANg and N-f = =N/,

NEf =ENfS and NNy = N7,

NX"'f =1,

N(fSg) = Ng, entailing NF~' f = Nf.

Formulas using N can be translated into equivalent (often longer) formulas
without N:

Theorem 6.4, NCTL* = PCTL* =; CTL"*.

Proof. This is a simple extension of Theorem 3.4, The new point is to eliminate N:
consider Nf with f& PCTL* and rewrite f into a separated f’. Then N’ can be
rewritten into some PCTL* formula thanks for Propositions 6.2 and 6.3. [J
Similarly, we can extend Theorems 5.1 and 5.4 into

Theorem 6.5. CTL* +F~' + N % B(X, U,F",N,~,A) =; CTL

Theorem 6.6. ECTL* + F~' + N % BOX, U F.F'.N, =, A) =, ECTL*,

Proof. Like Theorems 5.1 and 5.4, In both cases, occurrences of N are easy to simplify
because we deal with separated formulas. O

N is not only a notational facility. It sometimes (strictly) adds expressive power. For
example, writing PUB for UB+ X' +F~" % BOGF, X!, F1), we have UB~; PUB ~;
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(CTL" = PCTL* = NCTL* = ECTL* +S+ X~ +N|

ECTL* =, ECTL* +F' = ECTL* +F™' +N| \\\

[UB+5] [UB+x7]

|CTL = CTL* + F' =CTL* +F +N]

B(X)=; B(X,X™,9)

Fig. 1. A hierarchy of temporal logics with past

PUB+N =; CTL and ECTL+F ™! <, ECTL+F ' +N =<; ECTL*+F '+ N =, ECTL*.
Similarly, while ECTLT + S + X~ <; PCTL*, we have

Theorem 6.7. ECTL* +S + X~' + N = PCTL* =, CTL*.
Proof. A corollary of the Normal Form Theorem [21, p. 296]. See the Appendix. [

Fig. 1 summarizes the hierarchy we established. An arrow from L; to L, means that
Ly =; L,. No arrow can be added because CTL #; UB+ S and CTL %; UB + X",
Our proof that EF(aAEbUcAES Uc’) (resp. EaUb) cannot be expressed modulo =; in
UB+S (resp. UB+X"") is beyond the scope of this article where the emphasis is on
translatability through simple rewrite rules.

7. Conclusion

In this paper, we investigated which past-time combinators can be added to which
branching-time temporal logics with the conflicting aims of
e enhancing practical expressivity,
e having translation algorithms into pure-future branching-time logics, like C7L and
ECTL*.
We also proposed a new combinator, N for “From Now On” and showed how it allows
simple formulations of some practical temporal properties.
In general, logics with past-time combinators can be translated into pure-future logics,
provided one is willing to have CTL* as a target. When CTL or ECTL™ is the target,
we proved that one can only add N and F~' before loosing translatability.
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We claim that CTL 4+ F~' + N is convenient for specification and model-checking
(through a simple translation procedure). Of course such an approach is not perfect. For
example, it does not include the usual diagnostic mechanism one often finds in model-
checking tools. More importantly, complexity issues sometimes make the whole scheme
unapplicable (by complexity, we mean the size of a pure-future formula equivalent to a
given formula). This problem was not investigated in this study because we conjecture
that our translation from CTL+ F~' into CTL is nonelementary, exactly like Gabbay’s
translation for PTL+Past is likely to be. In actual practice, this potential combinatorial
explosion does not occur frequently, and all formulas in the Lift example of [16] have
quickly been translated automatically. This is probably because these formulas have
a low modal height. However it seems difficult to pinpoint a sensible fragment of
CTL+F ™' +N for which no explosion will occur: the formula EF(F~'ayA - -- AF 'a,)
has modal height 2, and is initially equivalent to the CTL* formula E(Fa,A - -- AFa,)
for which no CT7L equivalent of size less than n! seems to exist.

Topics deserving further studies are (among others):

Axiomatizations for temporal logics with N. Given a complete axiomatization for
CTL*, it is easy to get complete axiomatizations for NCTL* by providing axioms for the
separation of formulas. But it would be interesting to study axiomatizations capturing
natural way of reasoning with past-time combinators and N.

Extensions of the separation methods. The separation methods we developed for
branching-time logics should be investigated in the contexts of noninterleaving temporal
logics, of interval temporal logics, of real-time temporal logics, ...

Modal logics of reactive systems. We already investigated in [17] how these methods
can be used for modal logics characterizing behavioral equivalences of reactive systems.
This research direction has many possible prolongations.

Appendix
Proof of Theorem 4.2
Lemma A.1l. E(sV aUb)Ur can be expressed in UB + S.

Proof. The idea is to state that » can be reached (EFr) in a way where all previously
encountered states satisfy s or aUb. It is enough to ensure sVaVb all along, provided
that all aA—~bA—s states satisfy aUb (along the selected future). Then, the configuration
to avoid is a past state satisfying ~aA—b and (—=H)S(—bA—s). This is essentially what
we express in UB + S through the following:

rVEF (EXb/\aS [rAaA—F‘ (—\a/\ﬂb/\(ﬁb)S(—\b/\—\s)ﬂ )
E(sVaUb)Ur =, VEF (EX(rAb)/\—\F—' (ﬁa/\—\b/\(—lb)S(ﬁb/\—\s)))
vEF(ﬁF*‘ (ﬁaAﬂbA(ﬁb)S(ﬂbAﬁs))AEX(r)Aﬂ(ﬂb)S(ﬁbx\ﬂs))
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M, N My Niyy

® o ® ay ® 0o ®a [ J '-_- S

® A @b, i Binr i bit1 o Er

! e A

o o 7-+1<j M, N C-+1$ M, N, 8 Fa
Coéo C)/odo M, N; okEb

Fig. 2. A family My, M\,..., Ny, Ny,... of Kripke structures.

where the added complexity deals with various special cases, mostly regarding the
position of the last required b before of after the r state. []

We now need to prove that E(s V aUb)Ur cannot be expressed in ECTL™. This uses
combinatorial techniques inspired from [11]. Consider the family of Kripke structures
My, My, ... and Ny, Ni,... given in Fig. 2.

Where the “color” indicates which propositions hold in which states. Observe that
o; = E(svaUb)Ur and a; = E(s vVaUb)Ur for all i = 0,1,... However, writing | f |
for the size of a formula f, we have

Lemma A.2. For all f€CTL, and all i> |f|,
aiFZf lff ai)=f’
BiEf iff bil=f,
nvESf i akEf

Proof. By structural induction on f as in [11]. O
Now there remains to extend the previous lemma to cover ECTL* and not just CTL.

Lemma A.3. For all f in ECTLY, there is a f* in CTL s.t. [ and f* are equiva-
lent over all states of Fig. 2.

Proof. By induction on f. The interesting case is when f has the form
o0 oo o0
f=E(@ Foin.. . AFe,AGY)

with Eg, ¥, ¢1,...,0, in CTL*. Because in the structures of Fig. 2 all runs eventually
end up looping (on dy or &), f is equivalent (in these models) to E(gAFAG(@1A ... A

(p,,/\lﬁ)) which is a CTL* formula. There only remains to transform this into a C7L
formula and we are done. [
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Proof of Theorem 4.3

Theorem 4.3 is proved by establishing a separation lemma for B(X,X ', S). Af-
terward, it is enough to apply (4) on separated formulas. (Here we use the partial
separation notion from Section 5.)

Lemma A.4 (Separation lemma for B(X,X™',S)). 4Any f€B(X,X"',S) formula f is
(globally) equivalent to a separated f' € B(X,X',S).

Proof. By structural induction. The induction step is obvious when f has the form a,
g or f\Afa2. When f is some X 'g or £1S />, the induction hypothesis gives us an
equivalent X™'g’ or f}Sf} which is separated. Finally, because AXg = ~EX~yg, it is
enough to only consider the case where f has the form EXg.

Assume then that f is some EXg. By ind. hyp., g is equivalent to a separated g'.
With boolean manipulations, g’ can be written as

g =\/(o/ AN
where the ¢, ’s are pure-future and the ¥/, ;’s are separated formulas of the form X'y,
or =Xy, or YSy/, or =(ySy’). Using
[Sg = gV fAX"'(fSg)
X' f = -X'TvX A
X fAXTg = XTI(fAg)

(and the fact that these equations respect separation), we can write ¢’ as

g =\ (o AX Y {A=XT1T})

where the {...} notation means that -X ' T may or may not appear (depending on 7).
Then EXg' is easily rewritten into a separated formula, thanks to

EX(\/{ gi) = \/i EXg;
EX(@tAX"'Y) = yAEXp™
EX(-X"'TA..)=1 O

Proof of Lemma 5.2 and Theorem 5.1

The translation is done in several steps. We use contexts, i.e. (CTL + F‘l) formulas
with variables in them. The x in f[x] can be replaced by any (CTL+F~') formula: we
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write f[g] for f with g in place of x. Note that x may appear several times in f[x].
This is a key point in our method, used to collect copies of duplicated subformulas.

Lemma A.5. If f[x] is a pure-future context, then f[F 'x] is (globally) equiva-
lent to a separated f'[x,F~'x] with f'[x, y] a pure-future context.

Proof. By structural induction on f[x]. Saying that f[x] is pure-future is just saying

that it is in CTL. We spend some time considering one case in detail:

e Assume f[x] is some E¢[x]U[x]. By ind. hyp., ¢[F~'x] and W[F~'x] are equivalent
to some separated ¢@'[x,F~'x] and ¥'[x,F 'x]. Then f[F~'x] = E¢'[x,F~'x]Uy/[x,
F~'x). In ¢’ and ¥/, F~'x can only appear under boolean combinators because of
the separation property. We can use boolean manipulations to obtain

fIF'x]1= E((F_lx/\a)V(ﬁF—lx/\ﬂ)\/y) U((F_leoc')V(ﬁF-lx/\ﬁ/)Vy') (A1)
where «, 8,7,0/, 8’ and 7’ are pure-future. Then we use distributivity
EqU(AVH') = (EgUh)V(EgUH)

to further simplify (A.l). We obtain several “E_U_” formulas with at most three
occurrences of F™'x. There we use the following five rewrite rules to extract F~'x
from the scope of the U:

(R1) EyU(e’AF~'x) = F'xAEyUad’ vV EyU(xAEyUa)
(R2) EyU(B'A-F'x) = <F 'xAE(yA—)U(B' A—x)
(R3) E((oc/\F'lx)\/(ﬂ/\—uF’lx)Vy) Uy

= F'xAE(avy)Uy'V-F ' xAE (ﬂx/\(ﬁVy)) Uy
v-F'xAE (—Lx/\(ﬂVy)) U (x/\E(ony)Uy’)

(R4) E((oc/\F'lx)V(ﬂ/\—]F_lx)Vy>U(a’/\F_'x)

= F'xAE(avy)Uo'V-F'xAE (—vc/\(ﬂVy))U(x/\E(och)Ua')
(R5) E((a/\F"x)V(ﬁ/\ﬂF—‘x)\/y)U(ﬁ'mF”x)

= -F'xAE (*oc/\(ﬁVy)) U(p'A—x)

e Assume f[x] is some EX¢p[x]. We proceed similarly. Using the ind. hyp. and dis-
tributivity

EX(hVH') = EXh VEXH

lead to a situation where we only need the following rules:
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(R6) EX(aAF'x) = EX(aAx)V F 'xAEXa
(R7)  EX(aA-F'x) = EX(aA—x)A-F 'x
e Assume f[x] is some EGo[x]. Then f[F 'x] = EG¢'[x,F 'x]. Because of the

separation assumption, w.lo.g. we can write EGo/[x, F~'x] under the
general form

fIF~'x] = EG ((oc/\F_'x)V(ﬁ/\—\F'lx)\/v) (A2)
Then we only need the following rule:
F'xAEG(aVvy)

(R8) EG((AF xV(BA-Fvy) =\ v E(i(;"(/;(vﬁyv»yl)} AEG

(avy)
e Finally, the other cases are obvious, or can be reduced to what we saw through
AXh = -EX-h and AgUh = -EG-h A ﬁ(EﬂhUﬁg/\ﬁh).
We let the reader check that equations (R1)—(R8) are correct.” [

Lemma A.6. If f[xi,...,x,] is a pure-future context, then f[F 'x,...,F 'x,] is equiv-
alent to a separated f'[x\,F~'x1,..., %, F'x,] with f'[x1, ¥1,...,%n, Yu] @ pure-future
context.

Proof. By induction on »n, using Lemma A.5. O

Lemma A.7. If fl{xi,...,x,) is a pure-future context and Y ,...,\y, are pure-past
CTL + F~' formulas (i.e. formulas with F~' as the only temporal combinator), then
fI¥ ..., ;) is equivalent to a separated CTL + F~' formula.

Proof. By induction on the maximum number of nested F™'’s in the ¥ ’s and using
Lemma A6. O

Lemma A.8. If f[xi,...,x,] is a pure-future context and \y,...,\y, are separated
CTL + F~' formulas, then f[y.,...,\,] is equivalent to a separated CTL + F~'
Sformula.

7 This should not be too difficult. Alternatively, all five rules (R1)—(R5) could be replaced by a single
general rule for which correctness is more difficult to assert.



320 F. Laroussinie, Ph. Schnoebelen| Theoretical Computer Science 148 (1995) 303-324
Proof. Because it is separated, a /; has the form g; [¢]},..., 9}, ] with pure-future
(p,-f,.’s and pure-past g; [x1,...,x]’s. Applying Lemma A.7 to flg] [x11,....%1m 5., 95

[Xn1s-- . Xnm,]] yields a separated f'[x;1,...,%,m,]. Then f'[@],..., ¢}, ] is separated
and equivalent to f[Y,...,¥n]. O

Now we can prove Lemma 5.2 by structural induction on the CTL + F~' formula
and using Lemma A.8. Then Theorem 5.1 is easy to prove: once we have a separated
formula, we repeatedly use

Flo = o

in boolean contexts.

Proof of Theorem 5.3

We slightly generalize the proof (from [10]) that CTL* = CTL to prove that CTL* +
F~' = CTL +F'. Then Theorem 5.1 concludes the proof.

Lemma A.9. Any CTL* +F~' formula f is equivalent to a CTL+ F~' formula.

Proof. By induction on f. The only interesting case is when f has the form

E </\(fiugi)A A~ UgHA A X F—lki/\ﬁF*‘k'>

where we have
f=E (/\(fiUgoA A\ ~(f1UghHn /\Xh,-) ANF lA-F R

Then E(A,(fiUgiA A, ~(fIUg)A A\, Xh;) can be transformed into a CTL+F~' using
exactly the techniques for rewriting a CTLt formula into a CTL formula [10]. O

Proof of Theorem 5.4

We introduce an intermediary fragment:

L®5 f.g u=a| fAg] ~f | EXf| EfUg| AfUg| F7'f | E (Gf/\ /\"F°gf)

Then the proof of Theorem 5.4 is sketched as.

ECTLY +F '=[®=[>

sep =; ECTL+
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The first part is easy. Clearly, from a syntactical viewpoint ECTL+F~' C L% C ECTL* +
F~', but we also have ECTL* + F™! =4 L™=:

Lemma A.10. Any ECTL™ + F~' formula is equivalent to a formula in L.
is easy.

Lemma A.11 (Separation lemma for L>°). Any L™ is equivalent to a separated L™
Sformula.

Proof. We proceed as in the Separation Lemma for CTL + F~' (Lemma 5.2). In the
crucial step where we prove that any f[F~'x] with f[x] a pure-future L context can
be separated, there is one more case to consider: when f[x] has the form E(GoA A, ).
This needs one more rewrite rule.

FxnE[Glavyn AF (Bivin)
V=F X AE [G(mm(a;v?))
- A /\oﬁ(ﬂz{\/?i)]
V-F'xAE (ﬁxl/\(a’\/y))
U (x/\E [G(avy)A /\OE(BfVVi)]) 0

G [(F_lx/\a)v(ﬂF_lx/\a’)\/y]

A /\OI? [(F‘1x/\ﬂj)\/(—-\F_1x/\ﬁf)Vy,}

After this we can conclude immediately because the pure-future fragment of L™ is
ECTL*.

Proof of Theorem 5.5

(2.9} o0
To prove that ECTL+F~' £; ECTL, first observe that E(F pAGgq) =; EF (pAG™'g).

o0
Now it is enough to prove that E(F pAGg) cannot be expressed in ECTL. For this we
consider the models M}, M,,...,N;,N,,... described in Fig. 7. (They are inspired from

the proofs that E Olg p cannot be expressed in CTL and that E(?:o PA oFoq) cannot be
expressed in ECTL [11].)
Clearly, for any i = 1,...,
o0 (e .0}
a; = E(F pAGq) and o; = E(F pAGg)

However, writing | /| for the size of f, we show by induction on f (left to the reader)
that

(X,t=f iff ai|=fa
BiE f il b= S,
S Mol f
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oM ol
Ny M;:
AR

[ ] l: —|p/\—|q

0 EpAg

an+1

AE C/’ \ Mo (] \3 ® ke
ﬁn“\ /w n+\ / Cnt1

Fig. 3. a;,00 = pAg, b;, i = ~pA—g, ¢,y | —pAg.
for all f€ECTL and all i | f).
o0 o0
Then, to prove that ECTL* #; ECTL + F~', we prove that E(F pA F ¢) is not

o0 o0
(initially) equivalent to any ECTL + F~' formula. First, we observe that E(F pA F q)
cannot be expressed in the following pure-future fragment of ECTL™:

L>f.gu=al fAg| ~f | EXf | EfUg | AfUg | EF fAGg)

Clearly ECTL C L C ECTL*. The proof that E(F PA F q) cannot be expressed in L can

be done simply by enriching (left to the reader) the proof from [11] that E(F PA F q)
cannot be expressed in EC7L. The same models work for L as well.

Because ECTL+F ™' CL+F™', it is now sufficient to have a separation theorem for
L+F' so that we shall arrive at

ECTL+F ' CL+F ' =L +F )gep= L<ECIL*

Lemma A.12 (Separation theorem for L +F™'). Any ECTL +F™' formula is equiva-
lent to a separated L + F~' formula.

is a special case of Lemma A.11 and can be proved using the same transformations.

Proof of Theorem 6.7

The Normal Form Theorem [21] states that any PTL formula is initially equivalent
to a formula of the form

/\(?:o (PiVOGo ¥i)
i=1

where the @;’s and the y;’s are pure-past (linear-time) formulas.
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With this, it is easy to translate any formula f in CTL* into a globally equivalent

o0
B(F,X™',S,A,~) + N formula. The interesting case is when f is some Eg. Then we
replace in g all subformulas of the form EA by new atomic propositions. This yields a

oo [ o]
PTL formula g’ which can be written as some A’_,(F ;v G;). Then
i=1

Eg' = NE A\ ov G )

i=1

o0
It now remains to replace the atomic propositions we introduced by their B(F,X™',S, A,
=)+ N equivalents, and we are done.
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