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Two-way transducer over 2, [

(A, )
(Q,%,1,F,0) —

L>transition set: CQx X x{-1,0+1} xQ

[lelnle] _TiloTelele [ " [+[-[-Te[<]  e€X*
==

left endmarker READ right endmarker
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Two-way transducer over 2, [

(A, ¢)
(Q,%,1,F,0) | production function: § — [*
L>transition set: CAx X x{-1.0,+1} xQ

[lelnle] _TiloTelele [ " [+[-[-Te[<]  e€X*
==

left endmarker READ right endmarker
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One-way simple example

Y =T={ab}

[>]afalbfa[b[b]bJa]b]a]<]

(a,a,+1)
Ve
1) ol
(b,e,+1)
L L]
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One-way simple example

T =T={ab}

[>[pla]b[a[b[b[b[a[b[d[<]

(a,a,+1)

Ve
(>ye,+1)

(b,e,+1)

pleafafd| [ [ [ [ 1.

‘ accepts: {(u, v)|v= a|“|a}
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Simple Examples

(a7 a? +1)

e
(>, €,+1) @

(b,b,+1)

Y =T=/{a, b}

[accepts: {(w,w) |w e Z*}]
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Simple Examples
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Simple Examples

(a,a,+1)

/
(>, €,+1) @

(b, b,+1)

(a,a,+1)

v
(>, €,+1) @

(b, b,+1)

Y=l ={ab}
(3,6771)

6 back to >
(bveai]‘)
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Simple Examples

T =T=1{ab}

(>, +1)

back to >

[accepts: {w,w-w)|we Z*}]
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Simple Unary Examples

(a,a,+1)

(5,¢,+1)

[accepts: {(a",a") | n e N}]
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Simple Unary Examples

(a,¢,—1)

6 back to >

‘accepts: {(a”, ak") | k,n € N} ’
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Relations

RCY  xTI*

are

Series
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RCY xTI™

the image of u € X is
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Relations are Series

RCY xTI™

the image of u € X is
R(u) ={v|[(u,v) € R}

o= P



Relations

RCY xTI™

the image of u € X is
R(u) ={v | (v, v) € R}

are Series
s € P(M)((x"))
the coefficient of v € X" is
(s,u) = R(u)
Y= P
u = R(u)



Relations

RCY xTI™

R={(w,al"h)}

R={(w,ww)|weX*}

R

{(a”,ak”) | k,n € N}

are
Examples

Y =TI ={a b}

Y =TI ={a}

Series

s € P(M)((E")

s:W;Z*{aW‘a}W
s= > {wwlw
wexr*
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Rational operations...

» Sum: s+t= Y ((s,u)U(t,u))u
uex*



Rational operations...

» Sum:

» Cauchy product:

s+t= Y ((s,u)U(t,u))u

UEL*

st= Y %

UEX* Uil=U

(s,u1) (t,u)u
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Rational operations...

» Sum: s+t= Y ((s,u)U(t,u))u
uex*
» Cauchy product: s-t= > > (s,u1)(t,wm)u

UEX* Uil=U

» Kleene star: s =3 > (s,ur)(s,u) - (s, up)u
UEY * UiUp-—-Up=U
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Rational operations are one-way natural operations

]
]
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Rational operations are one-way natural operations

L

[ [EITe[fIt[-Iflalclt ol rIrlilgln[t]-[Flalcltlo]r]d] |
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Rational operations are one-way natural operations

;
— ]

[ ITTel[flt[-[flalc[tlolr]rIilght[-[Flalcltlolrl<] |

26



Rational operations are one-way natural operations

[ BITTelflE[-[flalcltlolr

T elh[t[-[flalc[tlo]r]] |

;
—
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Rational operations are one-way natural operations

Transducer T

[ [EITe[fIt[-[flalclt ol r[rlilglh[t]-[flalcltlo]r]d] |
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Rational operations are one-way natural operations

[ EITTeIfTe-Tfalclt o[ I g h t[-TfTalc [t olr[q] |
[
|
el ElpMulE- s [T T[T T[T TT]
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Rational operations are one-way natural operations

i
—

(o]
=3
=
o]
=]
=3
]
[
(o]
o |
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Rational operations are one-way natural operations

26



Rational operations are one-way natural operations

——

Transducer T

[ [EITTe[fIt[-[flalclt ol r[r[ilglh[t - [flalcltlo]r]d] |
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Rational operations are one-way natural operations

——

-

[oJult]p[uft[-]1]s]e[c]o]

o I O O A

26



Rational operations are one-way natural operations

[ [EITe[fIt[-[flalclt ol r[r[ilglh[t]-[Flalcltlo]r]d] |

26



Rational operations are one-way natural operations




Rational operations are one-way natural operations

26



Rational operations are one-way natural operations

26



Rational operations are one-way natural operations

26



Rational operations are one-way natural operations

[ [EITe[fIt[-[flalclt ol r[r[ilglP[t]-[flalcltlo]r]d] |

26



Rational operations are one-way natural operations

[ [EITe[fIt[-[flalclt ol r[r[ilglh[t]-[flalcltlo]r]d] |

26



Rational operations are one-way natural operations

[ [EITTe[fIt[-[flalclt ol r[rlilglh[t]-[flalcltlo]r]d] |

26



Rational operations are one-way natural operations

[>]

[[e[flt[-[flalc[t]o]r

[T elh[t[-Ifalc[t[olr]q] |
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Rational operations are one-way natural operations

Definition

The class of _ is the smallest class of series
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Rational operations are one-way natural operations

Definition

The class of _ is the smallest class of series

> that contains Polynomials;

» and which is closed under rational operations .

Theorem

(OREWAYITARSHIEETS accepts exactly the class of AHOBISEAE.

9/26



Hadamard operations...

» Hadamard product:

sot= > (s,u)-(t,u)u
uexr*
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Hadamard operations...

» Hadamard product:

sot= > (s,u)-(t,u)u
uEL*

» Hadamard star:

s* =Y s@s@...@0s = Y. (s,u)u
neN T ~ " uEL*
n times
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Hadamard operations are natural for two-way transducers
Hadamard product: -

[oltfhle]-Tiln]pfult]-[w]ofr]d]q]

‘ | | | | | | | | | | | | | ‘ 11/26




Hadamard operations are natural for two-way transducers
Hadamard product: -

[olehle]-Tiln]pfult]-[w]ofr]d]q]

‘ | | | | | | | | | | | | | ‘ 11/26




Hadamard operations are natural for two-way transducers
Hadamard product: -

[oltfnle]-Tiln]pfult]-[w]ofr]d]q]

‘ | | | | | | | | | | | | | ‘ 11/26




Hadamard operations are natural for two-way transducers
Hadamard product: -

[oltfhle]-Tiln]pfult]-[w]ofr]d]q]

‘ | | | | | | | | | | | | | ‘ 11/26




Hadamard operations are natural for two-way transducers
Hadamard product: -

[oltfhle]-Tiln]pfult]-[w]ofr]d]q]

11/26




Hadamard operations are natural for two-way transducers
Hadamard product: -

[oltfhle]-Tiln]pfult]-[w]ofr]d]q]

11/26




Hadamard operations are natural for two-way transducers
Hadamard product: -

[oltfhle]-Tiln]pfult]-[w]ofr]d]q]

11/26




Hadamard operations are natural for two-way transducers
Hadamard product: -

[oltfhle]-Tiln]pfult]-[w]ofr]d]q]

oful [T LT ]
11/26




Hadamard operations are natural for two-way transducers
Hadamard product: -

[oltfhle]-Tiln]pfult]-[w]ofr]d]q]

oful [T LT ]
11/26




Hadamard operations are natural for two-way transducers
Hadamard product: -

[oltfhle]-Tiln]pfult]-[w]ofr]d]q]

oful [T LT ]
11/26




Hadamard operations are natural for two-way transducers
Hadamard product: -

[oltfhle]-Tiln]pfult]-[w]ofr]d]q]

oful [T LT ]
11/26




Hadamard operations are natural for two-way transducers
Hadamard product: -

[oltfhle]-Tiln]pfult]-[w]ofr]d]q]

oful [T LT ]
11/26




Hadamard operations are natural for two-way transducers
Hadamard product: -

[oltfhle]-Tiln]pfult]-[w]ofr]d]q]

oful [T LT ]
11/26




Hadamard operations are natural for two-way transducers
Hadamard product: -

[oltfhle]-Tiln]pfult]-[w]ofr]d]q]

oful [T LT ]
11/26




Hadamard operations are natural for two-way transducers
Hadamard product: -

[oltfhle]-Tifn]pfult]-[w]ofr]d]q]

ofulel [T LT T[]
11/26




Hadamard operations are natural for two-way transducers
Hadamard product: -

[oltfhle]-Tifn]pfult]-[w]ofr]d]q]

ofulel [T LT T[]
11/26




Hadamard operations are natural for two-way transducers
Hadamard product: -

[oltfhle]-Tiln]pfult]-[w]ofr]d]q]

ofulel [T LT T[]
11/26




Hadamard operations are natural for two-way transducers
Hadamard product: -

[oltfhle]-Tifn]pfult]-[w]ofr]d]q]

ofulef-T T LT LT T[]
11/26




Hadamard operations are natural for two-way transducers
Hadamard product: -

[olt]hle]-Tiln e ult]-[w]ofr]d]q]

ofulef-T T LT LT T[]
11/26




Hadamard operations are natural for two-way transducers
Hadamard product: -

[oltfhle]-Tiln]pfult]-[w]o]r]d]q]

ofulef-f2] [ [T LT ]|
11/26




Hadamard operations are natural for two-way transducers
Hadamard product: -

[olt]hle]-Tiln]pfult]-[w]ofr]d]q]

ofulef-f2] [ [T LT ]|
11/26




Hadamard operations are natural for two-way transducers
Hadamard product: -

[oltfhle]-Tiln]pfult]-[w]ofr]d]q]

ofulef-f2] [ [T LT ]|
11/26




Hadamard operations are natural for two-way transducers
Hadamard product: -

[oltfhle]-Tiln]pfult]-[w]ofr]d]q]

ofulef-f2] [ [T LT ]|
11/26




Hadamard operations are natural for two-way transducers
Hadamard product: -

ETelF e[ [ [e [o e[ [w[e [+ [9]]
o

®
®

ofulef-f2] [ [T LT ]|
11/26




Hadamard operations are natural for two-way transducers
Hadamard product: -

ETelF e[ [ [e [o e[ [w[e [+ [9]]
o

®
®

ofulef-f2] [ [T LT ]|
11/26




Hadamard operations are natural for two-way transducers
Hadamard product: -

ETelF e[ [ le[o e[ [w[e [+ [9]]
o

®
®

ofulef-f2] [ [T LT ]|
11/26




Hadamard operations are natural for two-way transducers
Hadamard product: -

ETelF e[ [ [e [o e[ [w[e [ [9]]
o

®
®

ofulef-f2] [ [T LT ]|
11/26




Hadamard operations are natural for two-way transducers
Hadamard product: -

ETelF e[ [ le [o e[ [w[o [+ [4]]
o

®
®

ofulef-f2] [ [T LT ]|
11/26




Hadamard operations are natural for two-way transducers
Hadamard product: -

ETelF e[ [ le [o e[ [w[e [ [4]]
o

®
®

ofulef-f2] [ [T LT ]|
11/26




Hadamard operations are natural for two-way transducers
Hadamard product: -

ETelF e[ [ [e [o e[ [w[e [+ [9]]
o

®
®

ofulef-f2] [ [T LT ]|
11/26




Hadamard operations are natural for two-way transducers
Hadamard product: -

ETelF e[ [ le [o e[ [w[e [ [9]]
o

®
®

ofulef-f2] [ [T LT ]|
11/26




Hadamard operations are natural for two-way transducers
Hadamard product: -

ETelF e[ [ le [a e[ [w[e [+ [9]]
o

®
®

ofulef-f2] [ [T LT ]|
11/26




Hadamard operations are natural for two-way transducers
Hadamard product: -

ETelF e[ [ le[o e[ [w[e [ [9]]
o

®
®

ofulef-f2] [ [T LT ]|
11/26




Hadamard operations are natural for two-way transducers
Hadamard product: -

ETelF e[ [ le [o e[ [w[e [ [9]]
o

®
®

ofulef-f2] [ [T LT ]|
11/26




Hadamard operations are natural for two-way transducers
Hadamard product: -

ETelF e[ [ [e [o e[ [w[e [ [4]]
o

®
®

ofulef-f2] [ [T LT ]|
11/26




Hadamard operations are natural for two-way transducers
Hadamard product: -

ETelF e[ [ [e [o e[ [w[e [+ [9]]
o

®
®

ofulef-f2] [ [T LT ]|
11/26




Hadamard operations are natural for two-way transducers
Hadamard product: -

ETelF e[ le [o e[ [w[e [ [9]]
o

®
®

ofulef-f2] [ [T LT ]|
11/26




Hadamard operations are natural for two-way transducers
Hadamard product: -

ETelF e[ [ le [o[r [ [w[e [+ [9]]
o

®
®

ofulef-f2] [ [T LT ]|
11/26




Hadamard operations are natural for two-way transducers
Hadamard product: -

ETelF e[ o le [o e[ [w[e [ [9]]
o

®
®

ofulef-f2] [ [T LT ]|
11/26




Hadamard operations are natural for two-way transducers
Hadamard product: -

ETelF e[ [ [e [o [t [ [w[e [+ [4]]
o

®
®

ofulef-f2] [ [T LT ]|
11/26




Hadamard operations are natural for two-way transducers
Hadamard product: -

ETelF e[ [ [e [o [t [ [w[e [+ [4]]
o

®
®

ofulef-f2] [ [T LT ]|
11/26




Hadamard operations are natural for two-way transducers
Hadamard product: -

[olt]hle]-Tiln]pfult]-[w]ofr]d]q]

ofulef-f2] [ [T LT ]|
11/26




Hadamard operations are natural for two-way transducers
Hadamard product: -

[olt]hle]-Tiln]pfult]-[w]ofr]d]q]

ofulef-f2] [ [T LT ]|
11/26




Hadamard operations are natural for two-way transducers
Hadamard product: -

[olehle]-Tiln]pfult]-[w]ofr]d]q]

ofulef-f2] [ [T LT ]|
11/26




Hadamard operations are natural for two-way transducers
Hadamard product: -

[oltfnle]-Tiln]pfult]-[w]ofr]d]q]

ofulef-f2] [ [T LT ]|
11/26




Hadamard operations are natural for two-way transducers
Hadamard product: -

[olehle]-Tiln]pfult]-[w]ofr]d]q]

ofulef-f2] [ [T LT ]|
11/26




Hadamard operations are natural for two-way transducers
Hadamard product: -

[oltfnle]-Tiln]pfult]-[w]ofr]d]q]

ofulef-f2] [ [T LT ]|
11/26




Hadamard operations are natural for two-way transducers
Hadamard product: -

[oltfhle]-Tiln]pfult]-[w]ofr]d]q]

lofulef-Jalel [ T L[ [ ] ]|
11/26




Hadamard operations are natural for two-way transducers
Hadamard product: -

[oltfhle]-Tiln]pfult]-[w]ofr]d]q]

lofulef-[afoful [ | [ [ | ||
11/26




Hadamard operations are natural for two-way transducers
Hadamard product: -

[oltfhle]-Tiln]pfult]-[w]ofr]d]q]

lofulef-[afoful [ | [ [ | ||
11/26




Hadamard operations are natural for two-way transducers
Hadamard product: -

[oltfhle]-Tiln]pfult]-[w]ofr]d]q]

lofulef-[afoful [ | [ [ | ||
11/26




Hadamard operations are natural for two-way transducers
Hadamard product: -

[oltfhle]-Tiln]pfult]-[w]ofr]d]q]

_____ 11/26




Hadamard operations are natural for two-way transducers
Hadamard product: -

[oltfhle]-Tiln]pfult]-[w]ofr]d]q]

_____ 11/26




Hadamard operations are natural for two-way transducers
Hadamard product: -

[oltfhle]-Tiln]pfult]-[w]ofr]d]q]

_____ 11/26




Hadamard operations are natural for two-way transducers
Hadamard product: -

[oltfhle]-Tifn]pfult]-[w]ofr]d]q]

_____ 11/26




Hadamard operations are natural for two-way transducers
Hadamard product: -

[oltfhle]-Tifn]pfult]-[w]ofr]d]q]

_____ 11/26




Hadamard operations are natural for two-way transducers
Hadamard product: -

[oltfhle]-Tiln]pfult]-[w]ofr]d]q]

_____ 11/26




Hadamard operations are natural for two-way transducers
Hadamard product: -

[oltfhle]-Tiln]pfult]-[w]ofr]d]q]

_____ 11/26




Hadamard operations are natural for two-way transducers
Hadamard product: -

[oltfhle]-Tifn]pfult]-[w]ofr]d]q]

_____ 11/26




Hadamard operations are natural for two-way transducers
Hadamard product: -

[olt]hle]-Tiln e ult]-[w]ofr]d]q]

_____ 11/26




Hadamard operations are natural for two-way transducers
Hadamard product: -

[oltfhle]-Tiln]pfult]-[w]o]r]d]q]

_____ 11/26




Hadamard operations are natural for two-way transducers
Hadamard product: -

[olt]hle]-Tiln]pfult]-[w]ofr]d]q]

_____ 11/26




Hadamard operations are natural for two-way transducers
Hadamard product: -

[oltfhle]-Tiln]pfult]-[w]ofr]d]q]

_____ 11/26




Hadamard operations are natural for two-way transducers
Hadamard product: -

_____ 11/26




Hadamard operations are natural for two-way transducers

Y =T={ab}
(a,a,+1)

e
(re 1) @
(b, b,+1)
(a,a,+1)

e
(>, €,+1) @

(b,b,+1)
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Hadamard operations are natural for two-way transducers

> =I= {a, b}

(a,a,+1)
e
(6, 41) @

(8,6, 71)
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(bye,+1) back to >

(>, €,+1)

(a,e,+1) ‘accepts: {(a”, ak"y | k,n € N} = Id"™
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Hadamard-rational
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Hadamard-rational

Definition
s € P(Mr)((*)) is H-Rat if

s=20@0"
i

where the sum is finite and vjs and ;s are rational .

Property Rat (@ H-Rat

Lemma
If T* is commutative,

then H-Rat is - under - - and -
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Main Result

Definition
s € P(I')((x*)) is H-Rat if

s=> ;@b

where the sum is finite and «js and [3;s are rational .
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Main Result

Definition
s € P(I')((x*)) is H-Rat if

S = Z%@B;ﬂ

where the sum is finite and «¢js and Bis are 'rational .

Theorem
Unary (two-way transducers accepts exactly [H-Rat series.
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Analogy with Probabilistic Automata

Theorem (Anselmo,Bertoni, 1994)

Acceptation probability of two-way finite automata is of the form:

T(w) = a(w) X ﬁ

where o and [ are rational series of Q((¥X*)).
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Known results

Theorem (Engelfriet, Hoogeboom)

Two-way transducers versus MSO logic
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Known results

Theorem (Engelfriet, Hoogeboom)

Two-way transducers versus MSO logic

functional =S functions

[ general _ relations ]

Theorem (Filiot, Gauwin, Reinier, Servais)[Llnary alphabets7]

From functional two-way to one-way transducers?

decidable and contructible
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Get around the problems. ..

» Consider only loop-free runs;

19/26



Get around the problems. ..

» Consider only loop-free runs;

» Consider the case ' = {a}, or parikh-equivalence .

19/26



Particular transducers

[* is commutative

Theorem

For any deterministic or functional transducer

there exists an (equivalent one-way transducer.
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Input unary case

Y ={a}

Lemma
Central loops of a two-way transducer produce finitely many
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Input unary case

Y ={a}

Lemma
Central loops of a two-way transducer produce finitely many

We can take into account central loops in one-way simulation.
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Get around the problems. ..

Y ={a}

» Consider particular parts of run: 'hits (from border to border)

» Consider the case ' = {a}, or parikh-equivalence .
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One-way simulation of loop-free hits

Hit: a border to border run
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One-way simulation of loop-free hits

Hit: a border to border run

define a relation

» reading u
> outputing v

> no visit to endmarkers

2|Q|

/\

Roo Ro:

) )

Rio Ria1

) )

HIT = |

Reo Rea - - - Rex

) )

Rational

o]k I
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Composition of hits

Given:
> a by to by hit over u producing vp;
» and a b, to by hit over u producing v;

we may compose them into a by to b; run over u producing vyvs.
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Composition of hits

Given:
> a by to by hit over u producing vp;

» and a b, to by hit over u producing v;

we may compose them into a by to b; run over u producing vyvs.

triple-hit relations are:

R(3) U

b by = b, ®Rb, b
071 b, b, €Qx{>,<} 2 27

Rpyp., @ Rb

X17

coefficient (b, b1) of (HIT @ HIT@ HIT .
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Composition of hits

Given:
> a by to by hit over u producing vp;
» and a b, to by hit over u producing v;

we may compose them into a by to b; run over u producing vyvs.

multi-hit relations are:
(wk)
Rbo7b1 = U U Rbo,bxl @ ..., ben,bl

neN by ,...,by,

coefficient (bo, by) of [HIT™.
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Accepting runs

An (accepting run is a particular [composition of hits .

25 /26



Accepting runs

An (accepting run is a particular [composition of hits .

Look at coefficients R,(jg*b)l of HIT" such that:
> bp corresponds to the linitial configuration

» by corresponds to some accepting configuration

25 /26



Accepting runs

An (accepting run is a particular [composition of hits .

Look at coefficients R,(jg*b)l of HIT" such that:
> bp corresponds to the linitial configuration

» by corresponds to some accepting configuration

R= U R,();'*b)l is the relation accepted by the transducer.

b1 accepting

25 /26



Accepting runs

An (accepting run is a particular [composition of hits .

Look at coefficients R,(Jg*b)l of HIT" such that:
> bp corresponds to the linitial configuration

» by corresponds to some accepting configuration

R= U R,();'*b)l is the relation accepted by the transducer.

b1 accepting

Theorem
R is in H-Rat. (by closure properties of H-Rat)
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Conclusion

Theorem

Corollary

Every _ transducer can be made -

Theorem

are equivalent to - transducer.

- transducer

Grazie infinite.
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