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Abstract

The elegant theory of the call-by-value lambda-calculus relies on
weak evaluation and closed terms, that are natural hypotheses in
the study of programming languages. To model proof assistants,
however, strong evaluation and open terms are required, and it is
well known that the operational semantics of call-by-value becomes
problematic in this case, as first pointed out by Paolini and Ronchi
della Rocca. Here we study the intermediate setting—that we call
Open Call-by-Value—of weak evaluation with open terms, on top
of which Grégoire and Leroy designed the abstract machine of Coq.
Various calculi for Open Call-by-Value already exist, coming from
logical, semantical, or implementative points of view, each one with
its pros and cons. This paper presents a detailed comparative study
of their operational semantics. First, we show that all calculi are
equivalent from a termination point of view, justifying the slogan
Open Call-by-Value. Second, we compare their equational theories.
Third, we present a detailed quantitative analysis of the time cost
model. Four, we introduce a new simple abstract machine, and
prove it a reasonable implementation of Open Call-by-Value with
respect to its cost model. Along the way, there emerges a sharp
deconstruction of call-by-value evaluation and of the complexity of
its implementations.

1. Introduction

Plotkin’s call-by-value A-calculus [28] is at the heart of program-
ming languages such as Ocaml and proof assistants such as Coq.
In the study of programming languages, call-by-value (CBV) eval-
uation is usually weak, i.e. not under abstractions, and terms are
assumed to be closed. These constraints give rise to a beautiful
theory—Ilet us call it Closed CBV—having the following harmony
property, that relates rewriting and normal forms:

Closed normal forms are values (and values are normal forms)

Harmony expresses a form of internal completeness with respect
to unconstrained S-reduction: the restriction to CBV S-reduction
(referred to as B, -reduction) has an impact on the order in which
redexes are evaluated, but evaluation never gets stuck, as every
[B-redex will eventually become a (3,-redex and be fired (unless
evaluation diverges).

It often happens, however, that one needs to go beyond the per-
fect setting of Closed CBV, by considering Strong CBV, where
reduction under abstractions is allowed, or the intermediate setting
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of Open CBV, where evaluation is weak but terms are not necessarily
closed. The need arises, most notably, when trying to describe the
implementation model of Coq [15], but also from other motivations,
as denotational semantics [5, 12, 25, 30], monad and CPS trans-
lations and the associated equational theories [14, 18, 23, 31, 32],
bisimulations [20], partial evaluation [19], linear logic proof nets
[2], or cost models [7].

Naive Open CBV In call-by-name (CBN) turning to open terms
or strong evaluation is harmless because CBN does not impose any
special form to the arguments of 5-redexes. On the contrary, turning
to Open or Strong CBV is delicate. If one simply considers Plotkin’s
weak [3,-reduction on open terms—Ilet us call it Naive Open CBV—
then harmony does no longer hold, as there are open S-normal
forms that are not values (i.e. not a variable nor an abstraction),
e.g. xx, (Ay.y), x(yz) or zyz. As a consequence, there are stuck
B-redexes such as (A\y.t)(xx), i.e. B-redexes that will never be fired
because their argument is normal, but it is not a value, nor will
it ever become one. Such stuck S-redexes are a disease typical of
(Naive) Open CBYV, but they spread to Strong CBV as well, because
evaluating under abstraction forces to deal with locally open terms
(e.g. the variable z is locally open with respect to (Ay.t)(zz) in
s = Az.((Ay.t)(zx)), even if s is closed).

The real issue with stuck S-redexes is that they prevent the
creation of other redexes, and provide premature (3,-normal forms.
The issue is serious, as it can affect termination, and thus impact
on notions of observational equivalence. Let § = Ax.(zz). The
problem is exemplified by the terms ¢ and u in Eq. (1) below.

t = ((A\y.0)(z2))d u = 6((Ay.0)(zz)) (1)

In Naive Open CBYV, t and u are premature 3,,-normal forms because
they both have a stuck -redex forbidding evaluation to keep going,
while one would expect them to behave like the famous divergent
term 2 := &6 (see [2, 5, 12, 17, 25, 30] and pp. 4-5 in Sect. 2).

Open CBV  Starting with the seminal work of Paolini and Ronchi
Della Rocca [24, 25, 30], the dissonance between open terms and
CBYV has been repeatedly pointed out and studied per se via various
calculi [2, 5,7, 12, 15=17]. An important point is that the focus of
most of these works is on Strong CBV. Studies about monad, CPS,
and logical translations [14, 18, 22, 23, 31, 32] introduced further
proposals.

These solutions inevitably extend [3,-reduction with some other
rule(s) or constructor (as let-expressions) to deal with stuck -
redexes. They arise from different perspectives and each one has
its pros and cons. By design, these calculi (when looked at in the
context of Open CBV) are never observationally equivalent to Naive
Open CBY, as they all manage to (re)move stuck 3-redexes and may
diverge when Naive Open CBYV is instead stuck. Each one of these
calculi, however, has its own notion of evaluation and normal form,
and their mutual relationships are not evident.

The aim of this paper is to draw the attention of the community
on Open CBV. We believe that it is somewhat deceiving that the
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mainstream operational theory of CBV, however elegant, has to rely
on closed terms, because it restricts the modularity of the framework,
and raises the suspicion that the true essence of CBV has yet to be
found. There is a real gap, indeed, between Closed and Strong CBYV,
as Strong CBV cannot be seen as an iteration of Closed CBV under
abstractions because such an iteration has to deal with open terms.
To improve the implementation of Coq [15], Grégoire and Leroy
see Strong CBV as the iteration of the intermediate case of Open
CBY, but they do not explore its theory. Here we exalt their point
of view, providing a thorough operational study of Open CBYV, as
well as of the differences with respect to Closed/Strong CBV. Our
motivations for insisting on Open CBYV rather than Strong CBV are:

1. The issue with stuck S-redexes and premature [3,,-normal forms
is already visible in Open CBV;

2. Open CBYV has a simpler rewriting theory than Strong CBV;

3. Our previous studies of Strong CBV in [5] and [12] naturally
organized themselves as properties of Open CBV that were
lifted to Strong CBV by a simple iteration under abstractions.

Our contributions are along two axes:

1. Equivalence of the Proposals: we show that the proposed
generalizations of Naive Open CBV are equivalent, in the
sense that they have exactly the same sets of normalizing and
diverging A-terms. Therefore, there is just one notion of Open
CBYV, independently of its specific syntactic incarnation. We
also compare the equational theories of the different proposals,
and indicate the finest one for Open CBV.

2. Cost Models and an Abstract Machine: the termination re-
sults are complemented with quantitative analyses. More-
over we provide insights into the size-explosion problem for
Closed/Open/Strong CBYV, that lead to a new abstract machine
for Open CBY, simpler than others in the literature.

Equivalence of the Proposals We focus on three proposals for
Open CBY, as other solutions, e.g. Moggi’s [23] or Herbelin and
Zimmerman'’s [ 18], are already known to be equivalent to these ones
(see the end of Sect. 2):

1. The Fireball Calculus Asire, that extends values to fireballs by
adding so-called inert terms in order to restore harmony—it
was introduced without a name by Paolini and Ronchi Della
Rocca [25, 30], then rediscovered independently first by Leroy
and Grégoire [15] to improve the implementation of Coq, and
then by Accattoli and Sacerdoti Coen [7] to study cost models;

2. The Value Substitution Calculus Avsu, coming from the linear
logic interpretation of CBV and using explicit substitutions and
contextual rewriting rules to circumvent stuck (-redexes—it
was introduced by Accattoli and Paolini [5] and it is a graph-free
presentation of proof nets for the CBV A-calculus [2];

3. The Shuffling Calculus Aqn, that has rules to shuffle constructors,
similar to Regnier’s o-rules for CBN [29], as an alternative
to explicit substitutions—it was introduced by Carraro and
Guerrieri [12] (and further analysed in [16, 17]) to study the
adequacy of Open/Strong CBV with respect to denotational
semantics related to linear logic.

The termination equivalences proved in the paper are more or less
expected. Nonetheless we think they are interesting, at least for the
following reasons:

1. Uniform View: we provide a new uniform view on a known
problem, that will hopefully avoid further proliferations of CBV
calculi for open/strong settings.

2. Simple Rewriting Theory: the relationships between the systems
are developed using basic rewriting concepts. The technical
development is simple, according to the best tradition of the
CBV \-calculus, and yet it provides a sharp and detailed
decomposition of Open CBV evaluation.
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3. Connecting Different Worlds: while \¢ire is related to Coq and
implementations, Aysup and Agn have a linear logic background.
With respect to linear logic, Aysus has been used for syntactical
studies while Agn for semantical ones. Our results therefore
establish bridges between these different (sub)communities.

Equational Theories We compare the equational theories of these
three calculi. In contrast to termination, the calculi are all equa-
tionally different. The theory of Agy is strictly contained in that
of A\ysuw—i.e. the one induced by linear logic proof nets—in turn
strictly contained in the theory of Asire. We show, however, that the
latter is not stable by context closure, i.e. it is not a congruence, and
so it equates too much. Moreover, we show how to generalize Ag, so
as to obtain exactly the same equational theory of Aysup, that is—in
our opinion—the equational theory of Open CBYV, also known to
strictly contain Moggi’s [23], see [5].

Cost Models and an Abstract Machine The number of (3,,-steps
is the canonical time cost model of Closed CBY, as first proved by
Blelloch and Greiner [11, 13, 33]. In last year’s LICS [7], Accattoli
and Sacerdoti Coen generalized this result, showing that the number
of steps in Asire is a reasonable cost model for Open CBV. Here
we show that the number of steps in Aysyp is linearly related to the
number of steps in Asire, and so it provides a reasonable cost model
as well. For Asn we obtain a similar but strictly weaker result, due
to some structural difficulties suggesting that the shuffling calculus
is less apt to complexity analyses.

We then analyse the size-explosion problem, that is the degener-
ate behavior making the study of cost models for A-calculi a delicate
issue. We provide insights and refinements of some of the results of
[7]. Our contributions with respect to cost models are:

1. Open vs Strong Size-Explosion, a Simpler Abstract Machine:
we show that iterating Open CBV under abstractions introduces
a malicious behavior that is not visible without iterations. In
fact, the solution for such an issue is known from [7]. We show
that the sophisticated techniques developed in [7] are in some
sense not needed: if one tolerates a slight asymptotic slowdown
(i.e. a quadratic rather than linear overhead with respect to the
size of the initial term), a much simpler solution is possible. We
then introduce an abstract machine, called Easy GLAMOUT,
that is proved to be reasonable (i.e. its overhead is proved to be
polynomial in the number of fireball steps) and that in contrast
to the reasonable machines in [7] does not need to refine the
environment with labels. We also provide a fine analysis of how
different implementation techniques impact on the complexity
of the corresponding machines.

2. Minimality of the Cost Model: the time cost model of Open
CBYV is the number of fireball steps. Fireballs extend values
with inert terms, but reasonable implementations as the Easy
GLAMOUTr handle S-steps involving inert terms in constant
time. It is natural to wonder if the cost model for Open CBV can
simply be the number of steps by value (instead of by fireball,
i.e. by value plus by inert term). We give a sort of negative result
by exhibiting a family of terms that evaluate to normal form in
n steps by value plus O(2") steps by inert term, which shows
that steps by inert term cannot be ignored, unless a radically
different evaluation algorithm able to work up to inert redexes
will be discovered.

Summing Up This paper is a collection of qualitative, quantitative,
and implementative results about Open CBV. A further contribution,
we believe, is the full picture, i.e. the recognition of Open CBV
as a rich framework, meant to model a CBV discipline for the
implementation of proof assistants, simpler than Strong CBV, and
grounded in linear logic. From our comparative study it emerges
that Avsw i the most versatile of the studied calculi, and might
be taken as the reference presentation of Open CBV. Different
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Proof p. 11

Terms t,u,s,r = v|tu
Values v, v n= x| Ax.t
Evaluation Contexts E == ()|tE|Et

CONTEXTUAL CLOSURE
E(t) —p, E(u) ift—p u
E<t> —)ﬁy E(u) ift !—)gy u

RULE AT TOP LEVEL
(Az.t)Ay.u g, t{xAy.u}
(Az.t)y —p, t{r-y}

Reduction —p, =g U g,

Figure 1. Naive Open CBV Ap1ot

incarnations of Open CBV, however, serve different purposes, and
the relationships established here provide a flexible framework to
transfer concepts and result from one incarnation to the other.

Road map The next section provides an overview of the different
presentations of Open CBV. Sect. 3 proves the termination equiva-
lences, enriched with quantitative information, and Sect. 4 compares
the equational theories. Sect. 5 discusses the size-explosion problem
and how to circumvent it. Sect. 6 is devoted to the study of the
Easy GLAMOUT. Last, Sect. 7 discusses the minimality of the cost
model. Appendix A (p. 11) collects the definitions and notations of
the rewriting notions at work in the paper.

Omitted proofs are in Appendix B (p. 11). In case of acceptance,
this long version with Appendices will be made available on Arxiv.

2. Incarnations of Open Call-by-Value

Here we recall Naive Open CBV Ap1,¢ and introduce the three forms
of Open CBYV that will be compared (Afire, Avsub, and Agn) together
with a semantic notion (potential valuability) reducing Open CBV
to Closed CBYV, and equivalent to normalization in Asire and Asn
[12, 17, 30]. In this paper terms are always possibly open.

Naive Open CBV: Plotkin’s calculus \p1o: [28] Naive Open CBV
is Plotkin’s weak CBV A-calculus Ap1o¢ On possibly open terms,
defined in Fig. 1. Our presentation of the rewriting is unorthodox
because we split 5, -reduction into two rules, according to the kind
of value (abstraction or variable). The set of terms is denoted by A.
Terms (in A) are always identified up to c-equivalence and the set of
the free variables of a term ¢ is denoted by £v(t). We use t{z<u}
for the term obtained by the capture-avoiding substitution of u for
each free occurrence of z in ¢t. Evaluation — 4, is weak and non-
deterministic, as in the case of an application there is no fixed order
in the evaluation of the left and right subterms. As it is well-known,
non-determinism is only apparent: the system is strongly confluent
(see Appendix A for a glossary and notations of rewriting theory).

Proposition 1. — g, , — g, and —p, are strongly confluent.

Strong confluence is a remarkable property, much stronger than
plain confluence. It implies that, given a term, all derivations to its
normal form (if any) have the same length, and that normalization
and strong normalization coincide, i.e. if there is a normalizing
derivation then there are no diverging derivations. Strong confluence
will also hold for Asire and Avsup, N0t for Agp.

Let us come back to the splitting of —3,,. In Closed CBV it is
well-known that — g, is superfluous, at least as long as small-step
evaluation is considered, see [6] and Sect. 5. For Open CBV, — 4,
is instead necessary, but—as we explained in the introduction—it
is not enough, which is why we shall consider extensions of Apiot.
The main problem of Naive Open CBYV is that there are stuck /-
redexes that break the harmony of the system. There are two kinds
of solution, those restoring a form of harmony, to be thought as
more semantical approaches, and those removing stuck [3-redexes,
that are more syntactical in nature.
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Terms and Values
Fireballs
Inert Terms
Evaluation Contexts

As in Plotkin’s Open CBV (Fig. 1)
frg he=Xxt|i
i,i,8" s=af1.. . fa

E:={()|tE|Et

n>0

CONTEXTUAL CLOSURE
E<t> — B\ E(u) if ¢ =g U
E(t) —p, E{u) ift—gs, u

RULE AT ToP LEVEL
(Az.t)(Ay.u) —p, t{zAy.u}
(Az.t)i —p, t{x—i}

Reduction —g =g U g,

Figure 2. The Fireball Calculus Afire

Open Call-by-Value 1: The Fireball Calculus \:ire The Fireball
Calculus A¢ire, defined in Fig. 2, was introduced without a name
by Paolini and Ronchi Della Rocca in [25] and [30, Def. 3.1.4,
p- 36] where its basic properties are also proved. We give here
a presentation inspired by Accattoli and Sacerdoti Coen’s [7],
departing from it only for inessential, cosmetic details. Terms and
evaluation contexts are the same as in Apiot.

The idea is to restore harmony by generalising — g, to fire when
the argument is a more general inert term—the new rule is noted
— 8, The generalisation of values as to include inert terms is called
fireballs. Actually fireballs and inert terms are defined by mutual
recursion (in Fig. 2). For instance, Ax.y is a fireball as an abstraction,
while z, y(Az.z), zy, and (z(Az.z))(22)(Ay.(zy)) are fireballs as
inert terms. Note that ¢i’ is a inert term for every inert terms 4 and
i'. Inert terms can be equivalently defined as i == x | i f—such
a definition is used in the proofs in the Appendix. Inert terms that
are not variables are referred to as compound inert terms. The main
feature of an inert term is that it is normal and that when plugged in a
context it cannot create a redex, hence the name (it is not a so-called
neutral term because it might have redexes under abstractions).
In Grégoire and Leroy’s presentation [15], inert terms are called
accumulators and fireballs are simply called values.

Evaluation is given by the fireball rule — g, that is the union
of —p, and —p,. For instance, consider ¢ := ((Ay.d)(zz))d and
u = 0((\y.0)(zz)) as in Eq. (1), p. 1: ¢ and u are 8,-normal but
they diverge when evaluated in Asire, as desired: t —g, 66 —p,
(55—)@... and u —g, (5(5—)@\ &6 By -

The distinguished, key property of Asire is (for any ¢ € A)

Proposition 2 (Open Harmony). ¢ is 8¢-normal iff t is a fireball.

The advantage of A¢ire iS its simple notion of normal form, i.e.
fireballs, that have a clean syntactic description akin to that for
call-by-name. Both Aysyp and Mgy will lack a nice, natural notion
of normal form. The concepts of Asire, however, will allow us to
somewhat identify a good notion of normal form also for Avsup.

The drawback of the fireball calculus—and probably the reason
why its importance did not emerge before—is the fact that as
a strong calculus it is not confluent: this is due to the fact that
fireballs are not closed by substitution (see [30, p. 37]). Indeed, if
evaluation is strong, the following critical pair cannot be joined,
where t := (A\y.I)(09) and I := Az.z is the identity combinator:

Iﬁﬁ; (Al‘])(;ﬁl(— (/\m()\yl) (:El’))(s B t — B t By 2)
Such a problem will play a role in Sect. 4, when we will discuss
equational theories.

On the other hand, as long as evaluation is weak (that is the case
we consider) everything works fine—the strong case can then be
caught by iterating the weak one. In fact, fireball evaluation has a
simple rewriting theory, as the next proposition shows. In particular
it is strongly confluent.

Proposition 3 (Basic properties of Afire).
1. —p, is strongly normalizing and strongly confluent.
2. —p, and — g, strongly commute.
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vsub-Terms t,u,s 1= v | tu | t{zeu]

vsub-Values v =z | Awt
Evaluation Contexts E = ()| tE | Et | E[z<u] | t{z<E]
Substitution Contexts L == () | L{z+<u]

RULE AT ToP LEVEL
L{Az.t)u —m L{t[z<u])
tlz—L(Ay.w)] e, L({t{z<Ay.u})
tle=L{y)] e, L{t{zy})

CONTEXTUAL CLOSURE
E(t) »m E(u) ift—mu
E(ty —e, E(u) ift e, u
E(t) =, E(u) ift e, u

Reductions e i= ey U ey, —Pvsubi=—mlU e

Figure 3. The Value Substitution Calculus Aysub

3. —p, is strongly confluent, and all By-normalizing derivations d
fromt € A (if any) have the same length |d| g, the same number
|d| g, of Br-steps, and the same number |d|g, of B;-steps.

Rewriting Interlude: Creations of Type 1 and 4. The problem
with stuck normal forms can be easily understood at the rewriting
level as an issue about creations. According to Lévy [21], in the
ordinary A-calculus redexes can be created in 3 ways. Creations of
type 1 take the following form

(AzAy.t)r)s =5 (Ay.t{xz<r})s

where the redex involving Ay and s has been created by the 3-step.
Now, in Naive Open CBV if r is a normal form that is not a value
then the creation cannot take place, blocking evaluation. This is
exactly the problem concerning the term ¢ in Eq. (1), p. 1.

Actually, in CBV there also is a form of creation not considered
by Lévy, let’s call it of type 4:

Oz.t)(Ayv)v') =5, Az.t)(v{y=v'})

i.e. areduction in the argument turns the argument itself into a value,
creating a 3,-redex. As before, in a open setting v’ may be replaced
by a normal form that is not a value, blocking the creation of type 4.
This is exactly the problem concerning the term u in Eq. (1), p. 1.

The following two proposals for Open CBV essentially introduce
some way to enable creations of type 1 and 4, without substituting
stuck (3-redexes nor inert terms.

Open Call-by-Value 2: The Value Substitution Calculus M sun
The value substitution calculus Avsup of Accattoli and Paolini [2, 5]
was introduced as a calculus for Strong CBV inspired by linear logic
proof nets. In Fig. 3 we present its adaptation to Open CBYV, obtained
by simply removing abstractions from evaluation contexts. It extends
the syntax of terms with the constructor [z+u], called explicit substi-
tution (shortened ES, to not be confused with the meta-level substitu-
tion {x«<wu}). A vsub-term t[z+u| represents the delayed substitu-
tion of w for = in ¢, i.e. stands for let z = wint. So, ¢[z«<u]| binds
the free occurrences of x in ¢. The set of vsub-terms—identified up
to a-equivalence—is denoted by Ayse (clearly A C Avsup).

ES are used to remove stuck S-redexes: the idea is that 3-redexes
can be fired whenever—even if the argument is not a (vsub-)value—
by means of the multiplicative rule —m; however the argument is
not substituted but placed in a ES. The actual substitution is done
only when the content of the ES is a vsub-value, by means of the
exponential rule —.. These two rules are sometimes noted —qg
(8 at a distance) and —s (substitution by value)—the names we
use here are due to the interpretation of the calculus into linear
logic proof-nets, see [2]. A characteristic feature coming from such
an interpretation is that the rewriting rules are contextual, or at a
distance: they are generalized as to act up to a list of substitutions
(noted L, from List). Essentially, stuck S-redexes are turned into ES
and then ignored by the rewriting rules—this is how creations of
type 1 and 4 are enabled. For instance, the terms ¢ := ((\y.d)(zz))d
and u = 0((Ay.0)(zz)) (as in Eq. (1), p. 1) are e-normal but
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t —m Oy<zz]0 —m (zz)[z<d][yc22] —e (00)[y<2zz] —m
(zx)[x<d][y<2z2] —e (60)[y<22] —m ... and similarly for w.
The drawback of Aysup is that it requires explicit substitutions.
The advantage of Avsu is its simple and well-behaved rewriting
theory, even simpler than the rewriting for Asire, as every rule
terminates separately (while 8\ does not)—in particular strong
confluence holds. Moreover, the theory has a sort of flexible second
level given by a notion of structural equivalence, coming up next.

Proposition 4 (Basic Properties of Avsub, [5])-

1. —m and —. are strongly normalizing (separately).

2. —m and —. are strongly confluent (separately).

3. —m and —¢ strongly commute.

4. —ysu s strongly confluent, and all vsub-normalizing deriva-
tions d from t € Aysw (if any) have the same length |d|vsu,
the same number |d|e of e-steps, and the same number |d|m of
m-steps

5. Lett € A. For any vsub-derivation d from t,

dle < |d|m.

Structural Equivalence The theory of \ysy comes with a notion
of structural equivalence =, that equates vsub-terms that differ
only for the position of ES. The basic idea is that the action of
an ES via the exponential rule depends on the position of the ES
itself only for inessential details (as long as the scope of binders
is respected), namely the position of other ES, and thus can be
abstracted away. A strong justification for the equivalence comes
from the linear logic interpretation of the call-by-value A-calculus,
in which structurally equivalent vsub-terms translate to the same
(recursively typed) proof net, see [2].

Structural equivalence = is defined as the least equivalence
relation on Aysy, closed by evaluation contexts (see Fig. 3) and
generated by the following axioms:

tly<s][zeu] Zcom t{zul[y<s] ify ¢ fv(u) and x ¢ £v(s)
ts[zu] =ar (ts)[x<u] ifx & £v(t)
tlz—uls =ar (ts)[z<u] ifx & £v(s)

tlx—uly<s]] =) tlzully<s] ify & fv(t)

We set —ysub— = =—>ysw= (i.e. for all t,u € Avsup: t —>vysuv= T

ifft = U —ryswp § = 7 for some u, s € Aysyp). The notation —-

vsub=
keeps its usual meaning, while —J5,,_ stands for = U S
a vsub=derivation of length zero can apply = and is not just the
identity. As = is reflexive, —vsu & —Pvsub-

The rewriting theory of Aysu enriched with structural equiva-
lence = is remarkably simple, as the next lemma shows. In fact, =
commutes with evaluation, and can thus be postponed. Addition-
ally, the commutation is strong, as it preserves the number and kind
of steps—one says that it is a strong bisimulation (with respect to
—vsub)- In particular, the equivalence is not needed to compute and
it does not break, or make more complex, any property of Avsup.
On the contrary, it enhances the equational theory and the flexibil-
ity of the system. It will be essential to establish simple and clean
relationships with the other calculi for Open CBV.

Lemma 1 (Basic Properties of Structural Equivalence =, [5]). Let
t,u € Avsus and x € {m, exey, e, vsub}.

1. Strong Bisimulation of = wrt —ysuw: if t = u and t —« t' then
there exists u' € Avsw such that uw —y v’ andt’ = u'.

2. Postponement of = Wrt —ysub: if d: t —yeu_ u then there are
s=wuande: t =gy S such that |d|vsew = \E|vsub, dle = |ee,
|dley = [€ley, |dle, = |€le, and |d|m = [€]|m.

3. Normal Forms: if t = w then t is x-normal iff u is x-normal.

4. Strong confluence: —ysuv is strongly confluent.

The first point is a variant of [5, Lemma 12], stating that =is a
strong bisimulation, the other points are immediate consequences.
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Terms and Values
Balanced Contexts

As in Plotkin’s Open CBV (Fig. 1)
B:= () |tB| Bt|(Az.B)t

RULE AT ToP LEVEL CONTEXTUAL CLOSURE
((Azt)u)s —o, (Azts)u, x¢fv(s) B(t) —ob B(u) ift—q u
v((Ax.8)u) oy (Azv8)u, x¢fv(v) B(t) —ob B(u) ift—o, u

(Az.t)v g, t{z<v} B(t) —g B(u) ift—g, u

Reductions o= U=, e =g U=

Figure 4. Shuffling A-calculus Agn

Open Call-by-Value 3: The Shuffling Calculus \sn,  The calculus
introduced by Carraro and Guerrieri in [12], and here deemed
Shuffling Calculus, has the same syntax of terms as Plotkin’s
calculus. Two additional commutation rules help — g, to deal with
stuck S-redexes, by shuffling constructors so as to enable creations
of type 1 and 4. As for Aysub, Asn Was actually introduced, and then
used in [12, 16, 17], to study Strong CBV. In Fig. 4 we present
its adaptation to Open CBYV, based on balanced contexts, a special
notion of evaluation contexts. The reductions —,, and — g, are
non-deterministic and—because of balanced contexts—can reduce
under abstractions, but they are morally weak: they reduce under a
A only when the ) is applied to an argument. Note that the condition
x ¢ fv(s) (resp. z ¢ £v(v)) in the definition of the shuffling rule
o, (resp. —,,) can always be fulfilled by a-conversion.

The reduction —_, unblocks stuck S-redexes. For instance,
consider the terms ¢ := ((Ay.)(22))d and u = §((Ay.0)(22))
where 0 := Az.zz (as in Eq. (1), p. 1): ¢ and w are Bz-normal
butt — (Ay.66)(z=) — g (Ay.60)(zz) —g - andu b
(Ay.08)(22) —go (A2.00)(22) —gp «. . .

The similar ghufﬂing rules in 6pen CBN, better known as
Regnier’s o-rules [29], are contained in CBN [-equivalence, while
in Open (and Strong) CBV they are more interesting, as they are not
contained into (i.e. they enrich) /3, -equivalence.

The advantage of Ag, is with respect to denotational investiga-
tions. In [12], Asn is indeed used to prove various semantical results
in connection to linear logic, resource calculi, and the notion of
Taylor expansion due to Ehrhard. In particular, in [12] it has been
proved the adequacy of Asn with respect to the relational model
induced by linear logic: a by-product of our paper is the extension
of this adequacy result to all incarnations of Open CBV.

The drawback of A is its technical rewriting theory. We sum-
marize some properties of Asn, most of them proved in [12]:

Proposition 5 (Basic Properties of Agn, [12]).

1. Lett,u,s € A Ift —gb wandt —_, s then u # s.

2. —_» is strongly normalizing and (not strongly) confluent.

3. —en is (not strongly) confluent.

4. Lett € A: t is strongly sh-normalizable iff t is sh-normalizable.

In contrast to Afire and Avsuws, Asn i8S not strongly confluent
and not all sh-normalizing derivations (if any) from a given term
have the same length (consider, for instance, all sh-normalizing
derivations from (\y.z)(d(zz))d). Nonetheless, normalization and
strong normalization still coincide (Prop. 5.4), and Cor. 3 in Sect. 3
will show that the discrepancy is encapsulated inside the additional
shuffling rules, as all sh-normalizing derivations from a given term
have the same number of ,BZ-steps.

Reducing Open to Closed Call-by-Value: Potential Valuability.
Potential valuability relates Naive Open CBV to Closed CBV via a
meta-level substitution closing open terms: a (possibly open) term
t is potentially valuable if there is a substitution of (closed) values
for its free variables, for which it 3, -evaluates to a (closed) value.
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In Naive Open CBYV, potentially valuable terms do not coincide
with normalizable terms because of premature normal forms—as ¢
and v in Eq. (1) at p. 1— which are not potentially valuable.

Paolini, Ronchi Della Rocca and, later, Pimentel [24-27, 30]
gave several operational, logical, and semantical characterizations of
potentially valuable terms in Naive Open CBV. In particular, in [25,

] Paolini and Ronchi Della Rocca prove that a term is potentially
valuable in Plotkin’s Naive Open CBYV iff its normalizable in Afire.

Potentially valuable terms can be defined for every incarnation
of Open CBV: it is enough to update the notions of evaluation and
values in the above definition to the considered calculus. This has
been done for Agy in [12], and for Aysy in [5]. For both calculi it
has been proved that, in the weak setting, potentially valuable terms
coincides with normalizable terms. In [17], it has been proved that
Plotkin’s potentially valuable terms coincide with Agn-potentially
valuable terms (which coincide in turn with sh-normalizable terms).
Our paper makes a further step: proving that termination coincides
for Afire, Avsub, and Agn it implies that all their notions of potential
valuability coincide with Plotkin’s, i.e. there is just one notion of
potential valuability.

There are other reasons why potential valuability is of interest.
For instance, it is a key notion for characterizing solvability in Strong
CBV [5, 12, 25, 30]. Moreover, in [26, 27] it has been proved that
the class of strongly normalizable terms in Open CBN (aka the lazy
A-calculus, see [1]) coincides with that of potentially valuable terms
(and that of normalizable terms in A¢ire), providing an interesting
connection between CBV and CBN.

Open CBV 4,5,6, ... Many calculi for Open CBV exist in the
literature. Some of them have let-expressions (avatars of ES)
and all of them have rules permuting constructors, therefore they
lie somewhere in between Aysyw and Asn. Often, they have been
developed for other purposes, usually to investigate the relationship
with monad or CPS translations. Moggi’s equational theory is a
classic standard of reference, known to coincide with that of Sabry
and Felleisen [31], Sabry and Wadler [32], Dychoff and Lengrand
[14], Herbelin and Zimmerman [18] and Maraist et al’s Aje; in
[22]. In [5], Avswo modulo = is shown to be termination equivalent
to Herbelin and Zimmerman’s calculus, and to strictly contain its
equational theory, and thus Moggi’s. At the level of rewriting these
presentations of Open CBYV are all more involved than Aysub, Our
reference presentation, because they do not rely on rules at a distance
and so do not disentangle structural equivalence from evaluation.
Their relationship with Aysus can be shown along the lines of that of
Ash (or the one in [5]).

3. Quantitative Termination Equivalences

Here we show the equivalence with respect to termination of Afire,
Avsub, and Agn, enriched with quantitative information on the number
of steps. The results are obtained simulating both A¢ire and gy into
Avsub, Which is the most flexible setting from a rewriting point of
view. In both cases, structural equivalence = of Aysu, plays a role.

Simulating \sive in Avswn A single By-step (A\z.t)v — g, t{z<v}
is simulated in Aysus by two steps (Lemma 2.1): (Az.t)v —m
tlz—v] —e t{z<v}, i.e. a m-step that creates a ES, and a e-step
that turns the ES into the meta-level substitution performed by the
[By-step. The simulation of a inert step of Asire is instead trickier,
because in Avsup there is no rule to substitute a inert term, if it is
not a variable. The idea is that a inert step (Ax.t)i —g, t{z<i} is
simulated only by (Az.t)i —m t[z<i], i.e. only by the m-step that
creates the ES, and such a ES will never be fired—so the simulation
is up to the unfolding of substitutions containing inert terms (defined
right next). Everything works because of the key property of inert
terms: they are normal and their substitution cannot create redexes,
so it is useless to substitute them.
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The unfolding of a vsub-term ¢ is the term ¢ obtained from ¢
by turning ES into meta-level substitutions; it is defined by:
)=z (tu)] =tlul
(Az.t)] = Az.t| (t{zeu))] = t{{z-ul}
Forall t,u € Aysw, t = wimplies t| = u]. Also, t| = tiff ¢t € A.
In the simulation we are going to show, structural equivalence =
plays arole. It is used to clean the vsub-terms (with ES) obtained
by simulation, putting them in a canonical form where ES do not
appear among other constructors.
A vsub-term is clean if it has the form u[z1+i1]. .. [Tn<in]
where n € N, u € A is called the body, and 41, . ..,i, € A are

inert terms. Clearly, any term (as it is without ES) is clean.
We first show how to simulate a single fireball step.

Lemma 2 (Simulation of a B-Step in Avsun). Lett,u € A.
1. Ift —p, uthent —m—re, u.
2. Ift =, uthent —n= s, with S € Ayswb clean and sl =u.

Unfortunately, it is not possible to simulate derivations by it-
erating Lemma 2, because the starting term ¢ has no ES but the
simulation of inert steps introduces ES. Therefore, we have to gener-
alize the statement up to the unfolding of ES. In general, unfolding
ES is a dangerous operation with respect to (non-)termination, as it
may erase a diverging subterm (e.g. t := x[y«<Jd] is vsub-divergent
and t| = x is normal). In our case, however, the simulation pro-
duces clean vsub-terms, and so the unfolding is safe because it can
only erase inert terms, that cannot create, erase, nor carry redexes.

By means of a technical lemma in the appendix we obtain:

Lemma 3 (Projection of a 3;-Step on —ysu, via Unfolding). Ler t
be a clean vsub-term and u be a term.
1. Ift| —p, uthent —m—se, 8, with s € Aysw clean and s| = u.
2. Ift] —p, uthent —m= s, with s € Aysu clean and s = w.

Via Lemma 3 we can now simulate whole derivations. To obtain
the termination equivalence, however, we have to work a little bit
more. First of all, let us characterize the terms in Aysyb Obtained by
projecting normalizing derivations (that always produce a fireball).

Lemma 4. Lett be a clean vsub-term. If t| is a fireball, then t is
{m, ex}-normal and its body is a fireball.

Now, a {m, ex }-normal form ¢ morally is vsub-normal, as —,
terminates (Prop. 4.1) and it cannot create {m, e, }-redexes. The part
about creations is better expressed as a postponement property.

Lemma 5 (Linear Postponement of —, ). Let t, u be vsub-terms.
Ifd:t =5 uthen e:t =g —¢  u with |efvsw = [d]vsw,
lelm = |d

ele = |dle and leley = |d]e,.
The next theorem puts all the pieces together.

m»

Theorem 1 (Quantitative Simulation of Afiye in Aysun). Lett, u € A.
Ifd: t —>}§f u then there are s,1 € Nysup and e: t —>5g, 1 such that
1. Qualitative Relationship: » = s, w = s| = r| and s is clean;

2. Quantitative Relationship:
1. Multiplicative Steps: |d|g, = |e

m;
2. Exponential (Abstraction) Steps: |d|g, = |e|e, = |e]e.

3. Normal Forms: if u is Sr-normal then there exists f: r —>:y q
such that q is a vsub-normal form and |fle, < |e|m — |e]e,.

Corollary 1 (Linear Termination Equivalence of Aysus and Asire)-
Lett € A. There exists a Bf-normalizing derivation d from t iff
there exists a vsub-normalizing derivation e from t. Moreover,
|d|g; < le|vsun < 2|d|g;, i.e. they are linearly related.

Note that the statement of Cor. 1 is stronger than it may look
at first sight, because by strong confluence in both Afire and Avsun,
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given a term ¢, if there is a normalizing derivation from ¢ then there
are no diverging derivations from ¢, and all normalizing derivations
from ¢ have the same length (Prop. 3.3 and Prop. 4.4).

Since the number of steps in A¢ire is known to be a reasonable
cost model for Open CBV [7], our result states that also the number
of steps in Avsup 1S a reasonable cost model, and moreover that they
are tightly related. Not only the relationship between the two is
linear, but the number of multiplicative steps in Avsus i exactly the
number of steps in A¢ire (Thm. 1.2). By the way, this is somewhat
surprising: in A¢ire arguments of [r-redexes are required to be
fireballs, while for m-redexes there are no restrictions on arguments,
and yet in every derivation to normal form their number coincide.

By Lemma 4 it follows that a clean normal form is a fireball
followed by ES with inert terms. This is a nice description of normal
forms for Aysup, inherited from A¢ire, and a by-product of our study.

Simulating \sn in A\yswp A derivation d: ¢t —Z3 u in Mg is
simulated via a projection on multiplicative normal forms in Aysu
(for any vsub-term ¢, its multiplicative normal form m(t) exists
and is unique by Prop. 4), i.e. as a derivation m(t) —ysu_ m(uw).
Indeed, a ij—step of Agn is simulated in Aysus by a e-step followed
by some m-steps to reach the m-normal form. Shuffling rules
— b Of Asn are simulated by the structural equivalence = of Avsub:
applying m(-) to ((A\z.t)u)s —ot (Az.(ts))u we obtain exactly
an instance of the axiom =g defining =: m(¢)[zm(u)]m(s) =a
(m(t)m(s))[z<m(u)] (with the side conditions matching exactly).
Similarly, b projects to =@y or =) (depending on whether v in
—>Gg is a variable or an abstraction). Therefore,

Lemma 6 (Projecting a sh-Step on —vsu— via m-nf). Let t,u € A.
1. Ift =, uthen m(t) = m(u).
2. Ift =g uthenm(t) —be—rpy m(u).

In contrast to the simulation of Asire in Aysub, here the projection
of a single step can be extended to derivations without problems,
obtaining that the number of /Bz-steps in Asn matches exactly the
number of e-steps in Avsub. Additionally, we apply the postponement
of = (Lemma 1.2), factoring out the use of = (i.e. of shuffling
rules) without affecting the number of e-steps. So, via Lemma 6
we can now simulate whole derivations. To obtain the termination
equivalence, however, we need the following lemma:

Lemma 7 (Projection Preserves Normal Forms). Lett € A. Ift is
sh-normal then m(t) is vsub-normal.

The next theorem puts all the pieces together (for any sh-deri-
vation d, |d| g is the number of 8 -steps in d).

Theorem 2 (Quantitative Simulation of Ay in Aysup). Let t,u € A.
Ifd: t =%, uthen there are s € Nysu and e: t —ygyy S such that
1. Qualitative Relationship: s = m(u);
2. Quantitative Relationship (Exponential Steps): |d| 5, = [e]e;
3. Normal Form: if u is sh-normal then s and m(u) are vsub-
normal.

Corollary 2 (Termination Equivalence of Aysu, and Asn). Lett € A.
There is a sh-normalizing derivation d from t iff there is a vsub-
normalizing derivation e from t. Moreover, |d| g, = |ee.

As for Cor. 1, the claim of Cor. 2 is stronger than it seems, since
for both Aysup and Agn, given a term ¢, if there is a normalizing deriva-
tion from ¢ then there are no diverging derivations from ¢ (for Avsub
it follows from strong confluence, for Asy is given by Prop. 5.4).

About the quantitative relationship, |d| 5 = |ele also holds for
all normalizing derivations from a given term; for Avsu, it holds by
Prop. 4.4; for Aan, it is given by the following corollary of Thm. 2.

Corollary 3 (Number of 3’-Steps is Invariant). All sh-normalizing
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derivations from t € A (if any) have the same number of 35 -steps.

In a way, the quantitative simulation of Agy in Aysuw (Thm. 2)

“imposes the good behavior” of Ayswn On Asn. The existence of a

quantitative invariant in sh-normalizing derivations is not obvious,
indeed, as Asn is not strongly confluent.

For what concerns the cost model things are subtler for Asn. Note
that the relationship between Asn and Ayswp uses the number of e-
steps, while the cost model (inherited from Asire) is the number
of m-steps. Do e-steps provide a reasonable cost model? Sect. 7
addresses this question, showing that it is quite unlikely. The next
section will also say a little bit more about the cost model for Agp.

4. Equational Theories

Here we compare the equational theories of Afire, Avsun (With and
without =), and g, i.e. the reflexive-transitive and symmetric
closures ~, of — for r € {f, vsub, vsub=, sh}.

The Theory of Atire is Too Large 1t is easy to adapt the coun-
terexample to confluence for Strong CBV in A¢ire (Sect. 2) to an
example that ~, is larger than the contextual equivalence of Asire,
thus showing that it is an inadequate equational theory. Consider

= (Ay.I)(zzx) and u := (Ay.I)(xz) where I is the identity com-
binator. We have ¢ ~3; u, as they both S;-reduce to I. Despite their
equivalence, the context C' := (Az.((Az.{(-))d))I, where ¢ is the
duplicator combinator, separates them, and so C(t) %5, C(u).In
fact, C(t) =7, (Ay.I)(86), that diverges, while C(u) —% I. The
problem is that A¢ire erases too much. Note that on the other hand
t Eysub— U, as their normal forms in Avsws are I [y<zzx] £ I[y<zz].
From Thm. 1 it also easily follow the following result.

Proposition 6. ~ysuw_ is contained in ~=g, on normalizable terms.

We did not dig on diverging terms because the question is quite
more technical and—more generally—the example we showed
suggests that ~g, is not worth to be studied in detail.

The Theory of \q is Strictly Contained in the Theory of \ysw Up
to = From the simulation of Ag, into Aysyp (Thm. 2), it follows
that ~gn C ~yeup_, but the converse does not hold on A. It is easy
to understand why: the projection used in the simulation sends o)
to =@ and ag to =ar / =[], but =com is not covered. By turning
ES into S-redexes we can easily turn =con into a pair of terms that
are equivalent for ~ysu,_ but not for ~g,. Let i and ¢’ two distinct
compound inert terms and consider s := (Ay.((Az.2)7))i’ ~ysub—
(Az.((\y.2)i"))i = r that are such that s %4, T, since s and r are
sh-normal and different. Actually, there is a further slight mismatch.
Note that the definition of — o} requires the presence of a value v,

which is absent from =@, and = Such a restriction on — o} is

required to have confluence for — ,, (the unrestricted o’ rules are
not confluent on e.g. (Ii)(Ii')). By lifting a general case of =qy as
we did for =com, One obtains a pair of terms that are equivalent for
~ysub—, DUt NOt for ~gp.

Extending ~gy, to Match ~,s,,— According to the previous para-
graph, to close the gap between ~g, and ~ysup_ is enough to extend
~g, with an equation corresponding to the lifting of =c,m and by
taking the more general form of —oh Consider:

Ay.(Az.)u)s —oe, (Az.(Ay.t)s)u  ifyétv(u), x¢fv(s)
t(Az.s)u) =gy (Azts)u ifx ¢ £v(t).

and define the extended shuffling equivalence ~g" as the least
equivalence relation on A closed under balanced context (see Fig. 4)
containing o, oy, o and =g, . Clearly, ~gn G >~ ~ot

It easy to show that ~& i 1s contained in ~ygun_ by projecting on

m-normal forms. The other direction is shown by defining a transla-
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tion (-)° of vsub-terms into terms (without ES) that is a sort of in-
verse of the multiplicative projection, as it turns ES into 3-redexes:

z° =z (tu)® = t°u°
(Az.t)° == Az.t° (tlreu])® = Az.t%)u’

For any ¢ € Aysub, the number of ES occurring in ¢ is denoted by
|t|gs. Clearly, t° = t iff t € Aiff |t|gs = O (recall that A C Avep).

Lemma 8 (Projection of vsub on Asn). Lett,u € Aysup.
Ift —m uthent® =" o u® withn < |t|gs.

Ift —e uthent® =" b—>5, u® where n < |t|gs.

Ift = uthent® ~5* u°
4. Ift —vsuw— u then t° _ii(f u®

“wohN~

Theorem 3 (Same Equatlonal Theory for Avsw and Agn). Let
t,u € Art ~ygun— wifft ~5 .

We can also say something on the theory of Aysuw Without
=, namely that it is strictly contained in the theory of Asn. The
containment is given by Lemmas 8.1-2, and strictness by the fact
that o’-rules are not simulable on Avsup Without =. For instance,
t = (A\z.y)(zz)z ~a (Az.yz)(xzz) = u, but ¢ and u have two
different normal forms in vsub.

The Theory of Open CBV We choose ~suw_ as a reference
theory for Open CBV. It is a simple, modular two-levels theory,
where evaluation and administrative differences, encapsulated into
structural equivalence, are disentangled. It strictly contains Moggi’s
theory (and thus subsumes also the ones in [14, 18, 22, 31, 32]), it
coincides with the theory induced by linear logic proof nets [2], it
avoids the degeneracies of A¢ire, can be projected on Agn, and it has
a nice notion of clean normal form.

Two More Words About Cost Models for \sn, Note the bound
n < |tlgs in Lemmas 8.1-2. It is easily seen that given a A-
term u and a derivation d: u — oy t then |t|gs is equal to the
number |d|m of m-steps in d. One can then prove that for any
derivation d: u —yyp, t there is a derivation e: u°® —7%, t° such
that |e|,» = O(|d|Z) thus establishing a polynomial relationship
with the cost model of Aysyp. Since Agp is not strongly confluent,
however, this fact is quite weak without further analysis, as it does
not extend to all derivations in Asn. The moral is that Agy is not really
apt to study the complexity of evaluation of Open CBV.

5. How to Stop Worrying and Love the Bomb

It is well-known that Closed CBV admiits size-exploding families, i.e.
families where the n-th term has size linear in n and in n 3, -steps
evaluates to a term of size exponential in n. The following is an
interesting example. Fix a closed value v (e.g. the identity). Define

t1 = Az \y.(yzT) R§=w
buss = A0 (O (yae)) Rir = M- (yRLRY)

Proposition 7 (Abstraction Size-Explosion). For all n > 0, t,v
—5, Rn with [t,| = O(n), |R;| = O(2"), and Ry, is By-normal.

This family is interesting because no matter how one looks
at it, it always explodes: in Closed/Open CBV there is only one
possible derivation to normal form and in Strong CBV/CBN all such
derivations have the same length (and are permutatively equivalent).
To our knowledge this family never appeared in print.

The issue is that the number of (3,-steps does not seem to be
a reasonable cost model, as it does not even account for the time
of writing down the normal form. It is also well-known, however,
that adding sharing and turning to micro-step evaluation (under the
form of abstract machines, graph-rewriting, or explicit substitutions)
allows to circumvent such a problem in Closed CBV, as in a
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number of micro steps linear in the number of /3-steps one reaches a
reasonable compact normal form, i.e. a shared representation of the
normal form that has size linear in n and that can be managed
efficiently. This is possible because with micro-step evaluation
variable occurrences under abstraction are never substituted by
values: note that in R, there is an exponential number of copies of
v under abstraction.

Turning to Open CBV another form of size-explosion appears.
Fix a inert term ¢. Define:

uy = Azr1.(z121) Un+1 = An41.(Un (Trt1Tnt1))

Proposition 8 (Inert Size-Explosion [7]). For all n>0, uni —3,
i?"(the Br-normal form of uy i) with |u,| = O(n) and |i2”| =0(2").

As we show in Sect. 6, in order to circumvent inert size-explosion
it is enough to never substitute inert terms at the micro-step level.

In Strong CBV one has both abstraction and inert size-explosion,
but there is worse. The way the abstraction case is circumvented in
micro-step Closed CBV does not work for Strong CBYV, because the
exponential number of values v appearing under abstraction in the
result R, (and causing the explosion) has to be substituted in order
to obtain a strong normal form. The solution developed in [7] (and
inspired by [3]) is to substitute abstractions on-demand (in addition
to never substitute inert terms): the substitution of an abstraction
happens only if the variable occurrence that it should replaces is
applied, so that a S-redex is created.

Now, in [3] the solution for Strong CBYV is developed in the
context of Open CBV. The contribution we give here is to show
that substituting abstractions on-demand is not necessary for Open
CBV: freely substituting abstractions still provides a reasonable
(and simpler) implementation, if one only cares about Open CBV.
Said differently, iterating Open CBV to catch Strong CBV has non-
trivial implications at the level of complexity, and schemes that
are reasonable for Open CBV might induce—when iterated—non
reasonable schemes for Strong CBV. But there is quite more.

An implementation of Open CBV is reasonable when given a
derivation d : ¢ —>§f u the complexity of its implementation is
polynomial with respect to two parameters, the number & of steps
(i.e. the cost model) and the size |¢| of the initial term (roughly
the input). In [3] it is shown that substituting abstractions on-
demand and never substituting compound inert terms provides an
implementation of complexity O(k? - |t|), and that if in addition
one never substitutes variables (thus simply never substituting inert
terms) the complexity lowers to O(k - |t|), becoming bilinear. The
machine of the next section will only never substitute inert terms and
will have complexity O(k - |¢|*), shifting the quadratic dependency
on the size of the initial term. We omit it for space reasons, but it
is easy to design a machine that never substitutes compound inert
terms and that has complexity O(k? - |t|*). The moral is that

For implementations of Open CBV never substituting variables and
substituting abstractions on-demand are modular optimizations that
act on separate parameters of the overhead, reducing the bound
from quadratic to linear.

6. Easy GLAMOUr

In this section we present the Easy GLAMOUT, a simplified version
of the GLAMOUr machine from [7], not needing any labeling
of codes and yet providing a reasonable implementation. For a
comparison with Grégoire and Leroy [15] see Sect. II of [7].

Background GLAMOUTr stays for Useful (i.e. optimized to be
reasonable) Open (reducing open terms) Global (using a single
global environment) LAM, and LAM stays for Leroy Abstract
Machine, an ordinary machine implementing left-to-right call-by-
value, defined in [&]. In [7] the study of the GLAMOUTr was done
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according to the distillation approach of [&], i.e. by decoding the
machine towards a micro-step A-calculus with ES. Here we follow
the distillation approach only partially: we borrow the terminology,
but we decode directly to A¢ire, Which is simpler.

Right-to-Left Evaluation The operational semantics of Asire de-
fined in Sect. 2 is non-deterministic. We fix a deterministic strategy,
the right-to-left evaluation —vg, , defined by closing the root rules
—p, and g, in Fig. 2 by right contexts, given by R == () | tR |
Rf. The next lemma guarantees our definition is correct.

Lemma 9 (Properties of —rg,). Lett € A.
1. Completeness: ¢ has — g, -redex iff t has a —-p, -redex.
2. Determinism: ¢ has at most one g -redex.

Machine Components The Easy GLAMOUT, defined in Table 1,
implements —, via a decoding function - mapping machine states
to A-terms. A machine state s is a quadruple given by

® Code t: it is a term without ES not considered up to a-
equivalence, which is why it is over-lined;

e Stack T: it contains the arguments of the current code. Note that
stacks items ¢ are pairs x@m and A\z.u@e. These pairs allow
to implement some of the transitions in constant time. The pair
2@ codes the term 7(x) that would be obtained by putting
z in the context obtained by decoding the stack 7. The pair
Az.uQe is used to inject abstractions into pairs, so that items ¢
can be uniformly seen as pairs t@7 of a code ¢ and a stack ;

e Dump D: a second stack, that together with the stack 7 is used
to walk through the term and search for the next redex to reduce.
The dump is extended with an entry ¢(7 every time evaluation
enters in the right subterm of an application. The entry saves
the left part of the application (the code #) and the current stack,
to restore them when the evaluation of the right subterm is over.

e Global Environment E: it is used to implement micro-step
evaluation (i.e. the substitution on a variable occurrence at the
time), storing the ES that have been created so far (when fireball
redexes were encountered). Most of the literature on abstract
machines uses local environments and closures. Having just
one global environment removes the need for closures and
simplifies the machine. On the other hand, it forces to use
explicit a-renamings (in ~~,), but this does not affect the overall
complexity, as it speeds up other operations, see [8]. We write
E(z) = L when in E there are no entries of the form [z« ¢].
To save space, sometimes we write [z«t]E for [z+] : E.

The Decoding Every state s decodes to a term s (see the top
right part of Table 1), having the shape E,(tog), where tog is a
A-term, obtained by applying to the code the meta-level substitution
o induced by the global environment £, and F; is an evaluation
context, obtained by decoding the stack 7 and the dump D and then
applying o . Note that, to improve readability, stacks are decoded
to contexts in postfix notation for plugging.

The Transitions The union of the transitions of the Easy GLAM-
OUr is noted ~». According to the distillation approach we dis-
tinguish different kinds of transitions, whose names reflect a
proof-theoretical view, as machine transitions can be seen as cut-
elimination steps [8, 9]:

® Multiplicative ~y: it morally fires a —rg, -redex, except that its
action puts a new ES in the environment instead of substituting
the argument, as —m in Avsup;

e Exponential ~-.: performs a clashing-avoiding substitution from
the environment on the single occurrence represented by the
current code. It is a micro-step variant of rule —¢, of Avsub.

e Commutative transitions, all together noted ~.: they locate
and expose the next redex according to the right-to-left strategy,
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Table 1. Easy GLAMOUr machine: data-structures (stacks m, dumps
€

D, global env. E, states s), decoding -, and transitions

= 5 = {ze
¢ = AruQe|zQrm E = ellz¢]: E e . §<>>¢)>£ E[:ﬁaﬁ]AE - {£<§iUEE
T o= e|¢g:m s == (D,t,mE) — s == — -
D = ¢€|D:¥m o = (t)r g = _ Es(log)
D:tOr = D{{t()xm) where s = (D, t, 7, E)
Dump | Code | Stack Global Env Dump Code Stack Global Env
D tu T E e D O u € E
D:tOm | dzu| € E oy D t Az u@c : E
D:tOn| =z ' Eri[z<yQn”|Ey  ~, D t z@Qn’ i | Ey[zeyQrn’]Es
D:tOr| = i E ey D t zQn' E ifE(z) =1
D Axt|o:m E ~ D t ™ [x—¢]|E
D z 7 | E1[z<\yuQe|Ey  ~e D (Aym)” ™ Ey[x<)\y.uQe| Ey

where (Ay.w)® is any code a-equivalent to A\y.% such that its bound names are distinct and fresh with respect to those in D, 7 and E'j [z<A\y.u@¢| Ea.

by rearranging the data-structures. They are invisible on the
calculus. The commutative rule ~., forces evaluation to be
right-to-left on applications: the machine processes first the
right subterm %, saving the left sub term ¢ on the dump together
with its current stack 7. The role of ~+c,, ~¢;, and ~»¢, is
to backtrack to the entry on top of the dump. When the right
subterm, i.e. the pair {@7 of current code and stack, is finally
in normal form, it is pushed on the stack and the machine
backtracks. Note ~-,: inert terms are never substituted.

Garbage collection is here simply ignored, or, more precisely, it

is encapsulated at the meta-level, in the decoding function.

The Weak Bisimulation The machine starts executions on initial
states of the form (e, ¢, €, €), where t is such that any two variables
(bound or free) have distinct names, and any other component is
empty. A state s is reachable if there are an initial state s’ and an
execution p: : s’ ~* s, and it is final if no transitions apply.

The study of the machine relies on the following invariants.

Lemma 10 (Easy GLAMOUTr Invariants). Let s = (D, t,m, E) be
a reachable state. Then:

1. Name:
1. Substitutions: if E = E' : [z« : E” then x is fresh wrt
wand E";

2. Abstractions: if \x.5 is a subterm of D, u, =, or E then ©
may occur only in's;

3. Fireball Item: ¢og is a inert term if ¢ = zQn’ and an
abstraction otherwise, for every item ¢ in 7, in E, and in every
stack in D;

4. Contextual Decoding: Es = D{(xw)og is a right context;

The invariants are used to prove the following lemmas.

Lemma 11 (Easy GLAMOUTr One-Step Weak Simulation). Let s
be a reachable state.

1. Commutative & Exponential: if s ~>e ¢ 554 8 then s =s';
2. Multiplicative: if s ~g 8" then s =5, s'.

Lemma 12 (Easy GLAMOUTr Progress). Let s be a reachable final
state. Then s is a fireball, i.e. it is B¢-normal.

The theorem of correctness and completeness of the machine
with respect to —g, follows. The bisimulation is weak because
transitions other than ~+,, are invisible on A¢ire. For a machine
execution p we denote with |p| (resp. |p|x) the number of transitions
(resp. x-transitions for x € {m, e, c,...}) in p.

Theorem 4 (Weak Bisimulation). Let s be an initial state of code t.
1. Simulation: For every execution p : s ~* s’ there exists a
derivation d: s =7, ' such that |d| g, = |plm;
2. Reverse Simulation: For every derivation d: t —>;‘5f u there is
an execution p : s ~* s' such that ' = w and |d|s; = |p|m.
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Complexity Analysis The complexity analysis is divided in two
parts. For any execution we show that

1. Commutative vs Exponential: the number of commutative tran-
sitions is (bi)linear in the number of exponential transitions and
in the size of the initial term, and the cost of every commutative
transition is (evidently) constant.

2. Exponential vs Multiplicative: the number of exponential transi-
tions is (bi)linear in the number of multiplicative transitions and
in the size of the initial term, and the cost of every exponential
transition is bound by the size of the initial term.

Each point is proved via a certain measure of states and relying
on an additional invariant of the machine, the subterm invariant.
The two bounds immediately imply that the machine is linear in the
number of ~~, transitions—that is exactly the number of steps in the
calculus, by Thm. 4—and quadratic in the size of the initial term.

Lemma 13 (Subterm Invariant). Let s = (D, t, 7w, E) be a state
reachable from an initial code to. If \x.W is a subterm of D, t, m, or
FE then it is a subterm of to.

Commutative vs Exponential Transitions We define the size |t|
of codes and the commutative size |s|. of states as follows:

|z =1 [tu| == |t| + |z| + 1
At =t|+1 [(D,t,7m E)lc = |t| + E@,mneplul.
Lemma 14 (Bilinearity of Commutative Transitions). For any state
reachable by an execution p of initial code t, |p|c < (1 + |ple)]|t]-

Exponential vs Multiplicative Transitions The free size | - |free Of
a code counts the number of free variable occurrences that are not
under an abstraction. It is defined recursively and extended to states
as follows:

Proof p. 22

Proof p.22

|$|free =1 |€|free =0
|/\y-ﬂ|free =0 |¢ : 7T|free = |¢|free + ‘ﬂ"free
|iﬂ|free = |t‘free + |u‘free ‘D : (iy 7T)|free = |t|free + ‘ﬂ"free + |D|free

|(D7iv T, E)lfree = ‘D|free + ﬁlfree + |7T|free~
Lemma 15 (Free Occurrences Invariant). Let p : s ~* s’ be an
execution of initial code . Then |§' |free < [Tltree + [T + [plm — |ple-
Corollary 4 (Exponentials are Bilinear). Let s be an initial state of
codewand p : s ~* s'. Then |ple < [u] - (|p|m + 1).

Summing Up We can now put together the two complexity analy-
ses, bounding the overhead of the machine.

Theorem 5 (Easy GLAMOUr Overhead Bound). Lett be a term.
Every derivation d : t —>fﬁf w is implementable on RAM in
O((1 + |dg;) - |t|?), i.e. linear in the length of d and quadratic in
the size of t.
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7. On the Minimality of the Cost Model

Do Inert Steps Cost 1 or 0? The number of fireball steps is a
reasonable cost model for Open CBV. This roughly means that
the cost of a inert step can be taken as 1, even if in Open CBV
inert steps may cause size-explosion (Prop. 8). Concretely, in a
reasonable implementation of Open CBYV (as the Easy GLAMOUTr)
this is obtained by never substituting inert terms, thus handling a
inert step in constant time. It is then natural to wonder if the cost of
a inert step can be actually taken as 0, i.e. whether these inert steps
can be seen as administrative work whose cost is dominated by the
number of steps by value (or by abstraction), or if they are in fact
computationally relevant for complexity analyses.

Here we provide evidence that the cost of a inert step is 1, not 0,
i.e. it is relevant. Namely, we show a family of terms that evaluates
in a linear number of [y -steps followed by an exponential number
of B;-steps. Therefore, it seems that the number of [ -steps is not
a reasonable cost model for Open CBV. Beware: our family does
not provide a proof that one cannot count 0, as in principle there
might be an evaluation algorithm avoiding the potential exponential
number of inert steps. Nonetheless, the family shows that such an
algorithm, if any, is non-trivial and has to rely on some new insight
to manage polynomially the exponential blow-up of inert redexes.

‘We build our family in two steps, first identifying a family u.,
that evaluates in O(2™) B;-steps to normal form and then building a
family s,, that evaluates in O(n) B,-steps to uy,.

Step 1: Exponentially Many (3;-steps Let x, y, and z be variables
and 4 be a inert term (that is not a variable, otherwise (3; steps
will collapse on 3, steps). Consider the following three recursive
families of terms (¢,, and u,, are mutually recursive):

to :=x ug = to?t o ‘= Ug
tnt1 = A2.((Yun)Un)  Unt1 = tnt1l  Tng1 = (Yrn)Tn
Proposition 9 (Exponentially Many (3;-Steps). For everyn € N,
one has un —>237 -1 Tn.

Step 2: Linearly Many [3,-steps Define:
Snt1 = (Az.t1)sn = Az Az.(y(zi)(x1))) sn

Proposition 10 (Linearly Many (3, -Steps). For everyn € N, one
has sn, %gu tn, and so Spt %gu tnt = Unp.

So ‘=T

. . . n__ .
Composing the two results, we obtain s,,i —j, —>§i Ly, i

the family {sni}nen evaluates to normal form in exponentially
more [3;-steps than (,-steps. Note that here the blow-up is also
exponential with respect to the size—that is the other fundamental
parameter for cost analyses—as the size of the initial term is linear
in n and in the size of 4, namely |sni| = O(n - |i|). Since ¢ is
arbitrary, by taking e.g. ¢ := yy one obtains |s,i| = O(n).

Via Thm. 1, the result transposes on Avsub, giving that for a
derivation d—in contrast to the fact that exponential steps are linear
in the multiplicatives (i.e. |d|e < |d|m, Prop. 4.5)—multiplicatives
may be exponential in the exponentials (i.e. |d|m = O(2!%l)).
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Seep. 3

A. Rewriting Theory: Definitions, Notations, and
Basic Results

Given a binary relation —, on a set I, the reflexive-transitive
(resp. reflexive; transitive; reflexive-transitive and symmetric) clo-
sure of —, is denoted by —* (resp. —7; —"; ~). The transpose
of — is denoted by (<. A (r-)derivation d from t to u, denoted by
d: t —; wu, is a finite sequence (¢;)o<i<n of elements of I (with
neN)st.t=1to,u=1ty,andt; — t;4q foralll < v < n;

The number of r-steps of a derivation d, i.e. its length, is denoted
by |d| :== n, or simply |d|. If =, = —1 U —2 with =110 =2 =0,
|d|; is the number of —;-steps in d, for ¢ = 1, 2. We say that:

e t € I is r-normal or a r-normal form if t /. w for all v € I,
u € I is a r-normal form of t if u is r-normal and ¢ —; u;

o t € [ isr-normalizable if there is ar-normalu € I s.t.t —; u;t
is strongly r-normalizable if there is no infinite sequence (¢;);:en
st.to =tand t; — tit1;

a r-derivation d: t —; w is (r-)normalizing if u is r-normal,

—r 1s strongly normalizing if all t € I is strongly r-normalizable;

— is strongly confluent if, for all t,u,s €I s.t. s <t — u
and u # s, thereis r € I s.t. s = 7 ¢ u; —> is confluent
if — is strongly confluent.

Let —1,—2 C I x I. Composition of relations is denoted by
juxtaposition: for instance, ¢ —1—2 « means that there is s € [
s.t.t —1 s —2 u; forany n € N, ¢ —7 u means that there is a
—1-derivation with length n (¢ = w for n = 0). We say that —; and
—o strongly commute if, for any t,u,s € I s.t. u 1<—t —>2 s, one
has u # s and thereis r € I s.t. uw —2 7 14— s. Note that if —; and
—o strongly commute and — = —1 U —2, then for any derivation
d: t =™ w the sizes |d|; and |d|2 are uniquely determined.

The following proposition collects some basic and well-known
results of rewriting theory.

Proposition 11. Let —, be a binary relation on a set I.

1. If — is confluent then:
(a) every r-normalizable term has a unique r-normal form;
(b) forallt,u € I, t ~, uiffthereiss € I s.t. t =7 s ;< u.
2. If —¢ is strongly confluent then — is confluent and, for any
t € I, one has:
(a) all normalizing r-derivations from t have the same length;
(b) t is strongly r-normalizable if and only if t is r-normalizable.

As all incarnations of Open CBV we consider are confluent, the
use of Prop. 11.1 is left implicit.

For Afire and Aysub, We use Prop. 11.2 and the following more
informative version of Hindley—Rosen Lemma, whose proof is just
a more accurate reading of the proof in [10, Prop. 3.3.5.(1)]:

Lemma 16 (Strong Hindley—Rosen). Let —-=—1 U —2 be a
binary relation on a set I s.t. —1 and —2 are strongly confluent. If
—1 and —2 strongly commute, then — is strongly confluent and,
forany t € I and any normalizing derivations d and e from t, one
has |d| = |e|, |d|1 = |e|1 and |d|2 = |e]2.

B. Omitted Proofs
B.1 Proofs of Section 2 (Incarnations of Open Call-by-Value)

Naive Open CBV: Plotkin’s Calculus \pi1ot

Remark 1. Since — g, does not reduce under \’s, any value is 3,-
normal, and so 3,-normal and S\-normal, as — g, , —, € —4,.

Proposition 1. —g, —p, and — g, is strongly confluent.
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Proof.  We prove that — g, is strongly confluent. The proofs that
—p, and — g, are strongly confluent are perfectly analogous.

So, we prove, by induction on ¢, thatif { -3, wandt —g, s
with u # s, then there exists ¢’ such that u —g, t' and s —g, t'.

Observe that neither ¢ —3, unort —g, s can be a step at the
root: indeed, if t := (Az.r)v —g, r{z<v} ="uandt —g, s (or
ift .= (Az.r)v =g, r{z<v} = sandt —p, u),thenu = s
since Az.r and v are [3,-normal by Remark 1; but this contradicts
the hypothesis u # s. So, according to the definition of t —g, u
and t —g, s, there are only four cases.

e Application Left for t —, wandt —g, s, ie. t =rq —g,

pg=uandt =rq —g, mqg=swithr =g, pandr —z, m.

By the hypothesis v # s it follows that p # m. By i.h., there

exists ' such that p —, " andm — 5, ’. So, settingt’ = r'q,

one has u = pq —3g, t' and s = mq —g, t'.

Application Right fort —g, wandt —g, s,i.e.t =1rq —g,

rp=wandt = rq —g, rm = s withq —g, pand g —g, m.

From the hypothesis u # s it follows that p # m. By i.h.,

there exists ¢’ such that p —g, ¢’ and m —g, ¢'. So, setting

t' =rq’,onehasu =rp —g, t' and s = rm —g, t.

e Application Left fort — g, wand Application Right fort —g, s,
iee.t = rq =5, pq = wandt = rq =g, ™M = s
with r —g, p and ¢ —5, m. So, setting t' = pm, one has
u=rpq—p, t'and s = rm —p, t’

e Application Right fort — g, w and Application Left fort —g, s,

et = rq =g, p = wandt = rq —g, mq = s
with ¢ —, pand r —3, m. So, setting ' = mp, one has
u=rp—g, t'and s = mq —p, t. O

Open CBYV 1: the Fireball Calculus X\¢ixre
Lemma 17 (Values and inert terms are 3;-normal).
1. Every value is 3¢-normal.

2. Every inert term is [3s-normal.

Proof.

1. Immediate, since — g, does not reduce under \’s.
2. By induction on the definition of inert term .
e If i = x then ¢ is obviously S¢-normal.
e If i = i'v then i’and v are Br-normal by i.i. and Lemma 17.1

respectively, besides 4'is not an abstraction, so 4 is B¢-normal.

e Finally, if 7 = ¢'4" then ¢’ and i are B¢-normal by i.h.,
moreover 4’ is not an abstraction, hence i is Sr-normal. [J

Proposition 2 (Open Harmony). Lett € A: tis Bp-normal iff t is
a fireball.

Proof.

=-: Proof by induction on ¢ € A.If ¢ is a value then ¢ is a fireball.
Otherwise ¢t = wus for some terms u and s. Since ¢ is S¢-normal,
then v and s are Bp-normal, and either w is not an abstraction or
s is not a fireball. By induction hypothesis, u and s are fireballs.
Summing up, w is either a variable or an inert term, and s is a
fireball, therefore ¢ = ws is an inert term and hence a fireball.

<: By hypothesis, t is either a value or an inert term. If ¢ is a value,
then it is Sr-normal by Lemma 17.1. Otherwise ¢ is an inert term
and then it is By-normal by Lemma 17.2. O

Lemma 18. Forevery t,t’ € A, ift —p, t' thent # t'.

Proof. By induction on ¢ € A. According to the definition of
t =g, t’, there are three cases.
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e Step at the root, i.e. t = (Aw.u)i —g, u{zi} = t': then, since
i is not an abstraction, necessarily ¢t = (Az.u)i # u{z<i} =t

e Application Left, i.e. t = us —p, u's = t' withu —g, u': by
i.h.,u# u' and hencet = us # u's = t'.

e Application Right, i.e. t = us — g, us’' =t with s =4, s’: by
i.h.,s # s’ and hence t = us # us’' =t'. O

Ay.q (resp. i) are B;-normal (resp. Sy-normal) by Prop. 2,
as —g, C —g, (resp. =g, C—g,); therefore, ¢ is 3;-normal
(resp. A\-normal) but this contradicts the hypothesis ¢ — g, s
(resp. t —p, u). So, according to the definitions of ¢ —5, w and
t —p, s, there are only four cases.
e Application Left for both t —pg, w and t —p, s, ie.
t:=rq =g pg = uwandt = rq —g, mqg = s with

r —g pandr —g, m. By i.h., p # m and there exists r’
such that p —g, ' and m —g, r'. So, u # s and, setting
t' :=r'q,one has u = pg —g, t' g+ mq =s.

e Application Right for both t —p, u and t —p, s, ie.

Seep.3  Proposition 3 (Basic Properties of Afire).

1. — g, is strongly normalizing and strongly confluent.
2. —p, and — g, strongly commute.
3. =g, is strongly confluent, and all B;-normalizing derivations d

fromt € A (if any) have the same length |d|g,, the same number
|d|g, of Br-steps, and the same number |d|g, of [3;-steps.

Proof.

1. Strong normalization of — g, follows from general termination
properties in the ordinary (i.e. pure, strong, and call-by-name)
A-calculus, as we now explain. Since (3;-steps do not substitute
abstractions, they can only cause creations of type 1, according
to Lévy’s classification of creations of S-redexes [21]. Then
Bi-derivations can be seen as special cases of m-developments
[4], in turn a special case of more famous superdevelopments,
i.e. reduction sequences reducing only (residuals of) redexes
in the original term plus creations of type 1 (m-developments)
or type 1 and 2 (superdevelopments). Both m-developments
and superdevelopments always terminate [4]. Therefore, — g, is
strongly normalizing.

Now, we prove that — g, is strongly confluent, thatis if t — 5, u
and t —p, s with u # s, then there exists ¢’ € A such that
u —g, t' and s —p, t'. The proof is by induction on ¢ € A.
Observe that neither t —3, u nor¢t —g, s can be a step at the
root: indeed, if ¢t == (Az.r)i —pg;, r{z<i} = uvand t —g, s
(orif t == (Ax.r)i g, r{z<i} = sandt —g, w), then
u = s since Az.r and 7 are [3;-normal by Lemmas 17.1-2 (as
—g; € —>g;); but this contradicts the hypothesis u # s. So,
according to the definition of t =5, uw and ¢t —p, s, there are
only four cases.

o Application Left fort —p, wandt —p,; s,i.e.t =1rq —p,
pg = uwandt = rq =g, mqg = s withr —g, p
and r —g, m. By the hypothesis u # s it follows that
p # m. By i.h., there exists v’ such that p —g, r’ and
m —g, 7. So, setting t' = r’q, one has u = pq —p, t' and
s=mq —p, t'.

Application Right for t —g, uwandt —g, s, ie t =

rq =g, Tp = uand t = rq =g, rm = s with g =g, p

and ¢ —g, m. By the hypothesis u # s it follows that

p # m. By i.h., there exists ¢’ such that p —g, ¢’ and

m —g, ¢'. So, setting t' = rq’, one has u = rp —p, t' and

s=rm —pg, t.

Application Left for t —pg, u and Application Right for

t —p, s,ie.t=rq—p pg=uandt =rq —g, rm=-=:s

with 7 —g, p and ¢ — g, m. So, setting ' = pm, one has

u=pqg—g, t' and s =rm —4, t’.

Application Right for t —g, u and Application Left for

t—p, s,ie.t=rq—p, rp=uandt =rq —g, mq=-=:s

with ¢ =5, p and r — g, m. So, setting ' = mp, one has

u=rp—>p, t' and s = mq —3, t'.

2. We prove, by induction on ¢t € A, thatif t —5, wandt —p; s,
then u # s and there is ¢’ € A such thatu —p, t' and s —g, ¢
Observe that neither ¢ —5, u nor ¢t —p, s can be a step at
the root: indeed, if t = (Az.r)Ay.q —p, r{z<Ay.q} = u
(resp. t == (Az.r)i g, r{z<i} = s) then \y.q is not a
inert term (resp. ¢ is not an abstraction), moreover Az.r and

Accattoli, Guerrieri - Open Call-by-Value (Submitted to LICS 2016)

3.

t:=rq =g, rp = uandt = rq —g, rm = s with
q —p, pand ¢ =, m. By i.h., p # m and there exists ¢’
such that p —3, ¢’ and m —5, ¢'. So, u # s and, setting
t':=rq,onehasu =1p —g, t' g rm =s.
e Application Left for t —pg, u and Application Right for
t =g, s,i.e.t:=rq—p pg=uandt =rq —g, rm =
s with r —5, pand ¢ =5, m. By Lemma 18, ¢ # m
and hence u = pg # rm = s. Setting t’ := pm, one has
u=pq—g, t' g rm=s.
e Application Right for t —p, w and Application Left for
t—p;, s,ie.t:=rq—p ™p="uandt=rq —pg, mq=
s with ¢ —3, pand r =5, m. By Lemma 18, r # m
and hence u = rp # mq = s. Setting t' := mp, one has
u=rp—g, t B mq = s.
It follows immediately from strong confluence of — g, (Prop. 1.1)
and — g, (Prop. 3.1), the strong commutation of — g, and —g,
(Prop. 3.2), and Hindley-Rosen (Lemma 16).

Open CBYV 2: the Value Substitution Calculus \ysuw

Proposition 4 (Basic Properties of Aysupb, [5])-

1.

5.

—m and —. are strongly normalizing (separately).

2. —m and — are strongly confluent (separately).
3.
4. —ysup is strongly confluent, and all vsub-normalizing deriva-

—m and —. strongly commute.

tions d from t € Ayswo (if any) have the same length |d|vsu,
the same number |d|. of e-steps, and the same number |d|e of
m-steps.

Let t € A. For any vsub-derivation d from t,

dle < |d|m.

Proof. The statements of Prop. 4 are a refinement of some results
proved in [5], where —ysup 1S denoted by —y.

1.

In [5, Lemma 3] it has been proved that —4s and —s are
strongly normalizing, separately. Since —m C —4p and —. C
—vs (—as and —ys are just the extensions of —n, and —,
respectively, obtained by allowing reductions under \’s), one
has that —, and —. are strongly normalizing, separately.

. We prove that —, is strongly confluent, i.e. if U m<—t —m s

with u # s then there exists ' € Aysu such that u —m t' m¢— s.
The proof is by induction on the definition of —n,. Since there
t —m s # u and the reduction —, is weak, there are only eight
cases:

e Step at the Root for t —mn u and Application Right for
t—=ms, ie t = L{Ax.q)r —m L{glz<r]) = vand t —n
L(Az.q)r' = s withr —m7': then, u—m L{g[z+7']) mé—s;

e Step at the Root for t —m w and Application Left fort —n, s,
ie, forsomen > 0,t = (Az.q)[z1<t1]... [Zntn]r
—m o qrer][zieti]. .. [Tnets] = u whereas t —m
(Az.q)[m1et] ... [z;<t)] ... [mnetar = s with t; —m
¢} for some 1 < j < n: then,

U —m glrer][zi<ta]. .. [:cjet;-] v [Bnetn] me s
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e Application Left for t —m w and Application Right for
t—m s, ieti=rq¢—mr'q=uandt —, rq = s with
r —m 1 and ¢ —m ¢': then, u —m 7'¢ m<— 5;

e Application Left for botht —m uwandt —m s, ie t =
rq —mr'q=uandt =y r"q = swithr’ 1 —n 1"
by i.h., there exists 7o € Aysub Such that v’ —sy 79 m<— 7",
hence © —m T0g m¢— S;

e Application Right for both t —m uw and t —m s, ie.
t = qr —m qr' = wandt —, ¢’ = s with
" mé 17 —m 7" by i.h., there exists 79 € Aysw such
that v’ —m 70 m<— 7", hence u —m qro m< s;

e ES Left for t —m w and ES Right fort —n s, ie t =
rlzeq] —=m 7'[z<q] = wand t —, r[r—q'] = s with
r —m ' and ¢ —m ¢: then, u —m 7’ [Tq | m¢ s;

® ES Left for botht —m uandt —m s, Le. t = r[z<q] —m
r'zeq] = vand t —m 7"'[zq] = swithr' ne 1 —n
r": by i.h., there exists 19 € Aysw such that ' —p,
70 m<— 7", hence u —m To[T+q| m+ 5;

® ESRight for botht —m uwandt —m s, i.e.t = qzer] —m
glzer'] = wand t =y qlzer"] = swithr' n¢r —n
r": by i.h., there exists 1o € Aysw such that 7 —p,
70 m¢— 7", hence u —m q[zT0] mé s.

We prove that —. is strongly confluent, i.e. if u e¢— ¢t —¢ s
with u # s then there exists 7 € Aysu, Such that u —e t' ¢<— 5.
The proof is by induction on the definition of —.. Since there
t —e s # wu and the reduction — is weak, there are only eight
cases:

e Step at the Root for t —. u and ES Left for t —. s,
ie. t = rlx<L(v)] —e L{r{z<v}) = u and ¢ —.
r'[x—L({v)]=: s with r —¢7’: then, u—e L{r' [1<V]) e—5;
Step at the Root for t —. w and ES Right for t —. s,
ie, for some n > 0, ¢t = rlz<v[zi<ti]...[Tnts]]
—e r{zev}zi<t1]. .. [xntn] = u whereas ¢ —.
rlacvlzicty]. . [zt .. [Taetn]] = switht; —e t)
for some 1 < j < n: then,

u —ve r{zev}zieti]. . [zj<t)] .. [Tnetn] < s

e Application Left for t —. wu and Application Right for
t —e s,ie.t =1 e r'q = uandt —. r¢’ = s
with r —¢ 7" and ¢ — ¢': then, u —¢ 1'q ¢ s;
Application Left for botht —. uwandt —¢ s, ie. t =
rq —e g =wandt —. r"q = s withr’' 1 = r'":
by i.h., there exists 7o € Aysus such that v’ —e 7o e« 77,
hence u —e 70q e S;

Application Right for botht —¢ u andt —. s, i.e. t =
qr —e qr' = uandt —. qr’ = swith 7’ <=1 = r":
by i.h., there exists 70 € Aysu, such that 7’ —¢ 79 e 7"/,
hence u —e qro e+ s;

ES Left for t —. w and ES Right for t —. s, ie. t =
rlzeq] —e r'[req] = uvand t —. r[zq] = s with
r —e 7’ and g —e ¢ then, u —e 7' [Tq'] ¢ s;

ES Left for botht —e uandt —e s, i.e. t = r[xq] —e
r'[z+q] = vand t —. r"[veq] = swith7r' <=7 = 7"
by i.h., there exists 70 € Aysu such that 7’ —¢ 79 o 7",
hence u —e To[Tq] 4 S;

ES Right for both t —e uwandt —. s, i.e. t = qx<r] —e
glzr'] = vand t = glzr"] = swith 1’ es— 1 —e 1’
by i.h., there exists 79 € Aysup such that ' —¢ rg < 7",
hence u —e q[x<T0] ¢ S.

Note that in [5, Lemma 11] it has just been proved the strong
confluence of —ygyp, NOt of = OF —be.

3. We show that — and —n, strongly commute, i.e. if u e<— t —m
s, then u # s and there is t' € Aysu, such that u —m t' e+ s.
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The proof is by induction on the definition of ¢ — u. The proof
that u # s is left to the reader. Since the —. and —n, cannot
reduce under \’s, all vsub-values are m-normal and e-normal.
So, there are the following cases.

e Step at the Root for t —e u and ES Left fort —m s,i.e. t =
rlzeL{v)] —e L{r{z«v}) = wand t —m v’ [2<L{(v)] =
s withr —m 7’ then u —>m L{r' {z<v}) e w5
Step at the Root for t —. u and ES Right for t —n s, i.e.

t = rlzev[zieti]. .. [Tnetn]]
—e r{zev}mita] .. [Totn] = u
and t —m rlzev[ziti]. .. [mj<ti] .. [tnetn]] = s for
some n > 0, and t; —m t} for some 1 < j < n: then,
u —m r{zevtzieti] . zieti] L [Tnetn] e s
e Application Left for t —. w and Application Right for
t —m s, iet=rq 2cr'q=uandt =, rqd = s

withr —¢ 7" and ¢ —m ¢': then, t —m 7'q" e+ u;
Application Left for botht — w andt —m s, i.e. t =
rq —er'q="uand t —n, r"q = s withr’ <~ 1 —n r’":
by i.h., there exists p € Aysw such that 7’ —p, p e 77,
hence u —m pq e S;

Application Left for t —. w and Step at the Root for

t —m s be t = (Az.Q)ricti]...[xncta]r —e
(Az.q)[m1t] ... [zj<t)] ... [Znctn]r = w with n >
0 and t; —e t; for some 1 < j < n, and ¢ —p
glxr]lxi<ti] ... [xntn] = s: then,

U —m glzer)[mieti] . [riets] L [Teetn] o s

Application Right for t —. w and Application Left for
t —m S, le.t = qr — qr’ = wand t —m q’r = s
with? —¢ 7" and ¢ —m ¢’: then, u —m ¢'1 ot s;
Application Right for botht —. uwandt —m s, ie. t ==
qr —e qr' = wand t —, gr"” = swithy' <1 —n r':
by i.h., there exists p € Aysw such that 7’ —p p e 77,
hence u —m qp ¢ s;

Application Right for t —. w and Step at the Root for t —m
s, ie. t = L{x.q)r —¢ L{Az.q)7" = u with r — 7/,
and t —m L{g[z+T]) = s: then, u —m L{g[z<7']) e s;
ES Left for t —e w and ES Right for t —mn s, ie t =
rlzeq] —e T'[zq] = wand t —n rT[z<¢] = s with
r—er and ¢ —m q': then, u —m r'[T+q'] e s;

ES Left for botht —ve wandt —m s, i.e. t == r[x—q] —e
r'[z+q] = wand t =y 7"'[T+q] = swith 7’ =7 —p
r"": by i.h. there exists p € Aysu such that 7’ —m p e 7",
hence u —m plr—q] 4 s;

ES Right for t —« w and ES Left for t —m s, ie. t =
glz<r] —e qlzer'] = wand t —n ¢ [zer] = s with
r—er and ¢ —m ¢': then, u —>m ¢'[T7] o4 s;

e ES Right for botht —c uwandt —m s, ie. t == q[$<—r] —e
glzer'] = wand t =y qlzr"’] = swithr 1" —n
r": by i.h., there exists p € Aysup such that 7 —m p e« 1",
hence u —m g[x<p] e+ s.

4. It follows immediately from strong confluence of —, and —.

(Prop. 4.2), strong commutation of —n, and —. (Prop. 4.3) and
Hindley-Rosen (Lemma 16).

A different proof of the strong confluence of —ysu (Without
information about the number of steps) is in [5, Lemma 11].

. The intuition behind the proof is that any m-step creates a new

ES, any e-step erases an ES. Formally, let u € Aysu, such that
d: t =y u. We prove by induction on |d|ysws € N that
|d|e = |d|m— |u|es (where |ul|gs is the number of ES in w) and
any vsub-value that is a subterm of w is a value (without ES).
If |d|vswo = 0, then u = ¢ € A, then we can conclude.
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Suppose |d|vsus > O: then, d is the concatenation of d’: ¢ —>yqu
s and 8 —dysup u, for some s € Aysw. By ih., |d'|e =
|d'|m — |s|es and that every vsub-value that is a subterm of
s is a value (without ES). There are two cases:

o s = E(rlz<L{v)]) —e E{(L(r{z<v})) = u, then
|d|m = |d'|m and |s|es = |ules + 1, since |v|es = O by i./v;
therefore |d|e = |d'|e+1 = |d'|m —|s|es +1 = |d|m — |ules

and any vsub-value that is a subterm of u is a value (without
ES).
¢ s:= E(L(Az.r)q) —m E(L(r[z<q])) = u, then |ulgs =
[sles + 1 and |d|m = |d'|m + 1, therefore |d|e = |d'|e =
|d'|m — |s|es = |d|m — |u|gs. Moreover, the new occurrence
of ES [x«<q] in u cannot be under the scope of a A, otherwise
the redex in s which is fired in the m-step would be under
the scope of a A, but this is impossible since —m is a weak
reduction. So, any vsub-value that is a subterm of u is a
value (without ES).
O

Open CBYV 3: the Shuffling Calculus )\,

Definition 1 (Occurrences). Forallt € A, let [t]x be the number
of occurrences of X in t, and [t], be the number of free occurrences
of the variable x in t, and sub,,(t) be the number of occurrences in
t of the term u.

Remark 2. Since — 4, and — » do not reduce under A’s without

argument, every value is /Bf,-normal and ab-normal, and hence sh-
normal.

Remark 3. The reduction — ; is just the closure under balanced
contexts of the binary relation —, =5, U 53 on A (see
definitions in Fig. 4).

Lemma 19. Lett,t' € A.

1. For every value v, ift —_» t' then (Az.t")v # t{z+v}.
2. Ift > »t' thent # .
3. For every value v, one has t{z+<v} # \z.tv.

Proof.

1. By induction on the definition of ¢ —_, t', using Remark 3.

2. In [12, Proposition 2] it has been proved that there exists a size
#: A — Nsuchthatif t —, t’ then #(t) > #(t'), where —,
is just the extension of —_, obtained by allowing reductions
under X\’s. Therefore, —_, C —, and hence if ¢ —_, ¢’ then
#(t) > #(t'), in particular ¢ # ¢’

3. According to Definition 1, [t{z<v}]x = [t]x» + [v]x-[t]« and
Az.tv]a = 14 [t]x + [v]x, and [t{z<v}]s = [t]2-[v]z and
[Az.tv], = 0.

Suppose t{x<v} = Az.tv: then, [t{z—v}]x = [Az.tv]\ and
[t{z<v}]s = [Az.tv]s, thus

[v]x-[tle = 1+ [v]x [t]o:[v]e = 0. A3)

The only solution to the first equation of (3) is [v]x = 1 and
[t]s = 2, whence [v], = 0 according to the second equation
of (3). As x ¢ fv(v), one has sub, (Az.tv) = 1 + sub,(t)
and sub,, (t{z<v}) = sub,(t) + [t]. = suby(t) + 2, therefore
suby, (Az.tv) # sub,(t{z+<wv}) and hence Axz.tv # t{z<wv}.
Contradiction. O

Proposition 5 (Basic Properties of Agn, [12]).

1. Lett,u,s € A: ift —g wandt =, s thenu # s.

2. = is strongly normalizing and (not strongly) confluent.

3. —sn is (not strongly) confluent.

4. Lett € A: t is strongly sh-normalizable iff t is sh-normalizable.
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Proof.

1. By induction on ¢t € A. According to the definition of t — _; s
and Remark 3, the following cases are impossible.

e Step at the root for t — gy U and either the Step at the root
or the Application Left or 'the Application Right fort — _, s.
Indeed, if t = (Az.r)v —g, r{z<v} = uthen Az.r and v
are o’-normal by Remark 2; moreover ¢ is neither a o1 -redex
nor a oz-redex, because Az.r and v, respectively, are not
applications.

e Application Left for t — gy U and Step inside a [-context
fort —_p s, ie.t = 1rq —pgy PG = U with r —pgr D
and t = (Az.r')qg —_» (Az.m)q = s with r = Az.r’ and
" —_, m. Indeed r is 3-normal by Remark 2.

e Step inside a [3-context for t — g U and Application Left
fort —_v s, ie.t =rq =, pg = s withr —_, p, and
t = (Azr')g =5 (Az.m)q = u with 7 = Az.r’ and

*_normal by Remark 2.

r’ — g, . Indeed r is o
Therefore, according to the definition of ¢ —_, s and Remark 3,
there are “only” eleven cases.

e Step at the root for t —py U and Step inside a B-context
fort = s, ie. t = (Ax.r)v —g, r{z<v} = u and
t = Qzr)v = (Azr')v = s withr —_, r'. By
Lemma 19.1, u # s.

e Application Left for t —pgp U and Step at the root fort —
s, le.t = 1rq %Bb pq = u with r —g p,and t —, s
(see Remark 3). It 1s 1mpos51ble that ¢ —,, s, otherwise r
would be a value and hence ﬂv normal by Remark 2, but
this contradicts that r — g, p. Thus, t = (Az.1")r"q 0,
Azr'q)r” = swithz ¢ fv(q) and r = (Az.r’)r”. We
claim that u # s. Indeed, if u = s then ¢ = 7" and
p = dz.r'q withr = (Az.r’)q g Ax.r’q = p, hence
necessarily r +— g, p (i.e. 7 —pgy D by a step at the root) and
thus ¢ is a value and Az.r'q = p = r'{z«<q}, but this is
impossible by Lemma 19.3.

e Application Left for t —pgy U andt — s, i.e.t =1rq — b
pg = uwandt = rq —_» mq = s with r — b p and
r =, m. By i.h, p # m and hence u = pg # mq = s.

e Application Left for t —g U and Application Right for
t—opsiet=rq —gb pg=wuandt=1rq =, rm=s,
with r —g P and ¢ —_, m. By Lemma 19.2, ¢ # m and
hence u = pq # rm = s.

e Application Right for t —pgy U and Step at the root for
t = s diet=mrq gy TP = U with ¢ —p5 P and
t —4 s (see Remark 3).

*Ift +5,, sthent = (A\z.r')r'’q oy Azr'g)r” = s
withz ¢ fv(q) andr = ()\m )’ . We clalm that u # s.
Indeed, if u = s then p = r’" and r = Az.r’q, therefore
(Az.r")p = r = Az.r'q which is impossible.

" Ift oy sthent = 7((Az.¢")q") —os (Az.rd’)q" =
s where r is a value, = ¢ fv(r) and ¢ = (\z.¢')q"". We
claim that u # s. Indeed, if u = s then r = Az.rq¢
which is impossible.

e Application Right for t —py U and t —_p s, le. t =
rq =g Pq = wand t = rq —_, mqg = s with g —gp D
and ¢ —,_» m. By i.h, p # mand hence u = rp # rm = s.

e Application Right for t gy U and Application Left for
t =8, iet=rq —pgy TP = wandt = rq —_ » mq = s,
with ¢ —pgy P and r —_, m. By Lemma 19.2, » # m and
hence u = rp # mq = s.
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See p. 6

e Application Right for t — gy U and Step inside a B-context
fort —_, s, ie.t = 1rq —gy TP = U with ¢ —go D
and t = (Az.r")qg —_» (Az.m)q = s with r = Az.r’ and
r" —_» m. By Lemma 19.2, " # m whence r = Az.r’ #
Az.m and thus u # s.

e Step inside a (B-context for t —py U and Step at the root
Jort =, s, ie t = (Az.r)g =g (Aza')g = u with
T =g r’, and t —, s (see Remark 3). It is impossible
that t = (Az.r)q —4, s because Ax.r is not an application.
Thus, t = (Az.7)((Ay.¢)q") —os (Ay.(Az1)q)q" = s
with ¢ = (M\y.¢')q" and y ¢ fv(Az.r), therefore ¢ # ¢”
and hence u # s.

e Step inside a 3-context for t — g U and Application Right
fort —_v s,ie.t =rq =, 7p = s withq —_» p, and
t = (Azr')g =5 (Az.m)q = u with 7 = Az.r’ and
r’ — g, M. By Lemma 19.2, ¢ # p whence u # s.

e Step inside a (-context for t —pgy U and t —_, s, Le.
t = (Az.r)g =, (Az.p)g = uvandt = (Az.r)g —,»
(Az.m)q = s with r —g P andr —_, m.Byih,p#m
and hence u # s.

2. In [12, Proposition 2] it has been proved that — is strongly
normalizing, where —, is just the extension of — ,, obtained by
allowing reductions under \’s. Therefore, —_, C —, and hence
—> b 18 strongly normalizing.
The (not strong) confluence of — _, has been proved in [12,
Lemma 9.ii], where —  is denoted by — (5.

3. See [12, Proposition 10], where —n is denoted by —.

4. See [12, Theorem 24], where — 4y is denoted by —,. O

B.2 Proofs of Section 3 (Quantitative Termination
Equivalences)

Simulating \sire in \ysup
Remark 4. Lett,u € Aysup.

1. Ift=wuthent| = u|.
2. If t = w then t A ysup w (in particular, t Am w and t Ae u).

Lemma 2 (Simulation of a — g, -Step by —bvsuw). Lett,u € A.

1 Ift —p, uthent —m—re u.
2. Ift —p, uthent —m= s, with s € Ayews clean and s| = u.

Proof. Both proofs are by induction on the rewriting step.

1. According to the definition of ¢t — g, wu, there are three cases:
e Step at the root, i.e. t = (A\x.s)(Ay.r) —p, s{x<Ay.r} =
u: 80, t —m S[T<Ay.T] —e u.
e Application Left, i.e. t = st —p, s'r = uwith s =g, s
by i.h., s —m—>e s’ and hence t = sr —m—ve 8’7 = u.
e Application Right, i.e. t = sr —p, sr’ = uwithr —g 7"
by i.h., 7 —>m—>e v’ and hence t = s —m—re 577 = wu.
2. According to the definition of ¢ — g, u, there are three cases:
e Step at the root, i.e. t = (A\x.s)i —p, s{w<i} = u: then,
t —m s[z<i] where s[x«i] is clean (since s € A) and
slzi]l| = s]{xz<il} = u (s] = s and i| = i because
s,1 € A). We conclude since = is reflexive.
Application Left, i.e. t = sr —p, s'r = u with s =4, s’
by i.h., s -m= q where ¢ is a clean vsub-term such that
ql = §".S0, ¢ = qo[r1+i1] . .. [Tn+in] Where go € A and
i1, ...,1pn are inert terms (for some n € N), moreover we
can suppose without loss of generality that {x1,...,2n} N
fv(r) = 0. Let v’ = (qor)[z1<i1]. .. [Tn<in]: then, v’
is a clean vsub-term such that ¢r = v’ and, according to
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Remark 4.1, v'| = (¢r)] = qlr] = s'r = u. Hence,
t = s —m= qr = u’ and we conclude since = is transitive.
e Application Right, i.e. t = st —g, s’ = uwithr —5, 7’
Identical to the application left case, just switch left and
right. O

Lemma 20 (Fireballs are Closed Under Anti-Substitution of Inert
Terms). Let t be a vsub-term and i be an inert term.

1. Ift{x<i} is an abstraction then t is an abstraction.
2. If t{x+i} is an inert term then t is an inert term;
3. Ift{x<i} is a fireball then t is a fireball.

Proof.

1. If t{z«<i} = Ay.s then there is 7 such that s = r{z«i}, that is
t{z<i} = A\y.(r{z«i}) = (A\y.r){z<i} and so t = Ay.r is
an abstraction;

2. By induction on the inert structure of ¢{z«i}. Cases:

e Variable, i.e. t{z<i} =y, possibly with x = y. Thent = x
or t = y, and in both cases t is inert.

o Compound Inert, i.e. t{x<i} = i’ f.If t is a variable then
it is inert. Otherwise it is an application ¢ = ws, and so
u{z«<i} =i and s{x<i} = f. By i.h., u is an inert term.
Consider f. Two cases:

(a) f is an abstraction. Then by Point 1 s is an abstraction.
(b) f is an inert term. Then by i.A. s is an inert term.
In both cases s is a fireball, and so ¢ = wus is a inert term.

3. Immediate consequence of Lemmas 20.1-2, since every fireball
is either an abstraction or an inert term. O

Lemma 21 (Substitution of Inert Terms Does Not Create ¢-Redexes).

Let t, u be terms and i be an inert term. There is s € A\ such that:

L ift{zi} —p, uthent —5, sand s{x—i} =u;
2. ift{z—i} —p, uthent —g, sand s{z—i} = u.

Proof. We prove the two points by induction on the evaluation
context closing the root redex. Cases:

e Step at the root:

1. Abstraction Step, ie. t{z—i} = (Ay.r{z<i})q{axi}
—p, r{z—i}{y—q{z<i}} = wu. By Lemma 20.1, ¢ is
an abstraction, since g{x <} is an abstraction by hypothesis.
Then t = (Ay.r)g —p, r{y<q}. Then s = r{z<q}
verifies the statement, as s{z<i} = (r{y<q}){z<i} =
r{z—if{y-ql{z<i}} = u

2. Inert Step, identical to the abstraction subcase, just replace
abstraction with inert term and the use of Lemma 20.1 with
the use of Lemma 20.2.

e Application Left, i.e. t = rq and reduction takes place in 7:

1. Abstraction Step, i.e. t{x—i} = r{z<i}q{z<i} —p,
pg{x<i} =: u. By i.h. there exists s’ € A such that p =
s'{z<i} and r —p, s'. Then s := 'q satisfies the state-

ment, as s{z«i} = (s'q){r<i} = s'{zi}q{ri} = u.

2. Inert Step, identical to the abstraction subcase.
e Application Right, i.e. t = rq and reduction takes place in
q. Identical to the application left case, just switch left and
right. O

Lemma 3 (Projection of a 3r-Step on —ysu, via Unfolding). Lett
be a clean vsub-term and u be a term.

1. Ift] —p, uthent —m—re s, With 8 € Aysuwp clean s.t. s| = u.
2. Ift| =g, uthent —m=s, with s € Aysw clean s.t. s| = u.
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Proof. Since t is clean, there are a A-term ¢ and some inert A-terms
i1,...,0n (Withn € N) such that ¢t = gz1<i1]... [znin]. We
prove both points by induction on n € N. The base case (i.e. n = 0)
is given by the simulation of one-step reductions given by Lemma 2,
since t = g € A and hence t| = t (recall that, when applying
Lemma 2.1, u € A implies that u is clean and u] = ).

Consider now n > 0. Let tp,—1 = g[z1i1] ... [Tn_1<tn-1]:
80,1 = tn_1[Tn+in] and t| = tn_1]{Tn<in}. Both points rely
on the fact that the substitution of inert terms cannot create redexes
(Lemma 21). Namely,

1. Bh-step: the application of Lemma 21.1tot| = tp—1|{xn<in}
—p, u(sincet,_1] € A, i.e ithasno ES) provides r € A such
that t,—1] —p, 7and r{zp<in} = u. By i.h, t, -m—e s
where s is a clean vsub-term such that s| = 7, and thus
t = tn—1[Tnin] —m—re S[Tn<in]. Moreover, s[z,<i,] is
clean and s[z,«<in]| = s|{zn<in} = r{Tn<in} = u.

2. B;-step: the application of Lemma 21.2 to t| = ty—1]{Zn+in}
—p, uprovidesr € Asuchthatt,_1| —g, randr{z,«i,}=
u. By i.h., tn—1 —m= s where s is a clean vsub-term such
that s| = r; thus, t = tp_1[Tn<in] 2m= s[Tnin]. More-
over, s[xn<iy] is clean and s[zn<in]] = s|{zn<in} =
r{zn<in} = u. O

Lemma 4. Lett be a clean vsub-term. If t| is a fireball, then t is
{m, e) }-normal and its body is a fireball.

Proof. First, we prove that if ¢ is a fireball then for some fireball f
and inert terms i1, . . . iy one has t = fx1i1]...[Tn<in]. Since
t is clean, there are a A-term v and some inerts A-terms i1, . .., in
(with n € N) such that t = uf[x1+i1]...[Tn<in]. We prove by
induction on n € N that w is a fireball.

If n =0, thent = u € A, thus u = ¢ and hence u is a fireball.

Suppose . > 0 and let s := u[x1<i1] ... [Tn—1<in—1], Which
is a clean vsub-term: then, ¢ = s[zn,<i,] and hence t| =
sl{zn<in} (as in] = i, because i, € A). By Lemma 20.3,
s| is a fireball. By i.h., u is a fireball.

Now, fireballs are vsub-normal. Indeed, a fireball is without ES,
hence it is without e-redexes, moreover it is immediate to prove that
fireballs are m-normal (by simply adapting the proof of Lemma 17).

So,t = flz1+i1]...[rn<in] can only have e -redexes. [

Lemma § (Linear Postponement of —¢,). Lett,u,s € Aysu.

L Ift —e, s 2 mu then t —m—re, U.

2. Ift e, Pey U thent —be, —ve u.

3 Ifd:t =i uthene:t —gq =& uwith |elvsw = |d|vsw,
lelm = |dlm, |€le = [dle, and |eley = |d]ey.

Proof. 1. By induction on the definition of ¢ —., s. Since the
ey -step cannot create in s new m-redexes not occurring in ¢, the
m-redex fired in s —m w is (a residual of a m-redex) already
occurring in t. So, there are the following cases.

e Step at the Root for t —e, s and ES Left for s —nm
u, Le. t = rlzeL{x)] —e, L(r{zez}) = s and
s —m L{r'{z<z}) = u with r —, r': then t —n,
' [z L{x)] —ve, u;

e Step at the Root for t —re, s and ES “quasi-Right” for

5 —=m o, Le. t = rlzez[Tict]. . [Tactn]] —e,
r{zez}x1<t1]...[Tntn] = sand
t —m rlzezzicti] . [ziets] L T ta]] = u

for somen > 0, and t; —m t;- for some 1 < j < n: then,
t—m rlzezfziety] . ziet)] L [@aeta]] —e, w
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® Application Left for t —, s and Application Right for
§ —=m U Let =7rq e, r'¢g=sands =-n ' = u
with =, " and ¢ —m ¢': then, t —m rq’ —e, u;
Application Left for both t —., s and s —m u, ie
ti=7q —ve, T'g="sand s —n r''qg = uwithr —, 1’
and v’ —m i by i.h, r —m—e, 7, hence t —m—ve, u;
Application Left for t —e, s and Step at the Root for
5 —m u, e t = (Azg)rieti].. . [Tacta]r —e,
(Az.g)zieta] ... [z;<t)] ... [wncta]r = swithn > 0
and t; —, t; for some 1 < j < m,and s —m
glzer]zieti]. . [z<t)] ... [Tntn] = u: then,

t —=m qlrer)rict] . [Enetn] —e, us

e Application Right for t —e, s and Application Left for
§ —m U, Qe t = qr —ve, qr' = sands —n g7 = u
with 7 —., 7’ and ¢ —m ¢": then, t —m ¢'r —ve, u;
Application Right for both t —e, s and s —m u, ie.
L= qr —e, qr' = sand s =, qr"” = u withr —e, r
and 7’ —m 11 by Lh., T —m—e, 7, hence t —m—re, u;
Application Right for t —, s and Step at the Root for
5 —=m u, Le. t = LAx.qr —., L{A\z.q)r" = s with
r —e, 7,and s —m L{glz<r]) = wu: then, t —n
L{glzr]) —e, u;

ES Left for t —e, s and ES Right for s —m wu, ie.
t = rlzeq] —ve, T'[zeq) = sand s —n r'[zq] = u
with r —, 7" and ¢ —m ¢': then, t —m rlz—q’] =, w;
ES Left for botht —e,, s and s —m u, i.e. t == rlz<q| —be,
r'lzq] = sand s —m r'’[z—q] = u withr —, 7’ and
7" —m 1" by ih, T —m—re, 7', hence t —m—ve, u;

ES Right for t —e, s and ES Left for s —m wu, ie
t = glzer] —e, qlr—r] = sand s —n ¢'lzr'] = u
with 7 —¢, 7’ and ¢ —m ¢': then, t —m ¢'[z1] —e, u;
ES Right for both t —e, S and s —m u, Le. t =

glzer] —e, glz—r’] = sand s —m glzr"] = u with
T e, r" and v’ —n by ik, r —m—re, r"", hence
t —m—e, U.

2. By induction on the definition of ¢ —., s. Since the e,-step
cannot create in s new ey-redexes not occurring in ¢, the ex-
redex fired in s —¢, wu is (a residual of a ey-redex) already
occurring in t. So, there are the following cases.

e Step at the Root for both t —e, S and s —ve, U, i.e t =
rleeL(2)y-L{Aa.g)]] —e, L(r{z—z}))y-La.q)]
= sand s —ve, L{L(r{z<z}){y-Az.q}) = wu (with
possibly y = 2). We set L” = L'{y<Azx.q} ie L" is
the substitution context obtained from L’ by the capture-
avoiding substitution of Az.q for each free occurrence of
y in L’. We can suppose without loss of generality that
y ¢ £v(L) U £v(r). There are two sub-cases:

* either y = 2 and then t —ve, r[z<L{L"(Ax.q))] —ve,

L{L{(r{z<\z.q})) = u,

"ory # zand then t —., r[x—L(L"(z))] —,

L{L"(r{z<2})) = u.

Step at the Root for t —e, s and ES Left for s —e,

u, Le. t = rlzeL{x)] —e, L(r{zez}) = s and

s —vey L(r'{zez}) = u withr —e, 7':then t —ve,

' [z L{x)] —ve, u;

Step at the Root for t —e, s and ES “quasi-Right” for

5 ey U, Le. t = rlzexlzicti]. .. [Tactn]] —e,
r{zez}zi<ti] ... [znet,] = s for some n > 0,
and t; —ve, t; for some 1 < j < n, and s —e,
r{zez}zit1]... [mj<ti] ... [Tnetn] = wthen,t —,
rlzezfzict] . [zjet)] . mnetn]] 2o, uws
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® Application Left for t —., s and Application Right for
S —vey Uy le.ti=1q e, r'g="sand s =, r'¢ = u
with r —e, 7" and ¢ —e, ¢': then, t —e, rq’ —ve, u;
Application Left for both t —., s and s —be, u, iLe.
t:=1rq —e, r'q="sand s =, r''qg="uwithr =, r’
and 7" —ve, 71 by ih, T —e, —e 7", hence t —ve, —ve u;

® Application Right for t —., s and Application Left for
5 —vey U, Le. b= qr —e, gr' = sand s —ve, ¢’ = u
with 7 —ve, 7" and g —ve, ¢': then, t —¢, ¢'r —e, u;
Application Right for both t —e, s and s —ve, u, i.e.
= qr —e, qr' = sand s —be, qr" = uwithr —re, r
and 7’ —ve, by ih, T —e, —e 1", hence t —ve, —ve u;
ES Left for t —e, s and Step at the Root for s —e, u, i.e.
t = r[zeL(Ay.q)] —e, 7'[z-L{Ay.q)] = sand s —,
L{r'{z<Ay.q}) = u with  —, r': this means that in r
there is an ES of the form [y«<z] (possibly x = z) which
is fired in r —e, 7'; then, t =, L{r{z<Xy.q}) —ve u,
where the last e-step is a ex-step if x = z, otherwise it is a

ey-step;
® ES Left for t —e, s and ES Right for s —e, wu, ie.
t = rlzeq] —e, r'[zeq] = sand s —e, r'[z¢] = u

with 7 —ve, 7" and g —ve, ¢': then, t —e, rlzeq'] —e, u;
ES Left for both t —e, s and s —e, wu, ie t =

rlzeq) —ve, r'lzeq) = sand s —e, r[zq] = u
with 7 —ve, 7’ and 7’ —e, 7”1 by i.h, 7 —ey,—ve 77, 50
t—rey—Pe U;
® ES Right for t —., s and Step at the Root for s —re, u, i.e.
t:=rlz—(Ay.q)[z1<t1] ... [Tntn]]

—re, T[ze(Ay.q)[zreta] .. [zjet)] . [Tnetn]] = s
for some n > 0, and t; —, t; for some 1 < j < n, and
s —ey r{zedy.qtlricti]. .ty [raetn] = w
then, t —ve, T{zAy.q}[w1t1]. .. [Tnetn] —e, us

® ES Right for t —e, s and ES Left for s —e, wu, Le.
t = glzer] —e, qlaer'] = sand s —e, ¢'[zr] = u

with 7 —ve, 7" and g —ve, ¢': then, t —e, ¢'[zT] —e, u;
ES Right for both t —e, s and s —ve, u, ie t =

glzer] —e, qlzr’] = sand s —e, qlzr"] = u
with 7 —e, 7/ and 7' —ve, 7”1 by i.h, T —e, —ve v, hence
t —rey —Pe U.
3. By induction on |d|vsw» € N, using Lemmas 5.1-2 in the
inductive case. O

Theorem 1 (Quantitative Simulation of Afire in Aysup). Let t, u € A.
Ifd: t %;;f u then there are s, 1 € Aygyp and e: t — g 7 such that

1. Qualitative Relationship: r = s, u = s| = r| and s is clean;
2. Quantitative Relationship:
(a) Multiplicative Steps: |d|g, = |€|m;
(b) Exponential (Abstraction) Steps: |d|s, = |e|e, = [€]e.
3. Normal Forms: if u is Bf-normal then there exists f: r —>Zy q
such that q is a vsub-normal form and |fle, < |e|m — |e]e,-

Proof. The first two points are proved together.

1-2. By the remark at the beginning of this section of the Ap-
pendix (Remarks 4.1-2), it is sufficient to show that there exists
et o= S € Aysuw such that v = s| with s clean, and
|dlg; = |elm and |d|g, = |ele, (the fact that |ele, = le]e is
immediate, since the simulation obtained by iterating the projec-
tion in Lemma 3 never uses —, ). We proceed by induction on
|d|s; € N. Cases:
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* Empty derivation, i.e. |d|g, = 0thent = w and |d|g, =0,
so we conclude taking s := v and e as the empty derivation.

® Non-empty derivation, i.e. |d|g, > O:then,d: t = r —p;
wand let d’: ¢ —>Ef r be the derivation obtained from
d by removing its last step 7 —5, u. By i.h., there is
e': t =isw= qsuch thatr = q|, qis clean, |5, = [€/[m,
and |d'|s, = |€’|e, . By applying Lemma 3 to the last step
7 —g, u of d, we obtain s such that either ¢ —m—e s, if
ql —, u,0r ¢ =m= s, if g¢| —p, u, and in both cases s
is a clean vsub-term such that s’ | = u. Note that both cases
can be summed up with ¢ —m—. s. Composing the two
obtained derivations €’: t —ip= g and ¢ —m—e S, We
obtain the derivation €’ : t —in= ¢ —m—e s that satisfies
the quantitative relationships but not yet the qualitative one,
as = appears between two steps of €. It is then enough to
apply the strong bisimulation property of = (Lemma 1.2),
that provides a derivation e : t —jqu—m—e= S With the
same quantitative properties of e”.

3. If wis Br-normal then it is a fireball (by open harmony, Prop. 2)
and so s is {m, ex}-normal by Lemma 4. By Prop. 4.1, —,
terminates and so there are p and a derivation g: s —>;*y p such
that p is a ey-normal form. If p is not a vsub-normal form, then
it has a {m, e) }-redex, but by postponement of —, (Lemma 5)
such a redex was already in s, against hypothesis. So p is a
vsub-normal form. Then we have r = s —{  p. Postponing =
(Lemmas 1.2-3), we obtain that there exists a vsub-normal form
q and a derivation f: r —¢ q = p.

To estimate the length of f consider e followed by f, i.e.
e; [t —ame, T ¢, ¢ By Prop. 4.5, [e; fle <'le; flm = |e
and since |e; fle = |€; fley +|e; fle, = l€ley +|fle, We obtain
lelex + [ fley < lelm, ie. [fle, < lelm = le]ey. O

ms

Corollary 1 (Linear Termination Equivalence of Aysu, and Afire).

Lett € A. There exists a By-normalizing derivation d from t iff Seep.6

there exists a vsub-normalizing derivation e from t. Moreover,
|dlg; < lelvsun < 2|d|g;, i.e. they are linearly related.

Proof.

=: Letd: t —>§f u be a Jy-normalizing derivation and e: t —j5u
—>;‘y q be the composition of its projection in Aysyp With the
extension to a ey-derivation with ¢ vsub-normal, according to
Thm. 1. Then e is a vsub-normalizing derivation from .

<: By contradiction, suppose that there is a diverging /3;-derivation
from ¢ in A¢ire. By Thm. 1 it projects to a vsub-derivation in
Avsup that is at least as long as the one in Atire, absurd.

About lengths,
Prop. 4.5, |e|e <

dlg; < lelvsus since |e|m =]|d|s, (Thm. 1.2). By
e|m and 50 |efvss = [€]m + [ele < 2|d|g,. O

Stmulating )\sh in )\vsub
Lemma 22 (Simulation of a sh-Step on Aysw). Let t,u € A.

1. Ift —_» u then there exist 5,7 € Aysu S.1. %ﬁ s=r ﬁe U.
2. Ift —rgp U then there exists s € Nygup 5.1 ¢ —>$—>e S U

Proof. 1. By induction on the definition of ¢ —_, s, following
Remark 3. There are four cases:
(a) Step at the root, i.e. t — o u.
i. either ¢ = (Ax.q)sr o, (Az.gr)s = wu with
x ¢ fv(r), and then t = (Az.q)sr —m glz<s]r =
(gr)[x<s] me (Ax.qr)s = u;
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iil. or t == v((Az.8)r) —o, (Az.ws)r = u with z ¢
fv(v) and then t = v((Az.s)r) —m v(s[zer]) =
(vs)[xr] mé (Az.v8)r = u.

(b) Application Left, i.e. t .= sr —_, qr = u with s =, q.
The result follows by the i.A., as —m and = are closed by
applicative contexts.

(c) Application Right, i.e. t :== sr —_, sq = uw withr —_; q.
The result follows by the i.A., as = and = are closed by
applicative contexts.

(d) Inside a B-context, i.e. t = (Az.s)r =, (Az.q¢)r = u
with s —_, ¢. By ih, s =% s = ¢ 1+ ¢ Now,

—m and = are not closed by balanced contexts, but it is
enough to apply a further —n, step to the balanced context
(as —m and = are instead closed by substitution contexts),
obtaining t = (A\z.8)r —m s[rer] = s'[zer] =
¢ [zer] H qlzer] me (Az.q)r = u.

2. By induction on the definition of ¢ — g Us there are four cases:

(a) Step at the root, i.e. t = (A\x.r)v g, T{z<v} = u. So,
t —m r[zev] —e u.

(b) Application Left. 1t follows by the i.h., as —m and —. are
closed by applicative contexts.

(c) Application Right. It follows by the i.h., as —m and —. are
closed by applicative contexts.

(d) Step inside a B-context, i.e. t = (Av.s)r — g (Az.q)r =
u with s —g ¢ By ih., s —=t—e p 5+ q. Now,
—m and —. are not closed by balanced contexts, but it
is enough to apply a further —n step to the balanced
context (as —m and —. are instead closed by substitu-
tion contexts), obtaining (A\z.s)r —m s[rer] —h—e
plzer] m glzer] m (Az.q)r. O

Lemma 6 (Projecting a sh-Step on —ysus— via m-nf). Let t,u € A.

1. Ift =5 uthen m(t) = m(u).
2.Ift =g uthen m(t) —e—m m(u).

Proof.

1. By Lemma 22.1 there exist 5,7 € Ayew St. & —1 s =
r 1< u. By existence and uniqueness of the m-normal form
(Propositions 4.1-2 and Prop. 11.1), s —% m(s) = m(¢).
By Lemma 1.2, there is ¢ € Avsw S.t. 7 =17 ¢ = m(¢). By
Lemma 1.3, ¢ is m-normal; in particular, ¢ = m(r) = m(u)
according to Prop. 11.1. Thus, m(t) = ¢ = m(u).

2. By Lemma 22.2 there are s,7 € Ayswp such that ¢ %x
8§ —re T m4— u. By existence and uniqueness of the m-normal
form (Propositions 4.1-2 and Prop. 11.1), m(s) = m(t). As
m(t) mé— s —>e 7, there is ¢ € Ayguw S.t. M(t) —e g mé— T
according to strong commutation of —n and —. (Prop. 4.3).
Thus, m(t) —e ¢ m< u and hence m(t) —e—m m(u) since
m(u) = m(q) by Prop. 11.1.

Lemma 7 (Projection Preserves Normal Forms). Lett € A. Ift is
sh-normal then m(t) is vsub-normal.

Proof. In [12, Prop. 12] (where the reduction —;, is denoted by
—y) it has been shown that:

1. aterm is sh-normal iff it is of the form w,
2. a term is sh-normal and is neither a value nor a 3-redex (i.e. of
the form (Az.t)w) iff it is of the form a,

where the forms w and a are defined by mutual induction as follows:

ax=zv | za | aw wz=0v | a| (Arw)a.
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The idea is the following: on the one hand, not only terms of the
form a are not values but also they cannot reduce to value through
m-derivations; on the other hand, any m-derivation from a term of
the form w cannot create an ES of the form [z« L(v)], therefore the
e-normality of w (which is without ES) is preserved in its m-normal
form m(w) and hence m(w) is vsub-normal.

More formally, consider the types aysu, and wysy, of vsub-terms
defined by mutual induction as follows (v is a value, without ES):

Qysub = TV | L ysub | AysubWysub
Wysup =V | Qvsub | wvsub[x‘favsub]-

First, we prove by mutual induction on a and w that the m-
normal form m(a) of a is of the form aysu, and the m-normal form
m(w) of w is of the form wysus. The base cases are m(v) = v (since
—m does not reduce under A’s) and m(zv) = zv. Inductive cases:

1. m(za) = zm(a) = Taysw Where m(a) = aysw by L.k,

2. m(aw) = m(a)m(w) = GysewpWysup (SINCE Aysup 1S NOt an
abstraction) where m(a) = aysw and m(w) = Wysw by .11,

3. m((Az.w)a) = m(w)[zem(a)] = Wysew[Taysw] (since
Gvswp i not of the form L(v)) where m(a) = avsw and
m(w) = Wysw bY Lh..

To conclude the proof of Lemma 7, it is sufficient to observe that
all terms of type wysu, are vsub-normal, see [5, Lemma 5] (where
—vsub 18 denoted by —y). O

Theorem 2 (Quantitative Simulation of Agh in Aysun). Let t,u € A.
Ifd: t =%, u then there are s € Aysuy and e: t —>5y, S such that

1. Qualitative Relationship: s = m(u);
2. Quantitative Relationship: |d|z = |e

ey

3. Normal Forms: if u is sh-normal then s, m(u) are vsub-normal.

Proof. First, by straightforward induction on |d|s» € N using
the projection via m-normal forms (Lemmas 6.1-2), one proves
that there is e1: m(t) —ysw— m(u) with [e1]le = |d|g. By
postponement of = (Lemma 1.2), there is e2: m(t) == m(u)
with |e2]e = |e1e. Clearly, ¢ — 1, m(t). It easy to check that s = r
implies s /e 7 forall s, € Aysup. Therefore, there exist s € Aysup
and e: t =7,y s such that s = m(u) and |ele = [ez]e = |d|g5 .
Finally, if moreover w is sh-normal then, since normal forms are
preserved by multiplicative projection (Lemma 7), m(u) is vsub-
normal, and hence so is s (Lemma 1.3, because s = m(u)). O

Corollary 2 (Termination Equivalence of A\ysu, and Asn). Lett € A.
There is a sh-normalizing derivation d from t iff there is a vsub-
normalizing derivation e from t. Moreover; |d| g, = |ele.

Proof.

=: Letd: t —, u be a sh-normalizing derivation and e: t —jqy
s be its projection in Aysyp With s vsub-normal, according to
Thm. 1. Then e is a vsub-normalizing derivation from ¢.

<: By contradiction, suppose that there is a diverging sh-derivation
d from ¢ in Asn. Since —_; is strongly normalizing (Prop. 5.2),
necessarily in d there are infinitely many 35 -steps. By Thm. 1,
d projects to a vsub-derivation in Aysy that has as many e-steps
as the BZ—steps in Agp, absurd.

About the length, we have |d| 55 = |e|e by Thm. 1.2. O

Corollary 3 (Number of 8°-Steps is Invariant). All sh-normalizing
derivations from t € A (if any) have the same number of (3)-steps.
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Proof. Letd: t —% wand d': t —% v’ be sh-normalizing. By
confluence of —sn (Prop. 5.3), u = u'. According to Thm. 2, d
and d’ project, respectively, to two vsub-normalizing derivations
e:t =5 8 € Avswp and €': ¢t —2.1 s° € Aysw such that
s = m(u) = ¢, lele = |d|g and |¢'le = |d'|4,. By Prop. 4.4,
lele = |¢/le and hence [d| 5, = |d'] ;. O

B.3 Proofs of Section 4 (Equational Theories)

Proposition 6. ~ysu_ is contained in ~ B on normalizable terms.

Proof. Let t and u be normalizable terms (by the results in section
Sect. 3 we do not need to specify in which calculus they are nor-
malizing). By confluence of —ysuw— (Lemma 1.4) and Prop. 11.1b,
t ~ysuw— u implies that there exists s such that ¢ —J5,,_ s and
U —ysup— S, and so ¢ and u have the same —ysuo—-normal form. By
the postponement of = and the fact that it preserves normal forms
(Lemma 1) we obtain that ¢ and u have =-equivalent —ysyp-normal
forms ' and v’, respectively.

Now, let ¢ and u” be the normal forms of ¢ and u in Afire,
respectively. By Thm. 1, ¢'| = t” and v'| = u”. Since =-
equivalent terms unfold to the same term, we obtain ¢’/ = u”,
e t~g u. O

Remark 5. For all vsub-term ¢ and vsub-value v, one has fv(t) =
fv(t°) and (t{z+v})° = t°{z<0v°}. The proof is by straightfor-
ward induction on t € Aysup.
Lemma 8. Projection of vsub=on Agy Let t,u € Aysup.
L Ift —=m uthent® =", u® withn < |t|gs (sot° = u® ift € A).
91
2. Ift —v u then t° —>"b — g u® where n < |t|gs.

3. Ift =uthent® ~5 u°.
4. Ift —ysub_ U then t S °.

Proof. Both points are proved by induction on t € Aysyp.

1. According to the definition of ¢ —m wu, there are five cases. The
base case is the interesting one, the inductive ones simply follow
from the i.h.

e Step at the root, i.e. t = L(Ax.s)r —m L{s[z<r]) = u
where, for some n €N, L = (:)[z1¢r1]... [zpern]. We
can suppose without loss of generality that z; ¢ fv(r)
for any 1 < i < n. By Remark 5, z; ¢ £v(r°) for any
1<i<n.So,t° = (Aan.... Aziz.s®)ri ... )ror’ —>:,,

1
Azpn....(Az1.(Az.s%)r°)r? ... )ry = u® (steps inside a
B-context), with |t|es = n+|s|es+|r|es+ >y |riles > n.

e Application Left, i.e. t = sr —m qr = u with s —n q.
By i.h. s° =7, ¢° for some n < |s|gs, therefore t° =
s°r° —>:5 ¢°r° = u® where |t|gs = |s|gs + |r|es > n.

e Application Right,i.e. t = sr —m sq = u withr —n, ¢q. By
ih.r® =", ¢° for some n < |rs, hence t° = s°r° =7,

1
s°¢° = u® where [t|gs = |s|gs + |7|es > n.
® ES Left, i.e. t = s[z<r] —m g[z<r] = u with s —n ¢.
By ih s° —7, ¢° for some n < |[s|gs, thus t° =
1
Az.s%)r° =", (Az.¢°)r°
91
where |t|gs = 1 + |s|es + |7[es > n.

e ES Right, i.e. t = s[xer] —m S[zeq] = u with r —n,

q. By i.h. r® =7 o q° for some n < |r|gs, therefore

= u° (steps inside a 3-context)

t° = (Az.s®)r° Lyn Y, (Aw.s®)g® = u® where [tlgs =
91

1+ |s|es + |r|es > n.
2. According to the definition of t —. u, there are five cases. The
base case is the interesting one, the inductive ones simply follow
from the i.h.
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e Step at the root, i.e. t = slx—L(v)] —e L(s{z<v}) = u
where, for some n €N, L = (:)[z1<r1]...[zpern]. We
can suppose without loss of generality that z; ¢ £v(s)
for any 1 < ¢ < n. By Remark 5, z; ¢ £v(s°) for any
1 <i<m,and (s{z<v})® = s°{z<v°}. Therefore,

t° = (Az.8°)(Azn. ... Qz1.0°)r7. . )
—>Zg Azp. ... Az1.Qz.8%)0°)rT. . )y,

(Az1.8°{zv°})r?

o

— g (ATn.... L)re =

(steps inside a B-context) where |t|es = 1 + |s|es + |v|es +
Z?:l |7"i|ES >n.
e Application Left, i.e. t = sr —e qr = u with s —¢ q.
By i.h. 8° =7, =5 ¢° for some n < |[slgs, thus t° =
3 v
s°r° —>Zg—>ﬁz q°r° = u® with |t|gs = |s|gs + |r|es > n.
e Application Right, i.e. t = sr —¢ sq = u with r —. q.
By ih r° =7, —g ¢° for some n < |r|gs, so t° =
5B
s°r° _>:g_>ﬁ5 s°q° = u® with |t|gs = |s|es + |r|es > n.
® ES Left, i.e. t = s[x<r] —e gzer] = u with s —¢ q.
By ih s° =7, =g q° where n < |[s|gs, thus t° =
3 v
(Az.s%)r° —>Zg—>55 (Az.¢°)r° = u° (steps inside a j3-
context) where |t|gs = 1 + |s|es + |r|es > n.
® ES Right, ie. t = s[x<—r] —e S[zq] = u with r —. q.
By ih r° =" b—>5b q° for some n < |r|gs, therefore
t° = (A\z.s®)r° =" o8 (Az.s°)q° = u® where |t|gs =

1+ |s|es + |r|es > n.

. First, let = be the symmetric closure under evaluation contexts

(see Fig. 3) of the binary relation =com U =a) U =ar U =[jon
Avsun. We prove by induction on ¢ € Aysup the following fact:

ift = wthent® ~5 u° 4)

According to the definition of =’, there are five cases:
o Axioms,i.e.t =k uoru =, tforsomer € {com, @}, @, [-]}.
As ~& is symmetric, it is enough to suppose ¢ =, u. Cases:
2 if t = s[zer][yq] Zcom s[y—q][zer] = u withz ¢
fv(g)andy ¢ fv(r),thent® = (Ay.(Az.5°)r°)q° —o.en
(Az.(M\y.s%)q°)r® = u® since z ¢ £v(¢°) and y ¢
£v(r°) according to Remark 5, therefore t° ~g' u°;
v if t == gs[zer] =ar (¢8)[zer] = u with z ¢ £v(q),
thent® = ¢°((Az.5°)r°) =5, (Az.q°s O) ° = u° since
x ¢ £v(q°) by Remark 5, thus #° ~&' u°
vif t == gqlzeT]s =@ (qs)[x<—r] =u w1th x ¢ fu(s),

then t° = (Az.¢°)r°s® s, ()\x q°s ) = u° since
x ¢ £v(s°) by Remark 5, so t° ~&' u°;
sif t = s[zer[y—q]] = s[am—r} [y<q] = u with

¢ fv(s), then t° = (Az.s°)((A\y.7°)q°) —oy

Ay.(Az.s%)r°)g° = u° since y ¢ £v(s°) according
to Remark 5, so ¢° NEXt u®.

. Appllcatmn Left,ie. t == sr = qr = u with s="q byih.,

5% ~%* ¢° and hence t° = 5°r° ~ Ne“ q°r® = u’.

. Appltcatlon nght ie.t:=sr= sq =u With r —/ q: by
i.h.,m° ~%* ¢° and hence t° = s°r° :Z“ 5°¢°

o ES Left, ze t = s[zer] = q[x<—r] uw1ths ='q: by ih.,
s° ~& ¢° and thus t° = (\z.s°)r _iﬁt (Ax.¢°)r° =u’.

* ES Rzght, ie. t = slzer] = s[zeq] = uwithr = ¢
by ih, r° ~%' ¢° and hence t° = (Ax.s®)r® ~'
(Az.s%)¢° = u®.

To conclude the proof of Lemma 8.3 it is sufficient to observe
that = is the reflexive-transitive closure of =’, and to show, by
straightforward induction on n € N and using fact (4), that if

ext

t ='" wthen t° ~& u°
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4. By definition, ¢ —vsu— © means that:
e ecither t = s —m r = u for some s, € Aysup, and then

1o 5 g° —>Z§ 7° ~%* 4° by Lemmas 8.1 and 8.3,
eort = s — r = u for some s,7 € Aysw, and then
1° &t 5° *Zg g T° ~%* 4° by Lemmas 8.2-3.

In all cases we have t° ~* °. O

Theorem 3 (Same Equational Theory for Aysw and Agn). Let

tu € At ysupe wifft ~5F .

Seep. 7

Proof. =: By definition, t ~,suw_ u means that, for some n € N,
there are s1,...,8, € Aysw such that s = ¢, s, = u and
5] —Fvsub— Sj+1 OF Sj+1 —>vsww= S; for any 0 < j < n. By
Lemma 8.4, s§ ~%' s5,, forany 0 < j < n. Since t,u € A
(i.e. they are without ES), t° = ¢ and u° = u. Therefore,
t oSty

<= First, let ~g, be the symmetric closure under balanced contexts
(see Fig. 4) of the binary relation 5, U 5, U oy U—s,

on A. We prove by induction on ¢ € A the following fact:

if t ~en uthen ¢ ~ygup_ u

(&)

According to the definition of ~ygy, there are four cases:

® Axioms,i.e. t g, UOrt —, uort oy wOrt =g, U
OF U oey T OMU gy LOru =, toru =g, t As
~ysub— 1S Symmetric, it is enough to consider the following
cases:

vif ¢t o= (Ay.(Az.9)r)g Sown Az.(Ay.s)g)r =
u with x ¢ fv(q) and y ¢ fv(r), then t —}
slxer]ly—q] =com S[y<q][z<r] m<+ wu, therefore
t 2vsub; u;

vif t = q((Aw.s)r) oy (Az.gs)r = u with z ¢
£v(q), then t —m g s[z<r] =ar (¢s)[z<r] mé u, so
t :vsub; u;

vift = (Az.q)rs o, (Az.gs)r = u with z ¢ £v(s),
then t —m g[z<r]s =a1 (¢s)[z<r] m< u, thus
t szub; u;

vif ¢t = (Az.s)v g, s{z<v} = wu, then t —n
s[z+v] —e v and hence t ~yeub_ u.

e Application Left, i.e. t = sr ~g, qr =: u With s ~g, q: by
i.h., s ~ysw— q and hence t = sr ~ygu_ g7 = U.

e Application Right, i.e. t := sr ~g, sq =: u with r ~g, ¢:
by i.h., 1 ~ysuw— q and hence t = s ~ysup_ Sq = u.

e Inside a B-context, i.e. t := (A\x.s)r ~en (Az.q)r =: u with
S ~en q: by i.h., 8 ~ysub— ¢ and thus ¢ —m S[T7] Mysup
q[z<r] m+ u, therefore t ~ygup_ u.

To conclude the proof of Thm. 3 it is sufficient to observe that
~& is the reflexive-transitive closure of ~g,, and to show, by
straightforward induction on n € N and using fact (5), that if
t ~gn u then t ~ygup_ u. O

B.4 Proofs of Section 5 (How to Stop Worrying and Love the
Bomb)

Proposition 7 (Abstraction Size-Explosion). For any n > 0, one
has tpv —j5 Ry with [t,| = O(n), |Ry| = O(2"), and Ry, is
Bg-normal.

See p. 7

Proof. By induction on n € N, we prove more generally that
tnRy —3 Romgn for all n,m € N. Base case: t1R;, —
My.(yRy, R,,) = Ry, 1. Inductive case:

in ™ v

t’ﬂ+1R:n *>/3,\ tn (Ay(nynR:}n)) = tnR;}n-Fl H/BA R7n+n+1

The part about sizes and R;, being a normal form is immediate. [
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Proposition 8 (Inert Size-Explosion). For any n>0, uni —3, 2"
(the B-normal form of uni) with |u,| = O(n) and |i*"| = O(2").

Proof. By induction on n € N. Let i’ := i* = 4. Cases:
2

U1 = (Azi.(z121))i —g; 1
Un+1 = (/\xn+1.(un(xn+1a:n+1)))i —B;
Uni® = uni’ —5, (ih)
.om o . on+1
(3 = (2 O

B.5 Proofs of Section 6 (Easy GLAMOUr)
Lemma 9 (Properties of —.g,). Lett € A.

1. Completeness: ¢ has — g, -redex iff t has a —p, -redex.
2. Determinism: ¢ has at most one —p, redex.

Proof.

1. =) Immediate, as right contexts are in particular evaluation
contexts, and so —rg; C— B - <) Let F the evaluation context
of the rightmost redex of ¢. We show that E is a right context.
By induction on E. Cases:

(a) Empty, i.e. E = (-). Then clearly E is a right context.

(b) Right Application, i.e.t = usand E = uE'. By ih. E' is a
right context in s and so is F/ with respect to ¢.

(c) Left Application, i.e. t = us and E = E's. By i.h. E' is
a right context in u. Since E is the rightmost evaluation
context, s is — g, -normal, and so by open harmony (Prop. 2)
it is a fireball. Therefore E is a right context.

2. By induction on ¢. Note that by completeness of —g, (Point 1)
open harmony (Prop. 2) holds with respect to —rg,, i.e. a term
is —»rp, -normal iff it is a fireball. We use this fact implicitly in
the following case analysis. Cases:

¢ Value. No redexes.
e Application t = us. By i.h., there are two cases for s:

(a) s has exactly one —rrg, redex. Then ¢ has a —g, redex,
because u(-) is an evaluation context. Moreover, no —,
redex for t can lie in u, because by open harmony s is
not a fireball, and so (-)s is not a right context.

(b) s has no —xp, redexes. Then s is a fireball. Consider u.
By i.h., there are two cases:

i. u has exactly one —epy redex. Then t has a —repy
redex, because (-)s is an evaluation context and s is a
fireball. Uniqueness follows from the fact that s has
no —p, redexes.

ii. u has no —rg, redexes. By open harmony u is a
fireball, and there are two cases:
=y is a inert term i or a variable x. Then ¢ is a

fireball.

» u is an abstraction Ax.r. Then t = (Az.r)sis a
—: -redex, because s is a fireball. Moreover, there
are no other —r, redexes, because evaluation does
not go under abstractions and s is a fireball. O

Lemma 10 (Easy GLAMOUTr Invariants). Let s = (D, t,m, E) be
a reachable state. Then:

1. Name:
(a) Substitutions: if E = E' : [z« : E" then x is fresh wrt
and E";
(b) Abstractions: if Ax.s is a subterm of D, u, m, or E then x
may occur only in's;

2. Fireball Item: ¢op is a inert term if ¢ = x@Qn’ and an
abstraction otherwise, for every item ¢ in w, in F, and in every

stack in D;
20 2016/2/15
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3. Contextual Decoding: Es = D{r)o g is a right context;

Proof. By induction on the length of the execution leading to the

reachable state. In an initial state all the invariants trivially hold.

For a non-empty execution the proof for every invariant is by case
analysis on the last transition, using the i.A..

1. Name. Cases:
(@ s’ = (D,tu,m, E) ~¢ (D : t0m,u,¢, E) = s. Both
points follow immediately from the i.A.
(b) 8 = (D : t0m,  \x.0, €, E) ~¢, (D, \z.0uQe : 7, E) =
s. Both points follow immediately from the i.h.

(¢) 8 = (D :tOm,z, 7', E1[z<yQn"|Es) ~¢, (D,t,2Qn" :

m, B1[z<y@n”|E2) = s. Both points follow immediately
from the i.h.

(d) s = (D : tOm,z,7', E) ~¢, (D,t,2Qn" : m, E) = s
with E(z) = L. Both points follow immediately from the
i.h.

e) s = (D, zt,¢ : mE) ~u (D,t,m[z<d|E) = s.

Point 1 for the new entry in the environment follows from the

i.h. for Point 2, for the other entries from the i.A. for Point 1.

Point 2 follows from its i./.

®
s' = (D, z, 7, E1[x<)\y.uQ¢| E>)
~e (D, (Ay.w)*, m, B1[z< Ay uQe|Es) = s.

Point 1 follows from its i.h.. Point 2 for the new code is
guaranteed by the a-renaming operation (Ay.w)®, the rest
follows from its i.h.

2. Fireball Item. Cases:

(@ s’ = (D, tu,m, E) ~¢, (D :t0m,u, ¢ E) = s. It follows
from the i.h.

(b) s = (D : t0m, Az, €, E) ~¢, (DL, \z.uQe : 7, E) =
s. For \z.u@e we have that \z.u@Qeorp = (A\z.u)op =
Ax.uog is an abstraction, i.e. a fireball. For all other items
the invariant follows from the i.5.

(c) s =
m, Bi[z<y@n”|E2) = s. Let E' = Ei[z<yQn"|E
For z@n’ we have that xQrn'op =
Now, by Point 1 it follows that every ES in E’ binds a
different variable, and so Top/ = TOE [zcyarB, =
xop, {z—yQn’'}op, = yQr'og,, that by i.h. is a inert
term. Moreover, the i.h. also gives that ¢’ o g is a fireball for
every item ¢’ in 7’. Therefore zQn’ o g = (zop ) (r'or)
is a inert term. For all other items in s the invariant follows
from the i.h.

(d) s’ = (D : tOm,z,7', E) ~¢, (D,t,2Qn" : m, E) =
with F(z) = L. Similar to the previous case. For zQrx’
we have that z@n’cr = (zog)(x'og). Now, since by
hypothesis E(z) = L, we have xzor = z. As before, by
i.h. o is a fireball for every item ¢’ in 7’. Therefore
2@Q7’ o g is a inert term. For all other items in s the invariant
follows from the i.h.

(e) s = (D, \x.t,¢ : m, E) ~y (D,t, 7w, [z<¢|E) = s. By
Point 2 2 may occur only in ¢. Thus the substitution o[, 45
acts exactly as og on every item in s. Then the invariant
follows from the i.h..

®

~

s' = (D, z, 7, E1[z<)\y.uQ¢| E>)
~e (D, (Ayw)®, 7, B1 [z« Ay uQe|Es) = s

It follows from the i.A.
3. Contextual Decoding. Cases:
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(D : tOm, x, 7', E1[z+yQn" | Es) ~~cy (D, T, xQr’ :

(zop)(n'op).
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Lemma 11 (Easy GLAMOUr One-Step Weak Simulation). Lef s Seep.9

(@)

(b)

(c) s =

(d)
(e

)

s':(DfﬂﬂE)wcl( : tOm,u, e, E) = s. By i.h.
E, = D(x)oE is aright context, as well as uog(-). Then
their composition (D(m)og){uoe(-)) = D{({u(-))w)or =

E is aright context.

s = (D : tOm, Az, €, E) ~e, (D,t, Az.uQe : 7, E) =
s.Byih Ey = D :tQmog = D{(t(-))m)oE is a right
context, that implies that D (7)o & is one such context as well.
Then Ey = D{Az.uQe¢ : m)op = D{{{) \z.u)m)or =
(D{m)or){{)\z.woE) is a right context , because it is the
composition of right context, given that Az.wo g is a fireball.
(D : tOm, x, 7', E1[z+yQn" | Eg) ~cy (D,f, xQr’ :
7, Bi[r<y@n"|Es) = s. Let E := F4 [:m—y@ﬂ' '|E>. By
ih. By = D :#0m(r'Yog = D(( (r'))w)oE is a right
context, that implies that D (7)o  is one such context as well.
Then Es = D(zQn’:m)op = D{{(-)zQr')w Jop =
(D{(r)og){{-)2@Qn’oE) is a right context, because it is the
composition of right context, given that zQn’o s is a fireball
by Point 3.

s = (D : tOm z, 7', E) ~, (D, t,zQn" : 7 E) =
with E(z) = L. Exactly as the previous case.

s = (D, zt,¢ : m,E) ~y (DI, [z<9|E) = s.
By i.h. Ey = D{(¢ : 7)o is a right context, that implies
that D(m)o g is one such context as well. Now, note that
Ey = D(m)0|yc¢)p = D(mw)or because by Point 2  may
occur only in ¢, and so the substitution o[, ¢z acts on every
code in D and 7 exactly as 0.

s’ = (D, z,n, E1[x<)\y.uQ¢| E>)
~e (D, (Ayw)*, 7, B1[z< Ay uQe|Es) = s.
It follows by the i.h. because E,; = F;, as the only
component that changes is the code. O

be a reachable state.

1. Commutative & Exponential: if s ~>e c; 554 8 thens =s';

2. Multiplicative: if s ~q &' then s —rp, 5"

Proof. Transitions:

1. s = (D,tu,n,E) ~¢ (D:t0m, U, ¢, E) = s'. Then

s = D((tu)m)or
D tOn(u)or
D : t0m((m)e >0E = ¢

2.5 = (D : tOm, Az, e, E) ~¢, (D, t,\x.uQc : 7, E) = s'.

3.

4.

Then
s = D:tOn{(A\ru)e)or
= D{i((Azu)e))m)or
= D{HAz.uQ¢:m)og = s
(D : tOm,z, 7', E1|z—yQn"|Es) ~~e, (D,t, zQn’

S =
7, E1[z<y@Qn"|Ey) = §'. Let E' := E1[z+yQn"|E; Then

s = Deo(imon
= D({t((x)x))m)or
= D{({t)z@Qn' :w)opr = s
)

s = (D :tOm,x,7',E) ~¢, (D,t,zQn’ : 7, F) = s’ with
E(x) = L. Then
s = D:tOr{{z)n))or
= D((t((x)x))m)or
= D{t)zQn’ :7w)og = &
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5.8s= (D, x.t,¢:m E) ~q (D,t,7,[v<¢|E) = s'. Then
D{(\z.t)¢: m)oE
)

S =
=  D{(Axt)¢)m)or
=g D{(H{zdh)m)om

=  D{{Or){rg}om

= DOmop-gr =
where the rewriting step takes place because
(a) D(m)oE is aright context by Lemma 10.4;
(b) ¢ is a fireball by Lemma 10.3.
Moreover, the meta-level substitution {z«<¢} can be extruded
(in the equality step after the rewriting) without renaming x,
because by Lemma 10.2 « does not occur in D nor 7.

8

s = (D,z, 7, E1[x<\y. uQe|Es)
e (D, Ay w)®, m, E1[xe<\y.uQe| E2) = 5.
Let B := E1[z+\y.uQ¢| Es. Then

s = D{{z)mop
= Dog ((zop)mog)
= Dop/{((Ayuog )wog:) /
= Dy w)m)oe = s

O

Lemma 12 (Easy GLAMOUTr Progress). Let s be a reachable final
state. Then s is fireball, i.e. it is Bf-normal.

Proof. An immediate inspection of the transitions shows that in
a final state the code cannot be an application and the dump is
necessarily empty. In fact, final states have one of the following two
shapes:

1. Top-Level Unapplied Abstraction, i.e. s = (¢, \x.t, €, E). Then
s = (A\z.l)org = \x.tog that is a fireball.

2. Top-Level Free Variable or Inert Term with Free Head, i.e.
s = (ex,m, E) with E(x) = L. Then s = ((z)w)or =
(zog)(mor) = (z)(wog). Now, by the fireball item invariant
(Lemma 10.3) every element of mog is a fireball, and so
(z)(wog) is a inert term, i.e. a fireball. O

Theorem 4 (Weak Bisimulation). Let s be an initial state of code t.

1. Simulation: For every execution p: s ~* s’ there exists a
. . . * / . _
derivation d: s —;g. " such that |d|g, = |p

m»

2. Reverse Simulation: For every derivation d: t —>:Bf u there is
an execution p : s ~" ' such that s' = w and |d|g, = |p|m.

Proof.

1. By induction on the length |p| of p, using the one-step simulation
lemma (Lemma 11). If p is empty then the empty derivation
satisfies the statement. If p is given by o : s ~* 5" followed by
s~ s then by i.h. there exists e : s =75, 5" s.t. [e] = |0|m.
Cases of s” ~ s’

(a) Commutative or Exponential. Then s”" = s’ by Lemma 11.1
and the statement holds taking d = e because |d|s, =
lel =in [o]m = |plm.

(b) Multiplicative. Then s” —.p, s’ by Lemma 11.2 and
defining d as e followed by such a step we obtain |d|g, =
le| + 1 =i |o|m +1=1p|m.

2. We use nf.(s) to denote the normal form of s with respect
to exponential and commutative transitions, that exists and is
unique because ~». U ~, terminates (termination is given
by forthcoming Lemma 14 and Cor. 4, that are postponed
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because they actually give precise complexity bounds, not just
termination) and the machine is deterministic (as it can be
seen by an easy inspection of the transitions). The proof is
by induction on the length of d. If d is empty then the empty
execution satisfies the statement.
If d is given by e : H:ﬁf s followed by s —rg, u then
by i.h. there is an execution o : s ~* s st. s = s” and
|olm = |e|s, - Note that since exponential and commutative
transitions are mapped on equalities, ¢ can be extended as
" nfec(s”) with nfe.(s”) = s and

o s ~F s e o34
|o’|m = |e|s, . By the progress property (Lemma 12) nfec(s")

cannot be a final state, otherwise s = nfe.(s”) could not reduce.

Then nfec(s”) ~y s’ (the transition is necessarily multiplicative

because nfec(s) is normal with respect to the other transitions).

By the one-step simulation lemma (Lemma 11.2) nfe.(s”) =

s —rep, s and by determinism of —,5, (Lemma 9.2) 5" = w.

Then the execution p defined as o’ followed by nfec(s”) ~p s
satisfy the statement, as |p|m = [0|m + 1 = |o|m + 1 =
|e|5f +1= |d|5f' O

Lemma 13 (Subterm Invariant). Let s = (D, t,m, E) be a state
reachable from an initial gode to. If Az is a subterm of D, t, , or
E then it is a subterm of to.

Proof. By induction on the length of the execution leading to the
reachable state. In an initial state the invariant trivially holds. For a
non-empty execution the proof is by a straightforward case analysis
on the last transition, always relying on the i.A. O

Lemma 23 (Size Bounded). If s = (D, u,, F) is a state reached
by an execution p of initial code t, then |s|. < (1 + |p])|t] = |ple-

Proof. By induction over the length of the derivation. The property
trivially holds for the empty derivation. Case analysis over the last
machine transition.

e Commutative rule ~, : the rule splits the code tu between the
dump and the code, and the measure—as well as the rhs of
the formula—decreases by 1 because the rule consumes the
application node.

Commutative rules ~c, 5 ,: these rules consume the current
code, so they decrease the measure of at least 1.
Multiplicative: trivial, as the lhs decreases of 1 (because the A
of the abstraction is consumed) and the rhs does not change.
Exponential: it modifies the current code by replacing a variable

(of size 1) with an abstraction coming from the environment.

Because of the subterm invariant (Lemma 13), the abstraction
is a subterm of ¢ and so the increment of |s|. is bounded by
[t]. O

Lemma 14 (Bilinearity of Commutative Transitions). For any state
s reachable by an execution p of initial code t, |p|lc < (1 + |ple)|¢|-

Proof. Immediate consequence of Lemma 23, since |s|c > 0. O

Lemma 15 (Free Occurrences Invariant). Let p : s ~* s’ be an
execution of initial code u. Then |s'|free < [Ulfree + [T] - |p|m — |ple-

Proof. By induction on |p|. Case |p| = 0 is obvious. Otherwise
o : s ~" 5" and p extends o with s ~ §'. By i.h., |8 |free <
[T free + [T] - |o|m — |o|e. Cases (the notation refers to the transitions
of the machine, in Table 1):

e the last transition is exponential. We have to show |s'|free <
[]free + |T| - [p]m — |ple. It follows from the i.h. and
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* |5'|free = |5”|free — 1 because dump and stack do not change
and the code changes from a variable (of measure 1) to an
abstraction (of measure 0);

" |plm = |o|m;
*lple = lole + 1
® the last transition is multiplicative. For ~~y:
|p|free = |D|free + |7T|free + |i|free
< |D|free + |f : 7T|free + |ﬂfree
= |D|free + |)\-'L'~ﬂfree + |)\yﬁ : 7T|free + ‘ﬂfree
= |5N|free + ‘ﬂfree
= |5”|free + ‘ﬂ|
< [tltree + 1] - [o|m — |o]e + [l
= |U|free + ‘ﬂ| : (‘U‘m + 1) - |U|e
[ul

= [tlfree + [u] - [plm — ple

(i.h)

e the last transition is commutative. Note that (sub)terms and
stacks are moved around but never erased, never duplicated, and
never modified. Moreover no new pieces of code are introduced,
so that the measure never changes. Since also |p|m and |p|e do
not change, the statement follows from the i./. O

Corollary 4 (Exponentials are Bilinear). Let s be an initial state of
codewand p : s ~* s'. Then |ple < [u] - (|p|m + 1).

Proof. By Lemma 15, |ple < [tfree + [T+ | p|m— | |free, that implies
[ple < |Tlfree + [@| - |p|m. The statement follows from the fact that
|ﬂ|free S IH‘ O

Theorem 5 (Easy GLAMOUr Overhead Bound). Lett be a term.
Every derivation d : t —>:Bf u is implementable on RAM in
O((1 + |d|g;) - |t|?), i.e. linear in the length of d and quadratic in
the size of t.

Proof. Given d : t —>;‘Bf u by Thm. 4.2 there is an execution
p:s~" s suchthats = t, s = u, and |plm = |d|. The
cost of implementing p is the sum of the costs of implementing the
multiplicative, exponential, and commutative transitions:

1. Multiplicative: each one costs O(1) and so all together they cost
O(ldl)-

2. Exponential: by Cor. 4 we have |ple < (1 + |p|m) - [t], i.e. the
number of exponential transitions is bilinear. By the subterm
invariant (Lemma 13), each exponential step costs at most O(|¢|),
and so their full cost is O((1 + |d|g; ) - [t]?).

3. Commutative: by Lemma 14 we have |p|. < (1 + |ple)|t|. Now,
substituting the bound given by Cor. 4 we obtain

lple < (L+lple)[t] < (1+(A+lplm) [E)]E] = (L+]d]g)-[¢]*+ ]2

Since every commutative transition evidently takes constant

time, the whole cost of the commutative transitions is bound by
2

O((1 + |d[g;) - [t]7).

Then the cost of implementing p is O((1 + |d|g,) - [t]?). O

B.6 Proofs of Section 7 (On the Minimality of the Cost
Model)

Proposition 9 (Exponentially many [;-steps). For every n € N,

2n—1
one has u, =5, Thn.
f
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(|f|free 2 0)
(| Az.t]free = 0)
(def. of | 5" |free)

(Lemma 13)

23

Proof. By induction on n. For the base case n = 0 we have ug = ro
by definition. For the inductive case,

Unt1 = g1t = (A2.(YUnUn))i =3, YUnUn
%ijl Yrpln %§j71 YrnTn = Tntl
where the two %%:Lfl sequence are obtained by i.h.. We have
Un41 —>L13j'2*(2"_1) Trg1, With1 +2x% (2" = 1) = ontl _ 1 O

Proposition 10 (Linearly many (,-steps). For every n € N, one
has sy, —§, tn, and 50 spi =g, tni = Un.

Proof. By induction on n. For the base case n = 0 we have sg = tg
by definition. For the inductive case, since all ¢,,’s are values, we
obtain

Snt1 = (Az Az (y(x1) (24)))sn =5, Az Az.(y(2i)(z1)))tn
=8, A2 (Y(tnt)(tnt)) = Az.(YunUn) = tnt1
Note that the n-th 3,-step duplicates t,,, and that ¢,, is an abstraction

for n > 1, i.e. the only variable step in s, HZU t,, 1s the first one.

In other words, variable steps do not play a role here. O
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