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Contextual equivalence is the de facto standard notion of program equivalence. A key theorem is that contextual
equivalence is an equational theory. Making contextual equivalence more intensional, for example taking
into account the time cost of the computation, seems a natural refinement. Such a change, however, does not
induce an equational theory, for an apparently essential reason: cost is not invariant under reduction.

In the paradigmatic case of the untyped A-calculus, we introduce interaction equivalence. Inspired by game
semantics, we observe the number of interaction steps between terms and contexts but—crucially—ignore
their internal steps. We prove that interaction equivalence is an equational theory and characterize it as 8, the
well-known theory induced by Bohm tree equality. It is the first observational characterization of 8 obtained
without enriching the discriminating power of contexts with extra features such as non-determinism. To prove
our results, we develop interaction-based refinements of the B6hm-out technique and of intersection types.
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1 Introduction

A cornerstone of the theory of programming languages is the acceptance of contextual equivalence
as a meaningful notion—if not as the notion—of program equivalence. Introduced by Morris [1968]
to study the untyped A-calculus, contextual equivalence has the advantage that its definition is
almost language-agnostic. Given a language £, one simply needs the notion of contexts C of L,
usually defined as terms with a single occurrence of a special additional constant (-) (the hole of
the context), and a chosen predicate |} of observation for L, typically some notion of termination,
which is the only language-specific ingredient. Then, contextual equivalence is defined as:

t =%y ifforallcontextsC. [C{(t)| & Clu)|]

Contextual equivalence embodies a black box behavioral principle with respect to termination.
Nothing is said about the structure of t and u, it is only prescribed that any use of t in a larger program
can be replaced by u (and vice-versa) without affecting the observables. One of the most studied
contextual equivalences is head contextual equivalence ={™ for the untyped A-calculus [Barendregt
1984], where one observes termination of head reduction —}. Another contextual equivalence
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that was studied at length is the one of Plotkin’s PCF [1977], where the observation is termination
on the same value of ground type, typically a natural number. Both played crucial roles in the
historical development of denotational semantics of programming languages.

Contextual equivalence is also relevant in more applied settings. The typical example being
program transformations at work in compilers, for which contextual equivalence guarantees a
strong form of soundness, see, for instance, the survey by Patrignani et al. [2019].

Equational Contextual Equivalence. In order for contextual equivalence = to be a proper
semantical notion, one actually has to show that it is an equational theory for L. This means that
the following two properties must be satisfied:

(1) Compatibility: =% is stable under context closure, that is, t = u implies C(t) = C{u) for
all contexts C, and;

(2) Invariance: =% includes -conversion =g, that is, if t = u then ¢ =y
While compatibility holds by definition, invariance is a non-trivial theorem, because of the universal
quantification on contexts in =%, which is notoriously hard to manage. For head contextual
equivalence =™, for instance, a rewriting-based proof of the invariance property requires to prove
the confluence of B-reduction and various non-trivial properties of head reduction.

An equational theory for £ can be seen as a semantics for L. The abstract requirement defining
denotational models is that their induced equivalence?® is an equational theory. Notably, head
contextual equivalence =" is exactly the equational theory of Scott’s De, model [1972], the first

model of the untyped A-calculus.

Termination vs Time Cost, Equationally. It is natural to wonder whether contextual equivalence
can be refined by replacing the termination predicate |} with a finer one ||* indicating termination
in k evaluation steps. Intuitively, the number of evaluation steps is taken as a time cost model. With
the compiler analogy in mind, it is indeed natural to ask that a program transformation preserves
the time behavior. This refinement is exactly Sands’ notion of cost equivalence, the symmetric form
of his more famous improvement preorder [1996a; 1996b; 1999]:

t =ty ifforall contexts C,3k > 0. [C(t)|F o Cw)lF ]

Cost equivalence falls short, however, of being a refinement of contextual equivalence. The price to
pay for the added quantitative information is that it can no longer be seen as a semantics, that is, it
is not an equational theory. The reason is both simple and deep. It is simple because (in, say, the
A-calculus) if t — g u, then C(u) might take one step less to terminate than C(t), so f-conversion
=g cannot be included in cost equivalence =°**!, breaking the invariance of equational theories.

Internal and External. The issue is deep as it reflects a more general tension between quantitative
intensional properties such as time cost, which by their nature cannot be invariant under evaluation,
and semantical notions such as equational theories, that are expected to hide the computational
process. More generally, one might identify two perspectives on programs. The internal view studies
programs in isolation, and it is concerned with qualitative properties such as, e.g., termination,
confluence, productivity, or quantitative properties such as time or space cost. The external view,
instead, studies how programs interact with other programs, as it is the case for contextual equi-
valences, labelled transition systems (LTSs), or process calculi. Usually, the external view hides
the internal dynamics of programs, for instance via the invariance requirement for contextual
equivalence, or via the silent 7 transitions of LTSs.

IFor an overview of such a proof, see Appendix A of the longer version on arXiv [Accattoli et al. 2024].
The equivalence induced by a model M is defined as t =y u if [¢] = [u], where [-] is the interpretation in the model.
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The mentioned issue with cost equivalence is then an instance of a more general question: is
there a way of analyzing quantitative properties externally, without interference from the hidden
internal dynamics? Concretely, is there a way of measuring the amount of interactions between a
term and its context modulo the internal dynamics of the term and of the context?

Interaction Equivalence and the Checkers Calculus. In this paper, we provide a positive answer.
The literature on improvements has focused on application-oriented A-calculi based on call-by-need
evaluation. Our focus is different, more theoretical, we are rather interested in the semantical
aspect and the understanding of the internal/external dilemma. Therefore, we place ourselves in
a minimalistic setting, namely the ordinary (call-by-name) untyped A-calculus, the denotational
semantics of which has been studied in depth—see the classic book [Barendregt 1984] and its recent
extension [Barendregt and Manzonetto 2022]—and aim at refining head contextual equivalence.

We introduce a new notion of cost equivalence, called (head) interaction equivalence, whose
key property is being—as we prove—an equational theory, in contrast to what happens for cost
equivalence. This is obtained via a reconciliation of the internal and the external perspectives,
loosely inspired by game semantics [Abramsky et al. 2000; Hyland and Ong 2000].

Interaction equivalence is based on the new checkers calculus A, a A-calculus enriched with two
players, black @ and white o. The idea is to duplicate the abstraction and application constructors
of the A-calculus as to have white (Aox.t and t o u) and black variants (A¢x.t and t @ u) of each. Next,
borrowing from LTSs, one defines two variants of f-reduction, the silent one (internal to a player)
and the interaction (external) one, depending on whether the constructors involved in the redex
belong to the same player or not:

SILENT f§ INTERACTION f
(Aex.t)ou —pg  t{x:=u} (Aox.t) ou —pg, t{x:=u}
(oxt)ou —pg  t{x:=u} (Aext)ou —pgo t{x:=u}

Interaction equivalence of t and u is then defined in the checkers calculus exactly as cost equivalence
except that one uses the predicate Jlﬁf. holding when checkers head reduction terminates using k
interaction steps — g,, and—crucially—arbitrarily many (possibly zero) silent steps — 4, .

Checkers interaction equivalence is then transferred to the ordinary A-calculus via a paint-and-
wash construction: two ordinary A-terms ¢ and u are interaction equivalent when their uniformly,
say, black-painting 7~ and u* are interaction equivalent in the checkers calculus, i.e.:

t =™y if for all checkers contexts C,3k > 0. [C(") Jlﬁ:‘. s  Cu) Jlﬁ:‘. ]

Our first main result is that interaction equivalence is an equational theory of the ordinary untyped
A-calculus. As for contextual equivalence, proving that =" is an equational theory is non-trivial,
and the counting of interaction steps adds a further difficulty. We do it via a multi type system, as
explained after our second contribution. We also prove that two preorder variants of interaction
equivalence, one of which is the interaction reformulation of Sands’s improvements, are inequational
theories, that is, preorders verifying the compatibility and invariance of equational theories.

Inspecting Black Boxes. Contextual equivalences, as already mentioned, are black-box principles.
While the concept is natural, it is hard to establish the contextual equivalence of two given terms,
because of the universal quantification over all the contexts. It is then common to look for alternative,
more explicit reformulations that relate the inner structure of equivalent terms. Historically, these
reformulations were presented via semantic trees such as Béhm trees, introduced by Barendregt
[1977]. Head contextual equivalence =™ for the untyped A-calculus is one of the few cases for which
an explicit description is available, as they are not easy to obtain. Namely, =™ was characterized
by Hyland [1976] and Wadsworth [1976] as the equational theory B1® induced by the equality of
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B6hm trees up to possibly infinite 7-equivalence. A natural question then arises: is there an explicit
description of interaction equivalence? Does it correspond to anything already known?

Interaction Equivalence and Bohm Trees. The second contribution of our work is the answer to
these two questions. We prove that interaction equivalence is exactly the well-known equational
theory 8 induced by Bohm tree equality. In particular, interaction equivalence is not extensional,
that is, it does not validate any form of n-equivalence, given that x and Ay.xy clearly have a different
number of interactions with any context providing an argument. Therefore, interaction equivalence
=" has a simpler explicit description than head contextual equivalence =", and provides an
operational insight about n-equivalence. The failure of n-equivalence also reveals that, despite the
analogy, our framework is not that close to game semantics, where 7 is naturally validated unless
additional constraints are imposed to avoid it, as in [Ker et al. 2003; Ong and Di Gianantonio 2002].

Our results actually turn out to solve an open problem in the semantical theory of the untyped
A-calculus, namely the problem of finding a satisfying description of (non-extensional) B6hm tree
equality B as an observational equivalence. Partial solutions have been presented in the literature
and are discussed among related works, in Section 9. Ours is the first solution that does not require
adding any extra features such as concurrency or non-determinism, but only refining the analysis.

Normal Form Bisimilarities. Some readers might prefer a coinductive formulation of the problem.
The equational theory 8, indeed, corresponds to head normal form bisimilarity, as shown by Lassen
[1999], building over Sangiorgi’s work [1994]. Normal form bisimilarities are known to be sound
but—in general—not complete for contextual equivalences. The open problem from the literature
then might be recast as follows: is there an observational equivalence for which normal form
bisimilarities are complete? We show that, for the head case, interaction equivalence is the answer.

Technical Development. Our results are proved via new interaction-based refinements of standard
proof methods in the literature, namely the Bchm-out technique and multi types, overviewed in
the next subsection. While the proofs are non-trivial, we believe that they are compact and neat,
hopefully reassuring that the introduced framework is not ad-hoc.

Proofs. Some proofs are omitted; they are in the proof appendix on arXiv [Accattoli et al. 2024].

Overview of the Proof Techniques

In the study of program equivalences, proving the inclusion of an equivalence into another one is
always challenging. As it is customary, we study preorders rather than equivalences, and prove the
equality of the Bohm preorder Cg and the interaction preorder C™™ by showing the two inclusions.

Proof Technique 1: Bohm-Out. For ™™ C C g, we prove the contrapositive: if t and u have different
Bohm trees then they are not interaction equivalent. We adapt the Bohm-out technique at work
in Bohm’s separation theorem [1968]—a classic result of the untyped A-calculus—thus building a
context that separates ¢ and u. The original technique, used also more recently in [Barendregt and
Manzonetto 2022; Boudol and Laneve 1996; Dezani-Ciancaglini et al. 1998; Intrigila et al. 2019],
cannot distinguish n-equivalent terms. We refine it by counting interaction steps: when interacting
with a context, n-equivalent terms give rise to different amounts of interaction.

Proof Technique 2: Multi Types. For the inclusion Cg C C™, we use a different technique. The
main tool is a new multi type system (also known as non-idempotent intersection types) for the
checkers calculus. Multi types are an established tool for the study of untyped A-calculi, mediating
between operational and denotational studies; see [Bucciarelli et al. 2017] for an introduction.
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A> tus == x(€VAR)|Ax.t|tu B-RULE (Ax.t)u +>p t{x:=u}
HNFS h = Axp...xpyty---tx n-RULE Axtx vy tifx ¢ fu(t)
C> C == ()|AxC|tC|Cu B —p = C{mp)
H > H == Axp...xp {1t HEAD —h = H{mp)
n —p = C(+—>,7>

Fig. 1. The A-calculus. A is the set of A-terms, C the class of contexts, H the subclass of head contexts.

Similarly to intersection types, they characterize various termination properties, in the sense that
t “converges” if and only if ¢ is typable®. In contrast to intersection types, however, multi types are
quantitative, which can be expressed in at least two ways. Firstly, the fact that typability implies
(head) termination can be proved easily using as a decreasing measure the size of type derivations,
while intersection types require more involved techniques. Secondly, multi types allow one to
extract a bound of the number of head steps to normal form, as first shown by de Carvalho [2007,
2018], which is impossible with (idempotent) intersection types.

As a disclaimer, please note that multi types are a theoretical tool not meant to be used in real
life programming languages, since typability in multi type systems is an undecidable property.
Rather, they provide handy type-theoretic presentations of denotational models.

We prove that our multi type system for the checkers calculus characterizes head termination,
and we use the type system to introduce a type preorder C*P and show that Cg C C°VP C £,
The first of these two inclusions is proved exploiting the quantitative properties of the multi type
system. The second inclusion requires more, namely to characterize the multi type judgements
from which one can measure the exact number of interaction steps, rather than simply providing a
bound. For that, we adapt the tight technique of Accattoli et al. [2020], in its turn refining previous
work by de Carvalho [2007, 2018]. A possibly interesting point is that the literature uses the tight
technique to measure the number of internal steps, while here we use it dually, for measuring
interaction steps. The following diagram sums up the technical development:

Quantitative properties of multi types Cetyp Tight technique

Cg Eint

W

Interaction Béhm-out

In fact, we end up providing two characterizations of interaction equivalence/preorder, one as Bohm
trees and one as multi types. Our first main result, namely the fact that interaction equivalence is
an equational theory (Cor. 3.12(3)), is also proved using tight multi types. Essentially, it is obtained
by symmetry from the inclusion £°*%P C CI"* above and the fact that £*YP is an inequational theory.

2 The A-Calculus

To keep this article as self-contained as possible, we summarize some definitions and results
concerning A-calculus that we shall use in the paper. For more information, see [Barendregt 1984].

DEFINITION 2.1. The syntax and rewriting rules of A-calculus are given in Fig. 1.

A-Terms and Contexts. The set A of A-terms is constructed over a countable set VAR of variables.
We assume that application associates to the left and has a higher precedence than abstraction.
Given k,n > 0 and t,u,sy,...,Sk € A, we write AX.t as an abbreviation of Ax; ...x,.t, and s for
tsy - - - sk. For instance, Axywz.xy(wz) stands for Ax.(Ay.(Aw.(Az.((xy)(wz))))).

3The notion of convergence that is captured depends on the system that is considered. Here, we consider head normalization.
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The set fv(t) of free variables of t and a-conversion are defined as in [Barendregt 1984, §1.2].
Hereafter, we consider A-terms up to a-conversion and we denote a-conversion simply by =. The
usual meta-level capture-avoiding substitution of u for x in ¢t is noted t{x :=u}.

The class C of contexts contains A-terms built using exactly one occurrence of the hole (-),
standing for a removed sub-term. We shall also use the subclass H of head contexts. Given a context
C and a A-term ¢, we denote by C(t) the A-term obtained by replacing ¢ for the hole (-) in C, possibly
with capture of free variables.

Rewriting. The A-calculus can be endowed with several notions of reduction —g, turning the set
A into a higher-order term rewriting system. Given a notion of reduction —g:

(i) —p stands for the reflexive and transitive closure of —g (multistep R-reduction);

(if) =g stands for its reflexive, symmetric, and transitive closure (R-conversion);
We write t —} u to indicate a reduction sequence t —g t; —r -+ —R ;-1 —r u of length n. A
A-term ¢ is an R-normal form (or R-nf) if there is no term u such that t —g u. Given t € A, we write
t Jruift —puanduisa R-nf. The term t is R-normalizable, written t g, if t |r u, for some u.

Contextual Closure and Reductions. We distinguish between the (rewriting) rule R and the notion
of reduction —g, where the latter is obtained from the former via some form of context closure.
The context closure defined next is applicable more generally to every relation R € A? on A-terms.

DEFINITION 2.2 (CONTEXTUAL CLOSURE). Let R C A? be a relation and D be a class of contexts.
The D-closure of R is the least relation D(R) such that t R u entails C(t) D(R) C{u), forallC € D.
R is called D-compatible if D(R) C R, and simply compatible when D is the class of all contexts C.

The fS-reduction — g (resp. n-reduction —) is the closure of the S-rule (7-rule) under all contexts.

Notation 2.3. Concerning specific A-terms, we fix the following notations:

I:=Axx, 1:=2Ayxy, K=Axyx, F:=Axyy, Y:=Af.(Ax.f(xx))(Ax.f(xx)), Q:=YI,
where I is the identity, 1 is an n-expansion of I, K and F are the projections, Y is a fixed point
operator satisfying Yf =g f(Yf),and Q =4 (Ax.xx)(Ax.xx) is the paradigmatic looping combinator.

Head reduction —y, defined in Fig. 1, is the evaluation strategy adopted in this paper. We
choose head reduction because of its key role in the semantics of A-calculus [Barendregt 1984],
but our construction of interaction equivalence could be adapted smoothly to weak (i.e. not under
abstraction) head reduction. We shall discuss it in Section 10.

Fig. 1 gives the standard characterization of head normal forms (or hnfs). Given a hnf A =
Ax1...xXp.yty - - g, we refer to y (which may possibly be one of xy, ..., x,,) as to its head variable.

Conversion and Equational Theories. The equational theories of the A-calculus, called A-theories,
are compatible equivalence relations containing f-reduction. They arise naturally when one aims at
equating A-terms displaying the same operational behavior. Similarly, inequational theories express
the fact that the behavior of a A-term is somewhat less defined than the behavior of another term.

DEFINITION 2.4. (i) A relation R C A? is called a congruence if it is a compatible equivalence.
(ii) We say that R is f-invariant if it contains f-conversion =g.
(iii) An equational theory, or A-theory, is any p-invariant congruence =q-.
(iv) Aninequational theory is any compatible -invariant preorder Cq-.
(v) An (in)equational theory is consistent if it is different from A?, extensional if it contains =,
(vi) An inequational theory Cq- is semi-extensional if it contains n-reduction —,.

Note that inequational A-theories are not required to be symmetric—they are preorders—and yet
they are required to contain f-conversion =g, which is symmetric. Any inequational A-theory C,
induces a A-theory denoted by =7 by setting: t =7 u if both t C4 u and u E4 ¢ hold.
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Contextual Preorders and Equivalences. A nowadays standard notion in the study of programming
languages and A-calculi is contextual equivalence, and its asymmetric variant of contextual preorder.
The idea is to observe the termination of A-terms when plugged in the same context. Thus, they
depend on a notion of termination. In this paper, we focus on termination of head reduction.

DEFINITION 2.5. The (head) contextual preorder T on A-terms is defined as follows:
tC™ u  ifforall contextsC. [C{t)Jn = C{u) ]

The associated (head) contextual equivalence is defined by setting t =" u if t T u and u T ¢.

Often the literature requires C to be a closing context, that is, such that both C(t) and C(u) are
closed. In the ordinary A-calculus, adding/removing the closing requirement does not change the
defined relation, which is why we do not add it. It turns out that the head contextual preorder
provides an inequational A-theory.

THEOREM 2.6 ([BARENDREGT 1984]). The head contextual preorder T is an inequational A-theory.
Moreover, it is consistent and extensional.

As mentioned in the introduction, the proof of the previous theorem is non-trivial. Proving that
p-conversion =g is included in C°* indeed is not immediate, because of the famously fastidious
universal quantification on contexts in C*. A rewriting-based proof requires the use of both
confluence of f and the untyped normalization theorem of head reduction (if t =7 u and u is
normal for head reduction, then ¢ is head normalizing). For an overview, see Appendix A of the
longer version on arXiv [Accattoli et al. 2024]. Similarly, a rewriting-based proof that n-conversion
=y is included in C°X also rests on non-trivial theorems about 7. Also in this case, for an overview
see Appendix A of the longer version on arXiv [Accattoli et al. 2024].

Semantic proofs are possible but not easy anyway, as they rest on soundness of the model. For
the similar case of interaction equivalence, we shall develop a semantic proof.

Background and Notable Variants. The head contextual preorder has been studied in-depth
because it captures the (in)equational theory of Scott’s denotational model D, [Scott 1972], the
first model of the untyped A-calculus. The preorder C™* is also the maximal contextual preorder of
interest: any strictly larger inequational A-theory is inconsistent [Barendregt and Manzonetto 2022,
Lemma 12.5]. In 1976, Hyland and Wadsworth have shown that the associated equivalence =**
coincides with Bohm trees equality up to infinite n-expansions (Cf. Theorem 4.7, below).

Another relevant contextual preorder is obtained by considering termination with respect to
P-reduction, instead of head reduction. This alternative preorder was originally introduced in
Morris’s PhD thesis [1968], but has been the subject of fewer investigations than the head one (until
recently, see [Intrigila et al. 2019] and [Barendregt and Manzonetto 2022, Ch. 12]). Hyland [1975]
showed that the associated equivalence captures Bohm trees equality up to finite n-expansions.

3 The Checkers Calculus

In this section we introduce the checkers calculus, obtained from the A-calculus by duplicating the
abstraction and application constructors, that now both come in white and black dresses.

DEFINITION 3.1. The syntax and operational semantics of the checkers calculus are defined in Fig. 2.

Black and White Constructors. The constructors of abstraction and application receive a tag, called
player, that can be either white o or black e. The terms populating the set Ao, are called checkers
terms, and inherit the notions of free variables, a-conversion, and substitution from A-calculus.
Note that variables do not receive a player tag. The main reason is simplicity: this way, we do not
need to enforce the uniform tagging of all the occurrences of the same variable.
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TERMS AND CONTEXTS BETA RULES AND REDUCTIONS
SILENT  (Apx.t) Pu +>p  t{x:=u}
Pravers p,q = of e INTERACTION (Apx.t) P u g t{x:=u}
TERMS Aoe 3 t,u,s == x| Axt|t-Pu
R SIENT B —p, = Coe(p,)
hoe-NES  hh" i= ApX.y WL INTERACTION =g = Coe{pe)
CHECKERS i —p,, = —p U =g,
Coe> C == ()| AxC|CPultPC SILENT HEAD —p, = Hoa(p,)
Hoe > H = AsX.(-) 0%ty -ty INTERACTION HEAD —he, = Hoo(p6)
CHECKERS HEAD —p,,, = —p, U —pe

Fig. 2. The checkers calculus.

Notation 3.2. When the players are actually specified, we simply denote the applications by ¢ o u
(and t e u) instead of t -° u (and t -* u). Hereafter, we often need to refer to constructors of a fixed but
arbitrary player p, thus we use A,x.t and ¢ -P u for abstractions and applications of player p € {o, e}.
We also use p* to denote the opposite player, defined as o* := e and e+ := o. In case of many
consecutive abstractions or applications, we shorten the notations to A;x.t and ¢ P ii, respectively.
The former is sometimes slightly expanded to A,,..., X1 ... X¢. t, and the latter to ¢ -P*""Pk 4y - - - yy.

Checkers Contexts. The class Coe of checkers contexts, and the subclass H.o of checkers head
contexts are defined in Fig. 2. Definition 2.2 of contextual closure with respect to a class of contexts,
generalizes to this setting in the obvious way. Checkers contexts shall play a key role in the
definition of contextual preorders and equivalences on checkers terms (see Definition 3.7, below).

Silent and Interaction Steps. There are two kinds of colored f-redexes (1,x.t) -9 u, the silent one
and the interaction one, each one with its own f-rule. Silent redexes are f-redexes where the color
of the abstraction p matches the color of the application q. Intuitively, these steps are internal to
each player’s world. In interaction redexes, instead, the color of the abstraction and the color of the
application are different, i.e. p # q. This represents the scenario where the two players interact
with each other, which, from each player’s perspective, amounts to interacting with the external
world. Our focus shall be on the number of head interaction steps.

The internal/external dichotomy, and the idea of having two players are strong guiding intuitions
but note that, in general, a checkers term can arbitrarily interleave black and white constructors:
there is no neat frontier between the parts of a term corresponding to the two players. The key
point is that, even if we start with cleanly separated black and white parts, they still end up mixing
during the reduction.

ExampLE 3.3. Consider the black identity 1, := Aex.x and the white term D, = Aoy.Aox.x 0 (y 0 X).

(1) If the black identity is black-applied to D, then it gives rise to a silent step I, Do — g, Do, while
if it is white-applied to D, then the step is an interaction one, namely I, 0 Do — pgg Do.
(2) Do @I, @Iy —pe (Aox.x 0 (Is0x)) @ Ig =g (ox.Xx0x) @14 —pg Le 0 Is —>pe Ie

Basic Rewriting Properties. As the A-calculus, the checkers A-calculus is an example of orthogonal
higher-order rewriting system [Aczel 1978; Klop 1980; Nipkow 1991], that is a class of rewriting
systems for which confluence always holds, because of the good shape of their rewriting rules.
Similarly, the silent and interaction sub-relations —g_and — g, are also confluent and commute.

THEOREM 3.4 (CONFLUENCE). Reductions —g,,, —p,, and — g, are confluent.
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Similarly, checkers head reduction inherits various expected properties of head reduction, such
as determinism. In particular, we shall use the following immediate substitutivity property.

LEMMA 3.5 (SUBSTITUTIVITY). Lett,t',u € Ace and R € {f;, fe, foe, Nz, he,hoe}. Ift —p t' then
t{x:=u} —g t'{x:=u}.

n-Conversion. Note that there are no checkers n-rules in Fig. 2. A key point in our work, indeed,
is that g-conversion can change the number of interaction steps.

ExAMPLE 3.6 (THE DELICATE ROLE OF 7). Consider the black n-expansion 14 := deX.Aey.X ® y Of
the black identity I, and the following diagram:

he he
_—r (Ayzey)ow —— zew
le0ozow . " *
\>I.ozow40>zow

It shows that n changes the number of interaction steps. It also shows that standard properties of ordinary
n do not lift to the checkers case (see Appendix A on arXiv [Accattoli et al. 2024] for definitions): —
cannot be postponed after — e, —y and —ne, do not commute, and adding n to — g, breaks confluence.

Big-Step Notation and Interaction Index. Recall that ¢ ||, stands for “¢ is hoe-normalizing”. We
introduce the notation ¢ Uﬁk for: t is hoe-normalizing and the number of head interaction steps
—he in its hoe-evaluation is k. Note that the number k is well-defined because —p,, is deterministic.

Interaction Equivalence and Preorders. We now introduce interaction equivalence =¢* as a form
of quantitative contextual equivalence for the checkers calculus. Similarly to weak 31m11ar1ty for
labeled transition systems, =5 ignores silent head steps. The quantitative aspect is that it requires
to preserve the number of 1nteract10n head steps. The richer quantitative setting in fact gives rise
to two possible preorders, both generating = when symmetrized.

DEFINITION 3.7 (CHECKERS INTERACTION PREORDERS AND EQUIVALENCE). We define the interac-

ctx-imp

tion preorder Cg™, the interaction improvement (preorder) Ce, , and the interaction equivalence

= on checkers terms t,u € Aoe as follows:

(i) t Te™ u if C(t) Uﬁi‘. implies C{u) Uﬁf. for all checkers contexts C € Coe and k € N;

(i) t Ty if C(t) Hok implies C{u) UOk/ with k' < k, for all contexts C € Coo and k € N;
(iii) t =¢™ u is the equivalence relation induced by T¢¥, that is, t =¢™ u if t T¢* u and u TE™ t.

. . . ctx-imy
The interaction improvement =, P

adapts Sands’ improvements [1996a; 1996b; 1999] to our
up to silent steps setting. Note that Cg™ C ;f;’“imp It is easy to see that the two new preorders are
different, i.e. that C{™ C Eétx'imp .Indeed, T, o T, CS™ 1, but I. o I, <X 1, as both checkers
terms have I, as head normal form but I, o I, requires one more interaction step to reach it.
The interaction preorder C&™ turns out to be more easily manageable than the interaction

ctx-imp

tx
improvement Cq, ™ Moreover, from the inclusion CiX C we shall be able to transfer some

properties of TS to ECtX P Tn this paper, then, we shall rather focus on C&*.

ExAMmPLE 3.8. Recall that I, and D, have been defined in Ex. 3.3, and 1, in Ex. 3.6.

(i) (Aox.x 0 x) 0 (Aox.x 0 x) TEX 1., because the former is not hoe-normalizable.
(ii) To ZE™ 14 and 14 ZEX 1., as they are separated by C = {-) o z o w, see Ex. 3.6.
(iii) Do 0 (Ax0.x) 0 (Axo.x) =™ (Ax,.x), because they are f,-convertible.
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55:10 Accattoli, Lancelot, Manzonetto, and Vanoni

Back to Ordinary A-Terms. Composing the interaction relations for checkers terms defined above
with the black embedding of A into A.., we obtain new interaction relations on ordinary A-terms.

DEFINITION 3.9 (PLAYER LIFTING AND INTERACTION PREORDERS/EQUIVALENCE).

(i) Given p € {o, e}, define the player p-lifting of ordinary A-terms and ordinary contexts, as the
maps P : A — Ao and = : C — C., obtained by p-tagging every constructor:
xP = x, xt = Apx.fp, W=7 PP,
O =, x.C = /lprp, 1c" =1 P, cu’ =C" PP,
(ii) The interaction preorder C™, the interaction improvement C""'™P  and the interaction equiv-
alence =" are the following relations on ordinary A-terms t,u € A defined via black lifting:
o t Ty if " CX '
o { Cintimp 4/ if?' l;gtx-imp ut;
e t ="y is the equivalence relation induced by C'™, that is, t =™ u ift T u and u T ¢.

ExAMPLE 3.10. We use the A-terms introduced in Notation 2.3. We also consider D = Ayx.x(yx),
having the property that YD is a fixed point operator whose head reduction is ‘slower’ than that of Y.

(i) YK ™ 1, for all t € A, because YK does not have an hnf. Similarly, YI =g Q C™ ¢.

(ii) We have I " 1, nor 1 £ I (Cf. Ex. 3.8(ii)). It is easily seen thatK ™ F and F ™ K.

iii) YD =™ Y, as the former needs more head-reduction steps to converge, but they are silent.
P 8 y

The Interaction Preorder is Inequational. We now show that the interaction preorder C™™ is a
semantics of A-calculus, i.e., it is an inequational A-theory, from which the corresponding results
for CUIMP and =1t follow. This is our first main result, showing that our framework does solve
the internal/external tension evoked in the introduction.

As for contextual equivalence, proving invariance (that is, that f-conversion is included) is non-
trivial, and even harder because of the constraint on the number of interaction steps. It follows from
the following theorem for the checkers interaction preorder, which we shall prove in a later section
via a semantic proof based on multi types (page 23), rather than via rewriting-based techniques.

THEOREM 3.11 (THE INTERACTION PREORDER INCLUDES SILENT CONVERSION). For all checkers
termst,u € Aoo, t =g_ u entailst CoX u.

COROLLARY 3.12.

(1) The interactional preorder '™ is a consistent inequational A-theory. Moreover, it is not semi-
extensional, whence not extensional.

(2) The interactional improvement C™U™P js q consistent inequational A-theory.

(3) Interaction equivalence =™ is a consistent A-theory. Moreover, it is not extensional.

Proor. (3) follows from (1).

(1) We unfold the definition of inequational A-theory, and check the following properties.

o Preorder. Reflexivity and transitivity are straightforward.

e Compatibility. It follows from the compatibility of CE™. If t £ u, then we need to prove that
C(t) £ C(u), for any context C. Let C’ be a context. IfC’(C(t)). Uﬁ(’i then C’ (C(u)). Uﬁi
by t* C¢™ u®.

e Invariance. Let t =g u. Then clearly t* =5 _u*. By Thm. 3.11, 7" Cg* u°. Then ¢t £ .

Consistency of C™ is given by the fact that T Z™ Q, as it can be seen by considering the

empty context. The failure of semi-extensionality is shown in Ex. 3.6.

(2) The proof that CI""I™P js a compatible and consistent goes as for C™™. For invariance, just

note that =5 C £t ¢ Citimp, i
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Interaction Improvement and 1. Note that the corollary does not say anything about £ntimp
and 5. We conjecture that n-reduction is included in C™"™P, which would imply that the obvious
inclusion ™ € CPMP ig strict, since it is not included in ™t (Ex. 3.6) (beware that strictness of the
inclusion does not follows from C&* ¢ gg""imp as strictness in that case relies on black and white
terms). For instance, 1 —, I and we expect that 1 Cintimp T because, intuitively, head termination
of C(1,) does require at most one more interaction step than for C(I,), for all C € C...

At present, however, it is only a conjecture. There is a real technical difficulty because the
properties of n that are usually used for rewriting-based proofs of similar facts fail for the checkers
calculus, see Ex. 3.6. The semantic tools that we shall develop in the next sections for studying ™t
are not able to deal with 7 either.

Adding and Removing Players. The next proposition formalizes the fact that the black-only and
white-only fragments of the checkers calculus are embeddings of the ordinary A-calculus, not only
statically but also dynamically. The statements concern head steps, but generalize to arbitrary steps.

PrRoPOSITION 3.13 (LIFTING PROPERTIES). Letp € {o, e} andt,u € A:

(1) Head steps are turned into silent ones: if t —, u thent” —y,_uP.

(2) Mono-player head-steps can be pulled back to the ordinary A-calculus: if * —hos s then
there exists a A-term u € A such thatt —, u and s = uP.

(3) Head normal forms are preserved: t is a hnf if and only if  is hoe-normal.

Let us also formalize the fact that adding tags to application and abstractions does not change
the possible reductions. Let t € A, a tagging t” is a checkers term that preserves the syntax but
tags its abstractions and applications with players.

PROPOSITION 3.14. Lett —y u be a reduction in the ordinary A-calculus. For any tagging T of t,
there exists a tagging T’ of u such that tT —pce u’  in the checkers calculus.

It follows that sequences of head reductions in the ordinary A-calculus are preserved in the
checkers calculus, under some tagging determined by the first term in the reduction.

. . i < int-i tx-i
Hierarchy. Since Cg* C e T, we have Tt C CMUIMP (we showed that Cg* C T 7, but not

by using black lifted terms, so that does not give us C"* ¢ CI"™P). The lifting properties above are
used to prove the following expected lemma.

LEMMA 3.15. Cintimp c etx

From Ex. 3.6, it follows that I Z"*™P 1, while I £ 1 holds. Thus, Ctmp ¢ Cetx, Summing up,
we obtain the following hierarchy of preorders.

LEMMA 3.16 (HIERARCHY). Tt C CIntimP ¢ £ Similarly, =int ¢ =%,

4 Bohm Trees

Here starts the second part of the paper, where interaction equivalence ="' shall be characterized
as the equational theory 8 induced by the equality of Bohm trees. In this section, we recall Bohm
trees and two notions of equality between them.

Barendregt proposed to represent the (possibly infinite) behavior of a A-term t as a (possibly
infinite) tree, obtained by repeatedly slicing it with respect to head termination. We first present
the idea informally, and then formally, following the similarity-based approach of Lassen [1999].

DEFINITION 4.1 (BARENDREGT 1977). The Bohm tree BT(t) of a A-term t is defined as follows:
e Ift is head terminating thent — Axy...Xp.yt; - tk, for somen,k > 0, and we define:
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55:12 Accattoli, Lancelot, Manzonetto, and Vanoni

BT(t) = Ax;...x,.y
\
BT(t;) -+ BT(%)

o Otherwise, t is head diverging and we define BT(¢) = L.

Bohm trees are naturally ordered as follows: BT(t) <, BT(u) whenever BT(u) is obtained from BT (t)
by replacing some (possibly zero, or infinitely many) occurrences of L by arbitrary trees.

Intuitively, the constant L represents the complete lack of information and, accordingly, the
relation BT(#) <, BT(u) captures the fact that the behavior of u is more defined than that of t.

EXAMPLE 4.2. Some examples of Bhm trees of notable A-terms:

BT(Q) =1 BT(Pz) = Axp.x0 BT(Y) = Af.f =, Aff =1L Aff =20 L
| ! ‘ \
BT(1) = Axy.x Axl"fl ]‘v J‘C L
y Ax5.% f 1

where P = Y(Ayzx.x(yz)) satisfies Pz =g Ax.x(Pz). Note that z is never erased by P, rather “pushed
into infinity” in the sense that Pz —% t entails z € fv(t), but z does not occur in BT(Pz).

B

It is well-known that Bohm trees are invariant under -conversion [Barendregt 1984, Ch. 10].
Informally, the Bohm preorder Cg on terms is defined by pulling back the preorder on the associated
trees, that is, t Cg u if BT(#) <, BT(u). Formally, we rather define the B6hm preorder as a notion
of similarity, following Lassen [1999].

DEFINITION 4.3 (BOHM PREORDER, FORMALLY). The Bohm preorder C g, also known as head (normal
form) similarity, is the largest relation t Cg u closed under the following clauses:
(bot) t §f, i t has no head normal form.

(H) t Jp Axy...xpyty--ty andu [y Axp...x.5up - - ug with (4 Cg 4;)i<k-

THEOREM 4.4 ([BARENDREGT 1984, CoRr. 14.3.20(111)]). The Bohm preorder Eg is an inequational
A-theory. Moreover, Cg is neither extensional nor semi-extensional.

The main result of the paper is that Cg coincides with the interaction preorder C™. For the
direction C™ C C g, we shall partly rely on a similar important result in the theory of the A-calculus,
namely Hyland’s semi-separation theorem, which concerns an extensional variant of Eg below.

Extensional Bohm Preorder. We now formally introduce an extensional version of Eg capturing
the preorder induced by Scott’s model D..

DEFINITION 4.5 (EXTENSIONAL BOHM PREORDER). The extensional Bohm preorder Cg,~ is the

largest relation t gy~ u closed under the following clauses:

(bot) t §, i.e t has no head normal form.

(Hp) t Un h,u Un K, and there exist n,k > 0 such that h =, Axy...x,.yty---tx and h' =,
Axy . xpyug - ug with (5 Egye t)i<k.

EXAMPLE 4.6. Recall that I, 1, K, and F have been defined in Notation 2.3.

(i) We start with some negative examples: K Lgp~ F and F gy~ K (their head variables differ).
(ii) Both I Egy~ 1 and 1 Cgy I hold. This entails the extensionality of Cg,~, hence of =gpe.
(iii) Axy.xQ Cgye I, holds since Axy.xQ Eg 1 Cgy~ I and Cg C Cgy~. Conclude by transitivity.
(iv) To understand the role of the infinitary n-expansion, consider the A-term J = Y(Ajx.x(jx)). It is

easy to check that J Cgye I by looking at the in-line depiction of its B6hm tree:
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BT(J) = Axyo.x(Ay1.yo(Ayz.y1(Ays.y2(- - -))))
The relations Cg,~ and =g~ have characterizations as contextual preorders/equivalences.

THEOREM 4.7 (HYLAND 1975/WADSWORTH 1976). For all A-terms t, u, we have t T u if and only
ift Cgy~ u. Thereforet =™ u if and only ift =gy~ u.

5 Completeness, or Separating Bohm Different Terms

In this section, we prove that the interaction preorder C™ is included in the Bhm preorder Cg.

Proof Technique. The standard way of proving that a contextual preorder C is included in a
tree similarity X is to proceed by proving the contrapositive: one supposes BT(t) £ BT(u), and
constructs a context C that:

(1) Extraction of the difference: brings up this difference from possibly deep down the tree structure
of BT(¢t) and BT(u), that is, C is such that C(t) and C{u) head reduce to two terms ¢’ and v’
for which the difference BT(¢’) £ BT (') is on the root node, and

(2) Root separation: exploits the root difference to make ¢’ head terminating and u” head divergent,
thus obtaining that t IZ u.

In the literature, this extraction process is known as Bohm out technique [Bohm 1968]; see also
[Barendregt and Manzonetto 2022; Bohm 1968; Boudol and Laneve 1996; Dezani-Ciancaglini et al.
1998; Intrigila et al. 2019]. It is a concise and yet sophisticated technique. The culprit is that the
extracting context needs to first reorganize the applicative structure of ¢ and u (via tupler combinators,
see below), to then apply the suitable selectors for extracting the discriminating sub-terms.

What raises difficulties is when one has two different terms, say, t == xt1t, and u = xt;¢; with
the difference deep down the structure of t; and #;. Intuitively, to ’extract’ t; and t3 one would
simply substitute for x a term that selects the second argument, namely Ayz.z. Unfortunately, this
approach is too simple to work, because then extracting the difference deep down ¢, and t3 might
require to substitute a different selecting term (say, of the first argument) for another occurrence of
x in t; and t3, but clearly all the occurrences of x must receive the same selecting term. An example
of how the B6hm out technique solves this colliding selectors issue is discussed below.

Definitions for the Bohm Out Technique. On closed A-terms, the technique amounts to applying
the tupler T, and the i-th selector S} defined as follows:

N-TUPLES (t1,...,tn) = Ax.Xxt;---tp, with x fresh;
TUPLERS T, = Axi...xp{x1,...,%n);
SELECTORS ST = Axi...XnXi, with1 <i<n.
So, the tupler T, takes n arguments ¢y, .. ., , and returns the tuple (ty, ..., t,), while the selector S}
takes n arguments t4, . . ., t, and returns the i-th argument ¢;. Note that S% = I1.Then, Tpt; - - - tyu —y

uty - -ty and Sty - - - 1, —p t;, whence we have the following combined extraction property:
Taty - taS}  —p i (1)
In the following, we shall need to locate nodes/hnfs occurring at a certain path in a Bohm tree.

DEFINITION 5.1.
o Path: a path is a (possibly empty) finite list of natural numbers a = {as, ..., a,), wherea; > 1,
foreach1<i<n.
e Concatenation: given i € N and a path « as above, their concatenation isi - o := (i, ay, ..., ap).
e Node occurring at a path: let t be a A-term such that t —; AX.yty---tx. If @ = () then
le=AXyty - ty, ifa =i-a withi <k thent, = (t;)o. Otherwise, t|, is undefined.
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ExAMPLE 5.2. We show how the Béhm out technique is able to construct a context separating the
A-term t = Axy.x(xQy)Q from the A-term u = Axy.x(xyQ)Q, which provide an example of the
colliding selectors issue. We represent below their Boéhm trees:

Axy.x Axy.x
/\ /\
BT(t) = x i BT(u) = x i
N N
1 y y 1

Showing that t £ u requires a context C making t converge and u diverge. The path to extract
along is &' = (1, 2), which showcases the colliding selectors issue: the first occurrence of x needs to
select the first argument, while the second occurrence needs the second argument. Bohm’s trick consists
in using tuplers, as we now attempt to explain. The Bshm out context is C = (-)T,I1S*SZ. The idea is
that, by substituting a tupler T, on x and having as further arguments the right selectors for each
occurrence, one exploits the extraction property (1) above to select the right sub-term in each case. The
identity I is added like a padding when more arguments are needed. Concretely, we have:

C{ty = (Axyx(xQy)Q)T,IS3S2 Cluy =  (Axyx(xyQ)Q)T,I15252
—i Ty(T,QI)QSES? - Ty(TLI1Q)QS%SE
by (1) — T,QIS by (1) —; T,1QS3
by (1) —p I by (1) —; Q

There are more technicalities of the Bohm out technique, unfortunately. Firstly, since the ex-
traction process works through substitutions of tuplers and selectors, one in general extracts a
substitution instance of a sub-term, and not the sub-term itself. Secondly, in our example both
occurrences of x have two arguments, but in general different occurrences might have different
numbers of arguments. Then, one needs to apply a tupler T, with n “large enough”, and this
over-approximation may destroy some 7-differences between the two trees. If one observes only
termination, then n-equivalent terms are not separable.

In our setting, we are able to discriminate 7-convertible A-terms because we observe termination
and count the number of interaction steps, which are changed by 7, as showed by Ex. 3.6. The idea
is to black dress the differing terms ¢ and u and to white dress the separating context C, so that the
black 7-differences in 7° and u* that are erased by C” are turned into interaction steps.

Interaction Bohm Out. The following lemma shows how to separate those A-terms which have
Bohm trees differing only by some (possibly infinitary) 7-expansions, that is, the case when t Cg,~ u
and t £g u, because the case t Zg,~ u is handled by Thm. 4.7, that is, via standard B6hm out.
Because of its technical nature, it is labeled as a lemma and yet it is one of the main technical
contributions of the paper. The inclusion £ C Cg then follows easily.

LEMMA 5.3 (INTERACTION BOHM-0UT). Lett,u € A such thatt Cgy~ u andt Lg u. Then, there
exists a context C € C such thatC ) llﬁi andC. @* Uﬁi/ with i’ # i.

Terminology and Notations for the Proof. As customary in mathematical analysis, we say that
a relation P(—) holds for all K € N large enough whenever there exists a K’ € N such that P(K)
holds for all K > K’. We also use the notation tu™" for (--- ((tu)u) - - - )u (n times). Finally, two
head normal forms h, b’ are spine equivalent, written h =g, h’, if there are n, k > 0 such that:

h=2Ax;...xpyty---tp and K =Ax;...xp.yu;---ug. (2)

Proor. We prove a stronger statement, i.e. that there exist closed terms § € A such that, for all
i containing fv(#) U fv(u) and for all K € N large enough, the following holds:
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P{f=Tk Jos ¥ and @{j=Tx }os U7 withi' #i.
Given variables X and a A-term t we write oz for {X :=ﬂo}, and t% for t{X :=ﬂo}.

Note that t £ u is only possible if ¢ |}, . Moreover, ¢ |}, h and t Cgy~ u entail u ||, h’, for some
h’. We proceed by induction on the length of a minimal path § € N* such that t[s #g, uls.

Base case § = (), i.e. h #gp h’. Then t Egye u is only possible if the amount of spine abstractions
and applications in h, b’ can be matched via n-expansion, say:

t—>;h=/1x1...xn.yt1---tk and u—>;h’=/1x1...xnzl...zm.yu1~--uk+m

for n,k > 0 and m > 0. (The symmetrical case where h has more abstractions/applications than A’
is omitted because analogous.) There are two subcases to consider, depending on whether y is free.
(1) y is free, i.e.y € . Take any K > k + m, and empty §. For ¢, we have:
e-STEPS ‘ TERMS AND 7-STEPS
TG=Tx} - h{=Tx )

—0 J— - p—
NeeXi .. . Xn. Tk 05 Vo---® tkwy

by Pr. 3.13(1) & L.3.5

k o —eO0;
he

.o .
AowicoX1 oo Xpe AovcoWia1 - - Wi {E1 7oyt Yy Whats - os WK o
where (—, ..., —), denotes the tuple with white applications Az.z — o - - - o —. For u, we have:
TERMS AND 7-STEPS

e-STEPS ‘

u{j:=Tk } - W {j=Tk }, by Pr. 3.13(1) & L.3.5,

=% —eo0; — o0
- TK .ul.y.”'.uk+m.y

k+m
he

Summing up, t*°? Uf% and u*79 |P5*™  The statement holds because m > 0.

(2) y is bound, i.e.y = x; € X. Take any K > k + m, and let the arguments s be n copies of Tg
(noted T, for short). On the one hand:

-

—eO0y; —eO0y;
AooaX1 .o Xn. AocoWiea1 - . WK UL Vs Ukam 0 Whtma1s - - > WK o

e-STEPS

TERMS AND 7-STEPS

T{§:=Tk yoTx = —i K{j=Tg }oTx . byPr3.13(1)&L35
—o~n

(AeoXy .. xp.xj 0 “0-- 08" ") 0Tg

—0 —_— = - — = -
S| T o e 0"
k —0 0%y —e0zy
e AocoWikat - Wik {tt 2ot Wiats - o> WK Do

On the other hand:

o-STEPS

TERMS AND 7-STEPS

e > —0 —o~"
u{y:=Tg }oTk

(AowcoXt ... XpZ.xj @ U @ -+~ @ Uy, *77) 0 Tk

-t W {G=Tg }oTx . byPr3.13(1) &L35,

o~n

o e - - [ - -
S T T e e
oe
k+ —e 03y D — T
_’h“m AowicoWkama1 - - WK- UL 20, o Uerm 0 Whebmeas - - - » WK o

Summing up, t

*70 etk and u*79 ||k M The statement holds because m > 0.

Inductive case § = j - y. In this case, we must have:

t o h=Ax1. . xpytr- I

and u—p W =Ax. . xpyus - ug

with t; Zg u; and (¢; Egy~ ur)i<k. By i.h., there exists K’ and s’ such that for all K > K’
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5o 5 ¥ and w*%o 5 1% with i’ # i
J hoe J hoe :

We consider any K > max{K’, k}. We assume wlog. that y is free, the other case being analogous.

STEPS TERMS
RPN —0 —o~n+K-k —F7° S°
I {j:=Tk yoTx oS¥ oy, by Pr. 3.13(1) & L.3.5,
—e , —o o~n+K-k —z° =°
—>;T h {y:ZTK } oTg o 55( os
=0 —e0y —e0y; —o~n+K-k o =°
= (Aewcoaxt ... xn. Tk @1 “Ve... 00 Uy)oTK " oSﬁT.< os
o —e0yy —e0:: —o~K-k —7° S°
ﬁo Tk oty nyou.otkaxyoTK oS;(os’
= on |G e s by (1).

An identical sequence of steps extracts u j' from the other term, that is, we have:
— o~ntK-k —=° S° —o

K /! *
Tk °S; °s’ D The

_)n+k_)4< u—j'%‘cg os

H'{g:zﬂo} o h

—o~n+K-k —° =

Note the same number of e-steps. By defining ?o as the arguments Tg ,55.( , s’ ,and by

composing with what is obtained by the i.h., we obtain:

f.{g:ﬁo} °§ Uﬁ:lfk” and ﬂ.{g::ﬂo} o? Uﬁi+k+i, ’

which is an instance of the statement because i # i’ by i.h.
THEOREM 5.4 (COMPLETENESS). Lett,u € A. Ift ™ u thent Cg u.

Proor. Assume t [Zg u, towards a contradiction. There are two cases:
(@) If t Zgy~ u, then by Theorem 4.7 there exists a context C such that C(t) |, while C{u) Y.

By Prop. 3.14, it follows that c (?) Uh.. » while c (u®) Y. . This shows ¢ Zint 4.

(i) If t Cgy~ u then ¢ Znt 4 follows directly from interaction Bohm out (Lemma 5.3). o

6 Multi Types and Relational Semantics

We now start preparing the ground for the proof of the inclusion Cg C C™™. The main tool shall be
a system of checkers multi types. The needed background on multi types, a.k.a. non-idempotent
intersection types, is recalled here, the checkers variant shall be introduced in the next section.

Here, we present Engeler’s relational model [Hyland et al. 2004] in terms of de Carvalho’s system
of multi types [2007; 2018], together with some classic results. In particular, we recall the multi
type characterization of head normalizability, and the bounds of the length of head evaluations
that can be extracted from the type derivations.

DEFINITION 6.1. Types and typing rules of the multi types system are given in Fig. 3.

Multi Types. There are two categories of types: linear types L, which include a single* atomic type
A and arrow types M — L; multi types M, which are possibly empty multisets of linear types. Multi
types are generally represented as unordered lists [Ly, ..., L,] of linear types Ly, ..., L,, possibly
with repetitions. The empty multi type [ ], obtained by taking n = 0, is also denoted by 0.

A multi type [Ly, ..., L,] should be intended as a conjunction Ly A - -+ A L, for a commutative,
associative, non-idempotent conjunction A (morally a tensor ®), having 0 as a neutral element. The
intuition is that a linear type corresponds to a single use of a term ¢, which is typed with a multiset

4One may ask for more atomic types, but this choice does not really affect the results presented in the paper.
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TyPES ‘ TYPING RULES
LINEAR L L' == A|M—>L ax (T; Ft:Ly)ier I finite many
Murti M,N := [L],..., Ln] nx>0 x:[L] Fx:L Wierl; tZ[Li]ie[
Generic T,T  z= L | M Ix:Mri:L 3 [rEMoL AruM @
ZERO 0 =[] ' Ax.t:M > L FTWAFtu:L

Fig. 3. De Carvalho’s multi type system.

M of cardinality n if it is going to be used n times. In particular, if n > 0 and ¢ is part of a larger
term u, then a copy of ¢ shall end up in evaluation (i.e. head) position during the evaluation of u.

Typing Rules. Judgments have shapeI' + t:L or I + t: M, where ¢ is a A-term, M is a multi type,
L is a linear type, and I is a type environment, i.e., a total function from variables to multi types
such that dom(T) = {x | T'(x) # 0} is finite. We say that I is empty if dom(T) = 0. We write
xX1:My, ..., x,: M, for the environment T such that T'(y) = M;, ify = x; € ¥, ['(y) = 0, otherwise.

Note that the application rule @ requires the argument to be typed with a multi type M, which
is necessarily introduced by rule many, having as hypotheses a multiset of derivations, indexed
by a possibly empty set I. When I is empty, the rule @ has no premises and can type every term
with 0. For instance, - Q:0 is derivable, but no linear type can be assigned to Q. Intuitively, 0 is the
type of erasable terms, and every A-term is erasable in the (call-by-name) A-calculus.

Technicalities about Types. The multiset union is denoted by ¥ and is extended to type environ-
ments pointwisely, i.e. (T WA)(x) =T (x) W A(x), for all x € VAR. This notion is extended further to
a finite family of type environments as expected. In particular, if J = @ we let ), ;T; be the empty
environment. Given two type environments I and A having disjoint domain dom(I') Ndom(A) = 0,
we simply write I', A for T' & A. Note that T, x:0 = T', where we implicitly assume x ¢ dom(T'). We
write 7 > T + t: T whenever r is a (type) derivation (i.e. a finite tree constructed bottom up by
applying the rules in Fig. 3) with as conclusion the judgmentI' + t: T. We write 7 > tif 7 > T' + ¢:T,
for some type environment I' and some type T.

Type Preorder and Relational Semantics. The multi type system induces a notion of semantic
interpretation into what is known as relational model of (the call-by-name) A-calculus. The inter-
pretations of A-terms are naturally ordered by set-theoretical inclusion, and this induces a preorder
on A-terms, namely the inequational theory of the model.

DEFINITION 6.2 (RELATIONAL INTERPRETATION AND TYPE PREORDER).
(i) The relational interpretation [t] of a A-term ¢ is defined as follows:
[t] = {(C,L)|3nw>Tri:L}.
(ii) The type preorder CYP on ordinary A-terms is defined as t TP u if [t] C [u], and the induced
type equivalence is noted ="P.

We have the following fundamental properties of the multi type preorder.

THEOREM 6.3 (BREUVART ET AL. [2018]). Lett,u € A.

(1) Compatibility: if t %P u then C(t) CYP C{(u), for every context C.
(2) p-invariance: ift —p u then [t] = [u].

(3) n-reduction: ift —, u then [t] C [u].

(4) No n-expansion: Ay.xy —, x, but [x] ¢ [Ay.xy].
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The failure of n-expansion, i.e. Point 4 of the theorem, is due to the fact that x can be typed with
the atomic type A using an axiom, while there is no way of typing Ay.xy with A, since it can only
be typed with an arrow type.

COROLLARY 6.4. The relation Y is an inequational A-theory. Moreover, C%P is semi-extensional
but not extensionall.

The corollary captures the soundness of Engeler’s relational model. It is possible to prove that
CYP C ™, thus obtaining a semantic proof that T is an inequational theory (Thm. 2.6). In Sect. 8,
we shall follow this approach for proving that the interaction preorder is an inequational theory.

Adequacy with Respect to Head Reduction. For showing that typable terms are head terminating,
we need a notion of size for type derivations, that shall bound the number of head steps.

DEFINITION 6.5 (S1ZE). Let 7w be a type derivation. The (applicative) size |7|@ of 7 is the number of
occurrences of rules @ in .

PROPOSITION 6.6 ((BARENDREGT AND MANZONETTO 2022]). Lett,t’ € A be such thatt —p t'.

(1) Quantitative subject reduction: if & » ' + t:L then there exists a derivation 7’ »T + t':L such
that |7I’|@ = |7[|@ -1
(2) Subject expansion: if 7 > T + t":L then there is a derivation w > T F t:L.

Note the quantitative aspect of subject reduction (Prop. 6.6(1)), stating that the derivation size
strictly decreases along head steps. It does not say that it decreases at arbitrary fB-steps because the
contraction of redexes occurring in sub-terms typed with rule many might not change the size. For
instance, if xt —4 xt’ and t is typed using an empty many rule (i.e. with 0 premises), which is a
sub-derivation of size 0, then also t’ is typed using an empty many rule, of size 0. In fact, not all
typable terms are f-normalizable: xQ is typable as follows, for any linear type L, but it has no §-nf:

ax many
x:[0 > L] Fx:0>L FQ:0 3)

x:[0 > L] FxQ:L @

Since the size of type derivations decreases at every head step, it provides a termination measure
(only) for the head reduction of typable terms. The fact that typable terms are head terminating is
also called correctness of the type system.

Completeness of the type system—i.e. every head terminating term is typable—is obtained via
typability of all head normal forms, proved next, and subject expansion (Prop. 6.6(2)).

PROPOSITION 6.7 (TYPABILITY OF HEAD NORMAL FORMS. [BARENDREGT AND MANZONETTO 2022]).
Let h € A be a head normal form. Then there exists a derivation w > T' + h:L.

Summing up, we obtain the following characterization of head normalization.

THEOREM 6.8 (TYPABILITY CHARACTERIZES HEAD NORMALIZATION. [BARENDREGT AND MAN-
ZONETTO 2022]). Lett € A.

(1) Correctness: if & > t then there exists a head normalizing evaluation t —p h with h normal
andn < |1|@.
(2) Completeness: ift —y h is a head normalizing sequence, then there exists a derivation m > t.

Therefore [[t] # O if and only if t is head normalizable. In particular, CP is consistent.
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LINEAR TYPES L, L’

AlM P p,q € {o, e} GENERIC TYPES T,T' = L|M
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[Ly,...,Ly] n>0 ZERO 0 =

k; . pp
(Ti ke t:Li)ier I finite many r I—gl M — L A I—gz u:M

—— aX . T
x:[L] FQ x:L WierTy Fo= b [Li)ier TwA R Py
1
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Inrule @, k = ky+k; if p = q, otherwise k = k;+k;+1. Rule @ compactly sums up rules @, and @e.

Fig. 4. Checkers multi type system Fg,.

Exact Bounds? It is natural to wonder whether there are type derivations s for which correctness
holds with n = ||g. The answer is no: the type derivation in (3), as well as any other type derivation
for xQ, has at least one @ rule even if the A-term xQ is already a head normal form, whence n = 0.

The question has been studied and refined in the literature. Such a mismatch can be improved in
two ways, both studied in-depth by Accattoli et al. [2020]. The first one traces back to de Carvalho
[2007, 2018], and takes into account the number |h|, of application constructors in the spine of the
head normal form h. Then type derivations r satisfying a certain tight predicate verify n+|h|y = |7|@.
The second one is developed in Accattoli et al. [2020]. It introduces:

e A second set of typing rules assigning some new type constants to the constructors that
occur in the head normal form, and;
o A tight predicate forcing all such constructors to be typed with these alternative rules.

In such a system, one can actually obtain n = || when the tight predicate holds. The drawback is
that in this case one obtains a constants-only type that cannot be composed with any other type.

For the new type system of the next section, we shall give in Sect. 8 a refined technique for exact
bounds that exploits player tags. We shall measure the exact number of interaction head steps
without resorting to constants-only types, which is a novelty.

7 Checkers Multi Types

In this section, we introduce a system F, of multi types for the checkers calculus, that can be seen
as an annotated version of the standard one presented in Section 6. We shall prove that the new
system characterizes termination of checkers head reduction —y,_,, similarly to the standard system.
Despite the similarity, however, the two systems are inherently different because the new one shall
not be invariant under n-reduction, while the standard one is (Thm. 6.3(3)).

DErFINITION 7.1. Types and typing rules of the checkers multi types system ¢, are given in Fig. 4.

Main Ideas 1: Checkers Arrows. We start by turning the arrow type M — L into a checkers arrow
type M LaNy carrying two tags p, q € {e, o}, thus giving rise to four possible player combinations.
The idea is that if, say, t : M 2, Lthen t can only be applied via e-applications and if it reduces to

an abstraction then it must be a o-abstraction. In the typing rule A for abstractions, the first player
p is determined by the external abstraction, while the second player q can be freely chosen. We

shall refer to —> and — as interaction arrow types, and to 2, and =5 as silent arrow types.
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Main Ideas 2: Interaction Application Rule and Index. The second main ingredient is that there
are now two application rules @, and @e, one for the application of silent arrows and one for
interaction arrows. We provide also a rule @ that sums them up compactly. Moreover, typing
judgement I +§ t:T now carry an index k which counts the number of @e rules in the derivation.
These rules, intuitively, type interaction steps, which can be factual or potential, as we now explain.
The application of an abstraction typed with an interaction arrow type gives rise to an interaction
step — e, Whence it is a factual interaction. The application of a free variable typed with an
interaction arrow, for instance, does not give rise to an interaction step, but that potential interaction
is recorded in the type and it might arise if the term is plugged in a context, according to its type.

When the interaction index k is irrelevant, we omit it and simply write T I, ¢:T.

DEFINITION 7.2 (CHECKERS RELATIONAL INTERPRETATION AND TYPE PREORDER).
(i) The checkers relational interpretation [¢t]® of a checkers term t € Ao, is defined by:
[t]1® = {((T.kL)|3x>T+E¢t:L}.

(ii) The type preorder Cg® on checkers A-terms t,u € Ao is defined ast Cg® u if [t]® € [u]®, and
the induced type equivalence is noted Etoyp.
(iii) The black type preorder CT*P on ordinary A-terms t,u € A is defined as t T*YP u if T CP ',

and the induced type equivalence is noted =*"P,
We have the following fundamental properties of the multi type preorder.

THEOREM 7.3. Lett,u € Aq..

(1) Compatibility: if t ;Zp u then C(t) Etoyp C(u), for every context C.
(2) Silent p-invariance: if t —p_ u then [t]° = [u]°.

(3) No n-reduction: for all playersp,q € {e,0} . [A,y.x -9 y[® ¢ [x]°.
(4) No n-expansion: for all playersp,q € {e,0}.[x]® € [A,y.x -9 y[°.

The fact that the checkers relational interpretation invalidates y-reduction, is specific to interac-
tion arrow types. As an example of Thm. 7.3(3), consider the black n-expansion of x:

oce oce ax many
x:[0 > L] ) x:0 — L Foy:0
@e

x:[05 L]k xey:L

. A

x:[0 25 L] Aayx e y:0 - L
and note that instead x : [0 — L] ek x:0 P, L, for all indices k and players p. An analogous
typing derivation shows that Aey.x oy ;t_toyp X.

COROLLARY 7.4. The black type preorder T*P is an inequational A-theory. Moreover, T*%P is neither
extensional nor semi-extensional.

Adequacy with Respect to Checkers Head Reduction. As in the plain type system, the applicative
size ||@ of type derivations (which is still defined as the number of rules @ in 7, even if the rule
itself has changed) decreases with each head step —y,.,. The difference, however, is that if the step
is an interaction one—and only in that case—then also the index k decreases by exactly 1.

PROPOSITION 7.5. Lett,t’ € Aoe be such thatt —, t'.

(1) Quantitative subject reduction: if = » T +5 t:L then there is a derivation 7' » T v§ t':L such
that |n'|@ = |7m|@ — 1. Moreover, ift —pe t' thenk’ =k — 1 and ift —y_t' thenk’ = k.
(2) Subject expansion: if 7’ > T k¢, t':L then there is a derivation & > T ¢, t: L.
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As before, quantitative subject reduction entails the correctness of the checkers type system,
and the following typability of head normal forms gives its completeness.

PROPOSITION 7.6 (TYPABILITY OF HEAD NORMAL FORMS). Let h € Ace be a head normal form. Then
there exists a derivation w > T +¢ h:L.

Typability of all head normal forms (Prop. 7.6) together with subject expansion (Prop. 7.5(2))
implies the completeness of the type system: every head terminating term is typable. Summing up,
we obtain the following characterization of head normalization.

THEOREM 7.7 (TYPABILITY CHARACTERIZES HEAD NORMALIZATION). Lett € Ac..

(1) Correctness: if = > T +§ t:L then there exists a hoo-normal form h and an evaluation sequence
e:t —p hwithn <|r|g and such that the number of interaction steps in e is < k.
*

(2) Completeness: if t — h is a head normalizing sequence, then there exists T > T ¢ t:L.

Therefore, [t]® # 0 if and only if t is hoe-normalizable.

8 From the B6hm Preorder to the Interaction One, via Multi Types

In this section, we use the obtained results about checkers multi types to prove the chain of
inclusions Cg C C*WP C T as to complete the proof that Cg = C'"t The first inclusion Cg C T*YP
is simple: it follows from an easy induction on the size of checkers type derivations, exploiting the
properties of the checkers type system. The second inclusion C*%P C C™™ requires slightly more
work. The key point is to show that the type preorder preserves the number of interaction steps
during head normalization in A.., that is, that if ¢ Uﬁf. and t Etoy P u then u Uﬁf. . Such a property
requires to characterize a class of checkers type derivations whose index captures exactly the
number of head interaction steps to head normal form. We do it via a notion of tight typing.

The First Inclusion. The proof of the following proposition goes by a simple induction on the
size of derivations. The use of quantitative subject reduction (hence of multi types, instead of
idempotent intersection types) is critical in order for the induction argument to go through.

THEOREM 8.1 (THE BOHM PREORDER IS INCLUDED IN THE CHECKERS TYPE PREORDER). Lett,u € A.
Ift Cg u thent C*YP u.

ProOF. Assume t Cg u. If t |J, then by Proposition 3.13 also t* is not hee-normalizable.
From Thm. 7.7, we obtain [ [® = 0 C [°]® whence t C*P u (by definition).

Otherwise, we must have t |}, h; := Ax1 ... Xyt -+ thnandu |}, hy = Ax1 ... Xy s - - - Uy, with
(t; Tg u;)i<n. Let us take any typing (T, k, L) € [¢"]°, and show that it belongs to [u#°]®. We proceed
by induction on the size || of a derivation 7 > T +5 t*:L. By Prop. 3.13(1) we get —>;T E; and
by quantitative subject reduction (Prop. 7.5(1)) there is a derivation 7y, > FE E; :L such that k = k’
(since all head reductions involved are silent) and |mhyf|@ < |7|@. Moreover,

Pne®

pi1e® ki —
Ao e y:Ny — Ny —> L' (m; > A ke ti.:Ni)lsiSn

kT n@
T, (xi:Mi)i<i<m Fe Yt -ty iU

k1 ® °q *qm /mA
Thnf = IF'teghy :L=M; —---M, — L

where n @ (resp. m A) denotes n (resp. m) consecutive applications of the rule, and

- T (2 My)i<ism = Wocicn A
- Yi<i<n(ki + yo(pi)) = k, where y.(a) =0if a = o, and y, (a) = 1 otherwise.
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Note that, for every i < n, t; Eg u; and |7i|@ < |7hnfl@ < |7]@, so we can apply the i.h. to each
linear type in the multi type N; and get a derivation A; F 7;° : N;. We use these derivations to
build the appropriate derivation for h,:

0 p1e Pne ki —e .
Aprey:Ny — N — L (my; » Aj ke’ U5 :Ni)1<i<n

P —— n@
T, (x;:Mj)i<i<m I—é yuy - Uy :L

*q1 *qm mA

TrE By L =M — - My —2 L

%

By Prop. 3.13(1) we get u* —; E; and by subject expansion (Prop. 7.5(2)) we obtain T' +§ u°:L.
Since all head reductions involved are silent, we conclude k = k" and (T, k,L) € ﬂﬁ'ﬂo.
(Note that a ‘hidden’ base case is when n = 0, as it does not require the induction hypothesis.) O

The Second Inclusion, via Tight Typings. Now, we consider a tight predicate on type judgements
that forces the index k on the type derivation to be exactly the number of head interaction steps to
head normal form, as we show below. An essential aspect is the fact that the predicate concerns
types, and not type derivations, so that it can be transferred from ¢t to u when they are related by
the type preorder, that is, when ¢ o u.

DEFINITION 8.2 (TIGHT TYPINGS AND DERIVATIONS). Lett € Ace andT e t:L be a type judgement.
The pair (T, L) is a tight typing if:

(1) All multi types M occurring inT' and L are empty except for one, and

(2) All arrows in (T, L) are silent.

For ease of language, we shall also say that a derivation w > T t, t:L is tight if (T, L) is a tight typing.

The definition of tight typing can actually be slightly weakened, by asking that only the arrows in
the non-empty multi type are silent, without loosing any of its properties. This weakened definition,
however, is slightly more technical, which is why we avoid it.

The crucial property ensured by tightness is that tightly typed head normal forms have interaction
index 0, and that a tight typing can be derived for every head normal form.

PrRoOPOSITION 8.3 (TIGHTNESS AND HEAD NORMAL FORMS). Let h € A be a hoo-normal form.

(1) Existence: there exists a tight derivation T’ FE h:L;
(2) Zero interaction: if T +5 h:L is tight then k = 0.

From the properties of tightness for head normal forms and the characterization of head reduction
(Thm. 7.7), we obtain the following refined characterization.

THEOREM 8.4 (TIGHT CHARACTERIZATION). Lett € Ao,.

(1) Correctness: if w : T +5 t:L is tight then there exists a head normal form h and an evaluation

*

sequence e : t —y  h such that the number of interaction steps in e is exactly k.

*

(2) Completeness: ife : t — h with h head normal, and k is the number of interaction steps in e,

then there exists a tight derivation 7 : T +5 t:L.

Proor.

(1) By correctness (Thm. 7.7(1)), there exists an evaluation sequence e : t —; h such that the
number of interaction steps in e is k’ < k. By quantitative subject reduction (Prop. 7.5(1)),
I 5% h:L. Since (T, L) is tight, by the zero interaction property of tight typings (Prop. 8.3(2))

we obtain k — k’ =0, that is, k¥’ = k.
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(2) By the existence of tight derivations for head normal forms (Prop. 8.3(1)), we obtain a tight

derivation 7 » T +9 h:L. By subject expansion (Prop. 7.5), the same typing types t but with
an index k’, i.e. T I—g t:L. By Point 1, ¢ —>ﬁo. h’ for some head normal form A’ doing k’
interaction steps. By determinism of —y_,, h = h’ and k = k’. O

The tight characterization is then used to show that the type preorder is sound with respect to
the interaction preorder.

COROLLARY 8.5.
(1) Tightness of the checkers type preorder: let t,u € Aq,. If t Uﬁk. and t CgP u thenu Uﬁ:‘. .

(2) Soundness of the checkers type preorder: let t,u € Ace. If t Etoyp u thent Cg™ u.
(3) On ordinary A-terms: lett,u € A. Ift °*YP u then t C™ 4.

Proor. (3) follows immediately from (2).
(1) Let t and u such that ¢ Eg Puandt Uﬁf. . By tight completeness (Thm. 8.4(2)), there exists a

tight typing T, L such that T +§ t:L. By t Etoyp u, we obtain a derivation of T' +§ u:L. By tight
correctness (Thm. 8.4(1)) and tightness of (T, L), we obtain u Uﬁi .

(2) Let t,u € Aoe such that ¢ Etoyp u. By compatibility of Etoyp (Thm. 7.3(1)), C{t) Eg’p C(u) for all
C € Co.. By tightness of co? (Point 1), if C(t) Uﬁi‘. then C(u) Uﬁf. . Hence, t C¢™ u. |

We can now put the all the inclusions together, thus obtaining our main theorem.

THEOREM 8.6 (TREE AND TYPE CHARACTERIZATIONS OF INTERACTION EQUIVALENCE). The preorders
Cg, C°YP, and C™ coincide. Therefore, the A-theories =g, =*YP, and =™ coincide.

PrROOF. (Eg CC*YP) By Thm. 8.1. (C*WP C C™) By Cor. 8.5(3). (E'" C Cg) By Thm. 5.4. o

Back to a Delayed Proof. We can now finally prove Thm. 3.11, stating that silent conversion =g,
is included in the checkers interaction preorder C™™, which is the key point of the proof that the
interaction preorder C™ is an inequational A-theory (Cor. 3.12).

THEOREM 3.11 (THE INTERACTION PREORDER INCLUDES SILENT CONVERSION). For all checkers
termst,u € Ace, t =p_ u entails t Cg™ u.

Proor. From Thm. 7.3(2),if t =g, u then t Etoyp u. By Cor. 8.5(2), we obtain t T™ u. O

Interaction Improvement and . We provided Bohm tree characterizations of £ and =", but not
of the interaction improvement C"""™P, Nonetheless, we almost have one. In the previous sections,
we obtained the following chain of relationships:

Eint-imp Ectx —

— int
Cg =186 C"™ Cr3sus CrL3.16 T.47 L@y (4)

That is, interaction improvement TP possibly enlarges the interaction preorder ™ and yet
stays confined within the further fence of n-equivalence. Additionally, the fact that n-reduction
can decrease the number of interactions (Ex. 3.6) suggests the following.

CONJECTURE 8.7. Interaction improvement ™™ js characterized by Cgye,, the variant of C gy
(Definition 4.5) up to possibly infinite n-reduction (rather than n-equivalence).

Breuvart et al. [2018] prove that the preorder Cgy~ coincides with the preorder CYP induced by
(plain) multi types (Definition 6.2), which validates n-reduction (Thm. 6.3.3). As already mentioned,
the difficulty for proving the conjecture is managing n-reduction in the checkers framework, since
both rewriting techniques and checkers multi types fail to handle it. Actually, the variant of Bchm
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out technique of Section 5 smoothly adapts from preorder to improvement, giving "™ C C g0 ,

red

that is, Cg C T ™ C Cgye,- Therefore, conjecture 8.7 reduces to prove Egye C Cintimp
e re:

White Contexts Are Enough. In the proof of the completeness theorem (Thm. 5.4), black terms
are separated using only white contexts. The next corollary guarantees that, for the interaction
preorder, white contexts are as discriminating as general checkers contexts. Such a strong fact
validates the intuition that the interaction preorder amounts to consider the program and the
context as different players.

COROLLARY 8.8 (THE INTERACTION PREORDER CAN BE RESTRICTED TO WHITE CONTEXTS). Let
t,u € A and the preorder t T°™ u be defined as: for all ordinary contexts C € C, if there exists k such
=0 = =0 — i . . i
that C (t°) Uﬁf then C (u®) Uﬁf . Then, t T y if and only if t T°* y.

Proor. Thm. 5.4 shows that t C°" y implies t Eg u. Thm. 8.6 shows that t Eg u implies t £ u.

C oint

Clearly t ™™ u implies ¢ u,as C is a checkers context for any C € C. O

9 Related Work

Improvements. Improvements [Sands 1996a,b, 1999] were developed in the *90s by Sands and co-
authors to prove that various program transformations are time or space improvements [Gustavsson
and Sands 2001; Moran and Sands 1999; Sands 1996a], in the context of call-by-need evaluation,
and have seen a revival in recent years [Hackett and Hutton 2014, 2015, 2018; Muroya and Hamana
2024; Riely and Prins 2000; Schmidt-Schauf} et al. 2018].

Observational Equivalences and Trees. The characterization of observational equivalences in
terms of equalities on trees originates in [Hyland 1975, 1976; Wadsworth 1976], and is an ongoing
line of research whose state of the art is presented in [Intrigila et al. 2019]. The question appears
in the TLCA list of open problems [Dezani-Ciancaglini 2001]. This paper contributes to this line
of research, somewhat backwards: we introduce a new observational equivalence that matches a
known equality on trees, namely non-extensional Bohm tree equality 8.

Bohm Tree Equality. For the specific case of B, the literature already presents some corresponding
observational equivalences. As hinted at in the introduction, however, they are partial answers since
they all extend the A-calculus with computational primitives, or embed it into process algebras:

e Dezani-Ciancaglini et al. [1998] add numerals, tests, and a non-deterministic choice operator,
and show that B corresponds to may convergence to a natural number in their calculus.

o In the slightly different setting of weak head reduction, Sangiorgi [1994] shows that Lévy-
Longo tree equality (the weak variant of ) corresponds to various contextual equivalences
all obtained via extended settings, namely the z-calculus, A-calculus with non-determinism,
and A-calculus with well-formed operators. Similarly, Dezani-Ciancaglini et al. use another
non-deterministic A-calculus [1999], and Boudol and Laneve [1996] use a A-calculus with
modified syntax and rewriting rules where—crucially—terms can get stuck.

e Recently, Sakayori and Sangiorgi [2023] provide a characterization of 8 via the m-calculus.

In this paper, we do modify the A-calculus via the checkers calculus, but we do not add extra
features, we only refine the analysis of f-reduction in a quantitative and interactive way.

Clocked A-Calculus. The idea of discriminating A-terms by counting the head reduction steps
in the construction of their Bohm trees also underlies the clocked A-calculus of Endrullis et al.
[2014, 2017]. The analogy ends there, as the clocked A-calculus does not allow one to separate the
internal/silent steps of terms and contexts from the external/interaction steps between the two.
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Game Semantics. Our notion of interaction is inspired by the one between Player and Opponent
in game semantics [Abramsky et al. 2000; Hyland and Ong 2000]—see Clairambault [2024] for the
state of the art—in particular, silent steps are inspired by the hiding mechanism for composing
games. We end up, however, with what seems to be a different setting. While the study of the
relationship is left to future work, our interaction seems more basic (no need of the technical
apparatus of game semantics), perfectly symmetrical, and allows for arbitrary shufflings of the two
players in checkers terms, rather than keeping them apart as in game semantics. Moreover, with a
few exceptions—namely, [Ker et al. 2003; Ong and Di Gianantonio 2002]—game models usually
validate n-equivalence, while interaction equivalence does not. Notably, the game model by Ker
et al. [2003] captures exactly 8.

Multi Types. The quantitative analysis of the relational semantics via multi types was pioneered
by de Carvalho [2018]. Then Bernadet and Lengrand [2011]; de Carvalho et al. [2011] and especially
Accattoli et al. [2020] developed and extended that approach, that has been applied to a variety
of settings, including classical logic [Kesner and Vial 2020], the probabilistic A-calculus [Dal Lago
et al. 2021], reasonable space [Accattoli et al. 2022], and Bayesian networks [Faggian et al. 2024].

Variants of Relational Semantics. Relational semantics is generalized along several directions by
Grellois and Melliés [2015]; Laird et al. [2013]; Ong [2017]. Laird et al.’s generalization of relations
rCAxBfromr:AXB— Booltor: AXB — R [2013], where R is a continuous semi-ring,
might be used—in principle—to count interaction steps. The exact meaning of the coefficients in
the interpretation of programs, however, is well-understood only at ground types, and remains
unclear in the untyped case. Any temptation of seeing our checkers type system as a dichromatic
version of Grellois and Melliés’s colored linear logic [2015] should be avoided: in their work, colors
need to correctly “match” in a type derivation because they represent different levels of priority.

Cost-Aware Denotational Semantics. Another line of research aims at defining cost-sensitive
denotational semantics based on sized domains [Danner and Licata 2022; Kavvos et al. 2020]. These
models are used to interpret a syntactic recurrence extracted from a given program, and prove a
bounding theorem about such extraction. Niu and Harper [2023] propose a synthetic language for
cost-aware denotational semantics, endowed with phase-separated constructions of intensional
and extensional computations. These approaches are designed for typed languages with constants,
where observations are made at ground type, but they are hardly generalizable to the untyped case.

There also are cost-aware game models such as Ghica’s slot games [2005]—which capture Sands’
improvements—and Alcolei et al.’s resource-tracking concurrent games [2019]. The relationship
between these concurrency-driven models and our approach is deferred to future investigation.

10 Future Work

Weak Head. Our study focuses on the paradigmatic case of head reduction, but it could be adapted
to weak head reduction (sometimes called lazy reduction [Abramsky and Ong 1993]). It is folklore
that the Lévy-Longo tree preorder (a weak variant of Bohm trees) matches the weak head type
preorder. We conjecture that the Lévy-Longo tree preorder matches exactly the weak head variant
of our interaction preorder. Most of our study would adapt smoothly, but for the interaction B6hm
out. The culprit is that there is no analogous of Bohm separation theorem for weak head reduction.
There exist separation results but they all involve extensions of the A-calculus (see above among
related works). Crafting a weak interaction B6hm out might require some work.

Call-by-Value. In call-by-name, the gap between head normal form bisimilarity (aka interaction
equivalence), and contextual equivalence is, roughly, extensionality. In call-by-value, the gap
contains more computational principles, as stressed in particular by the recent works [Accattoli
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et al. 2023; Accattoli and Lancelot 2024]. It would be interesting to adapt interaction equivalence to
call-by-value and explore whether variants of the definition catch theories in between.

Back to Improvements. Now that there is a notion of equational improvement, it is natural to
adapt it to call-by-need and compare / revisit / extend the results about Sands’ (non-equational)
improvements and program transformations in the literature [Gustavsson and Sands 2001; Hackett
and Hutton 2014, 2015, 2018; Moran and Sands 1999; Sands 1996a; Schmidt-Schauf3 et al. 2018].

Game Semantics. To relate interaction equivalence with game semantics, it is natural to look at
the Bohm tree game model by Ker et al. [2003]. Operational game semantics [Jaber and Sangiorgi
2022; Laird 2007; Levy and Staton 2014], a sub-area of game semantics based on labeled transition
systems, is another natural candidate. More generally, our work provides a good justification for a
systematic exploration of non-extensional game semantics.

PCF. Game semantics was introduced to capture denotationally PCF contextual equivalence,
which is obtained via a quotient on games [Abramsky et al. 2000; Hyland and Ong 2000]. Is there a
relationship between game models before the quotient and PCF interaction equivalence?

Higher-Order Model Checking. Higher-order model checking is strongly connected to game
semantics [Ong 2006], intersection/multi types [Kobayashi 2009], and Bohm trees [Clairambault
and Murawski 2013]. It is reasonable to expect a connection with interaction equivalence.

Complete Normal Form Bisimilarities. In some A-calculi with effects, normal form bisimilarities
are complete for contextual equivalences [Biernacki et al. 2019; Stgvring and Lassen 2009]. We
conjecture that, therein, contextual equivalence and interaction equivalence coincide.

Interaction Cost. It is natural to wonder what kind of interaction cost emerges from our study
and how it relates to both the actual cost of computation and interaction (in)equivalence. The
characterization of our interaction improvement in terms of Bohm trees reveals that one can
improve the interactive cost of a A-term by performing n-reductions, or by replacing some head-
diverging sub-term—that is, an idle looping execution branch—with a non-looping one. Beyond
Bohm tree characterizations, this may also relate to the length of interaction sequences in game
semantics for the untyped call-by-name A-calculus, where interaction improvements could reflect
optimizations in communication between player and opponent.

We believe that our interaction semantics can also effectively capture communication costs in
the evaluation of functional programs within distributed environments. In this framework, black
and white terms correspond to processes running on different machines, with interaction steps
modeling inter-process communication, while locally executable steps remain silent. To formalize
this idea, we shall first adapt our interaction relations to a process calculus, and then investigate
how the resulting improvements in interaction relates with measures of communication complexity.

11 Conclusions

Our work stems from the recognition of a tension between the equational aspect of contextual
equivalences and the desire to observe the time cost of programs, expressed as the number of
evaluation steps. We solve the tension by introducing the checkers calculus, a A-calculus where
the internal and external aspects of computation receive a first-class status. The new setting is
then used to define interaction equivalence, which induces an equational theory for the ordinary
A-calculus: a very well-known one, namely the equality 8 of Bohm trees without 7.

Beyond the technical aspects, the main takeaway is probably the framework, which is con-
siderably simpler than other theories of interaction such as game semantics or the geometry of
interaction, and not ad-hoc, as witnessed by the relationship with 8 and with multi types.
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