CHAPTER 15

ANSWERS TO EXERCISES

Chapter 1

1.1. We have ANB = (ANA)U(ANB) = AN(AUB) = ANAN B. Similarly, ANC = ANANC,
and we deduce ANB=ANC= ANB=AnNC.

Since X = X for any subset X of F/, this also proves the converse :
ANB=ANC = ANB=ANC= ANB=ANC.

1.2. Assume AUBC AUC and ANBC ANC. We have BC AUB C AuUC. Thus
BCBN(AUC)=(BnAUBNC)C(AnC)u(BNC)=(AuB)nC CC'.

Let us show that B = C <:>(AUB:AUC and AﬁB:AﬁC’).The implication =

is straightforward. Conversely, applying the preceding result twice we have B C C and C C B,
and hence B = C.

1.3. By the definition of the symmetric difference we have AAB = (AN B) U (AN B). Thus
(AAB)N(AAC)=((ANB)U(ANB))N((ANC)U(ANC))
= <(Am§) N((AnC)U (ZﬂC)))
U((AnB)n((AnC)u (ZmC)))

(AnBNCQO)

Because BUC C BN, we have
(AAB)N(AAC)C(ANBNC)U(AN(BNC))=AA(BNO).

Because A and A are disjoint, equality holds if and only if ANBUC = AN BN C. We have

ANBUC=ANBNC<+<=ANBNC=An(BuU()
<~ ANBNC=(ANB)U(ANO)
< ANB=AnNC.

Hence, using Exercise 1.1, equality holds if and only if AN B = AN C. Similarly, we prove that
AN (BUC) C (AAB)U(AAC) and that equality holds if and only if AN(BUC) = ANBNC.
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1.4. 1. Let x € AU(Hie[Bi)- If v € Athen Vi € I, o € AU B;, and thus « € [,;(AU B;).
Otherwise, Vi € I,z € B;, and hence x € AU B; and we again have z € (),.;(A U B;). We
have thus shown that AU(ﬂiE] Bi) C MNiep(AU By). Conversely, if € (), ;(AU B;), we have

Vie I, x € AUB;. Hence, either x € A or Vi € I, x € B;. We thus have x € AU(ﬂieIBi), and

this proves the reverse inclusion.

2. xeAﬂ(UBi) e Jicl.zcAUB,
el
= zeclJAuB).

i€l

1.5.Vz € E, f(z) € F = U,c; Ai- Thus Ji € I, f(z) € A;. We then have 2 € f~'(4;) and,
consequently, £ = J,c; f7(As).

Let i,j € I be such that ¢ # j, f~1(A;) N f7H(4;) = f71(4; N 4;) = f~1(0) = 0. The family
(f_l(Ai))iej is hence almost a partition of E.

A necessary and sufficient condition for all the sets f~!(4;) to be non-empty is that Vi,
A; N Im(f) # 0. This condition is verified if f is surjective. Thus, a sufficient condition for

all the sets f~1(A;) to be non-empty is that f is surjective.

1.6. Assume that the image by f of any partition of F is a partition of F.

Let (E) be the rough partition of F into a single set. f(FE) is a partition of F'. Hence, F' = f(E),
which means that f is surjective.

Let ({z})zep be the discrete partition of E into singleton sets. ({f(z)})zcr is a partition of F,
and hence Vz,y € E,z #y = {f(z)} n{f(y)} = 0. That is, f(x) # f(y). Hence, f is injective.

Conversely, assume that f is bijective. Let (A;);c; be any partition of E. We have

o Uier J(A) = f(Ujer Ai) = f(E) = F because f is surjective.

e Leti,j € I be such that i # j. Since (A4;);es is a partition, A; N A; = 0, and since f is
injective, f(A;) N f(4;) = f(AiNA,) = f(0) =0.

o Viel, f(A;) # 0D, because A; # () and f is a mapping. Hence, (f(Ai))ie
F.

; Is a partition of

1.7. 1. It is clear that the inclusion X C f~!(f(X)) always holds. Assume f is injective and
let X C A If z € f71(f(X)) then f(z) € f(X), and hence Jy € X such that f(z) = f(y).
Because f is injective, we have that x = y, and hence x € X. Finally, f~!(f(x)) C X, and thus

X = fHf(X)).
Conversely, let z,y € A be such that f(z) = f(y). Letting X = {z}, we have

fly) € f(X) ={f(2)}.

Hence, y € f~1(f(X)) = X = {z}. Hence, y = z, and f is injective.

2. Here, too, the inclusion f(f~1(Y)) C Y always holds. Assume f is surjective and let Y C B.
Vy € Y,3x € A such that f(z) = y. Hence, z € f~1(Y) and y = f(x) € f(f~*(Y)). We thus
have Y C f(f~1(Y)), and therefore Y = f(f~1(Y)).

Conversely, let y € B and Y = {y}. We have y € Y = f(f~1(Y)), and hence 3z € f~1(Y) C A
such that f(z) =y. Hence, f is surjective.
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1.8. Note, first, that the inclusion f(X NY) C f(X) N f(Y) always holds.

Assume f is injective. Let XY C A and let z € f(X) N f(Y). 3z € X:f(z) = z and
Jy € Y: f(y) = z. Because f is injective, f(x) = z = f(y) implies z = y. Hence, z =y € X NY
and z = f(x) € f(XNY). Thus, f(X)Nf(Y) C f( NY’), and therefore f(X)Nf(Y) = f(XNY).

Conversely, let z,y € A be such that f(z) = f(y). Let X = {z} and Y = {y}. We have
f@) = fly) e FIX)NF(Y) = f(XNY). Hence, f(XNY) # 0, and thus X NY # (. This implies
T =1y.

1.9. 1. Let us show, first, that f is injective if and only if AU B = F.

Note, first, that because intersection distributes over union we have

XNAUB)=(XNA)U(XnNB).
Assume that AU B = E. Let X,Y C FE be such that f(X) = f(Y). We have
X=XNE=XN(AUB)=(XNAUXNB) =(YNAU(YNB)=Y.

f is thus injective.

To prove the converse, consider its contrapositive. Assume AUB C E. Let z € £\ (AU B). We
have f({z}) = (0,0) = f(0) and {x} # 0. Hence, f is not injective.

2. Let us now show that f is surjective if and only if AN B = (.

Assume AN B = 0. Let (X,Y) € P(A) x P(B). Because X C A, X N A = X ; because Y C B,
(YNA)C(BNA)=0. We thus have (X UY)NA=(XNA)UXY NA)=XUP=X. For the
same reasons (X UY)NB =Y. Hence, f(XUY)=(X,Y), and f is surjective.

We prove the converse by contradiction. Assume f is surjective and ANB # (). Let x € ANB and
let X be a preimage by f of ({z},0);ie. XNA={z} and XNB=0. Wehavex € XNAC X
and z € B, and hence z € X N B, which contradicts X N B =

3. We deduce from the two preceding points that f is bijective if and only if A U B = E and
AN B = (. If, moreover, we assume that A and B are non-empty, this can be stated by saying
that (A, B) is a partition of E.

1.10. (i) Let z,y € E be such that (go f)(x) = (g o f)(y). Because g and f are injective we
deduce that f(z) = f(y) and this implies that x = y. Hence, g o f is injective.

(ii) Let z € G. Because g is surjective, there exists y € F such that g(y) = z. Because f is
surjective, there exists x € E such that f(x) =y. We deduce that (g o f)(x) = 2, which proves
that g o f is surjective.

1.11. 1. (i) Assume that g o f is injective. Vz,y € A, we have
f@)=fy) = 9(f(@) =9(f(y)) = z=y.

Hence, f is injective.

ii) Assume that g o f is surjective. Vz € C,3x € A such that (g o f)(x) = 2. Hence, Jy € B
y = f(z)) such that g(y) = z, and so g is surjective.

2. Let f:{1} — {1,2} be defined by f(1) =1 and g: {1,2} — {1} be defined by g(1) = ¢(2)
= 1. The mapping go f is a bijection (it is the identity), f is not surjective and g is not injective.

3. (i) Let 2,y € B. Since f is surjective, 32’,y’ € A such that f(z’) = z and f(y') = y. We have

g(x) =gly) = go f(2') =go f(y)
:>x':y'
=T =Y.

Hence, g is injective.

(ii) Let y € B. Since go f is surjective, 3z € A such that (go f)(x) = g(y). Because g is injective,
we deduce that f(x) = y. Hence, f is surjective.
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1.12. 1. Using Exercise 1.11, we deduce from the hypotheses that f, go f, h, and f o h are
injective and that f and f o h are surjective. Hence, f is bijective. From f o h surjective and f
injective we deduce that h is surjective. Consequently, A is bijective.

Lastly, from g o f injective and f surjective we deduce that g is injective, and from fohoyg
surjective and f o h injective we deduce that ¢ is surjective. Hence, g is also bijective.

2. idem.

1.13. (i) (=) Assume f is injective. Choose any element z, of E. (This is possible because
E #0.) Let y € F. If y has a preimage = by f then this preimage is unique since f is injective ;
then let r(y) = x. Otherwise, let 7(y) = x,. For any = of E, z is the unique preimage of f(z).
We thus have that Vo € E, ro f(z) =r(f(z)) = =.

(ii) (=) Let y € F. Because f is surjective, there exist elements = in E such that y = f(z).
Choose an arbitrary element = among those and let s(y) = z. Yy € F we have f(s(y)) =y, and
thus fos=1idp.

(iii) (=) Assume f is bijective. It suffices to show that the mapping s defined above also verifies
so f=ridg. Let x € E and y = f(z). Because f is injective, x is the unique preimage of y by
f. We thus have s(y) = = and, consequently, s(f(z)) = x.

The converses are deduced from Exercise 1.11, together with the fact that r is surjective, s is
injective and f~! is bijective.

1.14. Let us prove by induction on n that if there exists an injection from [m] to [n] then m < n.
If n = 0 then [n] = 0, and if there exists a mapping from [m] to {) then it must be true that
[m] =0, and so m = 0.

Let n be a fixed integer. Assume that the existence of an injection from [m] to [n] implies m < n.
Let f:[m] — [n+ 1] be an injection. If f~'(n + 1) = 0 then f:[m] — [n] is an injection, and
by the hypothesis we have that m < n, and hence m < n + 1. Otherwise, let p be the unique
preimage of n + 1 by f. If p = m then the mapping g: [m — 1] — [n] defined by g(x) = f(z) is
an injection. (g is the restriction of f to [m —1].) Hence, m —1 < n, and thus m < n+ 1. Lastly,
if p # m then the mapping g: [m — 1] — [n] defined by

_ J flx) ifxz#p,
9<f”’>—{f<m> fz=p

is an injection. Here, too, we have m — 1 <n, and som < n + 1.

1.15. (i) Let f:E — [n] and g: F — [p] be two bijections. We can easily verify that the
mapping h: EU F — [n + p| defined by Va € E, h(x) = f(x) and Vo € F,h(z) = g(z) + n is a
bijection. We deduce that |[EUF|=n+p=|E|+ |F|.

(ii) Consequence of (i).

(iii) With the same notations as for (i), we define the mapping h: E x F' — [n X p| by letting
V(z,y) € E x F, h(z,y) = p x (f(z) — 1) + g(y). We check that h is a bijection and hence
|E x F| = |E| x |F|. We can also use (ii) to prove this result because the family (E % {y})yer
is a partition of £/ x F.

(iv) If E ={ay,...,a,}, then a mapping f: E — F is fully specified by the images by, ..., b, of

ai,...,an,. Bach b;, where i € [n], can be chosen in | F'| possible ways. We thus have |F|" = |F|I¥|
possible choices for f. So, there is a bijection from the set of mappings of F to F' to the Cartesian

product F™, and this is the reason why the set of mappings from E to F is denoted by FF.

(v) The mapping associating with each subset A of E its characteristic function x 4 is a bijection.
Thus [P(E)| = [{0,1}7] = 2/7I.

1.16. Let A = [m] be the set of pigeons to be placed and let A; be the set of pigeons nesting in
the pigeonhole i, for i € [n]. Ay,..., A, form a partition of A, and thus

Al =314,
=1

If we had that Vi € [n], |A;] < m/n, we would deduce |[A] = Y I | |4;] < nXxm/n=m,a
contradiction ; we thus have that |A;| > m/n for at least one 1.
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1.17. Note, first, that the existence of a surjection from F to F is equivalent to the existence
of an injection from F' to E. So let f: F — F and g: F — E be two injections. We define the
following sets by induction :

° Ey=F and Fy = F.

hd Foy1 = f(En), F;LJrl =Fp\ Fn+1?E';L+1 = g(Fqlerl), and B, 11 = Ej, \ E':’L+1'

We then verify that X = (), -, En and X' = |J,,~; E;, almost form a partition of E, i.e.
XNX' =0and E = X UX’ with X or X’ possibly empty. Indeed, let z € X’. In > 1 such
that = € E/. By the definition of E,,x ¢ E,, and hence x ¢ X. The sets X and X’ are hence
disjoint. Let x € E'\ X and let n > 0 be such that € E,, and = ¢ E, 1. We necessarily have
rek, ; CX Thus E=XUX"

Similarly, Y = 1,5 F» and Y’ =, 5, F}, almost form a partition of E.

Note that X’ C Im(g) because Vn > 1, E!, = g(F)). Because g is injective, any element x of
Im(g), and hence of X', has a unique preimage by g denoted by g~ (z). The mapping h: E — F

is hence fully defined by
| fl=x) ifrelX,

hiw) = {gl(ac) if x e X',
It remains to check that it is a bijection.
Let z,y € E and assume h(z) = h(y). If x,y € X then x = y because f is injective. If z,y € X’
then z = g(g~!(x)) = g(h(z)) = g(h(y)) = y. Finally, note that f(X) = ,>0 f(En) =Y and
that g(Y') = U,,>; 9(F) = U,,>, B = X'. Because g is injective, we deduce that g7 (X’) =Y.
Hence, z € X and y € X’ cannot hold because in this case h(z) = f(z) € f(X) = Y and
h(y) = g7 (y) € g1 (X’) = Y'. We would then have h(z) = h(y) € Y Y’ = (). Hence, h is
injective. We finally show that h is surjective. Let y € F. If y € Y’ then g(y) € g(Y') = X', and
hence h(g(y)) = g‘l(g(y)) =y.If y € Y then y € F; = Im(f). Hence, y has a unique preimage
x by f. We then show that Vn > 0,z € E,. Indeed, we have y € Y C F,,11 = f(E,), and

because f is injective this implies that = € E,,. Hence, z € X = (1,5 £y, and h(z) = f(z) = y.
1.18. Consider the mapping f:IN?* — IN defined by
fl@y)=y+0+1+2+--+(z+y)).

This mapping gives a diagonal enumeration of the elements of IN? as indicated in figure 15.1.

Figure 15.1
We show that f is bijective. Let n € IN. There exists a unique a € IN such that
O0O+14+-+a)<n< (0+1+---+(a+1)).
The unique preimage of n by fis given by y=n—(0+1+---+a) and x =a — y.

A different bijection from IN? to IN is given by the function g:IN> — IN defined by g(z,y) =
2%(2y + 1) — 1. The fact that it is a bijection follows from the remark that any strictly positive
integer is the product of a power of two and an odd number.

1.19. By contradiction. Assume that U is countable and let (z,),en be an enumeration of U.
We can represent the values (z,),en by the following table :

T 0 1 2 n

o ) r} xd . it
1 ¥ rl x? e b
To ) T3 x3 . Ty
T z0 T x2 Ty
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We then apply a so-called diagonalization argument : let u be the sequence defined by

0 ifz} =1,
vn e, “"_{1 if 27 = 0.
Then u cannot be equal to any z,, because u,, # z' for any n.

This also proves that P(IN) is uncountable because P(IN) is in bijection with U. To this end we
associate with each subset A of IN the sequence u defined by the characteristic function x4 of
A (i.e. up = xa(n) for any n in IN).

1.20. Let 1 and 1" be two units. We have 1"’ = 1" + 1 = 1.

1.21. 1. (e,€') € (R{UR2) ! if and only if (¢/,e) € R1UR; if and only if ((¢/,e) € Ry or (€€
Ry) if and only if ((e,€') € (R1)™* or (e,€’) € (R2)™!) if and only if (e,€') € (R1)™* U (R2)
2. (e,€') € (R1NR2) "' if and only if (¢, ) € R1NRy if and only if ((¢/,e) € Ry and (¢/,¢) € R»)
if and only if ((e,e’) € (R1)™! and (e,€’) € (R2)™!) if and only if (e,e’) € (R1)™' N (R2) ™ .

3. (e,€’) € (R)~!if and only if (¢/,e) € R if and only if (¢/,e) € R if and only if (e,e’) ¢ R if
and only if (e,e’) € R—L

4. Assume Ry C Ry. If (e,¢/) € Ry', then (¢/,e) € Ry, and hence (¢/,¢) € Ry and (e,¢’) € Ry .
Conversely, assume Ry* € Ry . If (e,¢/) € Ry, then (¢/,e) € Ry, and hence (¢/,¢e) € Ry * and
(e,€e’) € Ra.

5. (e,e’) € (R™1)~t if and only if (¢/,e) € R™! if and only if (e, e’) € R.

6. We know that R* = Idg UR™. But Rt = (J,. R?, and as Idg C R, we have Idy C RT,
and hence R* = R™.

The converse is false. Let R be the relation defined by : © R y <= x # y on a set E with at
least two distinct elements. Then Idgp € R, but Idg C R2CRT.

1.22. 1.(a) (e,€/) € (R1.R2)~! if and only if (¢/,e) € R1.Ry if and only if (e’ : (¢,€”) €
Ry and (e”,e) € Ro) if and only if (3e” : (¢”,€¢/) € Ry" and (e,e”) € Ry') if and only if
(e,e') € (Ra) L. (R1)~ L.

1.(b) (e,€') € (R1 UR2).R if and only if (Je” : (e,e”) € Ry URy and (¢”,¢) € R) if and
only if (e’ : ((e,e”) € Ry or (e,e”) € Ry) and (¢”,¢’) € R) if and only if (Fe” : ((e,e”) €
Ry and (¢”,€/) € R)or ((e,e”) € Ry and (¢”,¢/) € R)) if and only if (Je; : ((e,e1) €
R1 and (e1,€’) € R) or Jes : ((e,e2) € Ro and (eq,€’) € R)) if and only if (e, €¢’) € R1.RUR2.R.
1.(c) is proved in the same way as 1.(b).

2. The inclusion is straightforward ; the difference with case 1.(b) is that

e’ : ((e,€’) € Ry and (€”,¢') € R) and ((e,e”) € Rs) and (e,€') € R)
is not equivalent to
Jeq : ((e,e1) € Ry and (eq,€’) € R) and Jes : ((e,e2) € Ro and (e2,€e’) € R).

Indeed, let Ry = {(a,b)}, Ra = {(a,¢)}, and R = {(b,d), (¢,d)}. We have Ry N Ry = ), and
hence (R1 NR2).R = 0 whilst R;.R = R2.R = {(a,d)}, and hence R;. R N R2.R = {(a,d)}.

1.23. 1. If R is left complete, then Ve,e’ € E,e R €. Hence, Ve,e' € E, ¢ R~ 'e, and so R~! is
right complete. The proof of the other case is symmetric.

2.(i) If Idg CR.R~! we have Ve € E, (e,e) € RR™L. As (e,e) e RR™! = 3¢’ : (e,¢) € R,
this shows that R is left complete. Conversely, if R is left complete, then for any e there exists
an ¢’ such that (e,e’) € R. We thus have that (¢’,e) € R™!, and hence (e,e) € R.R™L.
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2.(ii) Ifldg CRLR =R (R~ then R~} is left complete, and hence R is right complete
(see point 1).

3. If (e,¢/) € RNR! then (e,e’) € R and (e,e’) € R™1. So (¢/,e) € R™! and (¢/,e) € R,
and hence (e/,e) € RNR™L If (e,e’) € RUR™! then (e,€’) € R or (e,¢/) € R™1, and hence
(¢/;e) e R or (¢/,e) € R. Thus (¢/,e) e RUR™L.

4. If (e,e') € R1 NR2 and if (¢/,€”) € Ry N Ry then (e,e’) € Ry, (e,€') € Ra, (¢/;€") € Ry,
and (¢/,€”) € Rq. Because Ry and Ro are transitive, (e,e”) € Ry and (e,e”) € Ro. Hence,
(e,e”) € R1 NRo, which is thus indeed transitive.

The relation Ry = {(a,b)} is transitive because R? = () C R;. Similarly, Ry = {(b,a)} is also
transitive. Their union, R = {(a,b), (b,a)}, is not transitive because R? = {(a, a), (b,b)} is not
in R.

5. Assume that e Rt ¢ and ¢ RT ¢”. Therefore, there exist two integers i and j such that
e R' e and ¢’ R’ e”. We thus have (e,e”) € R C RT.

6. Because R C R, we have that if R # R* then RT ¢ R. Therefore, there exists at least
one integer 4 such that R*  R. Let ig be the least such integer. This integer g is strictly larger
than 1 because R = Idy C Rt and RI=R QEJF. Moreover, R?*~! C R. Because R Z R,
there exist eg and e;, such that egR*e;, and ey R e;,. Therefore, there exist ey, ..., e;,—1 such

that e; R ejqq for 0 < j < ig. We thus have e; Rio—1 €;i,, and hence e; R e;,. Because R is
transitive we have that eg R e;,, a contradiction.

1.24. If R were symmetric, we would have m =n + 1 <= n = m + 1, and that is impossible.
If it were reflexive, we would have n = n + 1. If it were transitive, we would have

m=n+landp=m+1=p=n+1.

We see that n R* m if and only if m = n + 4, and hence R is the strict ordering < on the
integers and R* is the large ordering < (see Chapter 2).

1.25. This relation is not transitive. For instance, 2 and 6 have a common divisor (2), 6 and 3
have a common divisor (3), but the only divisor common to 2 and 3 is 1.

1.26. 1. The relation R is symmetric if the matrix M is symmetric (i.e. if Vi, j, m; ; = m;;).
It is reflexive if there are only 1s on the diagonal, and it is irreflexive if there are only Os. It is
antisymmetric if Vi, j, m; ; # m; ;.

2. M" = Mp-1 is the transpose of matrix M : m; ; = m;;. M" = Mz is the matrix defined by
m;j =1-m; ;. If M = Mg and M’ = Mg/, M" = Mg g/ is the matrix defined by m;:] =1if
and only if 3k : miykm;w =1.

1.27. By Proposition 1.23, the least equivalence relation containing R and R’ is (R UR’) U
(RUR')"1)*. Because R and R’ are symmetric, R UR’ is symmetric and equal to (R UR')~L.

Because R and R’ are reflexive, R UR’ contains the identity, and (RUR’)* = (RUR/)T (see
Exercise 1.21).

1.28. We first show that if R C R’ then Ve € E, [e]gr C [e|r’. Indeed, €’ € [e]g = ¢/ R e =
¢ R' e =€ € le]r. Hence, E/R is a refinement of E/R’.

Conversely, we let e,e¢’ € E be such that e R ¢’ and show that e R’ ¢/. As e R ¢/, ¢ € [e|r;
since E/R is a refinement of E/R’, there exists ¢’ € E such that [e]g C [¢”]r/ . We thus have
¢’ € [e'|g and e € [¢"|r: (because e, €’ € [e]r), and hence e R’ €’ R’ ¢'.

1.29. 1. Straightforward.

2. Assume R is antisymmetric, and let x,y € E be such that = # y. Because z R y and y R x
cannot hold simultaneously, we can assume without loss of generality that = R y. There thus
exists X € F, \ F, (i.e. 3X € F such that x € X and y ¢ X), and hence | X N {z,y}| = 1.
Conversely, let x and y be two distinct elements of E and let X € F be such that | X N{z,y}| = 1.
For instance, x € X and y ¢ X (i.e. X € F, \ F,). Hence, x R y.
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3. Let 7,y € E be such that z R y (i.e. F, C F,). Let X € F, and X € (F\ F,) C (F\ Fo).
Then X € F, and we have that 7, C F,, and hence y R =.

4. If R is symmetric, it is an equivalence relation. We show that for all x € FE, we have
[z] = Nyxer, X Let y € [x]. We have x R y, and hence VX € F,,y € X (i.e. y € [xeczr, X)-
Conversely, let y € (xcx X. We have 7, C F,, and hence z R y (i.e. y € [7]).

Because F is closed by intersection, we deduce that Vo € E, [z] € F.

Letting X € F, we show that X is a union of equivalence classes. Let x € X. We have that
X € F; and thus [z] =y Y C X. We thus have X = (J,cx[z].

We deduce X = U,¢x[2]. Since F is closed by union, we have X e F.

1.30. 1. Commutativity of + and x is clear and associativity is easily checked. The units of +
and x are (0,1) and (1,1).

2. Reflexivity and symmetry are straightforward. Transitivity follows immediately from the
property : (a,b) ~ (¢, d) if and only if % = g in Q. But the goal of the exercise is the definition
of @, and so a direct proof of this result follows.

Assume that (a,b) ~ (¢,d) ~ (e, f). We have ad = bc and c¢f = de. Thus adf = bef = bde,
and because d # 0,af = be (i.e. (a,b) ~ (e, f)). Let us show now that ~ is a congruence.
Assume that (a,b) ~ (c¢,d) and let (e, f) € E. We have (a,b) + (e, f) = (af + be,bf) and
(¢,d) + (e, f) = (cf + de, df). Therefore,

(af +be) x df = adf? + bdef = bef? 4 bdef = bf(cf + de).

Hence, (a,b) + (e, f) ~ (¢,d) + (e, f), which shows that ~ is a congruence for + because this
operation is commutative. We show similarly that ~ is a congruence for x.

3. Let (a,b) € E. We have that (a,b) + (—a,b) = (ab — ab,bb) = (0,bb) and (0,
Hence, in £/ ~ the inverse of [(a,b)] for [+] is [(—a,b)]. The dlstrlbutivity of [x
easily verified.

Let [(a,b)] be an element of E/ ~ with [(¢,d)] as its inverse for [x]. We have that (a,b)
x (¢,d) = (ac,bd) ~ (1,1), and hence ac = bd # 0 and [(a,b)] # [(0,1)]. Conversely, if
[(a,b)] # [(0,1)] then a # 0 and (b,a) € E. We then have that (a,b) x (b,a) = (ab,ab) ~ (1,1),
and hence [(b, a)] is the inverse of [(a, )] for [x].

bb 1).
| ove +] is

Chapter 2

2.1. Because £= IdgU(R N R™1) is included in IdgU R and because R is transitive, we indeed
have ER.E CR.

2.2. The relation R is reflexive by definition.
If Rt y and y RT z, and if 2 # 3, then

tRy,yRz,yRz, xRy,

a contradiction. We must thus have that x = y, and the relation is antisymmetric.

To show the transitivity of R, it suffices to show that if 2 RT y and y RT 2, with « # vy, y # 2
and z # z, then x RT z. By the definition of R, we have

cRy,yRzx,yRz, 2R y.

Since R is a transitive relation, z R z. Assume that z R x ; we thus also have, by the transitivity
of R, z R y, which is excluded. Hence, z R = and thus = R' z
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2.3. First, we show a slightly stronger result than the mere existence of a linear extension,
namely :

if we are given two incomparable elements e and €’ in F, then there is a linear extension
<; of < such that e <; €'.

Note that if E does not contain two incomparable elements, then it is totally ordered and the
existence of a linear extension is clear.

We prove this result by induction on the number n of elements of E. If n = 0 or n = 1, the
property holds vacuously because E does not contain two elements.

We assume |E| = n + 1, with n > 0. With each element x of E, we associate an integer r(x)
defined as the cardinality of the set {y € E/y < x}. It is clear that z < 2’ = r(x) < r(a’).
Moreover, if r(z) > 0, there exists a y such that y < x. We easily deduce

Ve € E,r(r) >0= 32’ <z:r(z')=0.

We then let
_ { e ifr(e) =0,
Lo = .
x otherwise.
where x is an arbitrary element of E such that z < e and r(x) = 0.

By the induction hypothesis, there is a linear extension <} of the restriction of < to E \ {zo},
and it can be chosen such that e <} €’ if e # x5. We then obtain the required result by defining
=<} U{(z0,7) ) € E}.

Let <’ be the intersection of the linear extensions of <. We have that < C <’. If the equality
does not hold, then there must exist  and y (where x # y) such that z <’ y and = £ y. We
have that y £ x, because if y < x we would also have that y <" x and thus x = y. We have just
seen that it is possible to find a linear extension <; of < such that y <; z. As <’ C <4, we also
have x <; y and thus x = y, a contradiction.

2.4. 1. We have (z1,22) < (y1,y2) = mi(21,22) = x; < y; = mi(y1, Y2).

2. Let E = {a,b} with a <b. In E X E, (a,b) and (b, a) are incomparable.

3. Let b be the bijection from (E; x E3) x E3 to Ey X (Ey x E3) associating (z1, (z2, z3)) with
((x1,x2),z3). It is an isomorphism because

((z1,72),23) < ((y1,92),y3) <= (z1,72) < (y1,¥2) and 73 <3 y3
< x1 <1 Y1,%2 <2 Y2 and 3 <3 y3
<= z1 <1 91 and (22, 23) < (y2,¥3)
= (21, (T2,23)) < (Y1, (Y2, ¥3))-

Similarly,
(z1,22) < (y1,y2) <= 21 <1 y1 and x2 <3 Yo <= (T2, 21) < (Y2,91).

2.5. 1. Obvious.

2. Let By = {a,b} with a < b and Ey = {c,d}, where ¢ and d are incomparable. The
lexicographic ordering on Ey x Ej is {(ca, cb), (da, db)}. The lexicographic ordering on Ey X Es
is {(ac, be), (ac, bd), (ad, be), (ad, bd)}.

3. Let (z1,22) and (y1,y2) be in Ey x Ey. Because Fj is totally ordered, three cases are possible :

e 11 <1, and in this case (z1,22) < (y1,¥2),

. y1 < x1, and in this case (y1,y2) < (z1,22),

. x1 = y1, and, because Fj is totally ordered,
—  either x5 < yo, and then (z1,22) < (y1,¥2),
— orye <z and (y1,y2) < (v1,72).
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2.6. 1. Let E’ be an antichain having at least two distinct elements z and y. Because F is totally
ordered, assume that e.g. z < y. Then the relation < N(E’ x E’) contains the pair (z,y) and
cannot be equal to the identity.

2. It follows that an antichain of an ordered set, or the intersection of a chain and an antichain,
cannot contain two or more elements, because then we could find an antichain containing two
distinct elements x and y with z < y.

2.7. If x < y, then [z,y] contains = and y. If [z, y] is non-empty, then there exists z such that
x < zand z <y, and hence z < y.

2.8. Assume that no element of [x,y] covers z. We thus have
Vz € [x,y], 32" € [x,2] i x # 2" and 2z # 2.

In other words, Vz € [z,y], 32" 1z < 2/ < 2.

We can thus construct a sequence (z;);>0 of elements of [x,y] such that zyp = y and Vi > 0,
x < ziy1 < z; <y, contradicting the fact that [z, y] is finite.

2.9. By definition of the covering relation, < C < ; because < is a reflexive and transitive relation
and <* is the least reflexive and transitive relation containing <, we have <*C<.

Conversely, let us show by complete induction the property

*

Vn,Vx,y € E, z <yand |[z,y]| <n = x <*y.

Assume that x < y and |[z,y]| = n. By Exercise 2.8, there exists z such that x < z and z < y.
If z = y, we have  <* y. Otherwise, [z,y] C [z,y] \ {z} and |[z,y]| < n. By the induction
hypothesis, z <* y and thus x <* y.

2.10. 1. Consider the ordered set E obtained by adding to IN, equipped with the usual ordering
on the integers, an element a, incomparable to any other element. Let £/ = E. Element a is
indeed the unique maximal element of E’, but it is not the greatest element.

2. If F is totally ordered, then any finite subset has a unique maximal element which is also the
greatest element. The converse is false : the set F of Example 2.25, 2, is such that for any subset
having a unique maximal element, this maximal element is also the greatest element, but E is
not totally ordered.

2.11. The same proof as in Example 2.30, 3, shows that <’ is a well-founded ordering. This proof
shows that in general the lexicographic product of two well-founded sets is also a well-founded
set.

Moreover, =<’ is a total ordering because <; and <5 are total orderings.

2.12. 1. The ‘only if’ direction is clear. ‘If’ direction : we prove by induction on n that any
n-element subset has a least upper bound and a greatest lower bound.

2. The ‘only if” direction is clear. ‘If’ direction : let F' be any subset of E, and let Min(F’) be
the set of lower bounds of F', then the least upper bound of Min(F) is the greatest lower bound
of F.

2.13. Let x and y be two elements of e such that z < y. Clearly, sup( z,y}) = y, and the
continuity of f implies that sup({f(z), f(y)}) = f(y), and hence f(x) < f y)

2.14. 1. f(L) = L because sup()) = L and because f preserves the least upper bound of .
2. If f(L) = L, the least fixed point of fis L.
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2.15. Let (X;);>0 be a sequence of subsets of £ x E. Let Ry = Idg U R'(Uizo X;) and
Ro = Uz‘zo(IdE UR.X;). Show that Ry = Ro, which proves the continuity of f.

(r,y) E Ry <=z =yordz:x R z and (z,y)GUXi
i>0

< r=yordz:zRzand 3i:(z,y9) € X;.

(x,y) ERe <= Fi:x=yorJz:z R zand (2,y) € X;.

We see that these two conditions are equivalent.

The least element of P(E x E) is the empty relation ) g. By Theorem 2.40, the least fixed point
of fis Upso f ¥(0g). The result is then immediately deduced from the identity

FY0E) = Idg URUR? U --- URF.

This identity is easily proved by induction. Indeed,

fr(0g) =Idg UR.Dg = Idg,
F2(0p) = f(Idg) = Idp UR.Idg = Idg UR,

f**2(0p) = fHdg URUR*U---URF)
=Idp UR.(Idg URUR2U---URFK)
=IdpURUR2U---URFURFTL,

2.16. Because x My < z and v My < y, we also have that z My < 2’ and z My < v’ and thus
x My is less than or equal to the greatest lower bound z’ My’ of 2’ and ¥/'.

Similarly, ' < 2’Uy" and v’ < 2’ Uy, and hence < /Uy’ and y < 2’ Uy'. Thus x Uy < 2’ Uy .

2.17. 1. We must show the identity

ged(z, lem(y, 2)) = lem(ged(x, y), ged(y, 2)) .

We decompose x, y and z into products of primes. We can thus write

T =py°pit PR,

y=p5 Pt o,

T =po'prt o
where po,p1,...,pr are the k 4+ 1 first primes, and where their exponents are positive or null
integers. The fact that pg°p{* - - - pp* divides pgo pljl pzk can hence be written as : Vi, a; < b;.
We can thus also represent the number 0 in this form (even though it is not a product of primes)

by assuming that all exponents are infinite.

Moreover, the lem of the two numbers pg°p{* - - - pi* and pgo plfl e pZ’“ is equal to

sup(ao,bo), sup(ai,b1) sup(a,br )
Do D1 Dy
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and their ged is equal to
pionf(ag,bo)pilnf(al,bl) » ‘piknf(ak,bk)‘

We thus have to show that for any three integers, possibly equal to co, we have
inf(n,sup(m,r)) = sup(inf(n, m), inf(n,r)) .
Without loss of generality we can assume m < r. In this case inf(n, m) < inf(n,r) and

inf(n, sup(m,r)) = inf(n,r) = sup(inf(n, m), inf(n,r)) .

2. If the lattice is complemented, then for any integer n there exists an integer m such that
ged(n,m) =1 and lem(n, m) = 0. Let n > 1; then we must have that m # 0, because otherwise
n would be a common divisor of n and 0. On the other hand, the lcm of two numbers must
necessarily divide their product ; thus nm divides 0, and this implies m = 0, a contradiction.

2.18. 1. If R; and Ry are two equivalence relations, then R1 MRy = R1 NRs and Ry LURs is
the least equivalence relation containing R, and Ry (see Exercise 1.27).

2. Consider the three equivalence relations =, =2 and =3 on F = {a,b,c} whose equivalence
classes are, respectively :
{a,c}, {b}

{a, 0} ,{c}
{b,c},{a}
It is easy to see that (=1 N =2) = (=1 N =3) = Idg. The least upper bound of the two

equivalence relations =; N =5 and =; N =3 is thus Idg. Since a =2 b =3 ¢, the least upper
bound of the relations =, and =3 is the full relation, whose intersection with =; is =¢. Thus :

= N(=U=3) # (=N=)U(=1n=;)

and the lattice of equivalence relations is not distributive.
3. Although it is not distributive, the lattice of equivalence relations is nevertheless complemented

(but the complement is not unique). Let = be an equivalence relation on E. With each
equivalence class C' we associate an arbitrary element z¢ of that class. Let X be the set of
these elements. We thus have Ve € E, | X N [e]=| = 1.

Let =’ be the equivalence relation whose classes are X and {y} for any y € E\ X. Then
= N ='= Idg. Indeed, let e and €’ be such that e = ¢’ and e =" ¢/. Because e =" ¢/, if e ¢ X
then e = ¢/, and if e € X then ¢’ € X and {e,e’} C X N [e]=, and hence e = €’. On the other
hand, the least upper bound of the relations = and =’ is the full relation. Indeed, let y; and ys
be any two elements of E. Let, for ¢ = 1,2,

,_{yi if y, € X,

Yi rpy,— otherwise.

We then have : y; = y] =" v5 = yo.
219. v(L)=v(LH)UL=T,v(T)=v(T)NT = L.

2.20. We assume that there exists an element x such that x = v(x). We then have :

r=zNzx=zNv(z)=1,
-7

r=zUz=zUv(x) .

Hence 1 = T, a contradiction.
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Chapter 3

3.1. The case r = 1 is clear for S,, and was studied in Example 3.3 for T,. Let r # 1. We

n+1l _ 1
consider the property P(n) : ‘S, = ril ’. We verify
r —
r—1
P0): Sy=r"=1= :
) 0=r r—1
Let n > 0. We assume that P(n) is true and we verify
n+1 _ 1 n+2 _ 1
Pn+1): Sppr=Sp+rmti=" "2 T T2
r—1 r—1

n+1

We thus deduce that Vn > 0, S,, = Til The proof is similar for T,,.

3.2. 1. Let P(n) be the property ‘S, = 2n* — n®. P(1) is true because S; = 1 = 2 — 1.
Let n > 1. We assume P(n). We have S,11 = S, + (2n + 1)3 = 2n* — n? + (2n + 1)3
=2t + 83 + 11n?2 +6n+1 = 2(n + 1)* — (n 4+ 1)2. Thus P(n + 1) is true. We deduce
Vn > 1, P(n).

2. We note that T} = %,TQ = %—i— 1—15 = % and T3 = %—i— 1—15 + % = % We guess the property

Q(n) : ‘T, = 5 7:_ 1’ that we prove by induction.
n

We have already verified Q(1), Q(2) and Q(3). Let n > 1 be such that Q(n) is true. We have

Toor =Tt = :
THTIE T 12 -1 2n+1 ' (2n+1)(2n+3)
2n2 4+ 3n + 1 n+1

2n+1)(2n+3) 2m+3°
Hence Q(n + 1) is true. We deduce that Vn > 1, Q(n).

3.3. 1. We have P(z +1) — P(z) = 2> + (2a + 1)z + (a + b+ 1/3). The property is thus verified
ifand only if2a+1=0and a+b+1/3=0,i.e. a =—1/2 and b = 1/6.

2. We prove this by induction on n. Let Q(n) be the property ‘P(n) is an integer’. P(0) = 0,
and hence Q(0) is true. Let n > 0 and assume Q(n) is true. P(n + 1) = P(n) + n?, and hence
Q(n + 1) is true. We deduce Vn > 0,Q(n).
3. We prove by induction the property R(n):S,, = P(n+1). Sg =0 = P(1), and thus R(0) is
true. Let n > 0, and assume R(n). We have S, 41 = S, +(n+1)? = P(n+1)+(n+1)? = P(n+2),
and hence R(n + 1) is true. We deduce Vn > 0, R(n).

nn+1)2n+1) 1 4

1 1
Finally, G =3n + §n2 + g = P(n) +n*=P(n+1).

3.4. By induction on n. Let P(n) be the property ‘VA C {1,2,...,2n} such that |[A] > n + 1,
Jda,b € A such that a < b and a | b’, where the relation | means ‘divides’, i.e. a | b <= (Jc €
IN,b = ac).

We verify P(1) :if A C {1,2} and |A| > 2 then A = {1, 2} and the pair (a,b) = (1, 2) is suitable.
For n > 1 we assume P(n) and show P(n+1). Let A C {1,2,...,2n+2} be such that |A| > n+2.
Let B=AN{1,2,...,2n}. If |B] > n + 1 then by hypothesis Ja,b € B C A such that a < b
and a|b. Otherwise, {2n + 1,2n + 2} C A must hold. If n +1 € A then the pair (n + 1,2n + 2)
is suitable. Otherwise, |[BU{n +1}| > n+ 1 and Ja,b € BU{n + 1} such that a < b and alb.
Necessarily, a # n+ 1. If b # n 4+ 1 then a,b € A are suitable. Otherwise, a,2n + 2 € A are
suitable because a|b and b|(2n + 2). Finally, P(n + 1) is true and we deduce ¥n > 1, P(n).
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3.5. We show this result by induction on 7. If i = 0 then, since R° = Idg is the unit of the
product of relations, R7 = RO.RJ. We assume that R**/ = R*.R’. Since the product of relations
is associative, Ri*! = R.R?, we have

R RI — RRIRI = RRIHT — Rit+1+7

3.6. 1. Let n € IN. We assume P(n) : 3k € IN, 10" — 1 = 9k and we show P(n + 1). We have
10" —1 =10(10"—1)+10—1 = 9(10k+1) and hence 9 | 10"*! —1. The proof is similar for Q :
we assume Jk € IN, 10" + 1 = 9k and we deduce 10"T1 +1 = 10(10" +1) — 10+ 1 = 9(10k — 1).

2. P(0) is true because 10° — 1 = 0 = 9 x 0, and hence ¥Yn > 0, P(n). Q(0) is false because
10° + 1 = 2. Hence, we can draw no conclusion. In fact we will show that ¥n > 0, Q(n) is false.
More precisely, we show that R(n) : ‘the remainder of the division of 10™ + 1 by 9 is 2’.

R(0) is true because 10°+1 = 2. Let n € IN be such that R(n) is true : 3k € IN, 10" +1 = 9k + 2.

We show R(n+1) : 10"+ 41 = 10(10" + 1) — 10+ 1 = 90k + 11 = 9(10k + 1) + 2. Thus Vn > 0,
R(n).

3.7. In fact the inductive step (I) holds only for n > 2. An individual number n is indeed a
member of G, but in order for it to also be a member of G, it is necessary (and sufficient) that
n be greater than or equal to 2. We have thus shown P(1) and ¥n > 2, P(n) = P(n+1). We
can draw no conclusion.

3.8. Let P be a property depending on n. If P verifies (B) and (I), then P verifies (I') : indeed,
(B) and (I) imply that Vn, P(n), and hence (I') is true.

Conversely, if P verifies (I'), then :
e P verifies (B) by Remark 3.5, 1, and hence P(0) is true,

e P verifies (I) : otherwise, In, =(P(n) = P(n+1)) (see Chapter 5). Let ng be the least n
such that (P(ng) = P(ng + 1)) is false ; we then have : (Vk < ng + 1, P(k)) and =P (ng + 1),
which contradicts (I').

On structures more complex than IN, the second induction principle is more powerful than the
first one. In fact, the first induction principle may even not hold, as is shown by the next example.
Consider the set 2w = {0,1,2,...,w,w + 1,w + 2,...}, consisting of two consecutive copies of
IN. Let P(x) be the property ‘z is finite’. P verifies (B) and (I), but P is false on 2w, because
P(w), P(w+1), etc., are false. On the other hand, P does not verify (I'), because Vk < w, P(k),
whilst P(w) does not hold.

3.9. 1. Here, induction is not needed ; it suffices to expand and simplify.

2. We prove by induction the property

P(m): ‘Gne€IN, Jeq,e9,...,6, € {—1,1}, m=ce112 +e922 +---+e,n%".

P0): 0=124+22 3244252 2472,

P(1): 1=12,

P(2): 2=—12-22 32442

P(3): 3=—12422

Let m > 4; assume that Yk < m, P(k). P(m — 4) is thus true :

In €N, Je1,60,...,6, € {=1,1}, (m—4) =112 + 922 +--- +,n?.

We deduce m = e112 + 922 + .-+ e,n* + (n+ 1) — (n+2)? — (n+ 3)* + (n + 4)? and hence
P(m) is true.

Using the second induction principle, we can deduce Vn > 0, P(n).
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3.10. One implication is straightforward. If p,q € IN exist such that u = wP et v = w?, we have
w-v=wPt =y u.

The converse implication is proved by induction on |u| + |v|. That is, we consider the property
P(n) : Yu,v € A* such that |u| + |[v] = n we have v -v =v-u = Jw € A*, Ip,q € N :
u = wP and v = w?’. We use the second induction principle on IN. Let n € IN. We assume that
Vk < n, P(k) is true. Let u,v € A* be such that |u| + |[v| = n. By symmetry we can assume
|u| < |v|, and hence figure 15.2.

Figure 15.2

u is thus a prefix of v. If w = € or u = v, then we obtain the result by letting w = v. If v is a
proper prefix of v, let v € A* be such that v = uv’. We easily verify that v'u = v = wv’. As
|v'| < |v|, we apply the induction hypothesis to the pair (u,v") : Jw € A*, Ip,q € IN such that
u=wP and v’ = w9. Since v = u - v’ we deduce v = wP*9, and this concludes the proof.

3.11. We show, first, that L* = L - L* U {e}. Indeed,
L* = UpsoL™ = LU (UnZan) = (e} U (unZOL : L”) —{c}UL L*

We deduce that L* - M = {e}- M UL - L* - M. Therefore, the language L* - M is a solution of
the equation X =L - X U M.

We now show that this solution is unique. Let X C A* be such that X = L - X U M. In
order to show that L* - M C X it suffices to prove that YVn € IN, L™ - M C X because
L*-M = {J,5oL" - M. Hence, we show by induction the property P(n) : ‘L™ - M C X'
We have LO- M ={e} - M =M C MUL-X = X. Thus P(0) is true. Let n € IN and assume
that P(n) holds. We have L"*' - M =L-L" M CL-X CL-XUM = X. Thus P(n+1) is
true.

Conversely, we prove by induction the property
Q(n): ‘(weXand|w/=n)=welL* M,

which will prove the reverse inclusion. We use the second induction principle. Let n € IN. We
assume that Vk < n,Q(k) is true. Let w € X be such that |{w| = n. Since X = L - X U M,
two cases may occur. Either w € M and we have directly w € L* - M since M C L* - M.
Moreover, w € L - X and 3(u,v) € L x X such that w = u - v. Since € € L, we obtain |u| > 0
and hence |v| = |w| — |u| < |w|. By the induction hypothesis, we have v € 'L* - M. Therefore,
w=wu-veEL-L*-M C L*- M. This proves that Q(n) is true and concludes the proof.

3.12. In order to prove that X C BT, we show by induction the property P(n) : ‘ BT, C X .

BTy is reduced to the unique element of the basis of the inductive definition of BT, and hence
BTy C BT and P(0) is verified. Let n € IN, and assume P(n) is true. Let a € A and let
l,r € BT,. By the induction hypothesis, BT,, C BT. Thus applying the inductive step of the
definition of BT we obtain (a,l,r) € BT. Hence,

{(a,l,7)/a€ A l,r e BT,,} C BT.

We deduce BT,,+1 C BT by again using the inductive hypothesis : BT,, C BT. Therefore,
Vn € IN, BT,, € BT and thus X = J, . BT, € BT.

Conversely, in order to show that BT C X, it suffices to prove that X verifies the conditions
(B) and (I) of the inductive definition of BT

(B) 0 e BT, C X.

(I) Letl,r € X,n,m € IN exist such that g € BT,, and d € BT,,. By symmetry, we can assume
that m < n. Since BT, C BT,, we deduce [,r € BT, , and thus Va € A, (a,l,r) € BT,,+1 C X.

Finally, we have proved X = BT.
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3.13. We denote by < the prefix ordering on A*. We saw in Example 3.13 that Vr € D,
[(x) = r(x). We consider the property P(z) : Vy € A*, y < x = I(y) > r(y)’. We show by
induction that the elements of D verify P. Clearly, P(e) is true. Let € D be such that P(x)
holds, and let y be a prefix of (x). We distinguish three cases :

e y=cory=(.Wethen have l(y) > r(y).

o y=(y with ¢ prefix of z. We then have [(y) =1+ 1(y") > 1+ r(y) > ry) =r(y).

o y=(z). We then have l(y) =1+ (z) =1+ r(z) = r(y).

We show similarly that if z,y € D verify P then x -y verifies P. We deduce that D C L.

Conversely, we show by induction on |z| that + € L = x € D. We thus consider the property
Q(n) : Vx € A* such that |z| = n, we have x € L = = € D’. We use the second induction
principle. Let n € IN. We assume that Vk < n, Q(k) is true. Let = € L be such that |z| = n. If
n =0 then x = ¢ € D. We thus assume n > 0. We denote by y the least non-empty prefix of z
such that I(y) = r(y) ; we thus have y € L. We distinguish two cases :

. ly| < |z|. Let z € A* be such that x = y - z. We easily verify that z € L. Moreover, because
y is non-empty we also have that |z| < |x| = n. By the induction hypothesis we deduce y, z € D.
Using the inductive definition of D we obtain x =y -2 € D.

e |y| = |z|. In this case, we show that z = (z) with z € L. Let z; and xz,, be the first and
last letters of z. We have z1 < x and thus {(z1) > r(x1), which imply z1 = (. As I(z) = r(z),
we necessarily have that n > 2. Let z € A* be such that z = z1zx,. We have 12 < x and
thus I(z12) > r(z12). As I(z) = r(z), we deduce z, :) and [(x1z) = r(x1z) + 1. Because
z1 = ( we also have that I(z) = r(z). Finally, let 2z’ be a prefix of z. z12" is a prefix of
x, and hence [(z12) > r(xlz) nce y = x we must have that l(x12") > r(z12’), and thus
l(z ) =1(z12") =1 > r(z12") =7(2 ) We have thus shown that 2’ € L. Since |2’| < n, we deduce
that 2z’ € D and, consequently, z = (') € D.

Finally, we have shown Vn € IN, P(n), which means that L C D.

3.14. 1. We proceed of course by induction. The desired property is
P(x): ‘n(z) < 2M® —1

The unique element of the basis is the empty tree and we have 27(®) —1 =20 —1=0 > 0 = n(0).
Let z = (a,l,r) and assume P(l) and P(r). We have

n(x) =1+n(l) +n(r)< 2" 4 200 1 < 9 x gmaz(hD:h(r) 1 — oh(=)

2. We proceed in the same way as for the property Q(z) : ‘f(z) < 2M®)~1 Because of the
definition of the function f, we must directly verify ) for the empty tree and for the tree
reduced to a single element.

° f(@) =0< 9-1 — 2h(®)717
o f((a,0,0)) =1 =20 = 2h((a0.0))=1
We then verify the inductive step. Let x = (a,l,r) € BT with g # () or d # () and assume Q(/)
and Q(r). f(z) = f(I) + f(r) < 2MO=1 4 (=1 < 9 5 gmaz(h()h(r))=1 — gh(z) _ |
3.15. 1. The inductive definition of the set SBT is
(B) Vac€ A,(a,0,0) € SBT,
(I) l,re SBT = Vac€ A, (a,l,r) € SBT.
2. Let P(x) be the property ‘n(zx) = 2f(z) — 1.
e VacA ifz=1(a00) thenn(z)=1=2x1-1=2f(z)— 1.
e Letl,r € SBT be such that P(l) and P(r) hold. Let a € A and = =

n(@) =1+n(l) +n(r) =1+2f(1) =1+2f(r) =1 =2(f) + f(r )
Vax € SBT, P(z) is true.

(a,l,7). We have
2f(z) — 1. Hence
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3.16. 1. The inductive definition of the set BBT is
(B) 0 € BBT,
(I) if l,r € BBT verity |h(l) — h(r)| < 1 then Ya € A, (a,l,r) € BBT.
2. We show by induction the property P(z) : ‘n(x) > up(s)’
(B) n(0) =0 =up = up(p)-
(I) Let I, € BBT be such that |h(l) —h(r)| <1 and P(l) and P(r) hold. Let a € A and
z = (a,1,r) € BBT. We thus have n(z) = 14+ n(l) + n(r) > 1+ upq) + unr)-
o If A(l) < h(r) then we have h(z) = h(r) + 1 and h(l) = h(r) — 1 = h(z) —
Thus n(x) > 1+ Upz)—2 + Un(e)—1 = Un(z)-
e  Similar proof if h(l) > h(r).
e If h(l) = h(r) then h(z) = h(l) + 1 = h(r) + 1. Thus

n(x) > 14 2upzy—1 > 1+ Up@z)—1 + Un(z)—2 = Un(a)

because the sequence (uy)neN is monotone increasing.

In all three cases we have thus verified P(z). We deduce that Vo € BBT, P(x).

3.17. 1. The proof is by induction. Denote by P(L) the property ‘L € Rat’. We show that
VL € Rat, P(L) is true.

(B) 0 =0 € Rat and Va € A, fav} = {a} € Rat. Thus P(L) is verified for any language L of
the basis of the inductive definition of Rat.

(Iy) Let L, M € Rat be such that P(L) and P(M) hold. We have LU ‘UM = LU M. By the
hypothesis, L, M e Rat, and applying (I;) we obtain L U UM € Rat.

(I) Let L, M € Rat be such that P(L) and P(M) hold. We easily verify that L - M = M - L.
Applying the hypothesis and (Iz) we obtain L - M € Rat.

(Is) Let L € Rat be such that P(L) is true. We have L* = L* € Rat (hypothesis and (I3)).

We thus have proved : VL € Rat, L € Rat.

2. The proof is similar. Let Q(L) be the property ‘LF(L) € Rat’. We show that VL € Rat, Q(L)
is true.

B) LF(0) = (0 € Rat and Va € A, LF({a}) = {c,a Rat since = (* € Rat (I3) and
%6,)0,} = ({5)} U {a}ee Rfmt (B andell). (a}) = {e,a} € Rat te} € Rat L)

(I) Let L, M € Rat be such that Q(L) and Q(M) hold. We have
e LF(LUM)=LF(L)ULF(M) € Rat (induction hypothesis and 1),
e LF(L-M)=LF(L)U(L-LF(M)) € Rat (induction hypothesis, I; and I,),
e LF(L*)=0L"-LF(L) € Rat (induction hypothesis, Iy and Is).

We have thus proved : VL € Rat, LF(L) € Rat.

3.18. The mirror image is a mapping from A* to A*. In order to define it inductively, we use
the inductive definition of A* given in Example 3.9. We obtain

~ {5 if u=e¢,
U= -
a-v fu=wv-a.

3.19. 1. Q(e) holds and @Q(x) holds implies that Q(ax) holds.

2. g((a1),y) = (a1y).
3. We check by induction that

9((an(@n1(--(@1).. ) y) = gle (@1l (@n1(any)) - )))-
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This is clear for n = 0. Moreover, assuming it holds for n,

9((@nsr (- (a2(a1)) - ). 9) = g((@n(.. . (az(a1)) -.)), (ans19))
= 9(5, (ar(az(... (an(an+1y)) .. ))))

4. Let rev(xz) = g(z,e) with
9(e,y) =y
g((al),y) = g(l, (ay))-

Hence,

rev((ar(az(... (an)...)))) ((a1(az(... (an)...))),€)

=9
=g(e, (an(... (az(a1¢))...))) = (an(. .. (a2(ar))...)).

In Exercise 3.18, even though the strings of X were generated in the form
((...(a1(a2))...an—1)a,), where the parentheses are added for outlining the structure im-
plicit in Example 3.9 part 2, A* is endowed with an associative concatenation and the mir-
ror is defined as a mapping from X into A*. Here, the lists of L are generated in the form
(ar(az(...(an(ans1))-..))) by prefixing with letters of A, and, since rev is a mapping L — L,
the only operations available in L are the prefixings by a letter of A. Thus rev must be defined
in terms of these prefixings only, and hence the more complex definition.

3.20. IN x IN* coincides with the subset X of IN x IN inductively defined by
(B) VY(n,m) e N*n <m = (n,m) € X,
I (mym)eX = (n+m,m)e X.

This definition is induced by the inductive definition given for the modulo function. It is obviously
not the most natural definition of IN x IN*.

3.21. The function gcd is defined by

n if m=20,
m if n=20,
ged(n —m,m) if0<m<n,
ged(n,m—n) if0<n<m.

ged(n,m) =

The corresponding definition of X is

(B) VneIN\ {0}, (0,n) € X and (n,0) € X,

I) (nym)eXandm#0 = (n+m,m) € X,
(nym)e X andn#0 = (n,m+n) € X.

3.22. We have

0 if =0,
M@:{1+mn+mﬂ if 2= (a,l,m).

0 if z =0,
)= { 1 if 2 = (a,0,0)
I(g)+1(d) ifz=(a,g,d) with g # 0 or d # 0.

3.23. The inductive definition of the preorder traversal of a binary tree is

c if =0,
Pref(x) = {a - Pref(l) - Pref(r) if z = (a,l,7).

3.24. By Proposition 3.27, it suffices to show that C(kIN) C kIN. If n € C(KIN), p and ¢ exist
in kIN such that n = p + ¢. But p = kp’ and q = kq¢’, and hence n = k(p’ + ¢') € kIN.
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3.25. C(X) is the convex hull of X

1. C is clearly monotone increasing ; it is finitary by definition, because z € C'(X) implies that
there exist a,b € X such that x € [a,b] = C({a,b}).

2. C(AU B) is C-closed and contains A, and hence C(A U B) contains C(A) ; symmetrically,
C(A U B) contains C(B); and thus, again because of the closure property, C(A U B) contains
C(C(A)uC(B)).

3. By 2, V[a,b] € C(Upegnx) C(F)), 3F1 € fin(X), with

aojcCE)c |J CF)

Fefin(X)

which is thus C-closed.
4. C'is monotone increasing ; it is also finitary, since by (3) C(X) = Uresincx) C(F) and because

e VFefin(X),C(F)CC(X)and
o Urchinx C(F) is a C-closed set containing X.
5. Yes, because the proofs of 2 — 4 do not depend on the explicit definition of C'.

3.26. C'(C(Fy)) = (C ) U Fy) C ) because C(Fp) is C-closed and contains Fp.

~

Moreover, §) C C(Fp) hence C’(@) C(Fp) by Proposmon 3.27.

We verify that Fy C C'(Fy) and C(C'(Fy)) € C'(Fp) similarly, hence, by the same Proposition,
3.27, C(Fy) € C'(0).

3.27. Since C is finitary, £ = U,enEn, and we verify by induction on n that E, C T, Vn € IN.
We might also note that C'(7) C T (by the definition of T), and hence 7' is C-closed ; because
T contains Fgy, T also contains its closure F.

Moreover, since T is the least set verifying conditions (B) and (I) of Definition 3.14, and E also
verifies these conditions, T' C F.

3.28. Let R be a subset of U x V. We define
= J{(f(or,.. ., 00) hpvr,.. . 00)) [ (0,05) €R, f € i}

>0
Then T is finitary.

Let Ry = {(/, )/ € Fo} and let R = I'(Ty). Let P = {0/ there exists a unique

h(f)
v: (0,v) € R}. Then C(F,) C P. By the universal induction principle it suffices to show that
Fo C P and C(P )gP

1. IfFeF,, (fv)eR (f,v) € Ry. Let Ri11 = R;|JT'(R;) and let i be the least integer
such that (f,v) € R;. If i = 0 the proof is complete. Otherwise (f,v) € R; and (f,v) ¢ R;_1,
and hence (f,v) € F(Ri_l). But if (0,v) € T'(R;-1), then 0 = f,(01,...,0,) with f,, € F,, and
f # o, a contradiction.

2. If f € Fy then (f,h(f)) € Ry, and if (f,v) € R then (f,v) € Ry ; hence v = h(f) and
Fy CP.

3. Let e e C(P). Then e = f(e1,...,e,) with e; € P and hence there exists a unique v;
such that (ej,v;) € R; but then (e, hf(vy,...,v,)) € T(R) C R. If (e,v') € R, we again
consider the least i such that (e,v’) € R;. Because e ¢ Fy,i > 0 and (e,v’) ¢ R;_1, and hence
(e,v") € T'(Ri—1)(e, v):(f(el,..., n)hf(vl,...,v;)) with (e}, j) € R;. We deduce that
f=f,n=n',and e; = € ; hence, since e; € P, we have that v; = v; and v' = hg(v1,...,vp).

Then let h*(e) be equal to the unique v such that (e,v) € R, and it is easy to check that h*
verifies the required properties.
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3.29. 1. We show by induction that F; = {1,...,i}. Ey = {1}, and if E; = {1,...,i} then
Eii1=FE,UC(E;)=FE;U{2,...,i+1}={1,...,i+1}.

2. Let E be its limit. We thus have, by Proposition 3.30, E C C({1}) and hence C(E) C C({1}).
As F is infinite, 0 € C(E), and hence N = {0} UE C C({1}).

3. Since E C C({1}), C is not finitary. Indeed, let X be infinite, then 0 € C(X) and for any
finite subset X’ of X, 0 ¢ C(X').

Chapter 4

4.1. Let us recall our hypotheses.

No:xUx=ux,
Ny:zM(yUz)=(zNy)U (zNz),
N{:(zUy)MNz=(zN2)U(yMNz),
Nog :xM T =z,
Ny:zUl=zx=1lUx,
Ny:zMNz=1LandzUZT=T.

1. Let us first show that M is idempotent. Using N3, N4, N7 then again N4, and Na, we obtain

zNz=(xNz)ULl=(Nz)U(zNZ)=zN(zUZ)=2NT =u=z.

T Mz = x also holds since, using Ny, Ni, N|, Ny and N3,

TNz=(zUTZ)Nz=(zNzx)U(zNZT)=2UL ==
Using Na,, N4, N1, N{, we obtain

TUz=(TUx)NT=(TUz)N(xU7T)
=(TUx)Nz)U(TU2)NZ)=((zU(zMNx))U(TU (zNT)).

Using N{, No, N4 and N3, we obtain

(zU(zNz)U(ZU(zNZ)=zU(zUL)=2Uz=T.

Similarly,
(z2UT)=(zUT)N(zUT)=2zUT=T.

2. Let us assume that y Mz = 1 and y Uz = T. Using Nap, Ny, Ni, Ny and N3, we obtain
T=TNz=@wWUx)NZ=(yNZ)U (xNZ) =yNTz,
and, using Na,, Ny, N1 and Ng,
y=yNT=yN(zUZ)=@wNa)U(yNz)=LU(yNZ)=yMNZ.
By Ny, it follows that z = 7.
3. Using Ny, N3, N1, Ny and N3, we have

l=zNz=zN@ZUl)=(Nz)U(xNnl)=1luU(znl)=znl.
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As z =7, we also have Tz = 1 and
l=zMNz=(Ul)Nz=(ZNz)U(LNz)=LUu(LNz)=L1LNz.
4. These four equalities can be proved in similar ways, so we check only one of them :
z=xzN0T=zMN(TUy)=(NT)U(xzNy)=zU (zNy).

The associativity of LI then follows :

(zUy)Uz=((zUy)Uz)N(zUT)=((zUy)Uz)Nx)U ((zUy)Uz)NT)

= (zUy) N2)U(zN2)) U ((xUy) NT)U(:N7) =20 ((yN7) U(zN7)),
zU(yUz)=(zU(yUz2)N(zUT)=((zU(yUz2)Na)U(zL (yUz))NT)
=zU((zN2)U((yUz)Nx)=2zU((yUz)Nz)=2U((yMNZ) L (2M17T)).

and also the commutativity :
(zUy)N(yuz) =((zUy)Ny)U((zUy)MNz) =y,
(Uy)M(yUz) = (zMN(yUz)U(yN(yUz)) =zUy.
Using Ny and N7, together with the associativity and commutativity of LI, we obtain
(zUy)N(zlz)=azU(zNy)U(zMNz)U(yM2)

and this is equal to z U (y M z) by Ns.

5. In order to show that xTTy = T U7, it is enough to show that (Z LU7y) M (xMy) = L and
(ZUy) U (zNy) = T. The following holds :

Uy N(zny) = @0 (zMy)UFN(zny)).

Since x =z U (zMy), and y = y L (z My) we obtain

and therefore
ZzUy)N(zNy)=1LULl=1.

The following also holds : y= TNy =(xUZ) Ny = (xMNy)U(TM7y), and so
gUNy) =(@NHUENHU(MNy) = (@NFUy)UENg) =2U@N7)

and therefore
TUyU(zNy)=ZzUzU(zNy)=TU(ZNy) =T.

We can easily deduce that z Uy =Z Uy =2y hencex Uy =T MN7.

We thus obtain yMae =yUz=oUy =aMy and

(zMNy)Nz=(xNy)Uz=zUyUz=ZU(yMNz)=2MN(yMz).

4.2. 1. Multiplying x = ax + bT by x, we obtain zx = axx + bxz, i.e. * = ax, whence z < a.
Multiplying by T, we obtain 0 = bZ, and since b = b(x + T) = bx + bx, b = bx holds, therefore
b < x also holds.

Conversely, If b < x < a, we have © = ax and b = bzx, whence bx = bxT = 0, and therefore
ar+bT=x+0=r=x.
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2. Multiplying axz + bx = 0 by x, we obtain b = 0 and we have just shown that this implies
b < x. Multiplying by z, we obtain ax = 0, and this implies < @ for the same reasons.

Conversely, b < x implies bT = 0 and z < @ implies ax = 0, whence azx + bT = 0.
3.(1) Multiplying = au + bu by EE, we obtain @bx = abau + abbu = 0. As © = au + bu,
Z = (a+u)(b+u) = ab + au + ub, and multiplying by ab we obtain abz = 0. Therefore,

abx + abT = 0, and, applying the Schroder formula, ab < x < ab=a +b. As b < a, ab= b and
a + b = a, the result follows.

3.(ii) Let us assume that b < 2 < a and bz < v < @+ . Since u = u(bx + bx) = u(bxr + b+ T)
and bxr < u, we obtain u = bz +ub+uZ. Since u < @+, u = u(@+z) = ua+ur and T = Ua z.
Letting y = u and 2z = uT, u = bx + by + az holds. It follows that @ = (b+ )(b+ ¥)(a + Z) and
therefore

au + b = a(bz + by + az) + b(b+7)(b +7)(a + %)

= abx + aby + by(a + %)

Since b < x < a, we have in particular b(a + Z) = b, and we can simplify :

au + bu = abz + aby + by(a + z)
=bx + by + by
=bxr+b.

Since b < z, we conclude b = bz and bz + b = bx + bx = x.

4.3. By definition z < y if and only if Uy = y, and h(z) <" h(y) if and only if h(x)U'h(y) = h(y).
Now h(z Uy) = h(x) U h(y).

Let E be a set. The mapping h from P(FE) to itself defined by

0 if X =10,
E  otherwise,

h(X) = {

is a monotone mapping for the inclusion ordering. It is not a homomorphism of Boolean algebras,
because, if X is different from 0 and F, then h(X) = h(X) = E, which contradicts the equality
0 =h0)=nhXNX)=hX)N(X).

4.4. Let us first show that E’ is a distributive lattice. To this end, it suffices to show that E’
is closed under the sum and product operations, and that e is the maximal element of E’. We
have

r=ze,y=ye — z+y=zxze+ye=(r+y)e,

TrT=xe,y=yYe =— TY = TeEye = Tye,
r=zxze — x<e.

Let us next show that E’ is complemented.
. xx = zxe = 0e = 0,
. r+T=xe+Te=(r+T)e=1le=ce.

Last, it is easy to check that h is a homomorphism by just writing down the definitions.

4.5. We first prove the lemma : if X is a subset of F', then

> (Hg(x) I1 sl(x)): [T (9(@) +g(x)) = 1.

YCX \zeY zeX\Y z€X
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The proof is by induction on the cardinality of X. If X is empty, the least upper bound
> (s T o)
YCX \zeY zeX\Y

coincides with the least upper bound of the empty set which is equal to 1.
Let y be an element of F' which is not in X. We have

zeXU{y} zeX

= (9) +9()) > (Hg(w) 11 g(%))

YCx \zey 2EX\Y
= > W [To@ I 9@+ > 6w [[e@ ] 9@)
YCX z€Y zeX\Y YCX z€Y zeX\Y
=z( I oo II g<x>)+z(ng<x> I g<>)
YCX \zeYU{y} zeEX\Y YCX \azcy ze(XUfy})\Y
- (Hgm I g<>)
YCXU{y} \z€Y zeX\Y

Let us now define the mapping h. Let h(0)) = 0 and, for X € F, X # (), let

h) = 3 (Hgmﬂg(x))

Xex \zeX z¢X

and this is an element of B.
By the lemma, we have h(P(F)) = ZYQF (ery g(x) erF\Y g(:z:)) =1.

We also have

hGi(y) = Y ( IT 9@ I1 9(96))

XwyeX \zeX ¢ X
=g(y) Y ( Mo 1] 9(@)
XCF\{y} \zeX  ze(F\{y)\X
=g(y)1 = g(y).

Let us show that h is a homomorphism.

It is clear, by definition, that () = 0 and we have just proved that h(P(F)) = 1. It immediately
follows, by the definition of h, that h(X UY) = h(X) + h(Y)

By the De Morgan laws, h(X NY) = h(X)h(Y) will hold if h(X) = h(X), and this must be
shown anyway. In order to show that h(X) = h(X), it suffices to show that h(X) + h(X) = 1
and h(X)h(X) = 0.

The first of these two equalities is a consequence of h(X UY) = h(X) + h(}).

Let us compute h(X)h(X). By definition of h this is equal to

Z(Hg(m)ﬂm>2<ﬂg<x>ﬂm>

X1¢X rzeX z§§X1 XoeX zEXo m%Xg
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and hence also equal to

3 (ngngw).

X16X7X2¢X reX1UX2 IeXlﬂXQ

If X7 ¢ X and if Xo € X, then necessarily X; # X». Hence it is enough to show that in this case

[Lex,ux, 9(0) [ cxux; 9(x) = 0. Now, if X # X, there exists an element y belonging to X;
but not to Xz, or belonging to X but not to Xi. In either case, [[,c v, x, 9(¥) [ exux; 9(%)

can be written g(y)g(y)z and is therefore equal to 0.

4.6. The sixteen functions are given by the following table :

Ty fo f1 fo f5 fa f5 fo f7 fs fo fio Ji1 fi2 fis fia fis
00 0ooooo000011 1 1 1 1 1 1
01 0ooo0oo0111100O0OTO0O0T1T1T 11
10 000110011001 1 00 11
11 01010101010 1T 0 1 01
Their polynomial form follows

Jo = fo = 0

S = J7 = Ty

2 = fi1 = Ty

f3 = ,f3 = &z

fa = Ji3 = Ty

f5 = Is = Yy

fe = fo = TY +xY

fr = f2 = Tty

s = Ju = Ty

fo = e = TYy+TY

f1o = fio = y

fi1 = f2 = r+7y

f12 = f12 = T

f13 = Ja = T+y

f14 = s = r+y

Jis = J15 = 1

Chapter 5

5.1. We note that p = ¢ is equivalent to ~¢ = —p. Thus, [~¢q and (~¢ = —p)] = —p is
equivalent to the modus tollens rule. On the other hand, substituting —¢ for p and —p for ¢ in
the modus ponens rule, we have [-q and (g = —p)] = —p, which can thus be deduced from
the modus ponens rule.

The converse can be proved similarly. We notice that p = ¢ is equivalent to —p or ¢, i.e.
(=p V q); then the modus ponens rule that is written [p A (p = ¢q)] = ¢ is equivalent
top = [([p = ¢) = ¢], and also to p = [~(p = ¢q) V q], whose contrapositive
[(p = q) A ~q] = —p is the modus tollens rule.
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5.2. 1. p = q and its contrapositive implication ¢ = —p are both true. The converse ¢ = p,
and its contrapositive =p = —¢, are usually false.

2. p = q is clearly false; its converse is, however, true. This example also shows that the
quantifiers V and 3 may not be permuted (see also Exercise 5.14).

5.3. 1. The identities given above are immediately deduced from the truth table given below :

p g | p  pAg pVg pDq pD-q¢ —pDqg —(pD-g)

1 1 0 1 1 1 0 1 1
1 0 0 0 1 0 1 1 0
0 1 1 0 1 1 1 1 0
0 0 1 0 0 1 1 0 0

2. By induction on n.
In order to prove the last identity, first show that

TFy N Ep A AF AFY)) ) = I(ENI(Fay) - - I(F)I(Fy)
() + TFo ) + -+ I(F)

(See Proposition 4.3.)

5.4. If F is unsatisfiable, then VI, I(F) = 0, and thus VI, I(—=F) = I(F') = 1, hence —F is valid.
The converse can be proved similarly.

5.5. 1. The sequent (), G) is true in I if and only if
(VF €0, I(F)=1) — I(G)=1. (1)

But assertion VF € (), I(F) = 1 is trivially true, because it can be rewritten as : VF, [F €
) = I(F) = 1]; F € () is always false because the set () is always empty, but then, since
‘false implies anything’, the implication F' € () = I(F) = 1, which can be also written as

0 = I(F) = 1, is always true, and thus (VF € @, I(F) = 1) = 1. The implication (I) is thus
reduced to 1 = I(G) = 1, which is true if and only if I(G) = 1, i.e. if and only if G is true in
I. Validity can be similarly verified.

Such arguments about the empty set and the satisfaction of implications 0 = G or
Z 1 = G are tricky, but alas often useful, and should be handled with care in order to
avoid errors.

2. Sequent (0, (p D ¢)) is true in I if and only if p D ¢ is true in I, i.e. if and only if I(p) =0 or
I(g) =1.
Sequent ({p, (p D q)},q) is valid because I(p) =1 and I(p D q) = I(p) + I(q) = 1 implies that
I(g) =1.
5.6. We assume S = (F,G) = {F,,...,F1},F);then ¢(S)=F, D (Foo1 D (- (F1 D F)--+))
and the result is shown exactly as in Proposition 5.9.
5.7. <= is a congruence. It suffices to verify
Vx € {A,V,D}, if F} <= F| and F» <= [}, then
(Fy x Fy) < (F| * Fy) and
-F) < —F].
For instance : Fy <= F| and Fy <= F} imply that : I(Fy) = I(F}) and I(Fy) = I(F%), hence,
for instance for * = Vv, I((Fy * F3)) = I(Fy) + I(Fy) = I(F]) + I(F}) = I((F{ = F})). The
other cases can be verified similarly, and follow from the fact that I is a homomorphism from
the set of formulas, equipped with the binary operations A,V, D and the unary operation —,

to the Boolean algebra IB, equipped with the operations -, 4,0 and ~, where o is defined by
ToYy=71T+Yy.
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5.8. He mixed p D ¢ and —p D —q (that is, the contrapositive of the converse ¢ D p of p D q).

5.9. Let A = ‘I love Anne’, M = ‘I love Mary’, and P = M D A = ‘If I love Mary, then I love
Anne’. In 1 we have (M VA)AN(M D A) = (MVA)AN(-MVA)=A. We can thus conclude with
certainty that he loves Anne, but his feelings for Mary no longer fall within the scope of logic.
(He may love or may not love Mary ; neither of these two assertions follows from (a) and (b).)

On the other hand, in 2, we know that our logician certainly loves Anne and Mary. Indeed,
both assertions (a) and (b) hold : (a) : P D M, and (b) : M D P. Assume that P is false. Then,
because ‘false implies anything’, it follows from (a) that M is true. But then P is also true by
(b), and thus also A ; if P is true, then it also follows from (a) that M is true, and thus also
A because P is true. Our logician is thus, with high probability, bigamous (unless his fiancée is
called Mary—Anne).

5.10. There are neither free variables nor free occurrences in the first formula ; in the second
formula, variable x is free : the first occurrence of = is bound and the second is free.

5.11. (i) Vz (P(z) D Q(x)).

(ii) Jx (P(x) A Q(x)). This is not to be confused with 3z (P(z) D Q(z)), which is not the
translation of (ii), but which means ‘some individuals either are not Ps or else are Q)s’.

(iii) Vz (P(x) D =Q(x)), or also, =3z (P(z) A Q(x)).

(iv) Jx (P(x) A =Q(z)).

5.12. If z is not free in F, then for any valuation v’ such that v = v, we have, by

X—{z
Proposition 5.32, v(F') = v/(F). Thus :

o(VzF)=1 <= forallv = v:?(F)=1 < 9F)=1 <+
X—{=z}

<= there is v/ WS Y such that v'(F) =1 <= o(3zF)=1

{=}

5.13. We have, allowing for some notational flexibility in formulas and writing z Ry instead of
R(z,y),
F = (VzzRz) A (VzVy (zRy AyRx D z=1y))

A (VaVyVz (zRy AyRz D zRz)).
We add the formula Va Vy (zRy V yRz) in order to obtain a total ordering.

5.14. 1. Clearly, for any r, JyVaxr(z,y) D VzIyr(x,y) is true, but the converse implication
is false; for instance in IN, Vx3dy =z < y, but ~3yVe = < y. Similarly, Jy(p(y) A q(y)) D
(3yp(y)) A (Jyq(y)), but the converse is false; for instance in IN*, (Jyeven(y)) A (Jyodd(y))
is true, but Jy (even(y) A odd(y)) is false.

2. By the preceding question, it thus suffices to verify the converse implication when
r(z,y) = p(x) A q(y). This implication follows from the fact that, as ¢(y) does not depend on z,
we can choose the same y for all xs verifying Vz3y r(z,y). The formal proof is given below.
We assume that o(Vz3Jy[p(z) Aq(y)]) = 1. Then, Vo’ X v, there exists v” such that v” X i)
i “{y
v 0" (p(x)) = 1 and 9”(q(y)) = 1. Note that v”(q(y)) depends only on yy = v’ (y) ; we thus
have v (q(y)) = qs(yo) = 1 and " (p(x)) = v'(p(x)) = 1, and thus Vv’ X o) v, ' (p(x)) = 1.

)
Hence, finally, Vv’ X io) v @ ¥ (p(z)) =1 and gs(yo) = 1. Because v'(p(z)) depends only on

v'(x), we can transform this assertion into Vv’ X " o v (p(z)) =1 and ©”(q(y)) = 1, which
x

shows that Jw =" = v, YW = " : ¥(p(x)) =1 and v'(q(y))= 0"(q(y)) = 1. Hence
X—{y} X—{=}

the required result, @(Elny [p(x) A q(y)]) =1.
See Proposition 5.43 for a generalization of this result, i.e. if = is not free in G and y is not free

in F', then :
(Ve F)A (yG) =~ Vz3y (F A G) = Jy¥x (F A G)
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5.15. We obtain one of the equivalent prenex forms :

Swva'vy (P@) A Q) S R(@)))
VaVy3z' (P(ZE/) AQ(y) D R(x)))

Vr3z'Vy (P(w/) A (Q(y) > R@)))

5.16. We prove that there is no programmer. Let us define the following predicates :

p(z) means ‘z is a programmer’
e(x,y) means ‘x writes programs for y’
Then :

e  Rule (a) becomes
vz (p(z) O Yy (me(y,y) O elz,y)))

and also
Va (=p(z) v Yy (e(y,y) V e(x,1)))

and by Proposition 5.43
Va Yy (—p(z) Ve(y,y) Ve(z,y)) - (F)

e  Rule (b) becomes
ﬂ<3x Jy (p(a:) Ne(y,y) Ne(x, y)))

and also
Va ¥y (—p(z) V —e(y, y) V —e(z,y)) - (@)

By Proposition 5.42 (i), F' A G can be written

vV y ((ﬂp(w) Ve(y,y) Ve(r,y) N\ (-p() v =ely,y) v el y)))

and, by distributivity,

Va y (ﬂp(ﬂf) \ (et 9) Vel y) )\ (mely,y) v —e(z, y))) :

Let S be a {p, e}-structure in which this formula is valid, i.e. §  F' A G. This implies that for
s

any element a of S, the valuation v, such that v,(z) = v,(y) = a verifies

Ua (ﬂp(x) \V (ely,y) Ve, 9)) N\ (mely, y) v —e(z, y))) =1

i.e.

]Tm)\/ (es(a,a) Ves(a,a)) /\ (mes(a,a) V —es(a,a)) =1

and thus pg(a) = 0, meaning that there is no programmer.

More formally, we have proved that for any structure S, if F'A G is valid in S, then Vz —p(x) is
also valid in S, i.e. FAG =V —p(x).

As there is no programmer, it is then normal to obtain contradictory conclusions if we assume
that x is a programmer, because in that case the hypothesis p(x) is false, and we can deduce
anything from false (see Exercise 5.5).
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5.17. As in Theorem 5.17, it suffices to verify by induction on the length of proofs that each use
of a proof rule generates only valid sequents from valid sequents. We verified in Theorem 5.17
that each proof rule of propositional logic given in Definition 5.11 is valid; it thus suffices to
verify that the three rules given in Definition 5.49 are valid.

For instance, validity of the instantiation rule immediately follows from Proposition 5.41, and
validity of the generalization rule immediately follows from Proposition 5.38.

5.18. 1. We introduce the predicates
R(z,y), for denoting ‘x likes y’,
A(z), for ‘z is an alpinist’,
S(x), for ‘z is a skier’,
and the constants
s for ‘snow’, r for ‘rain’, b for ‘Bernard’, and ¢ for ‘Christopher’.
The hypotheses of the exercise can be written :
Fy = Vz(A(z) D =R(x,T))
Fy = Vz(S(z) D R(x,s))
Py = Va(A(z) v $())
Fy = Vy(R(b y)V R(c,y))
Py = Fy(R(b,y) A ~R(e.y)).

Let F = {F, Fy, F3, Fy, F5} be the five formulas given above ; F expresses the requirements of
the Alpine Club.

2. We want to determine the models of the five formulas of F.

We first show that it is not possible for Bernard to be an alpinist. Assume that there exists a
model H such that

0 A®).

Applying instantiation and modus ponens to F;, we have

0 = -R(b,r).

Applying instantiation and modus ponens to Fy, we have
(i) 0 E R(c,r), hence O = R(b,7) A —R(e,T).
H H

By F5, we must thus have

(i) 0 }; R(b,s) N =R(c,s).

If ) & A(c), then, by Fi, 0 E —R(e,r), which contradicts (i), and if § = S(c), then, by
H H H
F5, 0 = R(e,s), which contradicts (ii). We thus necessarily have ) = —A(c) A —S(c), which
H

H
contradicts F3.
We thus cannot have () = A(b), and because of F3, we have
H

0= S(b).
H
By F5, this implies
(iii) 0 = R(b,s).
H
And hence, because false implies anything, ) = —R(b, s) D R(c, s). In order for H to be a model
H

of Fy, we must also have
0 = -R(b,7) D R(c,r).
H
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On the other hand, in order for Fj to be satisfied in H, we must have

0 ); (R(b,r) A =R(c,r)) V (R(b,s) A =R(c,s)),

which, in view of (iii), can be written

0= (R(b,r) A =R(c,r)) V =R(c, s).
H
If we then let 0 = R(b,7), 0 = ~R(c,r) and 0 = R(c, s), we see that all formulas are satisfied,
H H H

and Christopher may be an alpinist, a skier or even both. Thus let E = {b, c}.

e Let H be defined by : S(b), S(c), ~A(b), =A(c), R(b,r), =R(c,r), R(b,s) and R(c,s) are
true in H ; H is a model of F.

e  Let H; be defined by : S(b), S(c), =A(b), A(c), R(b,r), =R(c,r), R(b,s) and R(c,s) are
true in H, ; Hy is also a model of F.

e Let Hy be defined by : S(b), =S(c), —A(b), A(c), R(b,r), =R(c,7), R(b,s) and R(c,s) are
true in Ho ; Hs is also a model of F.

e  Let Hj be defined by : S(b), =S(c), ~A(b), A(c), R(b,r), =R(c,r), R(b,s) and = R(c, s) are
true in Hj3; Hj is also a model of F.

In fact H, Hy, Hs, Hs are Herbrand models of F. (See Section 5.4.2.)

3. Let F be the formula EIa:((A(x) A=S8(z)) V (—A(z) A S(x))) We want to prove that F = F.

We reason by contradiction and assume that F U {—F} is satisfiable; let H be a model of
F U{=F}. Note first that

~F = Va((-A(x) V S(2)) A (A(z) Vv -5(x)))
= ¥a((=A(@) A (Alw) vV =S(@))) vV (S(2) A (Alw) V=S (2))) )
= Va((~A(z) A=S(x) V (Alz) A S(x)))

Let F' =Vz((-A(z) A=S(z)) V (A(z) AS(z))). Because H is a model of —=F, H is a model of
F’. Applying instantiation and modus ponens to F’ and F3, we have
0 = A(b) A S(b), and O = A(c) A S(c) ; and hence,
H H

0 = A(b) and 0 = A(c).
H H

Because H is a model of FY, this implies
0 = —-R(b,r) and 0 = —R(c,7).
H H

A
A

But H is also a model of Fy, namely, Vy(R(b,y) V R(c,y)) : a contradiction.
Note that, in fact, we have proved the stronger result that {Fy, F5, Fy} - F, because formulas
F5 and F5 have not been used in the proof.
5.19. Iy = {edge(a,b), edge(b,c), path(a,b), path(b,c), path(a,c)}, and also, for any K C
{CL, b7 6}27
I =1 U {path(l, l/) / (l, l/) S K}
Jx = Iy U{edge(l,1") ) (1,1") € K} U {path(l,I') / (I,I') € K}
U {path(l,1') / (I,11) € K and (I1,l') € K}
U {path(l,1') / (I,1;) € K and (I1,l3) € K and (I,1') € K}

In other words, on a graph having exactly three vertices a, b and ¢, Herbrand models of F yield
any relation path such that

(i) path is a transitive relation (because of formula ) ;
(ii) path contains the relation edge (because of formula r3) ;

(iii) the relation edge contains at least one edge from a to b and one edge from b to ¢ (because
of formulas 1 and r3).

(i) and (ii) mean that path is the transitive closure of edge.
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5.20. Let £ = LU {f} and let S’ be an L'-structure satisfying F; the L-structure S that
is deduced from S’ by omitting the function fg interpreting f is a model of F, ie. 0 ): F.

Conversely, let S be an L-structure modelling F'; because ) = F, for every ay,...,a, in the
s
domain E of S, there exists an a in E such that § = G[z1 := a1] ... [2, := a,][y := a]. Defining

S
fsr(ai,...,a,) = a yields an expansion S’ of S such that § = F’.
S/

5.21. The possible prenex forms of F' are
=Vu[R(u) vV R'(v)] and Fy = 3oVu[R(u)V R (v)].
Note that F', F} and F, are equivalent. The corresponding Skolemizations are
F{ =Vu[R(u) vV R'(f(u))] and Fj=VYu[R(u)V R'(a)].
Note that F} and F| are not equivalent, nor are F» and Fj.

5.22. A possible prenex form of F' is VuJoVw3z[R(u,v) V - R (w, z)], yielding the Skolemization
VuVw[R(u, fi(u)) V =R (w, fa(u,w))].

Another possible prenex form of F'is VuVw3v3Iz[R(u,v)V —R'(w, z)], yielding the Skolemization
VuVw[R(u, f1(u,w)) V ~R (w, fa(u,w))].

5.23. H defined by {S(b), S(c), R(b,r), R(b,s), R(c,s)} and Hsz defined by
{S(b), A(c), R(b,r), R(b,s)} (see Exercise 5.18, 2) are the minimal Herbrand models for the
Alpine Club. H and Hj are incomparable, and their intersection I = {S(b), R(b,7), R(b,s)} is
not a model of F.

5.24. The least Herbrand model of P is defined by Iy, = (), i.e. the path relation is the empty
relation.

5.25. Here the Herbrand universe is Uy = {s"(a) /n € IN} ; the least Herbrand model M of the
program P is defined by the whole Herbrand basis, i.e. Iny = By = {i(s"(a)) /n € IN}. M can
be seen as modelling the set of integers with a successor funtion.

5.26. Let M = (Ug, Ipr) be the least Herbrand model of P.
1. If A€ Th(P) N By, then A € Ij; because A must be true in any model of P.

2. Conversely, if A € In;, then A must be true in all Herbrand models of P, and as a result,
because A is a universal formula, A must be true in all models of P, thus A € Th(P).

5.27. Any set F of Horn clauses which is satisfiable has a least Herbrand model. Let P C F be
the set of program clauses in F ; P has a least Herbrand model M defined by In; = By NTh(P)
(see Exercise 5.26). We can prove that M is also the least Herbrand model of F : let C' =
Yy - Va,(mA1V---V-A,) be anegative clause in F, because PU{C'} is satisfiable, Th(PU{C'})
is not contradictory, and hence, by Theorem 5.57, PU{C'} has a model ; by Theorem 5.64 PU{C}
has a Herbrand model H = <UH, Ir). Because C = Vaq -V, (-4 VooV -A n), and () I— C,

for any valuation v:{z1,...,2p,} — Up, 0(C) = 1, hence for any valuation there is an ¢ such

that v(—A;) = 1, which means that the ground instance A;[z1 := v(z1)]--- [z, = v(z)p)] of 4;

is not in Iy. Because Iy = N {Iy / 0 P}, and 0 = P, Aj[z1 = v(x1)] - [zp := v(zp)]
H H

is not in Ips either ; whence : for any valuation v:{z1,...,2,} — Ug, there is an i such that
Ajlzy == v(z1)] - [xp == v(zp)] & I, and thus @ = C. C is true in the least Herbrand model
M

M of P.
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5.28. 1. Straightforward.
2. I is a model of P if and only if for any valuation s, and any rule r of P, () = s*(r), where s*(r)
I

is obtained by substituting s(z) for z in r, for any variable x. In other words, I is a model of P if
and only if for any ground instance Ay,..., A, = Aofaclauser of P, ) = [A4,..., A, = A],

I
i.e. if and only if for any ground instance Aj,..., A, = A of a clause r of P, ) = Ay, ...,
I
0 = A, imply 0 & A, that is if and only if Tp(I) C I.
I I

3. Immediate by the two preceding questions, and the fact that the least fixed point of Tp is
defined by inf{I € P(By)/Tp(I) C I}.

4. Let {K;};en be any increasing sequence of subsets of P(By). Because Tp is monotone :
sup; Tp(K;) C Tp(sup,; K;).

Let us prove the reverse inclusion : sup,; Tp(K;) D Tp(sup; K;) ; let A € Tp(sup, K;), then there
is a ground instance (A, ..., 4, = AS of a clause r of P, with Ay €sup; K, ..., A, €sup, K;.
We assume that A, € K;,,..., A, € K, ; because Ki is an increasing sequence, if we let
[ = sup{iy,...,in}, we have K;, C K;,...,K;, C K; and hence A, € K;,..., A, € K;; thus
Ae TP(KZ) C sup; TP(Kz)

5. As demonstrated in question 3, the least Herbrand model of P is the least fixpoint of Tp. By
Theorem 2.40, the least fixpoint of Tp is sup({TE(0) /n € IN}).

6. By induction on n, we can see that the sequence T3 (By) is decreasing, hence Tp(TE(Bg)) =
T (By) € TE(By) ; in light of question 2, T3 (Bg) is a model of P.

7. K is a model of P because Tp(K) C K.
8. The following example shows that K is not a fixpoint of P. Let P be defined by :

T p(z) = q(a) ,
T2 p(z) = p(f(z))
T3 q(r) = q(f()),
Ty q(z) = q(b) .
Then =10 and
={p X)/X € {f'(@), f"(b), n €N} |
Tp(By) :{qX Y)/X €{f"(a), f"(b), n €N}, Y € {f*(a), f5(), k> 1}}
T3(Bi) = {a(X).p(Y) /Xe{f”(a),f”(b),nG]N},Ye{fk(a),f’“(b),kZQ}}
K= {aC0)/X € (@), 10y n e} )
Tp(K) ={q(X),q(Y)/ X = f*(a), Y = fP(b), n> 1, p > 0}
TE(K) = {¢(X),q(Y) /X = f*(a), Y = fP(b), n > 2, p > 0}

V(Tp) = {a(Y) /Y = f7(b) p > 0}

Then Tp(K) # K, and the greatest fixpoint of T is v(Tp) G K. Note that the least fixpoint of
Tp is defined by Iy = 0.

More generally, it can be shown that if v(Tp) is the greatest fixpoint of Tp, then v(Tp) C K.
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Chapter 6

6.1. We have n possible choices for the first element, then n — 1 possible choices for the second

|
element, etc. Hence AX =n(n —1)(n —2)---(n—k+1) = ﬁ
n—k)!
6.2. Consider a partition of a set F with a + b elements in £ = AU B, where AN B = (),
|A| = a, and |B| = b. Then (“;b) is the number of subsets with p elements of E'; any subset

with p elements of E can be obtained by choosing k elements in A and n — k elements in B, for
0 <k <inf(p,a).

6.3. 1. Apply Exercise 6.2 witha=b=p=mn:

C-S00)
() =2

2. We apply the same method as in Exercise 6.2. (37?) is the number of subsets with n elements

of E = AUBUC, where |A| = |B| = |C| = n and A, B,C are pairwise disjoint. We have
n n\ (n\ (n 3n n n—k (n\ (n n n n—k (n\ )/ n

Zi+j+k:n (k) (1) (]) = (n) = Zk:o Zizo (k) (1) (nfifk) = Zk:o Zz‘:o (k) (z) (i+k)'

We might also directly apply the result of Exercise 6.2 by saying that a subset with n elements

of E = AUBUC can be obtained by choosing a subset with p elements in A and n — p elements

in BUC;ie ) (Z) Z?z_ok (7) (n—?—k) = k=0 (Z) Z?:_ok (7) (zj:k)

6.4. The number of n-tuples of disjoint subsets with p elements of a set with np elements is

(’;p) X ((nzl)p) X ((n—p2)p) X o X (g). Because the ordering of the subsets in the partition does

not matter, n! n-tuples of subsets correspond to a single partition, and we have

Hence, since (Z) = (n:lk),

o () X () k()

n!

6.5.5 = (1) S0_o(—1)1(2) = (2) S0 () (-0 = ()1~ 1 =0

6.6. 1. By induction on k. For £ = 0, the identity is clearly true. Assume it holds for

kiie Yk o (7)) = (TP Then, for k + 1, YE5 (7)) = SE () + (i) =

("H,z“) + ("Z_’ﬁl) = (”:ﬁrz), by the identity (6.1) of Proposition 6.5. To intuitively motivate
this identity, consider Pascal’s triangle : the sum of the values at the black dots is to be found

in the white square (see figure 15.3).

Figure 15.3

2. By induction on n. For n = p the identity is trivially true. Assume it is true for n. Then

(z) + (PZl) IR (z) + (”;1) = (’;ﬁ) + (”Zl) = (Zif) A look at Pascal’s triangle will support

intuition here as well.
Let S, = p_, kP.
nn+1)

e Forp=1,wehave S; =), k=>7_, (lf) = (”'2'“1) = 5
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k(k—1 Kk
. For p=2 Wehave(g): (2 )—2—2,hence
n+1 “~ [k
2( ; >_2<k2<2>>_(s2—1)—(51—1) and
Sy — S, 42 n+1 :n(n+1)(n—1)+n(n+1):n(n+1)(2n+1)
3 3 2 6
—1)(k -2 3 _3k%2+2
. For p = 3, we have (’;):k(k é(k ):k 3]:3 i k,and thus

1
6<n1 ):(53—9)—3(52—5)+2(51—3)253—352+251;

hence, finally,

S, — (n+ 1)n(n4— 1)(n—2) n n(n + 1)2(2n +1) n(n +1) =

n?(n+1)2

I =52,

6.7. By induction on the degree of P.

e If P has degree 0, (i.e. if Vz, P(x) = ¢), then :

S (1) () Pla+ )= CZ”+1( ni("th) =o.

. If P has degree d + 1, then P can be written P = x@Q + ¢, where ) has degree d. Let
n > d + 1. Hence,

n+2 n n+2 n .
;(—1)’( j2> (x +1) —xz < +2>Q(m+z)
n+2

+Z (n+2>zQ(az+i)+c§(l)i<n—;2>

=0

By the induction hypothesis, the first summand of this sum is zero; the third summand is
trivially zero. We only have to compute 2?202(—1) i("T*)Q(z + i), which can also be written

n+1 . n4+2 .
;(—1)+ (i —|—1)<Z+1>Q(x+z+1).

Since (i + 1)(7;112) (n+ 2)(”“) we have

n+1 -
;(—le( i+1) (”j_‘f)@(x +i+1l)=—-(n+2) ;(_1)i<n —Zi— 1>Q(x ritD) =0,

6.8. The required probability distribution is

number of favourable cases ny

number of possible cases n

There are twenty-seven cubes, each one having twenty-four possible orientations in the space,
and they can be set in (27)! possible ways. Thus, there are altogether n = 24%7(27)! rebuilding
possibilities.
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In order to compute ny, we consider the various types of cube and the ways in which they can
be set up in order to rebuild a big red cube :

° There are eight cubes with three red sides ; each one can be oriented in three different ways
in the space, and they can be permuted in 8! ways, and hence there are 38! ‘right ways’ to set
up these eight cubes.

. There are twelve cubes with two red sides; each one can be oriented in two different ways
in the space, and they can be permuted in (12)! ways, and hence there are 2'2(12)! ‘right ways’
to set up these eight cubes.

. There are six cubes with one red side ; each one can be oriented in four different ways in
the space, and they can be permuted in 6! ways, and hence there are 456! ‘right ways’ to set up
these eight cubes.

e  There is one white cube (the central cube), it can be oriented in twenty-four different ways,
and hence, finally, ny = 3% x 212 x 4% x 24 x 8! x (12)! x 6! .

For the inquiring reader, p ~ 1,83 x 10737,

6.9. 1. There are eight possible choices for the face value of four cards of the same kind, and,
as all four cards of the chosen face value are in the hand, it only remains to choose the fifth
card of the hand among the twenty-eight remaining cards. Hence : 8 x 28 hands containing a
four-of-a-kind.

2. There are eight possible choices for the face value of the three cards of the same kind and (é)

possible choices for the cards of the three-of-a-kind among the four cards of the chosen face value
in the deck. We then have to choose the fourth and fifth cards in the hand. These fourth and
fifth cards must have face values different from the face value of the three-of-a-kind (otherwise

we would have a four-of-a-kind) and must not be of equal face values (otherwise we would have
a three-of-a-kind and a pair). They can thus be chosen in (;) X 4 x 4 possible ways ((;) choices
for two face values and four choices for the face values of the fourth and fifth cards). Hence,

finally : 8 x (g) X (;) x 42 hands containing a three-of-a-kind.
3. There are eight possible choices for the strength of the pair, then (;‘) possible choices for the
cards of the pair, and finally (g) X 4 x 4 x 4 possible choices for the remaining three cards. Hence :

8 X (3) X (?7)) x 4% hands containing a pair.

6.10. (186). It suffices to choose the place of the eight bits equal to 1.

6.11. 1. There corresponds such a generalized characteristic function for each pair (A;, As)
verifying (6.2); conversely, for any function f:E — {0,1,2}, if we let A; = f~!(1) and
Ay = f71({1,2}), then (A;, Ay) verifies (6.2). There are 3™ such functions ; thus Ny = 3.

2. Similarly, we define a function f: E — {0,1,2,3} for each triple (A;, Az, As) verifying (6.3),
and we deduce that Ny = 4".

6.12. 1. There are n; possible choices for the element of A and ny possible choices for the
element of B. After that we can choose p — 2 elements in AU B ; hence

n—(ny +ng)
p—2 ’

N = n1n2< letting <m> =0ifg>m.
q

2. There are altogether (Z) subsets with p elements. Let C' (resp. D) be the subsets with p
elements having no element of A (resp. B). We have

|CuD|=|C|+|D|-|CND|= (n_”l) n (”—nz) B (n—(n1+n2)>’

since C'N D is the set of subsets with p elements having no element from A U B. Thus
N = () = () = (1) + ().

p p p p
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6.13. 1. 4™.

2. Let A (resp. Ay, As, A4) be the set of strings of length n where the letter a (resp. b, ¢, d) does
not occur. We want to count the number of elements in the complement of A; U Ay U A3 U Ay,

ie. N =|A; UAs U A3 U Ay|. We have N = 4" —|A; U Ay U A3 U Ayl, and, by Proposition 6.13,
AT UA UAs U Al =) Ay =D Ain 4
1<j
+ D AN A; N Akl —|Ar N Ay N Az N Ayl
1<j<k
=4x3"—-6x2"+4, since [A1 N As N A3 N Ay =0.
Thus N =4" —4 x 3" + 6 x 2™ — 4.

6.14. Let A (resp. B) be the permutations of {a,b,c,d, e, f} containing ‘ac’ (resp. ‘bde’). We
want to count AN B = AU B. By Proposition 6.13, |AU B| = |A| + |B|—|]A N B|, and

° |A] = 4! x 5, since in a permutation containing ‘ac’ there are 5 possible positions of ‘ac’
and 4! permutations of b, d, e, and f,

° |B| = 3! x 4, since there are 3! permutations of a, ¢, and f and 4 possible positions of ‘bde’,
and

. |AN B| = 3! =6, since we have to permute the three subsequences ‘ac’, ‘bde’, and f.

Hence, finally : N = [AUB| =6! —4! x5 —3! x4+ 6 = 582.
6.15. up =1, uy = 2, us = 3 and u,, = 4, for n > 3. The only possible strings are thus

0

10...0{0 and 00...0{
L2\ L2\

n—2 n—2

6.16. 1. An increasing mapping is necessarily injective; thus, we must have n < m. With
each increasing function, we can associate a unique set with n distinct values between 1 and
m, namely, {f(1),...,f(n)}. Conversely, with each set of n distinct values between 1 and m,
we can associate a unique increasing sequence f(1) < --- < f(n). There is thus a one-to-one
correspondence between the set of subsets consisting of n elements between 1 and m and the set
of increasing mappings from {1,...,n} to {1,...,m}. Hence, the number of increasing mappings

from {1,...,n} to {1,...,m}is (7).

2. We want to count the number of increasing mappings such that the element k£ + 1 has a
preimage. This boils down to determining the number of subsets with n elements between 1 and
m containing k 4 1. There are (;‘;_11) such subsets. (It remains, after choosing k + 1, to choose
n — 1 elements among the m — 1 elements left.)

3. We wish to determine the number of increasing functions such that

{a/fla) <k} =a/ f(a) > K}
We must distinguish two cases here, according to the parity of n.
. If n is even, k has no preimage. The elements between 1 and n/2 have their images between
1 and k — 1, and the elements between (n/2) + 1 and n have their images between k + 1 and
m. It is thus sufficient to choose n/2 values in {1,...,k — 1} and n/2 values in {k+1,...,m}.
This is possible only if (n+1)/2 < k < m —n/2 holds. The required number of functions is then

k—1\ (m—k

(n/2) ( n/2 ) :
e Ifn=2p+1isodd, then the p first values of f are in {1,...,k — 1}, the (p + 1)th value
is k, and the p last values of f are in {k+ 1,...,m}. The required number of functions is thus

(kgl) (m;k) = (E‘IE;/lzj) (E”@:/';J) , where F/|n/2] denotes the largest integer less than or equal to

n/2.
4. We now wish to compute the number of injections verifying
{a/ fla) <k} =Ha/f(a) >k}
To cover all of them, it suffices to consider all possible permutations of increasing functions
verifying the condition. We thus have n! (kgl) (m;k) functions, with n = 2p or n = 2p + 1.
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6.17. 1. We will construct strings of length n. We thus have n positions, ¢; letters ay, ..., and
qp letters a,. Let us first place the letters a; in the string. There are ((Z) ways of placing them.
After all the letters aq are placed, there are n— ¢ places left. We then place the letters as. There
are (";;“) ways of positioning them, and there are n — q; — ¢» available positions afterwards. We

n—ih) o (n—(Q1+~~'+Qp—1)) )

place all the letters successively. The number of solutions is thus (g) ( o .
p

(a) The formal polynomial (X; + X2 + --- 4+ X,,)” can be written, assuming that the
variables X1,..., X,, commute, as

X+ Xot - +X,)" = )T (T T e x e X,
4 1 2 P

Gi+aartqp=n 11 q2 dp

(b) We could have done a direct computation by noticing that, among the n! ways of
placing n letters in n places, the g; letters a; can be permuted in ¢;! ways. We thus obtain
n! n! n
and therefore deduce (") (”_‘“) e (”_(Q1+"'+q”*1)) = = < )
@l gp! woehe o @l g g
2. We apply the result of question 1 (b) withn =kl p=(k—1),and Vi=1,...,p, ¢; = k. We
(kD! N .
obtain PRICEE which is an integer.
3. 1287.

6.18. Let f(x) = (1+x)?>" + (1 — z)?>". Note that

om 2 (on
(1+2z)" = Z b, and

p=0 \P
2n
2
(1—z)* = Z(—l)p< n)xp; thus
p
p=0

Taking derivatives, we have

n

2
f(x) = 421) ") 21 and
p=1 2p

f(z) =4 Zn:p(Qp -1) <2Z> 222 g zn:pz <2Z> 2272 _ 4p Zn: <§Z> 222

p=1

= 89(a) — ().

Because we defined g(z) = >/, p° (32)m2p_2, we thus have

o) = (#@)+ @)
Since
flx) = 2n((1 +x)? (1 - x)zn_l) , and
f(z) =2n(2n — 1)((1 + ) (1 - m)2n_2) ,



Chapter 6 337

1
we have g(1) = §(2n(2n —1)2°"72 4 2p22" )
" 2n
— 9 1 22n—4 — 2 )
n(2n+1) > (5)
p=0
- 2n - 2n
But 1) = 2 = 2 :
’ o pzlp <2p> pz;)p <2p>

6.19. Method 1

(a) zp+1 can take all the values from 0 to n. For each fixed value of 211, z1+- - -+xp = n—xp41,
and there are thus F(n — xp11,p) solutions. Hence F(n,p+1)=>7_, F(k,p).

(b) By induction on n. If n = 0, then (ﬁ) = (p 1) =1; and if (”+p) >oro (kﬂ’*l), then :

p—1
n+1 n
Z k+p—-1 _Z k+p—1 N n+1+p—1
p-1 ) —=\ p-1 p—1

k=0
= (n * p) + (n + f) (by the induction hypothesis)
p p—

1
= (n + +p> (by equation (6.1)).
p

We can also write >, _, (k;le) ZZJFIZ; ! ( 1), and then apply the result of Exercise 6.6, 2.

(c) We show that F(n,p) = (”;f;l) by induction on p. If p = 1, then F(n,p) =1 = (’8) ; the

verification of the recurrence immediately follows from questions (a) and (b).

Method 2

(a) Let E,, be the set of p-tuples (z1,...,zp) € IN” such that =1 + --- + x, = n; so
F(n,p) = |Enp|- We can decompose E, ,y; in a partition : E, o1 = AU B, with A =
{(x1,...,2p,0) € NP /2y + - 42, = n} and B = {(x1,...,2p,2pr1) € NPT /) >
0 and 21 + - - + 2, + 2p41 = n}. Therefore,

e |A] =|E,,|, since any element of A can be obtained by adding a 0 component to a
p-tuple in E,, ,.

. |B| = |Epn—1p+1|, since B is in a one-to-one correspondence with E,_j ,41 as
follows : if (z1,...,2p,2ps1) € B, subtract 1 from x,41 in order to obtain (z1,...,xp,

Tpi1— 1) € En_1pt1.
We therefore deduce that F(n,p+1) = F(n,p)+ F(n—1,p+1).

(b) By induction on k = n+p. If k =1, then n =0, p =1, and F(n,p) =1 = (8). Assume
the result is true for k, and let us compute F(n,p) with n +p = k + 1. By (a) we have
F(n,p) = F(n,p— 1) + F(n — 1,p), and by the recurrence, which can be applied because
n+p—1=n—1+4p=Ek, we have F(n,p) = ("+p_2) + ("+p_2) = (”+p_1).

n n—1 n



338 Chapitre 15. Answers to exercises

Chapter 7

7.1. 1. by = 2 (the empty tree () and the tree (a,(,)), by = 3, by = 12.
2. Forn >2, b, =370 bx X by_1_p.

7.2. 1.
e ug =1 (the only binary tree of depth 0 is ),

. and for n > 1, u,, = 1+ ku?_ : indeed a binary tree of depth less than or equal to n

is of the form () or (x,b;,b,) with € ¥ and with b, b, binary trees of depth less than or
equal ton — 1.

L d Vo = 17
o forn>1,v, =k(v2_; +2v,_1u,_2); indeed a binary tree of depth exactly n with
n > 1, is of the form (z, b, b,) with z € ¥ and

—  either b, b, binary trees of depth exactly n — 1,

— or by € U,_2 and b, € AB,,_1 (b; is of depth strictly less than n — 1, namely, b;
is of depth less than or equal to n — 2, and b, is of depth exactly n — 1),

— or, symmetrically, b, € U,_o and b; € AB,,_1.

7.3. If the nth line intersects the preceding lines in 7 distinct points, it will determine ¢z + 1 new
regions, the first and the (i 4+ 1)th region will be infinite, the ¢ — 1 intermediate regions will be
bounded. We advise the reader to draw a picture to support his/her intuition. The maximum
possible number of bounded regions determined is thus, assuming that each new line is not
parallel to any of the others,

for n>2: rm=M—-2)4rp1=nN-2)+(n—-3)+---+1=(n-1)(n—2)/2.

7.4. If there is a single circle it will obviously define two regions in the plane. Assume that n — 1
circles define r,_1 regions, and add a new circle ; it will intersect each of the old n — 1 circles in
two points, and each crossing of an intersection point will define a new region, hence 2(n — 1)
new regions. We deduce, summing equations (7.3) for ¢ = 2,...,n — 1, that r, = n(n — 1) + 2.

7.5.Forn=2% k=1,...,1, we write

(x2F1) ty =1
(x2F=2) ty =2ty + 1
(X2) t2k—1 == 2t2k—2 + ].

t2k = 2t2k—1 + 1
and we sum the above equalities multiplied by the indicated summation factors, hence :
tony =28 — 1
We can also show by induction that tor = 28 — 1.
(B) to=2'—-1=1,
(1) tortr =2tor +1=2(2F — 1) + 1 =2k — 1.

For n # 2%, the solution ¢,, is not uniquely defined (see Proposition 7.8).
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7.6.s,=—p, VpelN,sinces;=1-2and sp41=5,+2p+1—-(2p+2) =5, — 1.

T7.7. Uy = Up_1 + Up_o, With ug = u1 = us = 1.
Similarly, with other types of recurrence, it suffices to impose initial conditions that are too
stringent.

7.8. In general, it is enough to have initial conditions that are too weak.

Uy = Up_1 + Up_s, Wwith ug = 1.

Up = 2Uy o With u; = 1; we then have the solutions uzn = 2" and u(pq1)2r = f(2k + 1)27,
where f can be an arbitrary function.

7.9. Notice that : u,, — up_1 = 3u,_1, hence :
Up = Atpy_1 = 4%up_o = ... = 4"uy.

7.10. The characteristic polynomial of the recurrence is 12 —5r2+8r—4 = 0 ; it has a simple root
1 and a double root 2 ; the solution of the recurrence is thus of the form : u,, = a + (b + cn)2",
the initial conditions allow us to determine a, b, ¢, since for n = 0, 1,2, we obtain
a+b=0,
a+2(0b+c) =1,
a+4(b+2c)=2.

hence : a = —b = —2 and ¢ = —1/2 and, finally,
u, = 2" —p2nt 2,

7.11. 1. a,b, aba, abb, baa, bab.

2. By induction on |w|. If |w| < 1, the result is true. Assume w € B and |w| < n = |w| is odd.
Let w’ € B and |w'| = n+1; then w’ = abw or w’' = baw, with w € B and |w| = |w'| -2 < n—1,
thus |w| is odd by the recurrence, and thus |w'| = |w| + 2 is also odd.

The converse is not true; for instance w = aaa ¢ B.
3. u; = 2 and uy = 0; the recurrence relation is u,, = 2u,_o.

Solving it directly, we obtain us, = 0, uz,+1 = 2" 1. The characteristic polynomial method gives
the characteristic polynomial : 72 —2 = 0, hence u,, = A(v/2)" + u(—v/2)", with A = —p = 1/1/2.
7.12. 1. Lo = {e}, L1 = {a,b,c,d}, Ly = {zy /2,y € X, 2y # ab} = X2 — {ab}. up = 1, uy = 4,
Uy = 15.

2. w' € L,_1, and, moreover, w’' ¢ bL,_o if z = a.

3. L, ={a,b,c,d}L,_1 — {ab}L,_o. Since bL,,_» C Lp-1,

| Ln| = [{a, b, ¢;d} Ln 1| = {ab}Ln—a| = 4| Ln 1| = [Ln—2].

4. Characteristic polynomial : 72 — 4r + 1 = 0, roots 7 = 2 4 /3, hence :
Un = A2+ V3)" + (2 — V3)"
with A+ p=wug=1
A2+ V3B) 4+ p(2 - V3) =u =4

N V3+2 V32

241 1—-+/2
5. We obtain u,, = \[2_‘_ (2+V2)" + 2\[(2 —V2)"
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7.13. The general solution of (7.11) (page 131) is of the form u, = ac™e™* + bc"e ™. Recall
that ) )
e* =cosz+isinz and e ¥ =cosz—isinz

We thus have
U, = ac”(cos(nt) + isin(nt)) + be™ (cos(nt) — isin(nt))

= (a+b)c" cos(nt) + i(a — b)c" sin(nt))

hence the result with A = a+ b and p = i(a — b) ; if the initial values are real, then the solution

of (7.11) will be of the form u, = ac™e™® + be"e™ ™, with a and b conjugate, and we will thus
finally obtain w, = Re (a)c" cos(nt) + Im (a)c™ sin(nt).

7.14. 1. The associated characteristic polynomial r? — r + 2 has the following two conjugate
complex roots : (1 +1i+/7)/2. We thus have

L+iv7\" 1—ivT\"
w, = o + V7 43 T
2 2
If up and wy are real, @ and S are conjugate ; indeed in this case, if « = a +ia’ and 8 = b+ b/,
o+ B = Uop ,

a<1+2i\ﬁ) +5<1_;\ﬁ) oy

hence a + b = ug, a’ = —b’, and finally, after solving the second equation,

Uug 2u1 — ug
a=b=— ad=-b=-—"—"=

2 Q\ﬁ

wono(1))

2. Letting v,, = u,, + 2, v, verifies the recurrence : v, = v,_1 — 2v,_o, and we are back to case
1.

In this case we thus have

7.15. 1. The characteristic polynomial of the recurrence is : 2r? — 3r + 1 = 0; it has the roots
r =1 and r = 1/2; the general solution is thus of the form u, = a + b/2".

2. The characteristic polynomial of the recurrence is : 72 — 4r +4 = 0; it has the double root
r = 2; the general solution is thus of the form w, = (an + b)2".

7.16. 1. We have
Un ) — ppx [ Ym=1) = 4 2 x [ Ynt)
Un Un—1 -3 -1 Un—1

The eigenvalues of M are 1 and 2, and the associated eigenvectors are

~({) ()

we deduce that
with

hence

Up \ n 1 a\ 1 0 a+b
(vn>_NXA XN ><<b>_NX(0 2”>X<3a—|—2b>

[ —2a —2b+2"(3a + 2b)
~\ 3a+3b—2"(3a + 2b)

2. Letting u,, = logu,, v, = logv,, we are back to case 1.
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717. 1. u1 =0, v1 =1, w1 =0, us =1, v =0, wy = 1.
2. For x € ¥, and f € X", with n > 1, we have

either f € Ly and z =0,

Jrelo {orfELl and z = 1.

we thus have u, 11 = uy, + vy, ; similarly v,+1 = up, + w, and wy41 = Wy + vy
3. Note that Vn > 1, up41 — Wpt1 = up — Wy ; as, moreover, u; = wy; = 0, we deduce Vn > 1,
Uy = Wy,.
Thus,
Vn > 1, Upa1 = 22Uy ,

Vn > 2, Up+1 = Up + 2Up—1 .
We can then compute u, ; the characteristic polynomial is 7> —r —2 = (r — 2)(r + 1) = 0;

hence u,, = a2™ 4+ b(—1)"; from the initial conditions u; = 0 and uz = 1 we deduce a = 1/6 and
b= 1/3; we obtain finally :

2n—1 —1)"
Vn > 1, un:wn:—;(),
2n—1 —92(=1)"
. (-1)
3
The matrix method here would give

Unp, Up—1 1 1 0 Upp—1
Uy | =Mx | vo_1 | =11 0 1| x| vpo1
Wn, Wy—1 0 1 1 Wy —1

The eigenvalues of M are -1, 1 and 2, and associated eigenvectors are

1 1 1
V_1 = —2 N ‘/1 = 0 and V2 = 1
1 -1 1
We deduce that
1 0 0
M=NxAxN'!1=Nx|0 -1 0| xN"t, with
0 0 2
1 1 1 (3 0 =3
N=|[0 -2 1 and N—lz6 1 -2 1
-1 1 1 2 2 2

7.18. Let u,, = |L,|, where
L,={w/wé€ L and |w| =n}

and construct L,, from L, _;. Then we can write :
L,={w=w'a/w €{a,c,d" Y U{w=wz/w €L,_1,z¢€{becd}},
thus u, = 3u,_1 + 3" !, with ug = 1, u; = 4. The characteristic polynomial is (r— 3)2 =0,

and thus u, = A3" 4+ un3™, with (because of the initial conditions) A = 1 and p = 1/3, i.e.
Uy = 3" +n3" "L
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7.19. This is a recurrence of the form (7.14) with [ = 1, by = —1 and Pi(n) = 1. The
characteristic equation is (r> —r — 2)(r + 1) = (r — 2)(r + 1)> = 0; the general solution of
the recurrence is thus u,, = a2™ + (bn+c¢)(—1)". Letting n = 0, 1, 2, we obtain the linear system
ina,b,c:

a+c=1,
2a —b—c=1,
4a 4 2b+ c = 4,

giving the same result (fortunately!).

7.20. The characteristic polynomial is (2 — 3z + 2)(z — 1)2 = 0, or (z — 2)(x — 1)3 = 0. The
general solution is thus of the form u,, = A2" +a+bn+ cn? ; to determine a, b, ¢, we first use the
recurrence for computing uo = 0 and us = 4 ; we then deduce : A\=4,a=—-4,b= -2, c= —-2.
7.21. Letting v, = uqr, we have vy, = 4v,_1 + 22F, hence uqr = vy, = (up + k:)22k.

7.22. 1. Let v, = 1/u,, hence 2v, = v,-1 + v,—2, and we obtain a linear recurrence.
The characteristic polynomial is (2r + 1)(r — 1) = 0, hence v, = A(—1/2)" + u; we find
A=2/3(1/a—1/b) and p=1/3(1/a + 2/b).

2. Let v, = logu,, hence 2v, = v,_1 + v,_2, v9 = 0, v1 = log2. We finally obtain
wu, = 22/30-1/2")

3. Let a, be the solution of v,, = v,,_1 + v,_2, with vg = a9 and vy = ay, and let b,, be the
solution of v, = v,_1 4+ vy_2, with vg = by and v; = b;. We check that u,, = a, /b, verifies
recurrence 3.

—k —k

7.23. (Au), = = n, I 0.
B = T D i hoD) oD orn>
Chapter 8
8.1. The sequence up = 1, u3 = 0, upo =0, ..., u,, = 0, ..., represented by the polynomial
UX)=1.

82 uX)=(1+X)"x (1+X?)"=(1+X+ X?+ X3)". We have

Xk
A+X) =1+rX+-+r@r-1)--(r—k+1)—+---+ X"

k!
-5 0
p=0 P
X2k
(1+X*) =1+7X*+ - +r(r—1)-(r—k+1)— + -+ X*

k!
p70

hence 1+X) x(1+XH"=14+X+ X2+ X3

-2 (2 (D))

No simpler form is known for the coefficients of this series.
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8.3. Let : vi =1, and v, =0 for all n # 1, namely, v = X.

8.4. 1. Let u be an invertible series, 3w € C[X] with uw = 1; hence agwp = 1 and ag is
invertible.

2. Conversely, assume qg invertible with inverse wg, i.e. wpag = 1. Then, as u = ag + Xuy,
wou = 1+ Xwou; = 1+ v with v = wgXu;. As in Lemma 8.8, we can show that

wou(l—v+---+ (=1)"v" 4+ .- ) =1.
Hence u is invertible.

8.5. Assuming that all the series considered converge for value z, lines (2) — (7) are consequences

of the rules giving the power series expansions of derivatives, integrals, 1o and of the

definition convolution product of series.

8.6. 1. By induction on n.
(B) Forn=0, [[Tetdt=—[e"] =1=0L.

(I) Assuming the result is true for n — 1, an integration by parts gives

oo oo o0
/ t"etdt:/ nt" e tdt — [t"e”"] " :n/ t"le7tdt = n!
0 0 0

. . . N U
2. It is an immediate consequence : 4(xt) =), -, —T:c"t”, whence
=Y n!

/0 a(xt)e tdt = Z (Q:;‘Ix"/o t”e_tdt) = Zunx”.

n>0 ’ n>0

8.7. The restriction deg(U) < deg(V') can easily be deleted. If deg(U) > deg(V'), we can divide

U1(9U) .
V) with deg(Uy) < deg(V).

polynomial U by polynomial V' and obtain : g(z) = Py(z) +

8.8. 1. Note that
oo
2F 4 pok+1 2F (142
Z W= WU
p=0

Furthermore, note that if n > 1, then there are unique integers £k > 0 and p > 0, such that
n = 2¥(1 + 2p). Thus in the sum

0

I D I
2k+1

k= O k=0p=0

each formal product x™ appears exactly once for each n > 1. Thus, we have




344 Chapitre 15. Answers to exercises

2. Recall that the Fibonacci numbers F,, are defined by : F,, = 5 \/57'2 , where 1 = +2f

=r + 1, and satisfy riro = —1. Thus

2

and ro = are the roots of the equation r

2
I
<
/N
g
o
=
N——
I
YOS
/N
hE
Ry
Ead
N—————

<_ " 3
= 5( + + 1) (since 13 = ro + 1)

8.9. The sequence of Fibonacci numbers has generating series

Pi(z) — zPy(2) z
F = = M
(2) 1—2—22 1—2z—22"
hence
1 z —z
Fn 2n _ —
Z 2n* 2<1—z—z2+1+z—z2>
n>0
1 222
2\ 1 —322 424
and

z
Fopz2"
Z % 1—3z—|—z2

n>0

8.10. 1. Let u(z) = 3_, 5 un2" ; then the recurrence equation implies

2(u(z) — up — ur2) = 32(u(2) — up) — 22u(2) ;

hence
pz+q pz+q

u(z):2732+22 - (172)(272)

:(172) —aZz—i— Z2n,

n>0 n>0

with up =a+0/2 and u; =a+b/4.
2. fu(z) =3, 50 unz", then

pz+4q _ pz+gq
1—4z+422 (1—2,2)2

a
— =9 2n n—1 b 2n n
(1 22)2 (1—2z a) ® Th)

n>0 n>0

u(z) =

with ug = b and u; = 4a + 2b.
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8.11. Let u(z) = ), -, unz" ; then the recurrence equation gives : Vn > 2, u, 2" = 4up_12" —
Qup 92" + (n—1)2". As

Z(n —1)2" = Z nz"t = an”“ = 22 ( an”1> =22/(1 - 2)%,

n>2 n>1 n>0 n>0
we deduce u(z) — 1 — 2z = 4z(u(z) — 1) — 42%u(2) + 22 /(1 — 2)?, and
2 _ _.)\2
u(z) = 22+ (1-32)(1 —2)
(1—2)2(1—22)2
1 2 1 5

T (1-2)2 + (1—2) + 2(1 —22)2  2(1—22)

= Z(n—i—l)z”—i—ZZz”—i—%Z(n—kl)Q”z” —222”2”

n>0 n>0 n>0 n>0

Let u, = n+3+(n+1)2""1 —5 x 27~1. The reader can also solve the recurrence equation using
the characteristic polynomial method and check that the same result is obtained.

8.12. We have u(x) = 2zv(z) + z2u(z) + 1, and v(z) = zu(z) + z?v(z). The second equation
gives v(x) = zu(x)/(1 — 2?) ; hence
1—-=z T

u(x):1—4x2+x4’ v(x):1—4x2+az4'

Noting that the common denominator is a function of 22 we introduce
B 1
1 — 4z 22

=> (3+62\/§(2 +V3)" + M(Q -~ \/§)”)z",

6
n>0

2

w(z)

and we have u(z) = (1 — 2?)w(2?) and v(z) = zw(z?) . Finally : ug,411 = van, = 0, V41 = Wy
and ug, = Wy — Wp—1 = (2 + \/g)n/(?’ - \/g) + (2 - \/§>n/(3 + \/g)
8.13. Let u(x) = 3, 5o un™ ; the recurrence equation yields u(z) —1 = 3z(u(z) —1) —22u(x) +
222/(2 — 2)?, ie.
u(z) = (1—32)(2 —2)% + 222
(2—2)?(1—2)(1—2x)
_ (1-32)(2— 7)? + 222
22 —2)2(x —1)(z —1/2)°

which could be expanded to

B ol B v 0
R R i R (e A (S D

Instead we will apply Proposition 8.13 directly, which enables us to conclude

. (1-3x)2—-x)?+222 noontd\
u<:v>—2(2_x)z<x_1)<x_1/2>—;0(@“)2 ) (2)

with a =0, b = —5/9, and ¢ = 2/3. In order to determine d, let z = 0 in equation (E) ; we have
b+d=4/4=1 (also equal to up), and thus d = 14/9 ; hence, finally,

"9 3 9 )on’

One could also compute the characteristic polynomial (z —1)(x —2)(z—1/2)? = 0, and this gives
a general solution of the form u,, = a4 02" + (cn+d)/2". But then, one is left with the problem
of finding a, b, ¢, d by solving a system of linear equations. Note that the constants a,b, c,d are
not equal to a, 3,7, 6.



346 Chapitre 15. Answers to exercises

8.14. Let p be the number of tokens of value 2 and ¢ the number of tokens of value 3. The
problem amounts to finding the number of solutions of the equation 2p 4+ 3¢ = n. This is the
same type of problem as given in Section 8.2.3. We will, however, solve the equation 2p+3q =n
directly, without computing the partial fraction expansion. Indeed, here,

wz) =142+t +- a4
wx)=1+23+2®+ . 237 4...

v(x) = u(z) x w(z) =Y ( > uiwj>xn .

n>0 “itj=n

Loifi=2k o [1 ifj=3k
0 otherwise, 7710 otherwise,
of bringing up a total of n with tokens of value 2 and 3 is given by

Since u; = it follows that the number v, of ways

ln/2]

n
Up = g U;W; = g UiWn—i = E Wn—2k
i=0 k=0

it+j=n

where |n/2] is the largest integer less than or equal to n/2. Finally,

° for n even, w,_or =1 <= n — 2k is a multiple of 6,

° for n odd, wy,,_or = 1 <= n—2k is an odd multiple of 3 <= the remainder of the division
of n — 2k by 6 is 3.

Hence,
. for n even, v,, is the number of multiples of 6 between 0 and n,
. for n odd, v, is the number of odd multiples of 3 between 0 and n.

8.15. Let us first find the recurrence equation defining the number u, of Morse code words
taking n time units : the last letter of the word is

. either a dot, and there are then u,_o possibilities for the beginning of the word,
. or a dash, and there are then u,,_3 possibilities for the beginning of the word,

hence u,, = Up_o + Up_3 for n > 4, with ug = u1 =0, ug = ug = 1.
The characteristic polynomial is given by 7> —r — 1 = 0 and the generating series is given by
224 23 1

T1_2_ 3 :_1+1—z2—z3'

We thus must find the roots of V(2) = 23 + 22 — 1. To this end, we will use the so-called Cardan
method : letting » = 1/z gives us the characteristic polynomial (see also Remark 8.15). We then

look for a solution of the form r = u + v, which yields u® + v® + 3u?v + 3uv? — (u+v) — 1 =0,
or u3 +v3 + (u+v)(3uv — 1) — 1 = 0. Assuming that 3uv — 1 = 0 we have to solve

3uv =1,
S (15.1

hence v = 1/3u and u® +1/27u? = 1. Hence u® and v3 are roots of u% —u® +1/27 = 0, with the
conditions (15.1). We thus have u® = 1/6(3 + /23/3) and the roots rq, r2, r3 of 73 —r — 1 =10

are, letting & = {/1/6(3 + /23/3) and v/ = éz/fl = {/1/6(3 - \/2373),

ri=v+,  ro=j+ 5% s =%+ 5y



Chapter 8 347

where j and j2 are the cubic roots of 1.
Finally, let us apply Proposition 8.11 and write

s (B

n>0
with for i =1,2,3
1 - 1 B r%
V'(1/r;)  3/r24+2/r; 3+ 27

a; =

The solution is different from the one of the preceding exercise because different sequences
Z of dots and dashes taking the same total amount of time result in different words u,,.

8.16. Reasoning as in Section 8.2.3, we can check that the number of ways of changing n$ with
$1, $2 and $5 bills is the coefficient of 2™ in the series

. o3 (6%)] aq B
v(z) = (1 —x)3 + (1—2)? + 11—z * 1+
y o 0 N 5
1—elag 1—etag 1 —e2iag 1 — e 2iayg
=Y ((azn® + a1n + ag) + (—1)"b
n>0

_l’_

+ (Cenia + Ee—nia) + (d€2nia + C76—2711'01)).%,71

We can find the coefficients as,b,c,d of the above partial fraction expansion by using

Proposition 8.11 and Proposition 8.13. We find as = 1/20, b = 1/8, ¢ = €2**/(5(1 — e**)(1 —

e”29)), d = e /(5(1 — e729)(1 — €'®)). Finally a; and ag can be determined by assigning

values to x.

The coefficient v, of ™ can, however, be determined using slightly simpler computations ; writing
1 1 1

(u x w)(z) = (1—2)(1—22)(1 —a9) - (1 —2)(1—2?) 8 (1—2°)

1
=14z x =22 X s

_Z (n+1)x 2"1—1—:1: Z:E5n :Z(Zujwnfj)’

n>0 n>0 n>0 7=0

v(z) =

5
Ln/ ] WskUn—_5k ; aS Uo, = Usnt1 = 1+ 1. We have, after computations,

vn= Y (L4+5i)+ Y (3+50),

0<i<|n/5] 0<i<|n/5]

we deduce that v,, =

which immediately yields
v, =5(|n/5])* +4[n/5] — 3.
For n = 100, we find v199 = 2077.

8.17. Let u(z) = 3, 5o unx™; then v'(z) = 37, 5 nu,2™ ! hence 2u'(z) = u(z) + €”; solving

the differential equation 2y’ — y = e* yields y = e* + ce®/?, and the initial condition y(0) = 2

1 1
implies ¢ = 1; thus, finally, u(z) = €* + ¢*/2, and u,, = (1 + Qn)
We could also have applied the summation factors technique : multiplying the equation giving uy
by 2F~1(k —1)! and summing for k ranging from 0 to n, we find 2"nlu,, = Z;é 2k 492 =97 41.
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8.18. 1. By structural induction.
2. It immediately follows, from the inductive definition of the words in the Dyck language, that
Uy = Z?gol UiUy_;—1 for n > 1, and ug = 1. u,, is thus the nth Catalan number.

3. The words of the Dyck language on the alphabet A; always have an even length ; if v, is the
number of Words of length 2n in the Dyck language on Aj, we obtain the recurrence equation

Uy = l{:zz 0 ViVn—i—1 for n > 1, and vg = 1. This recurrence equation can be solved in two
different ways :

° Noting that v; = ku; we can show by induction on n that Vn > 1, v, = k™u,,.
. Computing as for the sequence b,, we will obtain the equation

kx> —v+1=0

defining the generating series v = v(x) of the sequence v,,. Solving, we find

o) = T i,

wherefrom it follows that

k™ (2n k™ (2n)!
Vn >0 = = — .
=t on n—i—l(n) n+1 nln!

8.19. Multiplying the equation u,, = tn,_1 + 2Uy_2 + - - - + nug by 2™ for each n > 0 in IN, and
summing the equalities thus obtained we have

u(z) — 1 = zu(z) + 22%u(z) + - - + na"u(z) + - -

1
:xmu(:v)
and
u(x):L(x)—i-l
(I—z)* 7
hence
1 — 2z + 2 T
u(w) = 1— 3z + 22 =1 1—3z+22’

and thus (see Exercise 8.9), ug = 1, and u,, = Fy, for n > 0.

8.20. For all n > 2 in IN, let us multiply the equation u, = —2nu,_1 + Zk o( )ukun g by

n

— > and then sum the equalities thus obtained ; we have :
n!

n

i) — o= —2zi(z) + > (D <Z> “’““”*’“) %

n k

(
= —2z0(x) + Z (Z}; ]Muku”_k) %
(

Hence 4(z) = —2zd(x) + (a(z))? + z; and finally, 4(x) = 1/2(1 + 22 — v/1 + 422, and thus :
Vn > 1, ugpy1 = 0 and ug, = (—1)"(2n)'b,—1, where b,,_1 is the (n — 1)th Catalan number.
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8.21. 1.(a) t; = 3 (no constraint) ; o = 32 = 9 (no constraint) ; t3 = 3.3.2 = 18 (we choose the
first two colours in A : 3 x 3 choices, we then choose the third colour in A\{a} : two choices.

1.(b) Recurrence equation ; in order to form a size n solution, with n > 3 :

. we first form a size (n — 1) solution ; we can do this in t,_; different ways ;

e  we then choose the last colour in A\{a,,_2} ; this can be done in two different ways.
We thus have, for n > 3, t,, = 2t,,_1.
1.(c) We have t; = 3. We deduce from (b) that t,, = 2"~2¢,, hence, since t5 = 9,

tn, =9.2""2ifn > 2.

2.(a) s1 = 3 (no constraint) ; s = 9 (no constraint) ; for ss, if a1 # ag there are eighteen possible
choices, and if a; = ay = ag, three possible choices, hence s3 = 18 + 3 = 21 ; for s4, there are
six solutions of the form aaab, six solutions of the form abbb, with a # b and three solutions of
the form aaaa ; hence s4 = t4 +6 4+ 6 + 3 = 51.

2.(b) Recurrence equation ; consider a size n solution ay, as, ..., a, with n > 3.
Two cases are possible :

(@) @p—2 # ayp. In this case, we form a size (n — 1) solution : s,,_1 choices are possible for
doing so, we then choose the last colour in A\{a,—2} and two choices are possible for this
last colour.

(8) ap—2 = an—1 = a,. In this case, we form a size (n — 2) solution; s,_o choices are
possible for doing so. We then complete by two occurrences of the last letter a,_».
We thus obtain the recurrence equation

Sp = 287_1 + Sp_2, for n > 3.

2.(c) Associated generating series. Let s(z) =), -, sn2". By the above formula, we have

g sp2"t =2 g Sp_12" + g Sp—22",

n>3 n>3 n>3
thus

5(2) — s12 — 592% = 22(s(2) — 512) + 2%5(2)
or

s(2)(22 +22—1) = =3(2% + 2)
and

—3z(z+1)
s(z) = 22422—-1"

Then find the partial fraction expansion of s(z) :

1+v2 1-v2
( +2(z+1+\/§)+2(z+1—x/§)>
ST VS R S
2 1-21—v2) 27 1-z2(1+v2)/’
we find

sn:g[( —V2)" + (1+V2)"]  forn > 1.

8.22. 1. by =0, bo = 1 (transposition), by = 2.
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2. Let f be defined by f(e;) = ¢; if and only if pupil e; receives the exercise ¢; of e;.

€1 C1
€n Cn

Let ¢; = f(e1) be the exercise given to pupil e; : we have (n — 1) choices for ¢;. Two disjoint
cases are possible : f(e;) = ¢, or f(e;) = ¢; with j # 1,4.

e In the first case, pupils {e1,e;} interchange the exercises {c1,c;}; hence e; and e;
interchange their exercises and n — 1 choices are possible for e;; b,_s choices remain to
redistribute the n— 2 remaining exercises amongst the n— 2 remaining pupils. Hence, (n—1)b,,_
possible choices altogether.

° In the second case, we delete the pair {e;,c;}. The (n — 1) remaining pupils distribute the
(n — 1) remaining exercises : we have b,_1 possible choices. Pupil e; then obtains exercise c;j
with j # 1,4. This exercise is in fact for pupil e;. e; thus gives exercise ¢; to e;, and obtains

exercise ¢; in exchange (i # 1). There are thus (n — 1)b,,_; possible choices.

Finally,
by =(n—1)(bp—1 +bp—2), forn>2. €

(With b() =1 and b1 = 0)

3. Let us prove the equation
b, —nb,—1 = (—1)", forn>2. (IT)

by an inductive proof.

. If n =2, by —2b; = by = 1 = (—1)2. The formula is true in this case.

e  Assuming the formula is true for n, let us form b,41 — (n + 1)b,. Applying formula (I),
which is possible because n + 1 > 2, we have

n(by, + bp—1) — nby, — by, =nby_1 — by,
= —(—=1)" (by the induction hypothesis)
— (—1)n+1

The formula is thus indeed proved for all n > 1. We can note that, letting by = 1, the formula
is also true for n = 1.

4. Let b(z) = Y b”f .
n:

n>0

Applying formula (II), true for n > 1,

bn n n _1)n n
S Sy = 2

n>1 ’ n>1 ’ n>1

ie. b(z) —by — zb(z) =e % — 1, or by = 0; hence b(z) = T
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Chapter 9

9.1. The constant ¢ such that kn < cn is different for each term kn ; on the other hand, when
writing :Y_,_, O(n) = nO(n), we implicitly assume that all the O(n)s refer to the same constant

c. In other words, when k = n, kn # O(n).
A correct argument would be : Y27 kn=3Y7_, O(n?) = O(n?).

9.2. 1. Yes.
2. No, for instance : f(n) = n + logyn = O(n), but 2f(") = 2n+losan — pon s not an O(27)
since 2/(™) /2™ goes to infinity when n goes to infinity.

9.3. No : if g1(n) =n? and g2(n) =1, n = O(g1(n) + g2(n)), but n ¢ g1(n) + O(g2(n)).
9.4. Similar to the proof of case (i).

9.5. 1. By recurrence on n it can be checked that u, > 1 for all n. Let, for n > 1,

Up — uifl = (Un — Un—1)(Un + Upn_1),

1 1 1
= (2up_1 + ) =24 55— >2
Up—1 Un—1 Un—1
As u, > 1,
1 < 1
u%—1 T Up—1
2. From 1 it follows that
2 2 1
QSUn—Un71§2+ :2+un_un—1a
Un—1

whence the inequalities (9.1).

3. Finally, summing the inequalities (9.1), we have 2n < u2 —c¢? < 2n+u,, —c. We deduce that :

. lim,, 00 u% = 00,
e  hence, u, = o(u?) and u2 = Q(2n),
° from 2n < ufl

—c? < 2n + u, — ¢ we deduce, since u,, = o(u2) and ¢ = o(u2), that

2n + o(up) < up < 2n+o(u})
i.e. uy, ~V2an.

9.6. (¢" x n° x (logn)?) < (e“’"bl x n¢ x (logn)?) if and only if

e  either a > 0,a’ > 0, and bacd < b'a’c’d’ in the lexicographic ordering,
e ora<0,a <0, and
- b>V,
—  orb=10 and acd < a’dd’, in the lexicographic ordering,
e ora=0ora =0,and a <a’ (car b>0),
e ora=0andd =0, and c¢d < ¢’d’ in the lexicographic ordering,
e ora<O0anda >0.
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9.7. By induction on & ; let kK = 1, and assume there are two principal parts of f with respect to E.

We thus have : f = a191 +0(g1) and f = asg2+0(g2) ; hence : lim ) =1= lim 1)
n—oco aigi(n) n—o0 azga(n)

and thus, lim a29>(n) = 1. Hence lim g2(n) = E, with 0 # a # 00. Henceforth ¢g; and go
n—oo a141 (n) n—oo gi (n) a2 a2
have the same order of magnitude ; by condition (ii) of Definition 9.19, we deduce that g; = g

and a; = ao. The inductive step of the induction is proved in a similar way.

9.8. Note that

log(1+n)
(14 m)l/n = 220
1 1
and that log(1 4 n) = log (n(l—i——)) = logn + log (1—1——)
n n
1 1
—1 L -2,
ogn—i—n 2n2+0(n )
Let L . )
_ogn -3
() ===+ =g T O,

then lim, . u(n) = 0, and squaring, then cubing, the asymptotic power series expansion of
u(n), we have

(u(n))? = (logn)? n 2logn n O(logn) 7

n? n3 n3
ogn 3 ogn 3
(unyy = L8Ry (o1
We deduce ) 5
) = e = 1t un) + L0 4 COOE oy
—yploen Jlost L Llos T (oen)Ty

9.9. 1. Nothing valuable ; we would obtain a term of the form

1 1 2
E — = _H? —H,_
k2(n—k) n "_1+n2 n=lo

0<k<n

implying only that w, = Q(1/n).

2. Note, first, that
1 2
u(l):exp(Zlﬁ) — 7 /6;

E>1
Writing
. Uk 1 1
o 3 3w,
0<k<n 0<k<n
ie.

nun:%Zukf%Zuqu% Z nkﬁkk‘ (S)

0<k n<k 0<k<n

The first sum in (S) returns u(1), and we can show that :

Zukzo((logﬁ) and 0( 3 W>:O<(loin)3>5

n<k 0<k<n (n —k)
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1 3
this enables us to bound the second and third terms of the sum (S) by O(w@);
n

bootstrapping once more we obtain

72 /6
un:e +O<logn).

n? n3
9.10. It is easy to see that u, < > o n =n?= O(n?). Assuming
U, = an® +bn +c (1)
and plugging in the recurrence defining u,,, we have
Up =N+ Up_1 :an2+(1+b—2a)n+a—b+c,
wherefrom we deduce, identifying with (I),
e thata=b=1/2,

e and that, if ([) is true for u,,_; with a = b = 1/2, then (I) is also true for wu,, ; writing
that (I) is true for ug, we have ¢ = 0 and thus u,, = n(n + 1)/2.

Chapter 10

10.1. We prove this result for the case of undirected graphs. The case of directed graphs is quite
similar.

Let G = (V,E,d) and G' = (V' E’,§"). Tt is easy to see that if
. either G’ is a subpartial graph of G,
° or G’ is a partial graph of a subgraph of G,
then

V' CV,E'CE and Veec E' d(e)=4d(e).
It thus suffices to prove the converse of this property.
(a) Let H be the graph (V', E”,6") with A” = {e € E/ége) - a
Then, by definition, H is a subgraph of G. Because Va € A’,§'(e) = d(e
is a partial graph of H.
(b) Let H' be the graph (V,E’,§’) which clearly is a partial graph of G. Then, Ve € E’,
d’'(e) C V' and thus G’ is a subgraph of H'.
10.2. Each edge of a directed graph is counted once in the outdegree of its origin and once in

the outdegree of its target. The sum of all indegrees is thus equal to the sum of all outdegrees
and is also equal to the number of edges.

10.3. 1. Let Vj, for 0 < k < K, be the set of the vertices of degree k. By definition, |Vi| = ny.

AsV = Uszo Vi and as the Vjs are pairwise disjoint, n = |V| = Zszo ng.
The sum of the degrees of the vertices is

K K K
p=Ydw) =33 dw) =S KVl =Y ks
k=0 k=0

veV k=0veV;
Moreover, we know that p = 2m.
2. Since ng # 0, K < Kngi < ZkK:o knj = 2m. This bound is reached for the graph with one
vertex and m edges that all are loops.

3. Let v be any fixed vertex. For all vertices v’ of the graph (including vertex v), denote by E,,
the set of edges connecting v and v’, i.e.

{Ev/ ={e/d(e) ={v,v'}} ifv#,
E, ={e/d(e) = {v}}.
The degree of v is thus equal to 2|Ey| + 3 ,,,, [Ew|. Because the graph has no loop, E, = 0,

and because the graph has no multiple edges, E,, has at most one element for v’ # v. Hence,
dv) < > “v 1 = n — 1. The bound is reached for complete graphs, i.e. graphs such that

Vo, o' eV, v# 0 = Jee€ E:d(e) = {v,0'}.

V’} and Ve € A”, 6" (e) = d(e).
YTV, A CA” and G/
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10.4. Because the graph is simple, the degree of a vertex v is the number of vertices t # v that
are adjacent to v, i.e. connected to v by an edge.

1. Let v be a vertex. There are n — 1 other vertices ; at most n — 1 among them are adjacent to
v, and hence d(v) <n — 1.

2. If a vertex v has degree n — 1, it is adjacent to n — 1 other vertices, i.e. to all other vertices;
consequently, all other vertices (each of which is adjacent to v) are of degree > 1.

3. Assume that the degrees are pairwise different. They form a sequence dy < dy < -+ < dj.
We have that dy > 0, and 1 implies that d, < n. Because the d;s are integers, this gives
di =0,dy=1,...,d, =n — 1 which contradicts 2. Hence, there are at least two equal degrees.

10.5. 1. Let V, be the set of vertices of V' — {x, y} which are adjacent to z, and let Vj, be the set
of the vertices of V' — {x, y} which are adjacent to y. We assume that z € V; N'V,,. Then z,v, z,
which are mutually adjacent, form a triangle, a contradiction. Thus V, NV, = (). We also have
Ve UV, €S —{z,y} by definition. Hence,

Ny +ny = Vo +[Vy| = Vo OV | <[V —{z, 9} = [V] = 2.

2. By induction on n = |V/|

. Initialization : It holds for n =1,2 :

1 |VP?
=1:|Fl=0<-="~—
n=1:lBl=0< =10

4 2
n—2: g <1< IVE

4 4

. We assume that the property is true for n. We show that it is true for n+2. Let |V| = n+2.
If there are no edges, then |E| = 0 < |V|?/4. If there is at least one edge, consider two adjacent

vertices  and y. Let V! =V — {z,y} and A’ = {a € A | d(e) C V'}. The graph (‘;/,E’,(S) has
no triangle, and |V’| = n. By the induction hypothesis we have |E’'| < |[V'|?/4 = nz The edges
of E are

—  those of EF’,

—  the edge between = and y,

—  those between x and the vertices of V', and

—  those between y and the vertices of V.
2
Thus |E| = |E'| + 1 + ng + ny. Since |E'| < nz and ng +n, < |V| —2=|V’| (by 1), we have

n*+4n+4  (n+2)?

2
Bl< T +1+n=

4 4
The property is also true for n + 2.
By induction it is thus true for all n € IN.
10.6. Let ¢ = vg,€1,V1,...,Vn_1,€n,Vn be a chain of minimal length connecting vy and v,, with

Vg # Vp. If this chain were not elementary, there would exist ¢ < j such that v; = v;. Consider
the sequence ¢’ defined by

Vj, €41, Vjt1y -+ Un—1,€n, Un if v; = vy,

’ 3 —

¢ =< Vg,€1,V1,...,Vi—1,€Ei,V; 1ij = Un,
V0,€1,V1,-+.,Viy €j4+1,Vj41y--+,Un—-1,€En,Un if Vo 75 Vi = U5 75 Un.

This sequence is indeed a chain connecting vy and v, and it has a length strictly less than c, a
contradiction.

The same result can be obtained, with the same proof, for paths in directed graphs.
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10.7. If v = v”, then d(v,v"”) = 0, and the inequality is verified. If v = v’ or if v = v”, the
result is straightforward. Consider now the case when v # v”, v # v', and v’ # v".
If d(v,v") = oo or if d(v',v") = oo, the result is clear. Otherwise, there exists a chain of length
d(v,v") connecting v to v' and a chain of length d(v’,v”) connecting v" to v”. Concatenating
these two chains yields a chain of length d(v,v") + d(v’,v”) connecting v to v”. The shortest
chain connecting v to v” thus has length less than or equal to d(v,v") + d(v',v").

10.8. 1. The number of vertices is the number of ways of choosing two elements among five.

51
It is (‘;’) = 931 = 10. Each vertex v = {n,m} is connected to three others by an edge; these

three other vertices are those obtained by choosing two elements in {0,1,2,3,4} \ {n,m}. The
number of edges is equal to the half-sum of the degrees, i.e. %(10 x 3) = 15. Lastly, let {n,m}

and {p, ¢} be two distinct vertices; if {n,m} N {p,q} = 0, these two vertices are at distance 1 ;
otherwise their intersection is reduced to a single element and we may write {a, b} and {b, c}.
Let d and e be the two remaining elements. {d, e} is disjoint from {a,b} and from {b,c} and is
thus at distance 1 from each one of them. The diameter of the graph is thus 2.

2. To increase the readability we have labelled only a subset of the graph (figure 15.4).

Figure 15.4

10.9. 1. The result is true for k = 1 by the definition of M. Assume that the m( ) entry of M* i
the number of paths of length £ from v; to v;. Let Cz] be the set of paths of length k from v; to

v;, and let Pﬁ;rl be the subset of C’k+ consisting of the paths whose last edge has origin v;. It is

easy to see that C’k'H U, Pﬁfl and since the sets Pzz]—H are disjoint, ]ijﬂ =3, \Pﬁjl .
Moreover, every path of Pﬁ;rl is obtained by extending a path of CX by one edge with origin
v, and target v;. Hence, \Pﬁ;rl = |Ck| x my;. Since by the induction hypothesis |CX| = mz(lk)

holds, we have

CkH]—E m xmlj,

i.e. ]Ck+1\— Efﬂ).

2. Yes. We associate with (V, E, ) having the n vertices vy, ..., v, the matrix M defined in the
following way. Each entry M, ; = m;; of M (for 1 <i <mnand 1 < j < n) is the number of edges
e of E such that é(e) = {v;,v;}. We note that the matrix M is symmetrical, i.e. m;; = mj;, and
we reason by induction as in case 1.

10.10. 1. The set of the edges of G4 is the union of a set H of ‘horizontal’ edges and of a set V'
of ‘vertical’ edges. With each pair {(x,y), (z+1,y)} of elements of Z? is associated a horizontal
edge connecting them. Similarly, a vertical edge connects all pairs of elements {(x,y), (z,y+1)}.
If ¢ is any chain connecting (x,y) and (2',1'), it is easy to see that |x — 2’| is less than or equal
to the number of horizontal edges of ¢ and that |y — /| is less than or equal to the number of
vertical edges of c. Hence, |z — 2/| + |y — v/|< de, ((z, ), (2/,y))).

It is also easy to see that there exists a ‘horizontal’ chain of length |r — ’| connecting
(z,y) and (2',y), and a ‘vertical’ chain of length Jy — 3/| connecting (z’,y) and (2/,7/).
There thus exists a chain of length |z — 2’| + |y — ¢'| connecting (z,y) and (2',y’). Hence,

da, ((z,y), («',y) < |z —2'| + |y — ¢/|.

2. In order to obtain Gg, we add to G4 the ‘oblique’ edges connecting (x,y) and (x + 1,y + 1)
and those connecting (z,y) and (x + 1,y — 1). If ¢ is any chain of length n connecting (x,y) and
(2/,y'), we easily show that |z — 2'| < n and |y — /| < n, and hence max(|z — 2/|, |y — y/|) <

dGs ((x7 y), (x/7 y,))‘

Let (z,y) and (2/,7') be two elements of Z>. We assume that |z —2/|< |y —¢/| and let
n = |z — 2’|. The proof would be similar if |y — ¢'| < | — 2’|. Through oblique chains of length
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n we may connect (z,y) to (z+n,y+n), to (r—n,y—n), to (x+n,y—n) and to (x —n,y+n).
We now assume that x < 2/, i.e. 2’ = x+n. The symmetrical case could be dealt with similarly.
Then we may connect (z/,y’) to (2',y + n) by a vertical chain of length |y — y — n| and to
(z';y — n) by a vertical chain of length |y’ — y + n|. Because the least of the two numbers
|y —y+n|and [y —y —n|is |y —y'| — n we may connect (z,y) to (z’,y") by a chain of length
n+ly —y'| —n=max(|z — 2’|, |y — y/'|]). Hence, max(|z — 2’|,y — /) > dg,((z,), (2, ¢))
(figure 15.5).

Figure 15.5

10.11. 1. Each vertex v; is indeed the endpoint of two edges, which are

{ {61‘,61‘4,1} if 1 < n,

{e1,e,} ifi=n.

2. By induction on n. Recall that the sum of the degrees of an undirected graph is equal to twice
its number of edges. If each one of the n vertices of a graph is of degree 2, this graph thus has
n edges.

e Ifn=1, G has a single edge e and a single vertex v with d(e) = {v}. G is thus isomorphic
to Cl.

. If n = 2, G has two vertices v and v’ and two edges e and e’. Since G is connected, v is
connected to v’ by one of the two edges. Assume that it is edge e. We then have d(e) = {v,v'}.
If §(¢’) = {v} then v is of degree 3; if d(e’) = {v'} then v’ is of degree 3. We thus have
d(e’) = {v,v'}, and G is isomorphic to Cj.

e  Assume that G has n + 1 vertices, with n > 2. Let v be a vertex of G and €’ an edge with
endpoint v.

—  If o(e¢’) = {v}, then since v is of degree 2, v is neither the origin nor the target of any
other edge, and {v} is a connected component of G, which is excluded.

- If §(e) = {v,v'} with v # ¢/, there thus exists another edge €’ with endpoint v’.
Hence 6(e”) = {v"} cannot hold for the same reasons as previously. Thus §(e”) = {v,v"},
with v # v”.

—  Thus §(¢/) = {v,v'} with v # v, and §(e”) = {v,v"}, with v # v". If v/ = v”, then v’
can be neither the origin nor the target of any edge other than ¢’ and e”. The set {v, v} is
a connected component of G which is not equal to the whole of G because G has strictly
more than two vertices, and this is excluded.

—  The remaining case is that 5ge’) = {v,v'} and §(") = {v,v"}, with v £ V', v £ 0"
and v’ # v”. Consider the graph G’ obtained from G by deleting vertex v and edges ¢’ and
¢ and by adding an edge e with d(e) = {v’,v”}. It is a graph with n vertices each of which
is of degree 2. By the induction hypothesis, G’ is isomorphic to C),. We then easily see that
G is obtained from G’ by inserting v between v’ and v”, and thus that G is isomorphic to
Crii-

3. Let G be a graph and let V1, Va, ..., V} be its connected components. Let G; be the subgraph
of G whose set of vertices is V;. Then G is the disjoint union of the G;s. Moreover, each G; is a
connected graph all of whose vertices have degree 2 ; it is thus isomorphic to some C,,, .

10.12. The chromatic number of the complete graph K4 with four vertices, and where all distinct
pairs of vertices are connected by an edge, is 4.

This graph is indeed planar. Assume that it can be coloured with strictly less than four colours.
There would then be two distinct vertices of the same colour, which is impossible since these
two vertices are connected by an edge.

10.13. If one of the two connected components were not a tree, it would necessarily contain
a simple cycle which would also be in the initial graph. This is impossible because the initial
graph is a tree.
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10.14. Let s be the sum of the degrees of the n vertices of G. Because G is a tree, it has n — 1
edges and s = 2(n — 1). Let k be the number of vertices of degree 2 and let k' be the number
of vertices of degree greater than or equal to 3. Then n = k+ k' + 2 and s > 2 + 2k + 3k’. As
kK'=n—2—kand s=2n—2, we have 2n—2 > 2+2k+3n—6—3k,ie. k >n—2. Ask <n—2,
we have k =n — 2.

Because G is connected, there exists an elementary chain connecting the two vertices of degree 1
(see Exercise 10.6). Assume that this chain does not contain all the vertices of the graph. Since
the vertices in this chain are of degree 2 and since they already belong to two edges and since the
endpoints belong to one edge, no vertex of this chain can be connected by an edge to a vertex
which is not in the chain. In this case the graph would not be connected, which is excluded.

10.15. Let V' = {vy,...,v,} be the set of vertices of tree G. We show by induction on the
number n of vertices the following more precise result : Vv; € V, Va > 0, VR > 0; we may
always draw G on a circular segment with angle a and radius R in such a way that the edges
consist of linear segments without cross-sections except at the endpoints, and that vertex v; is
the origin of the circular segment.

. If n < 2 the result is clear, because for n = 1, GG is reduced to a point, and for n = 2, G
is reduced to a single edge. (In fact it suffices to consider the case in which n = 1 as the basis
case.)

e Ifn> 2 let e be an edge such that d(e) = {v;,v;}. Delete e from tree G. We obtain two
trees G'1 and Go such that G; has n; < n vertices for ¢ = 1,2, v; € G; and v; € G,. By the

induction hypothesis, we may thus draw G; (resp. G2) in a circular segment with origin v; (resp.
vj), angle a/2, and radius R/2 in such a way that the edges consist of linear segments without
cross-sections except at the endpoints. It then suffices to first draw G; and to then draw the
edge e connecting v; and v; in such a way that it forms an «/2 angle with the picture of G; and

that it has a length of R/2, and to finally draw G starting from v; (figure 15.6).

Figure 15.6
Planarity is an immediate consequence.

10.16. Let Pref(L) be the set {u € A* /3Jv € A* : wv € L} (see Exercise 11.10). We construct
a directed graph G whose vertices are the strings of Pref (L) and whose edges connect all the
pairs (u,ua) with a € A and both v and ua € Pref (L).

The outdegree of each vertex of this graph is indeed finite since it is always less than or equal
to the number of elements of A.

By the definition of Pref(L), any string ag---a, of L is the target of the path e, ayg,
apai, .. .,apaq - - - an with origin €. Since L is infinite, € is the origin of infinitely many paths of

Applying Proposition 10.25, we deduce the existence in G of an infinite path ¢, ag,apaq,
.\,Q0G1 "+ Gy, ... with origin €. Because each string aga; - - - a,, is in Pref (L), the infinite string
apaq - - - ay - - - does indeed have the required property.

10.17. Let F,, be the set of the injections f, : {0,1,...,n} — IN such that Vi € {0,1,...,n},
(i, fn(i)) € S. By (i), F,, is non-empty, and it is clear that if n # m then F, N F,, = (.

On the other hand, each F), is finite. If k,, is the cardinality of the finite set {m € IN / (n,m) € V'},
we easily show by induction on n that the number of elements of Fj, is less than or equal to
ko X k1 x -+ x k.

We define the relation R on U,,>oF}, by f R g if and only if there is an n > 0 such that f € F},,
g€ Fyy1,and Vi€ {0,1,...,n}, f(i) = g(i).

If g is in F, 41, its restriction ¢’ to {0, 1,....n} is indeed such that ¢’ R g. Proposition 10.26 can
thus be applied : there exists a sequence of injections fo, fi1,..., fn,... such that f,, € F,, and

fn R fnJrl'

We then define f : IN — IN by f(n) = fn(n). Thus (n, f(n))= (n, fn(n)) € V. Finally, f is an
injection. Indeed, we easily show by induction on m that Vn,m € IN,Vi < n, f,(i) = fntm(7).
If there were n < m such that f(n) = f(m), then f,,(n) = fn(n) = f(n) = f(m) = fm(m) and
thus f,, would not be injective, a contradiction.
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10.18. Both questions can be proved by induction on the number of vertices of the tree.

1. If the complete binary tree G has only one vertex, it has indeed an odd number of vertices.
If it has n + 1 vertices, its root » must necessarily have two children v and v’. Graphs G(v) and
G(v') are again complete binary trees having, respectively, p and p’ vertices, with p + p’ = n.
We thus have 1 <p <n—1and 1 <p' <n — 1. By the induction hypothesis, p and p" are odd
numbers. Hence n = p + p’ is even and n + 1 is odd.

2. If a complete binary tree has a single vertex, it has a single leaf, and the property is true. For a
tree with 2n—1 vertices, we proceed as previously : G(v) is a tree with 2p—1 vertices and p leaves,
G(v') is a tree with 2p’—1 vertices and p’ leaves and G is a tree with 2p—1+42p'—14+1 = 2(p+p’)—1
vertices and with p + p’ leaves.

Chapter 11

11.1. 1. YES. The composition of mappings is indeed associative and has a unit that is the
identity mapping.

2. NO. The ‘power’ operation is not associative : (2!)? = 22 = 4, 2(1") = 21 = 9,

3. YES. The empty string is an even length string, and the (associative) product of two even
length strings is again an even length string.

4. YES. Let |u|, and |u|, be the number of occurrences of a and b in u. Indeed |¢], = €], = 0;
if |u|a = |ulp and |v], = |v]p, then |uv|, = |uls + [v]e = |ulp + [v]p = |uv]p.

5. YES. Union is associative and its unit is the empty set.

6. YES and NO. The intersection of the subsets of a set F is an associative operation. Its unit
is is F; indeed, if Z is this unit, Ve € E,{e} N Z = {e} should hold (i.e. Ve € E,e € Z). Since
the unit must be a finite subset, we have a monoid if and only if F is finite.

11.2. 1. The matrices I, A and B have determinant +1, and a product of matrices with
determinant +1 is again a matrix with determinant +1. If M = i Y') is a matrix with

non-negative integral coefficients, then M A = <z :ii) and MB = <x+y y) are

matrices with non-negative integral coefficients.

2. Let M = (‘z 3}) Its determinant A is equal to xw — yz. Let y = x + p and w = z 4+ ¢,

with p,qg € Z. Then A =x(2+q) — (r+p)z =xq—pz. f A =1, we have xqg =1+ pz. If y > x,
then p > 0 and, since x and z are non-negative, ¢ > 0 and thus w > z. If w < z, then ¢ < 0,
and hence p < 0 and y < .

3. It is easy to see that
1 (1 -1 1 _ (1 0
A_<Ol andB—_ll.
Let M = <z 3}) If the first column is greater that the second column, the matrix

z—w
of its coefficients is = + z, strictly less than x + y + z + w. (If y + w = 0, M has determinant

zero.) M' = MB~! is thus an element of M, and so is M = M’'B. The uniqueness of the
decomposition of M in a product of matrices A and B follows from the fact that M cannnot
be written as M” A, with M" € M;, because M" = MA™! = z i__i with y —2 <0
and w — 2z <0, and if M" € My we have y — x = 0 and w — z = 0, which is impossible if the
determinant of M" is 1.

If the second column of M is greater than the first column, the argument is similar modulo the
interchange of A and B.

4. The equality of M7 and M easily follows from the above.

MB™! = <$ Y 3)) has determinant +1 and non-negative integral coefficients. The sum
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11.3. Let h(a) = A and h(b) = B. This homomorphism is surjective by the definition of M;. It
is injective because the decomposition of any matrix M of M; = Mj into a product of matrices
A and B is unique.

11.4. 1. It is necessary and sufficient that Vo € A, h(z) is a length 2 string.
2. Tt is necessary and sufficient that Vo € A, h(x) is a string containing no bs.

3. Let, for instance, the two homomorphisms
h: (A\{a})" — (A\{b})" and g: (A\{b})" — (A\{a})"

be defined as follows :

h(b) =a,

h(z) =z, Vz ¢&{a,b},
gla) =0,

g(z) =z, Vz¢&{a,b}

Then gh: (A\ {a})* — (A \ {a})* is the identity, and h is thus an isomorphism.

11.5. It is clear that if one of the following three cases holds then uv = xy. See Figure 15.7.
(i) Ifu =z and v =y then uv = zy.

(i) If ut = z and v = ty then wv = uty = zy.

(iii) If uw = ot and tv = y then wv = ztv = xy.

Figure 15.7

The converse is proved by complete induction on n = |u| + |z| :
e If n=0 then |u] = |z| = 0. Hence u = x = ¢, and thus u = y.
e Assume that |u| + |z| =n + 1.

—  If |u| = 0 then case (ii) holds and we let t = x.

—  If |x| = 0 then case (iii) holds and we let ¢ = u.

—  If both |u| and |z| are strictly positive, and uv = zy, we have u = av’, x = aa’, and
uw'v = 2'y. Since |u'| 4+ |2'| = n — 1, we can apply the induction hypothesis :

(i) If Ju| = |z|, then |u/| = |2’|. Hence v’ = 2/, v = y, and thus u = x.

(ii) If lu| < |z|, then |[u'| < |2'|. Hence 't = 2’ and v = ty, and also ut = au't
=az’ = z.

(iii) If |u] > |z|, then |u'| > |2/|. Hence v/ = 't and tv = t, and also u = au/
=ax

11.6. 1. If u = w™ and v = w", it is clear that uv = vu. To show the converse, we reason by
complete induction on the length of uwv.

° If luv] =0, then u =v =¢, and we let w=¢e,m =n = 1.

e If|u/ =0, then u = ¢, and we let w = v,m = 1, and n = 0. (Recall that w° = ¢.)

If |[u] =0, then v = ¢, and we let w = u, m =0, and n = 1.

o If luv| = n+1 (with |u| and |v] strictly positive) then, by Levi’s lemma, one of the following
three cases holds.
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- If |[u| = |v|, then u = v; we then let w =u =wv, and p=q = 1.
—  If |u|] < |v|, then ut = v and v = tu, and hence ut = tu. As |u| > 0, |u| + |t| =
|v| < |u| + |v|, and we can apply the induction hypothesis : © = w™ and ¢t = w™, and thus
v=ut =wmt",
- If Ju] > |v|, then u = tv and tv = wu, and hence vt = tv. For the same reasons
as the above, we can apply the induction hypothesis : ¢ = w™ and v = w"™, and thus
u = vt =wmt",
2. Here again the necessary condition is straightforward. Thus, assume u? = v9.
o Ifjul=|v|,welet w=u=vand m=n=1.
o If |u| # |v], we can assume |u| < |v| because the equation is symmetrical in u and v. Let
k and 7 be integers such that |[v| = klu| + r, with r < |u|. We easily deduce that v = u*t
and u = tt' (with |t| = r, and thus [¢/| # 0), and thus that (¢')? = ((tt')¥t)?. Deleting
the (tt')¥ prefix common to both strings, we have (tt/)P=% = t((tt')¥t)?~!. Noting also that
tl+ ) (p — k) = |t|+ (¢ — 1)(|t] + E(|¢t| + [t'])), we have that ¢ — 1 > 0, because otherwise
t| + [t'|)(p — k) = |t|, which is impossible since both [¢t| and |t/| are non-zero. The string

t((tt')*t)9~1 thus starts with tt¢/, and the string (¢¢')?~*, which is equal, starts with ¢t't. Because
these two prefixes have the same length, they are equal and thus tt’ = t’t. We can then apply

the preceding result : ¢t = w™ and ¢’ = w"™, and hence © = w™ 1" and v = wFmtm)+m,

3. By studying the conditions that the length of w satisfies, we find that 2|u| = |u|, namely,
|u| = 0 and thus u = e.

4. Applying 1, we have v = w™ and a = w". We must thus have 1 = |a|] = n|w|; hence
n = |w| =1, and thus w = a.

5. Since the condition 0 # 0 is always false, this boils down to the condition that ua = bu never
holds (with a # b). Let n (resp. p, ¢) be the number of occurrences of a in u (resp. ua, bu). We
have that p = n + 1 and ¢ = n, and if ua were equal to bu, we would have that p = ¢, which
would be impossible.

11.7. 1. The product of languages is associative :
(L-L)-L"=L-(L'-L")={wuv" Jue L el v elL"}.
The language {¢} is indeed the unit because
L-{e}={uww/uvelive{e}}={us/uel}=L.
For the same reasons, L = {¢} - L.
2. u € (U;e; Li) - L if and only if (Fv € U,¢; Li, 3w € L:u = vw) if and only if (3i € I, Ju € L,
Jwe L:u= Uw) if and only if 3¢ € I:u € L; - L.
3. It is easy to prove by induction that (L + {e})" = |J]_, L*. It holds for n = 0. Applying the
induction hypothesis, we have (L + {e})**! = (U, L?) - (L U {e}), which is equal to |J/ L
by the result of the preceding question and the fact that {¢} is the unit of the product.
4.0 ={e}+0-L* = {e}.
11.8. 1. X* is the set of strings (including the empty string) consisting only of bs.

Y is the set of non-empty strings whose first letter is not a b and whose other letters are all bs.
Indeed, u € Y if and only if u = vw with u € A\ {b} and v € {b}*.

Y™ is the set consisting of the empty string and of all the non-empty strings which do not start
with b.

2. Let u be a string of A* whose first letter is not a b. It can thus be written
xlb;mxszz e bpn—lxnbpn,

with z; € A\ {b}. Each of the strings z;b* is in Y, and thus v € Y*.

3. Let u be a string in A*. If it contains at least one letter different from b, it can be written
bPru'. By 1, b? € X*, and by 2, xzu’ € Y*. If u contains only bs, then it is in X*, and as ¢ € Y'*,
we have that v € X* - Y™*. This decomposition is unique : because v contains only bs, the only
string of Y* that can occur in u is the empty string.
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11.9. The only paths with trace € are the empty paths, which are in the set of paths whose
source and target are equal.

11.10. Let A = (S,T, 1, F) be a finite-state automaton recognizing L. We will obtain a finite-
state automaton A" = (S, T, I, F’) recognizing Pref (L) by including in F’ any state s of A such
that there exists a path ¢ whose source is a state of I and whose target is s, and a path ¢’ whose
source is s and whose target is a state of F.

11.11. Let L be a finite non-empty language. Let P(L) be the set {u € A* /3v € A*:uv € L}.
This set is finite because any string of L has but a finite number of prefixes, and it is non-empty
because it contains L and the empty string . Define the finite-state automaton A = (S, T, {i}, F)
as follows :

e S=P(L),

o T ={(u,a,ua)/u,ua € P(L)},
° 1= g,

e F=1L1

It is clear that this automaton is deterministic. It is also easy to see that there exists a path
with source e and with trace u if and only if w € P(L), and then the target state of this path is
u. We thus have L(A) = L.

If L is the empty language, then it is recognized by the empty automaton, which is a deterministic
finite-state automaton.

11.12. If there exists a circuit going through a state which is on a path going from an initial
state to a final state, then there exist three paths : ¢/ going from an initial state s; to a state
s, ¢, non-empty, going from s to s, and ¢’ going from s to a final state s;. Let u, v and w
be the traces of these three paths. Since for any n > 0, cic"cy is a path with trace uv™w in
the automaton, and since v is not the empty string, the language recognized by the automaton
contains infinitely many strings.

Conversely, if there is no circuit going through a state which is on a path going from an initial
state to a final state, then no path from an initial state to a final state can go twice through
the same state. Such paths thus have, by the pigeonhole principle (see Proposition 1.8 and
Exercise 1.16), a length strictly less than the number of states of the finite-state automaton.

If n is the number of states of the automaton, the recognized strings will have length strictly
less than n. If k is the number of letters in the alphabet, the number of strings of length strictly
less than n is 1 + k + k% + - - + k"~ !, which is equal to

{n if k=1,
K" —1

S 9
— ifk>2

This bound is the same for deterministic finite-state automata, and it is indeed reached, as the
next example shows.

Let S = {0,1,...,n — 1}, with initial state 0, final states F* = {0,1,...,n — 2} and T =
{(i —1,a,1) /1 < i < n,a € A}. It is easy to see that this automaton is deterministic and
recognizes all the strings of length strictly less than n. Conversely, if a finite-state automaton
with n states recognizes a number of strings equal to this bound, it must then recognize all
the strings of length strictly less than n and it has the above-given form. Complete finite-state
automata recognizing finite languages must have at least a non-final state. In this case the bound

is
{n—l if k=1,

K" —2
S 9
- ifk>2

The deterministic finite-state automaton reaching this bound is

sS={0,1,...,.n—1}, F={0,1,....n—2} ¢=0 and

T={(i-1a,1)/1<i<n-1,a€e A}U{(n—1,a,n—1)/a € A}.
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11.13. 1. Because we add to A transitions (s, a,s) when there are no transitions (s,a, s’) in A,
then we have that if A is deterministic, A’ is also deterministic.

2. Any path of A is also a path of A’, and hence L(A) C L(A’). This inclusion is strict. If
A is the finite-state automaton over the alphabet {a,b}, whose only transition is (i,b, f), it
recognizes the language {b}. Completing it as indicated, we add the transitions (i,a,i), (f,a, f)
and (f,b, f), and the recognized language becomes a*b(a + b)*.

11.14.

{i}-50, (i} {ay), {i}-50
050, 0-250, 050
{wy}-5{f} {zyd-5{izh {oy}-5{f, 2}
{F1-50, {£3-50, {f}-50
{i,2}-5{f}, {i2}{oy), {2 -2{f
{£.23-5{fY {f23-50, {f.2}-5{f)
{754z {150, {F1-5{z)
(-5} {220, {3-5{11

The initial state is {i}, and the final states are {f},{f’} and {f, z}.

11.15. Automata for questions 1, 2 and 8 are shown in figure 15.8.

Figure 15.8

11.16. 1. It is again an application of the pigeonhole principle (see Proposition 1.8 and
Exercise 11.12).

2.If z € L,y and |z| > n, there exists a path v with trace z from ¢ to ¢’. Because this path
has a length greater than or equal to n, it must be true that the path consisting of its n first
transitions contains a circuit and 7 can thus be written ¢’cc” with |¢’c¢| < n, and ¢ such that its
source is equal to its target. We have the required result by taking u to be the trace of ¢/, v to
be the trace of ¢, and w to be the trace of ¢”.

3. This immediately follows from the preceding point, by using the fact that z € L(A) if and
onlyifdgel, ¢ €e Fize Ly y.

11.17. We will reason by contradiction in all cases. We will assume that the given language is
recognized by a finite-state automaton with k states, and, applying the iteration lemma, we will
show that it must also contain strings other than the desired ones.

1. The string a*b* can be written uvw with |uv| < k and v # . We thus have u = a?,v = a¥,
and w = a"b* with ¢ # 0 and p + ¢ + r = k. We deduce that the automaton also recognizes
a4 which is not in the language.

2. The string a¥” can be written as aPa%a” with 0 < q < k. The string a®’*+4 is also recognized
by the automaton, but k? + ¢ is not a square. (The least square strictly greater than k? is
(k+1)2=k*+2k+1.)

3. Let m be a prime number greater than k. p + ¢ + r with 0 < ¢ < k and a™T9™ is again
recognized by the automaton even though m + ¢gm is obviously not a prime number.

4. Let w = a*b. The string ww is thus decomposed as a?,a? a"bw, with ¢ > 0, and the string
aFt9ba*b is accepted by the automaton even though it is not of the form ww.

5. The string a*ba”* is a palindrome. For the same reasons as given above, the string a*+9ba*
will be accepted by the automaton even though it is not a palindrome.

11.18. Answers to questions 1 and 5 are given in figure 15.9 and to question 2 in figure 15.10.
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Figure 15.9

2. The completion of the following finite-state automaton, where F' = {1,2,4,6}.

Figure 15.10

11.19. Let A = {a, b}.

Consider the complete non-deterministic finite-state automaton whose transitions are

(¢,a,9), (4,0,9), (¢ a,¢') and (¢, b,¢"),
where ¢ is final, and where both ¢ and ¢’ are initial. This automaton recognizes A*. The finite-
state automaton A’, whose final state is ¢/, also recognizes A*.

Consider the incomplete deterministic finite-state automaton whose transitions are (g, a,q’), and
(¢’,b,q"), whose initial state is ¢, and whose only final state is ¢’. This automaton recognizes
ab* even though the automaton A’ whose final state is g, recognizes {e}, which is not the
complement of ab*.

11.20. Let {D; /i € I} be an arbitrary set of mappings in D whose least upper bound is defined
by D(s,s") = J,c; Di(s,s"). Show that §(D) is the least upper bound of {SA’(DZ) /i€ I}. To
this end it is enough to verify that if ¢ = (s”,a,s’), then a - J,c; Di(s",5") = U;c a0 - Di(s",5'),
and this is a straightforward consequence of Exercise 11.7 2.

11.21. (0,a,0),(0,b,1),(1,a,1),(1,b,2),(2,a,2),(2,b,0) with initial state : 0, and with final
state : 0.

Zo,0 = axo,o +brio+€
Zo,1 = axo,1 + bxr1 1
$072 = (133072 + bx172
T1,0 = ax1,0 + brag
1,1 =axi,1 +broq +€
T2 = ari2 + broo
Ta,0 = awao + bxop
To1 = axa,1 + bxo

To2 = aTo + bros +¢
We deduce xg 9 = a*(bz1,0 +¢€), 1,0 = a*bxay, x2,0 = a*bzg,o ; hence
Zo,0 = a" + a*ba*ba*bxg o and thus zo = (a*ba*ba*b)*a*.
11.22. L is recognized by the finite-state automaton
0,a,1),(1,a,2),(2,a,3),(3,a,3),(0,b,0),(1,b,0),(2,b,0), (3,b,3)

with initial state : 0, and with final states : 0,1,2. See figure 15.11.

Figure 15.11
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The equation system associated with this automaton has sixteen equations. We will thus write
only those equations that are useful for determining the language recognized by this automaton :

Zo,0 = ax1,0 +broo +€
Zo,1 = ax1,1 + bxo 1
To,2 = ar12 + bro 2
T1,0 = awao + bxop
x1,1 = azrz1 +bro +e€
T1,2 = aT22 + bro 2
T2,0 = axszo + broo
Ta,1 = ar3;1 + bro 1
To2 = ar3 +bros +¢
$370 = CL:E370 + bx370
x31 = aw31 + brz;

x32 = ar32 + br32

Consider the system consisting of the last three equations. Its least solution is (0,0, (). This

system can thus be simplified to

which can also be written

or

we have

To,0 = aT1,0 + bxoo + €
$071 = OL$171 + b$071
To,2 = awy2 + bxo2
T1,0 = axzo + bro o
11 = awxa1 +broy +e€
T1,2 = axg2 + bz o
x2,0 = bxo0

€21 = b-To,l

Too =broo +e€

Zo,0 = axi,0 +broo +€
Zo,1 = axi,1 + bxo
Zo2 = axy2 + bxo2
z1,0 = (ab+b)xop

z1,1 = (ab+b)xo1 + ¢
a+ (ab+ b)xo 2

x1,2

x0,0 = (aab+ab+b)xoo +¢
Zo,1 = a + (aab + ab + b)IOJ
Zo,2 = aa + (aab + ab + b)xog

x0,0 = (aab+ ab+ b)*
xo,1 = (aab+ ab+b)*a
x0,2 = (aab+ ab+ b)*aa
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Chapter 12

12.1. (ii) is true by hypothesis; it is enough to verify (i) and (iii) ; for (i), VA € T, 0 < P(A)
< Zweﬂ P(w) = P(R2) = 1. For (iii), VYn, P(A,) = WEA, P(w), and thus ZnelN P(A,) =

ZnelN (ZwGAn P(w)) = Zwe(unemAn) P(w) = P(UnewAy).
12.2. Let a = ‘A hits the target’” and b = ‘B hits the target’. We have : P(a Ub) = P(a)
+ P(b) — P(aNb), and we obtain, assuming that a and b are independent (i.e. assuming that a

and b are such that P(a Nb) = P(a)P(b) ) : P(aUb) = P(a)+ P(b) — P(a)P(b) = 20"

12.3. Let X,, € {B, R} = 2 be the colour of the ball obtained at the nth drawing. We have

r
PXi=R) =5
r—1
PXe =R/ X0 =R) = gm0
r—mnmn
P(Xn+1:R/Xn:R,...,XQZR,XlzR):m

By Proposition 12.19 we deduce that

r(r—1)---(r—k+1)

PX1=Xo=-=Xp=R)= b+r)btrtec—1)--b+r+(k—1ec—(k—1)

12.4. Let p,, = P(X,, = ‘yes’ ). We have

p1 =1, and, for n > 2,
pn = P(X,—1 = ‘yes’ and X,, = ‘yes’ ) + P(X,,—1 = ‘no’ and X,, = ‘yes’ )
= P(X,, =‘yes’ /| X,—1 ="‘yes’ )P(X,,_1 = ‘yes’ )
+ P(X, =‘no’/ X,,_1 = ‘yes’ )P(X,,—1 = ‘no’)
= ppn-1+q(1 —pp-1)
=q¢+ (P —a)pn-1-
The recurrence equation p, = ¢+ (p—q)pn—1 has the characteristic polynomial : (r—(p—gq))(r—

1) = 0. Assuming p # 1, we thus have a general solution p, = A+ pu(p—¢)";p1 =1 and po =p
give us

Pn = %(1 -9 ).

If p = 1, then straightforwardly p,, = 1.

12.5. For all n € IN, let B,, be the event X" = B, and R,, be the event X™ = R.

(B) We indeed have : P(By) =b/(b+ 1) and P(Ry) =7r/(b+ ).

(I)  Assume by induction that, regardless of the initial values of b,r,c, P(B,) =b/(b+1),

and prove that P(B,41) = b/(b+ r). We have P(B,+1) = P(Bn+1 N B1) + P(Bpy1 N Ry) =

P(By,+1/B1)P(B1) + P(Bpn+1/R1)P(Ry). By the induction hypothesis applied to the sequence
n>2, we have :
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e P(Bpy1/B1) = (b+¢)/(b+ 7 + ¢), because in this case the sequence (X"™),>2
corresponds to a Polya urn model with initial values b + ¢, r, ¢, and

e P(B,+1/R1) =0b/(b+ 1+ c), because in this case the sequence (X"),>2 corresponds
to a Polya urn model with initial values b, + ¢, c.

Thus
b+c b b r b

brric bir birte bir  bir’
12.6. Assuming both possible choices of the urn are equally probable,

r1(b2 +12)
r1(ba +12) +ro(by +11)

Indeed, letting the events : V; =‘urn U; was chosen’, for ¢ = 1, 2, R =‘a red ball was drawn’ :
(V1,V5) is a partition, thus by Theorem 12.22

P(Bn—i-l) =

P(V1)P(R/Vy)
P(V)P(R/V1) + P(V2)P(R/V2)
P(R/V;) = %, for i = 1,2 ; moreover, both possible choices of the urn are equally probable,

P(Vy) = P(Va) = 1/2. Thus

P(Vi/R) =

P(V1)P(R/V1)
P(V1)P(R/V1) 4+ P(V2)P(R/Va)
T
PV,
_ (1) b +1m
o 1 T2
P(V; + P(V:
( l)bl-l-Tl ( 2)b2+7‘2
_ 1 (b2 +72)
Tl(bg + 7”2) + Tg(bl + ’1“1) '
12.7. This is a straightforward consequence of Theorem 12.22. Let the events : d =‘the sample

object is flawed’, a =‘the sample object comes from A’, b =‘the sample object comes from B’.
Then,

P(Vi/R) =

100 1 2 5 6
Pla)=——=—-, Plb)==, Pl =—  P(d/b) = —;
(a) 100 +200 3’ () 3’ (d/a) 100’ (d/b) 100’
therefore
P(a)P(d/a) 5

P@/d) = 5055 + Pla)Pdja) ~ 17 -

12.8. Define the events
i = {voter e is from area i},
¢ = {voter e voted for candidate C'}.
1. P(c) =32 P(inc) = Y22, P(i)P(c/i) = 3/10 x 2/5 + 1/2 x 24/50 + 1/5 x 3/5 = 48%.
2. We have
P(3)P(c/3
P(3/) = g O3]
> im1 P(0)P(c/i)
1/5 x 3/5 12
3/10 x 2/5+ 1/2 x 24/50 + 1/5 x 3/5 12+ 24 + 12
12.9. We have Qo = {M M, MF, FM, FF}, with the uniform probability P(w) = 1/4, Vw € Q9 ;
A={MM,MF,FM} and B={MF,FM} = AN B, hence P(ANB) =1/2, but P(B) =1/2
and P(A) = 3/4, thus P(AN B) # P(A)P(B).
On the other hand, in the set of families with three children, we have
Q3 = (MMM, MMF,MFM, FMM, MFF, FMF, FFM, FFF}
together with the wuniform probability P(w) = 1/8, Vw € Qg; hence A =

(MMM, MMF,MFM,FMM} and B = {MMF,MFM,FMM, MFF,FMF,FFM}, and
thus P(B) = 3/4 and P(A) = 1/2, P(ANB) = P(MMF, MFM,FMM) = 3/8 = P(A)P(B).
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12.10. 1. P(M) =2/3, P(M) = 1/3;
P(D/M)=0.7= P(D/M)=0.3 P(D/M) =0.2= P(D/M)=0.8

P(F/M)=02= P(F/M)=08  P(F/M)=0.9= P(F/M)=0.1

2. We must compute P(M/D N F'). This conditional probability is equal to

_P(MNDNF) P(MNDNF)
PM/DNF) = P(DNF) — P(MNDNF)+P(MNDNF)'

But PIMNDNF) = PM)P(DnN F/M). The fact that, given that a student likes maths,
events D and F are independent is expressed by : P(D N F/M) = P(D/M)P(F/M). Hence,

P(MADNF)=PM)P(DNF/M) = P(M)P(D/M)P(F/M). Similarly, substituting M for

M, P(MNDNF)= P(M)P(D/M)P(F/M). Hence,

P(M)P(D/M)P(F/M)
P(M)P(D/M)P(F/M)+ P(M)P(D/M)P(F/M)
B 2/3 x0.7%x0.2
©2/3x0.7%x02+1/3x0.2x0.9

P(M/DNF) =

=0.936.

Furthermore, the independence of the conditional events D and F' on the hypothesis that a
student likes maths implies

P(F/D 1 M) = P((F/M)/(D/M)) = P(F/M)

which is the equation corresponding to the independence of the conditional events D/M and

12.11. 1. Let  be the sample space constituted by the six permutations of the letters a, b, c,
together with the three tuples (a, a,a), (b,b,b), (¢, ¢, ), and the uniform probability ; each sample
point thus has the probability 1/9. Let Ay be the event : ‘letter a appears at the kth place, for
k=1,2,3. P(A;y) = 3/9 = 1/3, for k = 1,2,3; moreover P(A; N A3) = P(A1 N A3) =
P(A3 N Ag) = 1/9; the events Ap, As, A3 are thus pairwise independent, but they are not
independent because P(A; N Ay N Az) =1/9; thus As is not independent of A; N As.

2. Consider the experiment consisting of tossing two dice; Q@ = {1,2,...,6}? with uniform
probability. Let A; : ‘the first die is a one’, Ay : ‘the second die is even’, Az : ‘the total
score of both dice is 7. P(A;) = 1/6, P(A2) = 1/2, P(A3) = 1/6, P(41 N Ag) = 1/12,
P(A;1 N A3) =1/36, P(A3 N As) = 1/12; the events Ay, Ay, A3 are thus pairwise independent,
but P(A; NAsNAs)=1/36#1/6 x1/2 x 1/6.

12.12. 1. It is enough to verify that

> Pw=1.

w=(i,7,k)EQ

The event ‘i 4+ j + k is even’ consists of the tuples (0,0,0), (0,1,1), (1,0,1) and (1,1,0) ; we are
thus left with four tuples each having probability 1/4.

2. A:{i:O}:{(O,j,k)/(j,k)6{0,1}2}
= {(0,0,0),(0,0,1),(0,1,0),(0,1,1) };

thus P(A) = 1/2. Similarly P(B) = P(C) = 1/2. Finally, it is easy to see that P(AN B) =
P(ANC) = P(BNC) =1/4; the three events A = {i = 0}, B = {j =0}, C = {k = 0} are thus
pairwise independent.

3. No, because ANBNC = (0,0,0) and thus P(ANBNC) =0 # P(ANB)P(C) =1/4x1/2 =1/8.
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12.13. It is enough to prove that, Vw = (wi,...,w,) € 2, 0 < P(w) < P(R), which is
straightforward, and that ), P(w) = 1; but

D Pw =Y > ... > Pi(wi) x Pa(wa) - X Pu(wn)

wel w1 €01 w2EQ2 wn €0y
=Y Y Bw)x - x Bl (X Pilen))
w2E€Q2 wn €Qnp w1 €

— Z Z Pg(w2)x...xpn(wn):.”

wa €9 Wn €y

= ) Puwn) =1
wWn €Qy

12.14. We have Qy = {1,2,...,k}", T = P() and for w € Qj such that |wi| = i1, ...,
|wi| = ik, P(w) =pi' Py
12.15. 1. Obvious since for z < 2/, F(z') = F(z) + >_,c4c, Px(d); since, moreover,
> w<da<a Px(d) = 0 (recall that probabilities are always non-negative), F'(z') > F(z).
2. We have : limg o0 F((7) = limy 00 g0y Px(d) = > 4cp Px(d) = Px(D) = 1. Suppose
to simplify that X assumes values in Z. Then, Ve, 3N, ZZJV;_IN Px(d) > 1 — ¢, and thus
F(=N) =3 ,c_nPx(d) <e, hence lim,_,_ F(z) = 0.
12.16. It suffices to check that Z(d,d/)e{0,1}2 Pixyy(d,d) = 4/4 = 1, and similarly for
@, and that >, 1y Px(d) = 1. But, for d € {0,1}, Px(d) = > ycq01y Px.y)(d d)
> defoy Px(d) =2/2 = 1. Similarly for Qx.

12.17. Yes, provided that f(X) and g(Y') be defined, and to this end it suffices that f (resp. g)
be defined on the image of X (resp. Y'). We indeed have

P(f(X)=ig(Y)=j)= > PX=zY=y)
zef (i)
y€g™ " (4)

= Y PX=n)P(Y =y
wef ()
yeg™'(4)

= P(g(X) =1)P(g(Y) =)
12.18. 1. The distribution of W can be represented as follows :

x 1 2 3

Pw(z) | 1/3 1/3 1/3
U can assume the values 2, 3, 4, 5, 6; in order to find P(U = k), we look for the elementary
events (X =) N (Y = j) satisfying U = k, i.e. such that i + j = k ; for instance
PU=3)=P(X=1)nY¥ =2)+P(X=2)Nn( =1))
(since we have a subdivision into mutually exclusive events)
=P(X=1)P(Y =2)+ P(X =2)P(Y = 1)
(since X and Y are independent)
=2/9.
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We have the table

T 2 3 4 5 6

Py (z) 1/9 2/9 1/3 2/9 1/9
Similarly, we have

x -2 -1 0 1 2

Py (z) 1/9 2/9 1/3 2/9 1/9

2. The values of (U,V) depend upon those of the tuple (X,Y,Z) which can assume 27 = 33
distinct values ; we find the table :

P(U,V) u 2 3 4 5 6
v
-2 a a a 0 0
-1 a 2a 2a a 0
0 a 2a 3a 2a a
1 0 a 2a 2a a
2 0 0 a a a

where a = 1/27.
For instance, to compute P((U = 3) N (V = —1)), note that

U=3)=(X=landY=2)U(X =2and Y =1),
and

U and V are not independent, because, e.g.,
0=P((U=5nN(V=-2)#PU=5PV=-2)=

12.19. Let the r.v.’s Xq,..., X,, assume values in Dy,..., D, ; we will say that X4,...,X,, are
independent if and only if for all Ay C D4, ..., A, C D, the events X; € A1, ..., X,, € A,
are independent.

12.20. 1. A € T ; this will occur if T = P(Q).
2. We then have E(xa) = > 4ep dP(xa = d) = P(xa = 1) = P(A).

12.21. 1. We have E(U) =4, and E(V) = 0.
22E(UV)=32>; ijP((U =1i)N(V =j)) = 2/3. On the other hand,

o(U) = VE(U?) - (B(U))? = \/156/9 — 16 = (2/3)V3,
a(V) = VE(V?) - (E(V))? = VE(V?) = (2/3)V3;

hence p(U, V) = 1/2, and this indeed confirms that U and V are not independent.
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12.22. 1.(a) E(Z) = (1 —a)Y} ;2 ka" ! = (1 - a>(21?;oak)/ = (11__;)2 - 1ia

(see Chapter 8.) We can also have a direct computation : (1 —a) Y p  ka*=1 = 377 ka*~?
[ee] o0 o0 o0 1

= Y he ka =143 (k+ 1)ak = 300 kat =307 b =

(b) P(Z>k)=a""'(1—a)(Xya’) =a"".

2.(a) Note that the event (7" > k) is the disjoint union of the mutually exclusive events (1 = k)

and (T > k +1); we deduce that P(T > k)= P(T =k)+ P(T > k+1).

It suffices to note that

o (T>k) <= (fX,)Y)>k) < (X>kandY >k),

e X and Y being independent, P(X > w and Y > v) = P(X > u)P(Y > v); and thus

1—a

PT=k)=P(T>k)—P(T>k+1)
PX>kandY >k)—P(X>k+1landY >k +1)
=PX>kPY>k)—PX>k+1)PY >k+1)

b) We deduce then from 2 (a) that p(T = k) = p*~1¢*1 — p*¢* = (pg)*~1(1 — pq).
3.(a) Firstly, note that

T, =inf(Xy,....,Xp) >k <= Tp=inf(Th_1,Xn) >k
<~ (T,—1 > kand X,, > k)

Then check that, if X1,...,X,, are independent, then 7,,_; and X,, are independent ; indeed

P(T,-1 >uwand X,, >v) =P(X; >wand...and X,,_1 > u and X,, > v)
P(Xyi>u) - P(Xp-1 >u)P(X,, >v)
=P(Tp-1 > u)P(X,, >v).

We can then apply 2 and generalize it by induction on n :
. for n =1, T1 = X; has a geometric distribution of ratio p;
° for the induction, use 2 and the above two remarks.
(b) By 1 (b) we know that P(T,, > 1) = P(T,, > 2) = p", hence the result.
12.23. Let X be the r.v. which, to each individual in the population, associates its height. Then
E(X)=1.65 and o(X) = 0.04.
1.65

Markov’s inequality will give us the rather rough upper bound P(X > 1.80) < T80 = 0.916.

Chebyshev’s inequality will gives us the much better upper bound

P(X >1.80) < P(|X — 1.65| > 0.15)
0.04
<

ﬁf — 0.071

12.24. We want to determine integers n such that

1 1
P(S,<—2) < —.
(S— 2)-100
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The r.v.’s X1,...,X, are independent, and X; has the same distribution as —X; ; thus S, has
the same distribution as —S,,, hence, for all a > 0

P(S, < —a) = P(Sy > a) = %P(]Sn\ > a)

Moreover, we have

2
var(X;) = E(X?) - (E(X;))” =1,
Xi,..., X, independent = var(X; +---+ X,,) =
1 1
by Proposition 12.51 = wvar(S,) = —var(Xl +o 4+ X)) =—.
n

Chebyshev’s inequality then gives us the upper bound

1
Va > 0, P(|S,| Za)ﬁnaf’
hence P(S, < —a) < g’
andfora:%, P(Sné—%)ﬁ%a
and lastly P(S, < —%) < Wlo’ Vn > 100.

12.25. B(X) = d(-1); var(X) = d(-2) — d(—1)?; E(log X) = —d'(0).

12.26.
gxiv(z) = S P(X +Y =n)2"
n=0
=Z<Z P(X Z,Y:j)zn>
n=0 1+j=n
=Y ( > P(X=4i)P(Y :j)z”>
n=0 i+j=n
(since the r.v.’s X and Y are independent)
= < =i)2'P(Y = )27>
n=0 1+j=n
= (ZP(X = i);ﬂ') (ZP(Y = j)f)
i=0 Jj=0
(by the definition of the product of series)
= 9x(2)gv (2) .
1
12.27. 1. P(S; = k) = pg*~1, pgt iR = qz by .
(51 =) gs. (= Z Dy g =Y

k=1
2.5, =X1+--+X,, ther.v.’s X; are mutually independent with the distribution of S; as the

r r 1 T
common distribution, thus gg, (z) = (gs,(2)) = (13) X (1 ) .
q — gz
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3. We deduce from 2 that

P(S :k') _ <£>TT(T+1)...'(T+k_1)qk
T 1 k! ;
E(S,) =gs. (1) = rq(ZY(liq)rﬂ

:W’

r(r+1 r r 2
UGT(ST) = (2 7‘—2) + r—1 ( 7’—1> ’
peq rq pq

12.28. 1. The event V = k can be subdivided into the union J_, (U = j) N (( T X)) =k).

i=1

These events being disjoint, we have

P(V =k)= ilp<(U:j)m (ix) = k)

U and X; being independent,

P((U:j)m (i}x) :k> = P(U = j) x P((iX) :k:>

2. First note that, by Proposition 12.62 and the independence of the X;s, we can prove by
induction on j that Vj = 1,...,n, the generating function of the r.v. Y°7_, X, is given by :
95 «.(2) = (9(2)). Compute the generating function of V :

i=1"""

kelN

=3 (ZP(U =) x P<<ZXZ> = k>zk>
kelN =1 =1

=Y " P(U =) ( > P<<ZX1> = k>2k>
j=1 keEN i=1

= ZP(U =95 x,(2)

= ZP(U =7)(9(2)) = f(9(2))

3 Since g(1) =1, E(V) =gi,(1) = ¢'(1)f' (9(1)) = E(X;)E(U);
g (2) = g" () (9(2) + (9'(2) " (9(2));

g/
hence wvar(V) =var(U) (E(XZ))2 + E(U)var(X;) .

12.29. 1. The generating functions of X and Y are given by

gx(2) = i (z)pkqm"“zk = (pz+q)™,

gy (2) = zn: (Z)pkq”_kzk = (pz+q)"
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and, since X and Y are independent,

n—+m

9x+v(2) = gx (2)gy (2) = (pz + q)

X +Y thus has a binomial distribution b(p, m 4+ n) of parameters (p, m + n).
2. For x € {1,2,...,s}, we have

P(XZJI/SZS):P(X::E’X—{_Y:S):P(X:!E,YZS—:L‘)

P(X+Y =5) P(X+Y =5)
_ P(X=2)P(Y =5—u)
N P(X+Y =5s)

(since X and Y are independent)

COpta™ () et (7))

("m)prgmEne S

forz>s, P(X=2/S=s)=0.
The conditional distribution of X given S is thus a hypergeometric distribution (see Section
12.6.4).

12.30. Each sequence (z1, ..., x,) containing k people of type 1 has probability p*q"~* of being

obtained. Moreover, there are n! ways of permuting (x1,...,z,), but among the n! ways, the k!
permutations of the k people of type 1 and the (n — k)! permutations of the n — k people of type

k n—k _ n) k n—k

0 give the same result, hence : P(S = k) = k'(n#;k)'p q i pq

12.31. 1. To study the distribution of S;, we can group together all the values j = 1,...,n,
J # 1, in a single value d; ; then \S; has the binomial distribution b(p;,n).

['(S1,S2) = E(S152)—E(S1)E(S2), where S and S have binomial distributions with respective
parameters p; and p; = 1 — p; ; we want to compute F(S1S53). Consider, for i = 1,...,n, the
characteristic functions y! = X(x,=1) and N X(x,=2), and note that S; = Dy x} and

Sy =30, X7 ; hence
E(8,8s) = E((Zx}) (Zx?))
=E <ZZ><%X?>

i=1 j=1
=n(n —1)p1p2
and ['(S1,92) = n(n — 1)pips — n*p1p2 = —np1ps

2. Let (X1,...,X,) be discrete r.v.’s; we can generalize the generating functions in order to
represent the distribution of (Xy,...,X,). Let X = (X;,...,X,) and

g?(zl,...,zp) = Z P(X) =11,...,X, :ip)zi1 ---Z;P :E((zf{1 ---zfp)) .

Therefore,
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and, noting that S, = 37" | X(x,=k);

g(Sl,...,S,,)(Zl, ceyZp) =

Z;l X(Xx;=1) Z::l X(Xx;=r)
PR Zr

= [T (B2

(since the Xs are independent)

= H (plzl + - +p7’zr) = (plzl + - +pr27‘)n

We can easily prove the following properties of generating functions depending on many
variables :

o gx,(2)=gx(,...,1,21,...,1), where 2y = -+ = z;_1 = Ziy1 = - = 2, = 1,
b gX1+---+Xp(Z) = QY(Z’ e 2),

e (Xy,...,X,) are independent if and only if g(21,...,2) = IIT_,gx, (2x) -

12.32. X:Q — IN, where Q is the set of sequences {1"0/n € IN} U {111---11---}, with the
convention 1°0 = 0, and with 7 = P(Q2), Vn € IN, P(1"0) = p"q and P(111---11---) = 0.

12.33. 1. 1/271

1 1/2(1- (1/2)4) 15

2 1/2 T 16

1
2. Z 9i—1

’LI2 1=

-

3. Let A =‘an even number of tosses is necessary’ and B =‘an odd number of tosses is necessary’.
We have P(A) + P(B) =1, and

o0

1 1 1 1
n=1
11 1 1 =1
P(B):?+274+276+:§P(A)22227n
n=1

Hence P(A) =2/3.

12.34. The methods are similar to the ones used in Exercise 12.31. Note, however, that here the
i are not independent.

1. We will apply Proposition 12.56. We have

(i) E(S1) = E(x1) +-- + E(xn)

(ii) var(S1) = var(x1) + - +var(xa) +2 Y Tl x;)
1<i<j<n
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Noting that

e

Vizl,...,n, E(Xl): (Xl:]-): =p,

=5

Vi=1,...,n, wvar(x;)=E((x:)?) — E(xi)* =p1 —pi =pip2,
ny(ny —1)
E iy c) = P i = 1’ . = 1 =,

i nl(nl — 1) ni 2 N —MNn1N3y
I'(xi, xj) = m - <N) = m .

Then applying (i) and (ii) we deduce

N —n
E(Sl) =np1, UG?“(Sl) = np1p2(N — 1)~

2. Grouping together all types which are different from j reduces the problem to case 1.

12.35. Let .
ro=ris=n- (1)
We have n
ny (N—n)(N—nj—1)---(N—n; —n+1)

~ =0, 40, and F(0) =

N N(N—1)--(N-n+1) ’

hence

ny ny 1
log F(0) =log (1= "% +10g (1 — ot log (1
og F'(0) og< N> og( N—l) 0g< N—n—i—l)’

n1 n1
_ 2 )< < - .
nlog (1 N> log F(0) < nlog (1 N o 1>

Taking the limits, the right-hand side and left-hand side of the inequality go to —\; thus
log F(0) — —X and F(0) — e~ *. For k € IN, k # 0, the ratio

F(k+1) (n—k)(n1 — k)
F(k) G+ DN —ni—n+k)
is equivalent to — % AL thus F(k) — e*)‘)\—k
d k+ )N k11’ Kl
12.36.
1 P(X =nY =m)= S
S rocmny=m= 3 (St )
_ Z 2m)‘7nf:672)\
m=0 m
— 62)\6—2/\ 1

The distribution of (X,Y") is thus entirely determined by the given probabilities.
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2 P(X=n)=)_ P(X=nY =m)
m=0
-y A" -2

= n!(m —n)!

A o OO pY

i=0
A’l’l
n!

X thus has a Poisson distribution with mean \.

P(Y =m)= iP(X:n,Y:m)
A™ 9
:Z:n!(m—n)!6 )

AT e m!
e <nz: n!(m—n)!)

Y thus has a Poisson distribution with mean 2\.

P(X =0,Y =0) =e 2,
P(X =0)P(Y =0) =e e 2 =73\

Thus X and Y are not independent.
3. Note that Y > X, therefore Y — X is integral-valued.

PY-X=r)=) P(X=nY=n+r)
n=0

(),
a nlr!

n=0

)\T‘
= e .

7!

Y — X thus has a Poisson distribution with mean .

PX=nY-X=r)=PX=nY=n+r)

n4r
_ A —2A

ol
=PX=nPY-X=r).

Hence, the r.v.’s X and Y — X thus are independent.
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4. I'(X,Y)=T(X,X+Y — X)
(X, X)+T(X,Y — X)
(X, X)

2

X, (because X and Y — X are independent)
(X)=A.
X,y A V2
o(X)o(Y)  Vavax 2
12.37. 1. P(Z =2,N =n) = P(N =n)P(Z = z/ N = n). Moreover the r.v. Z conditioned by
N has a binomial distribution, i.e. P(Z =z /N =n) = (7)p*(1 — p)"~*; hence

Tr
T
o)

P(Z =2z N=n)= e_A)T\:<Z)pZ(1 —p)"F=A(n,z).
2 P(Z=2) =) P(Z=2zN=n)=>» An,z)
(\p)? e . 1 n—z
0 (ZA (<nfz)' )
_ )" -

Thus Z has a Poisson distribution with mean Ap.

rvoaze g P

Z is a Poisson distribution with mean A(1 — p).

. We deduce that the distribution of N conditioned by

_ I(N,Z)  E(NZ)— E(N)E(Z)
1 PN.2) = etz ~ o(N)o(Z) ‘

All the factors are known, except for E(NZ).

E(NZ) = iinzP(N:n,Z: z)

n=1z=0

> PNy n!
_ - z o n—z
N ne n!<;)zz!(n—z)!p (1-p) )

mean of a binomial distribution

Since N has a Poisson distribution with mean A, we have
0?(N) = E(N?) = E(N)> =X, hence
E(N?)=X+)?, thus

)
BE(NZ) = Ap(1 4+ \);
E(N) =)  E(Z)=\p;
o(N) =V o(Z) = \/Ap; hence
o(N, Z) = PA 4 pAZ — pA? —
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Chapter 13

13.1. We check by induction on n that the distribution of each X, is entirely determined by
conditions 1 and 2.

13.2. 1. Let n > 1. Assume that for £ < n — 1 the probability distribution of X} is given by

1
P(X) =‘yes’) = P(X; =‘no’) =p = 3

Then
P(X,, = ‘yes’) = P(X,, = ‘yes’ and X,,_; = ‘yes’)
+ P(X,, = ‘yes’ and X,,_1; = ‘no’)
= P(X, = ‘yes’/X,,_1 = ‘yes’) P(X,,—1 = ‘yes’)
+ P(X,, = ‘yes’/ X -1 = ‘no’)P(X,,—1 = ‘no’)
1 1 1 1 1

== — = - —(1—=p)=—=.
2p11+ 2]921 229-1- 2( ) 5

Hence we also have P(X,, = ‘no’)=1-1/2=1/2.
We deduce, applying complete induction (Chapter 3, rule (I}, ) with ng = 1) that all the X,s
have the same distribution as Xj.

2. No : we have P(X,, = ‘yes’)
and X,,_1 to be independent p
Exercise 13.6).

1/2 whilst P(X,, = ‘yes’/X,,_1 = ‘yes’) = p. In order for X,
1/2 must hold. This necessary condition is also sufficient (see

13.3. 1. ¢ = 0. The condition is necessary (except if b = 0 or » = 0) by Example 13.3. It is
clearly sufficient.

2. Yes. Indeed, we have, by Exercise 12.5 : P(X"™t = B) = (b/(b+ 1)), and in this case we will
have Y11 =Y, + cand P(X"*!' = R) = (r/(b+r)), and in that case we will have Y, 11 = Y,,.
Letting Y,, = k, we deduce :

b/(b+7r)) ifm=k+ec
P(Yn+1:m/Yn:k)={(r/(b+r)) if m=k,
0 otherwise.

13.4. 1. Assume that the turrets are numbered from 1 to 4. The system is in state ¢ at time n,
i.e. X,, =i if the nth move of the sentry led him to the ith turret (i =1,...,4).

2. X, is a Markov chain because, for all n > 0,

P(X, =1i) = {(1)/2 i)ft}iirllr\_zvlisj (i—1)[4 or Xy =(i+1)[4].

Its transition matrix is

0 1/2 0 1/2
/2 0 1/2 0
0 1/2 0 1/2
/2 0 1/2 0

P=
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13.5.

T
1. P(Xpi1=i) =Y P(Xpi1=iand X, = j)

=1

= P(Xn1 =i/Xp = §)P(Xp = j)
j=1

= p;iP(Xn =) .
j=1

Hence, L, 1 = P! x L, , where P! is the transpose matrix of P.
2. We deduce by induction on n that L, 1 = (P)"*'Ly, Vn >0.

3. If all the X,,s have the same distribution, we have in particular L; = P*Lg = Lg. Lg is thus an
eigenvector of the matrix P! for the eigenvalue 1. Conversely, if the probability distribution Lq of
X is an eigenvector associated with the eigenvalue 1 of the matrix P!, we have Ly = P'Ly = Ly
and, by induction on n, L, = Lq for all n.

13.6. 1. (i) = (ii) Let j be fixed column. X} and Xji; being independent, Vi, p;; =
P(Xpy1 = j/ Xk = i) = P(Xg41 = j).
(ii) = (iii) For any k, Vi,j : P(Xk4+1 = j/ Xk = 1) = p;; = p,;. Moreover,

P(Xpy1=j) = ZP(Xk+1 = j and X} = i)
= ZP(XkH = j/Xp =1) x P(X}, =1)
= Zpijp(xk =)= ijP(Xk — i) =p; Z P(X), =)

Thus, for all &,
P(Xpy1 = j/ Xk = i) = P(Xp41 = J),
i.e. Xg41 and X}, are independent.

(iii) = (iv) Assume that for all k, X} and Xji; are independent and let us show that
VYn>1, (Xo,...,X,) are independent.

(B) The result holds for n = 1.
(I) Assume (Xo,...,X,) are independent, and let us compute

P(Xo=1i0,...,Xn =tn, Xnt1 = lnt1)
= P(Xpt1 =tnt1/Xo=10,.-, Xpn = i)
X P(Xo =10,...,Xp =1p)
= P(Xpnt1 =int1/Xn =in)P(Xo =i0y..., Xpn = i)
by the Markov property
= P(Xpt1 =int1/Xn = in)P(Xy, = ip) - P(Xo = ip)
by the independence of (Xy,...,X,)
= P(Xpt1 =int1)P(Xy, = 1) - P(Xo = ip)
by the independence of X,, and X,,41.

(Xo,...,Xn, Xn11) are thus independent, hence the induction hypothesis and the result.
(iv) = (i) Straightforward.
2. The distribution of X, is given by Vj, P(X,, = j) = p;. All the X,,s thus have the same

distribution, given by the row of the matrix P and independent of the probability distribution
of Xo.
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13.7. 1 and 2 are quite easy to verify by computations using the Markov property. Let us check
the last equality, which is slightly more complex.

3. Let B, = (Xn+1 S A17...,Xn+k; S Ak), C, = (Xn = ik)? and A = (X() S Af), Cy
Xn—1 € Al,_,); note that we can decompose A in a partition A =>_._, A;, where each A;
is of the form (Xo = Ej,, ..., X—1 = E;,, ,). We then have

iel

P(Xn+1 EAl,...,Xn_A,_kEAk/XoeAE),... Xn_1 EAn 17Xn:Eik)
=P(B,/CnNA)=P(B,/CpnN) e A)
Yoicr P(B,NC,N Ay
Zie[ P(Cn mAi)
Yt P(Ba /G Ag) x P(Co 0 Ay)
Zie[ P(CnmAi) .

By 2, we have P(B,, /C,, NA;) = P(By/Cp), and hence

P(Xn+1EA1,...,Xn+k EAk/X0€A6,... Xn 1€An 1,Xn: ,k)
Yicr P(CnNA)

= PB/C) > S BE, A Ay

= P(By /Cy)

=P(X1€Ay,..., Xk €A/ Xo=E;,).
13.8. Decompose the event Fjj;, = ‘the system starting from E; is in E; after n steps’ in the &
disjoint events, Ewn = Afj N Ejjtn-ky, k=1,...,n, where
. Afj =‘the system starting from F; reaches Ej; for the first time after k steps’ and
o L
We have p\) = P(Eijn) = Sp_, P(EL,,) with

P(E},) = P(A}, N Ejjn—k) = P(Ejjn-r) | A;)P(AL;),

Jjn

j(n—k) = the system then goes E; to E; in n — k steps’.

and by the Markov chain property, P(E};,) = (" ®) fz(k).

13.9. Straightforward by noting that P(Xo =X, =---=X,, = E; / Xo = E;) = pl..

13.10. If E; is absorbing, then p;; = fl(ll) fii = 1, and thus FE; is persistent.
13.11. 1.

E(N;/Xo=1)= (Zén]/Xg—z>

= (Snj/Xo—’L)

8

:Z (0x P(8,; =0/ Xo=14)+1x P(6,; =1/ Xo =1))
_Z (0x (1 —p{y+1xpi)

_ Z P

= ul]
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2.
uij = E(N; [ Xo =)

=> P(N;=k/Xo=1)
k=0

ZZfz'jP(Nj =k/Xo=1j)
k=0

=fi; > P(N; =k /Xo =)
k=0

= fi; E(N; | Xo = j) = fijuyj ,

381

(15.2)

where (15.2) follows from (13.6). A direct computation using the distribution of N; given that

1
= = U;,;.
1—f; 7

Xo = j yields E(N; / Xo = j) = X020 k(1 — f3;) £

13.12. 1. X, ranges over the values 0, 1, and 2.

Let B! (vesp. B}) be the event : ‘draw a black ball from U; (resp. Us) given that U; (resp. Us)

contains [ black balls’. Let Ell (resp. EQZ ) be the complementary event, i.e. ‘draw a non-black ball
from Uy (resp. Us) given that Uy (resp. Us) contains [ black balls’. We have, for k,1 € {0,1,2} :

P(Xp=k/Xp1=0)=0 iflk—1>2,

— - 2 —
P(X, =141/ X, =0) = P(B)) x P(BE) = 220w 220
P(Xn=1/Xn1=1)=P(B}) x P(B3™) + P(B)) x P(B, )

I 2-1 5-1 5-(2-1)
= - X + X )
57 5 5 5
o 15— (21
P(X,=1-1/Xn_1=1)=P(B') x P(B. l):5><5(5>.

The X,,s form a Markov chain because the above probabilities are independent of n.

2. We obtain the matrix
0 1 2

0 /15/25 10/25 0
p—1( 4/25 17/25 4/25
2\ 0 10/25 15/25
and the graph (figure 15.12)
Figure 15.12

The chain is thus irreducible and all its states are persistent.

3. Returning to the result of Exercise 13.5, we deduce that all the X,,s have the same probability

distribution if the vector

P(Xo = 0)
Lo= | P(Xo=1)
P(Xo = 2)

is an eigenvector of the matrix P! associated with the eigenvalue 1, i.e. if

P(Xo=0)=2/9, P(Xo=1)=5/9 and P(X, =2)=2/9 .
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13.13. 1. Each urn contains a fixed number (nine) of balls. The total number of black (resp.
red) balls is also invariant. Assume that at step n urn U; contains k (0 < k < 4) black balls.
Then at step n, Us will contain [ = 4 — k black balls and for all n > 0, we will have

9—k 44—k .
_ k 4-k 9k 54k .
P(Xni1=3j/Xn=k)=49% 9 T9 X9 HI=H
k  5+k
u ifj=Fk—1
5 X9 ifj=k-1,
0 otherwise.

Thus the X,s indeed form a Markov chain because the same values will be obtained when
Computing P(Xn+1 = j/Xn = ka Xn—l = ln—la s 7X0 = ZO)
The states of the chain are {0,1,2,3,4} and the initial state satisfies

1 ifi=2,
qz:P(XO_Z)_{O if i £ 2
2.
453 0 0 0
. 6 51 24 0 0
P=—/| 0 14 53 14 0
8Ll o 0 24 51 6
0 0 0 36 45

3. The graph is shown in figure 15.13.

Figure 15.13

The chain is irreducible.
4.
° L(0) = (0,0,1,0,0) .

1
«  L(1) = ;(0,14,53,14,0).

o L(2)= (6 x 14,14(51 + 53),2 x 24 x 14 + 53%,14(53 + 51),6 x 14) .

1
(81)?
13.14. The graph is shown in figure 15.14.

Figure 15.14

The chain is irreducible and all its states are persistent ; hence there can be no transient or
absorbing states.

13.15. Let T = {Fj,..., Ex} be the set of transient states, and let Cy = {Ek1,..., E.} be the
irreducible closed set of persistent states. We note that the transition matrix P can be written

as
M P
P=
(0 %)
where M is a square k X k matrix representing the transition probabilities restricted to T', and
P, is the matrix with k& rows and r — k columns defined by

Prk+1 Pirk+2 --- DPlik+r
DP2.k+1 P2k+2 -+ D2k+r

Pkk+1  Pkk+2 --- DPkk+r
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Note that the matrix M is not stochastic, but verifies
k
Vi,j, pi; >0 and Vi, » pi <1 (15.3)
j=1

We say that M is substochastic.
The equation system (13.7) is equivalent to

A1 A1 P1k+1 + P42 + -+ D1 ksr A 1
A2 A2 P2,k+1 T P2kt2 + 0+ D2 kir A2 1

Sl =mx]| T _ — x| 4P| | a5
Ak Ak Pk,k+1 + Di k42 + -+ D ktr Ak 1

Equations (13.1) tell us that

1 1 1 1
1 1 1 1
Mx|.|+Px]|.|= (M Py)x =1
1 1 1 1
and hence that A\ = Ay = --- = Ay = 1 is a solution of (15.4).

13.16. 1.

P:

®» QN
oo
coRr T N
o33 9
O O W

The graph is shown in figure 15.15 below.

Figure 15.15

2. The chain is not irreducible ; the transient states are 1 and 2 and the persistent states are a
and s. The persistent states are also absorbing.

n+l __ .
3. Al =2_,=12PijA}, and hence :

AMal =\ +pA5,

n+1 __ n
>‘2,a - q>‘2,a .

Similarly :
AT = A

n+1 __ n
)\2,5 - q)‘2,s .

4. Nit = D new A, and hence, summing the above equalities, ;¢ — /\}’t = ijl’zpij)\j,t, or,

noting that A}jt = Dit,
Ma)_(a p Ala r
<A2,a> - <0 q % )\Q,a + r
Ms)  (q p Al 0
<A2,s)_(0 q>x<)\275)+(p> ’

and
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l—q¢ —=p \ (Ms)_ (0
0 1-g¢ A2s p)’
—1
>\1,s _ 1- q -P % 0
)\2,5 0 1- q p

1 p 1 P
Ma) _ | 1=¢q¢ (1—¢q)? r AMs)_ | 1—qg (1—¢)? 0
= X = X .
Ao a 1 r A2 s 1 p
’ 0 — ’ 0 —
1
We can check that A\; , + A1 s = 1, and similarly that Ao o + A2 s = 1.

Forp=0.6,¢=0.3and r = 0.1, we obtain Ay , = 0.27, A\; s = 0.73, A2 , = 0.14 and Ay s = 0.86.
5. The result is clear for n = 0; we can easily check the inductive step. We note that

i) = (8 1)< () == () == ()
’ = x [ W) =Mx | (L) =M x| ()
( )‘S,Jtrl 0 ¢ A3 4 A3y )‘%,t

and hence

=g —=p \ (Ma)_ (7
0 1—gq A2.q T
thus
-1
Ma)_(1=q¢ —p <« (7
A2.q 0 1—gq T

and, finally,

or, forn > 1,

n __ n—1
2,a rq )
n o __ n—1
2,8 pq )
1 _

)‘1 a T,

and, for n > 2,
Ao =7(q"""+(n—1)pg"~?),

711,5 = pZ(n - l)qan .

6. We have P(N; =n) = A}’ + A}, thus

i,

n>1

. w2 _ T4 plp+1)Z?
Gi(2) =) rg" 12"+ ) plp+ )(n =D P2 = =+ T
n>1 n>2

N, represents the waiting time of the chain in the transient states, given that it started from
the initial state i. We verify that

P(NZ < OO) = Z P(Nz :n) = Z()‘:s_‘_)‘?,a)

n€N n>1
= Gi(1)=1.
_pET _(d=9lp+r) _
We have G2(1) = 4 =1land G1(1) = e =1
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Lastly, we have m; = E(N;) = (Gi(Z))'(1), or by a direct computation,

o _ n—1 __ (p+T) _ 1
mz—E(N2)—nZZ:1n(p+T)q T2 1-¢°
B B - neo T 2p(p+r)  r+2p
my = E(Ny) _;nrq +nz>:2”(”_1)p(]9+7“)q e + 1—q?®  (1—9q)2

m; represents the average waiting time of the chain in the transient states before ultimate
absorption at a or s, given that it started from initial state <.

For p=0.6 , ¢ =0.3 and r = 0.1, we obtain : m; = 2.65 and mq = 1.43.

7. The average number of years of study, mj, represents the mean of the r.v. N; when final

success is assumed. Defining event S by : ‘the chain, given that it started from the initial state ¢,
eventually reaches state s’, we have m? = E(N;/S), i.e. m? is the mean of the r.v. N; conditioned
by S, or the mean of the r.v. N; conditioned by final success.

We thus obtain

mi = B(Ni/S) = 3 nP(N; = n/5) = 3 MW = 1 and 5)

n>1 n>1 P(S)
_ZnP N; =n and X, )_Z%
n>1 (S) n>1 )\i,s

Similarly, defining event A by : ‘the chain, given that it started from the initial state i, ends up

in state a’, we have
m¢ = E(N;/A) Al )
ja) =3 N
n>1

m! represents the average waiting time of the chain in the transient states before ultimate
absorption at state ¢, with ¢ € {a, s}, given that it started from initial state i.

p/(1 —q)? 1
m3 = E(N2/S) = npg" ™" /Aa,s = :
= p/l—q) 1—g¢
s E(N /S) Z ( 1) 2 n 2/ 2p2/(1_Q)3 2
my = 1 = nin — — 2 2 ’
2 P/i—a? 1-q
and, similarly,
r/(l—g¢?® 1
my = E(Ny/A) = anq” 1/)\2a_ =
= r/l—q) 1-—g¢q
and
mi = E(N1/A) = nr(q"™" + (n = 1)pg" ) /A
n>1
r(l—q+2p)/(1-¢)° _ 1-q+2p

Cr(l-gq+p)/(1-9® (-9 -g+p)’
for p=0.6 , ¢ =0.3 and » = 0.1, we obtain : mj = 2.86, m{ = 2.09 and mj = mg = 1.43.

8. The Markov chain hypothesis means that the probability of success or failure neither
improves nor worsens as years go by ; thus the generic student remains equable whatever the
circumstances.
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Chapter 14

14.1. We will give only one case of ‘optimistic’ or minimalist termination (after n — 1
comparisons) and a case of ‘pessimistic’ or maximalist termination (after n 4+ 1 comparisons),
but we strongly advise the reader to study other possible cases.

Case 1 (‘optimistic’ ending, after n — 1 comparisons) : assume that, just before the two counters
k and [ meet, we have the following configuration (Figure 15.16) :

interchange
‘a‘ <a ‘> a‘g a‘ >a ‘ ‘
l J
_) %
l k

Figure 15.16

in that case the pivot procedure will stop after n — 1 comparisons.

Case 2 (‘pessimistic’ ending, after n + 1 comparisons) : Assume that, before counters k and [
meet, we have the following configuration (Figure 15.17) :

‘a‘ <a ‘Sa‘>a‘ >aq ‘ ‘
7 o1 o j

T &

Figure 15.17

in this case the pivot procedure will stop after n + 1 comparisons. Indeed, for £ = iy and
k =19 — 1, T(k) will be compared to the pivot ; then, for | = iy — 1 and [ = iy , T'(I) will be
compared to the pivot ; each of the elements T'(ig) and T'(ig — 1) will thus be compared to the
pivot twice before the procedure pivot finally stops.

14.2. 1. First check the case when T'[1,2] = (11,22) ; procedure Quicksort will call the pivot
procedure with ¢ = 1, j = 2; the pivot procedure will set [ := 2, k := 2, p := 11; then it will
perform the comparisons

e T(k)> 11 hence k :=1, and

° T(l) <11 hence [ := 3;

and it will stop after these two comparisons, since [ > k.

Then check the case when T'[1,2] = (22,11) ; the pivot procedure will set [ := 2, k := 2, p := 22
then it will perform the comparisons

o  T(k)# 22 hence k := 2, and

° T(l) <22 hence [ := 3;

as | < k, pivot will then perform interchange(T'(l),T(k)), and it will stop, since [ > k; pivot
also stops here after two comparisons.

2. Similar.
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14.3. Writing equations (14.1) for i = 2,...,n, and summing these equations, we deduce

(n+1)(n+2)
2

Vn > 2, Pn = —3.

14.4. Computations are almost identical (albeit very slightly simpler).
14.5. Similar computations.

14.6. In order to prove termination, we associate with the loop the integral-valued expression
v, which strictly decreases each time we execute the body of the WHILE loop.

In order to prove that the program computes the greatest common divisor of its arguments, let
us introduce the loop invariant I : ged(u,v) = k, where k is a constant which does not change
when we go through the loop. k is thus equal to ged(ug,vg) when the program begins, where
ug and vy are the values read by the program, and k is equal to u,, when exiting the program,
where u,, is the value of u when the loop is exited with v = 0.

14.7. We have the successive divisions

29=3x8+5
8=5x8+1
5=1x3+42
3=1x2+1
2=1x1+1
hence
8 1
@:3+ 1
1+ !
PR
s
2
n =>5.

14.8. We associate with the first loop the value —n, which is a strictly positive integer and which
strictly decreases at each execution of the WHILE loop ; this first loop thus terminates. Similarly,
in order to prove that the second WHILE loop terminates, we associate with it the value n.

In order to prove that the program indeed computes the power, we associate with it the loop
invariant

I(a,n,r):r x a™ = a* |

whose value remains constant at each execution of the WHILE loops ; its value when entering the
WHILE loops is i = a* and its value when exiting the WHILE loops is ¢ = 7. We thus have that
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r = a®. The annotated program is as follows :

PROGRAM power
VAR a,k,r : integer
BEGIN
READ a,n integer(a, k)
n :=k
IF n < 0 and a = 0 THEN
WRITE undefined result
OTHERWISE
r:=1 (n#0) A (r=1) A (a"r = a*)
WHILE n < 0 DO
r :=r / a
n := n+l
ENDWHILE (n=0) A (a"r = a*)
WHILE n > 0 DO
r :=1r % a
n := n-1
ENDWHILE (n=0) A (a"r = a”)
WRITE T (r=a")
ENDIF
END

14.9. For proving termination, we use the expression V' = n. For showing that the program
indeed computes the factorial function, we prove the property p(n) = (y = n!). Fact annotated
with the final assertions is

FUNCTION Fact(n : integer) : y : integer
BEGIN

IFn=0 THEN y := 1 (n=0)A(y=1)
OTHERWISE y := n*Fact(n-1) y=nx(n-—1)
ENDIF y=n!

RETURN (y) y=n!

END

14.10. V = (n,m), and IN? is endowed with the lexicographic ordering :

e If n =0, the call Ackermann(n,m) terminates.
e Ifn#0, Ackermann(n,m) calls :

—  Ackermann(n — 1,1),

—  Ackermann(n,m — 1) and

—  Ackermann(n — 1,Ackermann(n,m — 1)).

We have in the lexicographic ordering,

(n—1,1) < (n,m)
(n,m —1) < (n,m)
and (n —1,Ackermann(n,m — 1)) < (n,m)

14.11. V ==z.

. If x = 0, the first clause of the program terminates with result Q(x)=true.

. Assume that : Vy < n — 1, Q(y) terminates with the result true, then for z = n, Q(x)
has for result the result returned by the recursive call of Q(y), with y = n — 1. Thus Q(x) also
terminates with the result true.
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14.12. 1. pivot terminates : with the first (resp. second) inner wHILE loop we associate the
integer k (resp. 1), which strictly decreases (resp. strictly increases) at each execution of the loop
and is in the well-ordered set {i,i + 1,...,sup(i + 1,7)}, and with the outer wHILE loop we
associate the integer k — [, which strictly decreases at each execution of the loop and is in the
well-ordered set {—1} UIN.

Quicksort terminates : the length of the list to be sorted strictly decreases at each recursive
call.

2. For the partial correctness, we simply give the programs annotated with the final assertions ;
each final assertion is written at the right-hand of the instruction after which it is true.

PROGRAM pivot
VAR i, j, k, 1 : integer
VAR T : integer list

READ i,j,T
i+1
= integer(i, j, k)
p := T(i) q
wHILE 1 < k DO
wHILE T(k) > p po k :

wHILE T(1) < ppbo 1l :
IF 1 < k THEN
interchange (T(1),T(k))

=
o

k-1 ENDWHILE (T(k) <p) A ¢
1+1 ENDWHILE (T(1) > p) A (T(k) <p) Ag

k := k-1
1 :=1+1
ENDIF q
ENDWHILE (k>1)Ngq
interchange (T(i),T(k))
RETURN (k) (i <V <k)y= (TW)<Tk))A (K >k= (T(K)>T(k)))

END

where ¢ is the assertion
(p - T(z’)) A <(i <l <l)y= (T() < p)) A (k’ > k= (T(K) > p))

note that ¢ is a loop invariant for the loop wHILE 1 < k

Now let ¢(T,i,7) be the assertion i < k <[ < j = (T(k) < T(l)), and let ¢’ be the assertion
(i <V <k)y= (T(') <T(k))) A (K >k = (T(k') > T(k))) ; the following annotations
show the partial correctness of Quicksort :

PROGRAM Quicksort
VAR i,j,k : integer
VAR T : integer list
BEGIN

READ i,j,T

IF i < j THEN

pivot(T,i,j; k) q

Quicksort(T, i, k-1) qd Nqg(T,ik—1

Quicksort(T, k+1, j) dNqgT,ik—1)ANq(T,k+1,5)
ENDIF q(T,i,7)
PRINT T

END



