A conjecture on the concatenation product

Jean-Eric Pin^∗ and Pascal Weil^†

Jean-Eric.Pin@liafa.jussieu.fr,
Pascal.Weil@labri.u-bordeaux.fr^‡

Abstract

In a previous paper, the authors studied the polynomial closure of a variety of languages and gave an algebraic counterpart, in terms of Mal’cev products, of this operation. They also formulated a conjecture about the algebraic counterpart of the boolean closure of the polynomial closure — this operation corresponds to passing to the upper level in any concatenation hierarchy. Although this conjecture is probably true in some particular cases, we give a counterexample in the general case. Another counterexample, of a different nature, was independently given recently by Steinberg. Taking these two counterexamples into account, we propose a modified version of our conjecture and some supporting evidence for that new formulation. We show in particular that a solution to our new conjecture would give a solution of the decidability of the levels 2 of the Straubing-Thérien hierarchy and of the dot-depth hierarchy. Consequences for the other levels are also discussed.

All semigroups and monoids considered in this paper are either finite or free.

1 Introduction.

The study of the concatenation product goes back to the early years of automata theory. The first major result in this direction was the characterization of star-free languages obtained by Schützenberger in 1965 [38]. A few years later, Cohen and Brzozowski [11] defined the dot-depth of a star-free language and subdivided the class of star-free languages into Boolean algebras, according to their dot-depth. In the original definition, the languages of dot-depth 0 were the finite or cofinite languages and the hierarchy was built by alternating concatenation product and boolean operations.

∗LIAFA, Université Paris VII and CNRS, Case 7014, 2 Place Jussieu, 75251 Paris Cedex 05, France †LaBRI, Université Bordeaux I and CNRS, 351 cours de la Libération, 33405 Talence Cedex, France ‡Work supported by INTAS project 1224.

It took a few years [8] to show that the dot-depth hierarchy is infinite and a few more years to find an algorithm to decide whether a given star-free language is of dot-depth one [21, 22]. Since then, the dot-depth problem — to find an algorithm to compute the dot-depth of a given star-free language — is wide open, and is, together with the star-height problem, one of the most important open questions of the theory of finite automata.

It does not mean no significant progress was made on the dot-depth problem during the recent years. Elaborating on the precursor work of Büchi [9] and McNaughton [23], Thomas [49] discovered a remarkable connection with logic. It made the dot-depth problem appealing to researchers in model theory, and the articles of Thomas [50, 51] and Selivanov [39] are a good illustration of the contribution of these techniques. Another key fact was the arrival of non-commutative algebra on the scene. Indeed, both the characterizations of star-free languages and of dot-depth one languages were given in terms of an algebraic property of their syntactic semigroups, leading to the hope that every level of the dot-depth hierarchy would have a similar characterization. This hope became fact with Eilenberg’s variety theory [13] (see also its extension by the first author [29]).

Roughly speaking, the variety theorem gives a one-to-one correspondence between certain classes of recognizable languages, the varieties of languages, and certain classes of algebraic structures, the varieties of semigroups (resp. monoids, ordered semigroups, ordered monoids). For instance, each level of the dot-depth hierarchy forms a variety of languages and corresponds to a variety of (ordered) semigroups. Furthermore, again by general results, every variety of semigroups can be defined by a set of identities. The problem is that the theory usually does not tell how to find these identities, and for instance, identities are known only for the lower levels of the dot-depth hierarchy.

In view of the variety theorem, one may expect some relationship between the operators on languages (of combinatorial nature) and the operators on semigroups (of algebraic nature). The following table, extracted from [30], summarizes some of the results of this type related to the concatenation product. We shall not attempt to explain in detail the meaning of the symbols in the right column except for one: the symbol M◯ corresponds to the Mal’cev product, whose definition is given in Section 2.2.

Closure under the operations . . . V Product and union [[x^ωyx^ω ≤ x^ω]] M◯ V Unambiguous product and union [[x^ωyx^ω = x^ω]] M◯ V Left deterministic product and union [[x^ωy = x^ω ]] M◯ V Right deterministic product and union [[yx^ω = x^ω ]] M◯ V Product, boolean operations A M◯ V Product with counters, boolean operations LGsol M◯ V Product, product with counters, bool. op. LGsol M◯ V Product followed by boolean closure ?

The operator on the last line is precisely the one used to pass from dotdepth n to dot-depth n + 1. In view of this table, it is tempting to guess that the question mark should also be some Mal’cev product. If this is the case, a short argument shows it has to be B_1 M◯ V, where B_1 is the variety corresponding to dot-depth one. This is exactly the conjecture that was formulated in [35].

We prove in this paper that this conjecture is false. Actually, another counterexample was proposed recently by Steinberg [41]. Taking these two counterexamples into account, we propose a new formulation of the conjecture, still deeply related to Mal’cev products, we give supporting evidence for this new conjecture, and we discuss some of its consequences.

2 Semigroups and varieties

2.1 Varieties

A variety of semigroups is a class of semigroups closed under taking subsemigroups, quotients and finite direct products [13]. Varieties of ordered semigroups are defined analogously [29]. If V is a variety of monoids, we denote by V_S the smallest variety of semigroups containing the monoids of V. We also denote by LV the variety of all semigroups S, such that, for each idempotent e ∈ S, the monoid eSe belongs to V. In particular, LI is the variety of locally trivial semigroups. Finally, if V is a variety of semigroups, we denote by V_M the variety of monoids consisting of all monoids in V.

Varieties of ordered semigroups are conveniently defined by identities [34]. Precise definitions can be found in Almeida’s book [1], or in the first sections of the survey paper [30]. See also [29, 35] for more specific information. For instance, the identity x ≤ 1 defines the variety of ordered monoids M such that, for all x ∈ M, x ≤ 1. This variety is denoted [[x ≤ 1]]. Following Almeida [1], we use the symbols e and f to represent idempotents in identities. For instance, the variety [[exe ≤ e]] is the variety of ordered semigroups (S, ≤) such that, for each idempotent e ∈ S and for each x ∈ S, exe ≤ e. The following varieties will be used in this paper.

I = {1} LI = [[exe = e]] G = [[e = 1]] LG = [[(exe)^ω = e]] J^+ = [[x ≤ 1]] LJ^+ = [[exe ≤ e]] J^− = [[x ≥ 1]] LJ^− = [[exe ≥ e]]

The varieties on the left are varieties of monoids and those one the right are varieties of semigroups. The variety G is the variety of all groups (considered as monoids). Note that LI = LJ^+ ∩ LJ^−.

The join of two varieties V_1 and V_2, that is, the smallest variety containing V_1 and V_2, is denoted by V_1 ∨ V_2. For instance, it is shown in [37] that the join of J^+ and J^− is the variety of J -trivial monoids

J = [[(xy)^ωx = (xy)^ω = y(xy)^ω]].

Similarly, it is shown in [37] that the join of LJ^+ and LJ^− is the variety B_1 = [[(esfte)^ω(eufve)^ω = (esfte)^ωesfve(eufve)^ω ]]. This identity was discovered by Knast [22] in his study of dot-depth one languages (see Section 7). Another example will be considered in this paper. Let H be a variety of groups. The semigroups in LI∨H_S are easy to describe: their unique regular D-class is their minimal ideal and is isomorphic to the product of a rectangular band by a group in H. The next proposition is just another way of stating the same result.

Proposition 2.1 Let H be a variety of groups. Then a semigroup S belongs to LI ∨ H_S if and only if S ∈ LH and efe = e for every pair (e, f) of idempotents of S.

Let S and T be semigroups. We write the product in S additively to provide a more transparent notation, but it is not meant to suggest that S is commutative. A left action of T on S is a map (t, s) → t·s from T^1 × S into S such that, for all s, s_1, s_2 ∈ S and t, t_1, t_2 ∈ T ,

(1) (t_1t_2)·s = t_1(t_2 ·s) (2) t·(s_1 + s_2) = t·s_1 + t·s_2 (3) 1·s = s If S is a monoid with identity 0, the action is unitary if it satisfies, for all t ∈ T , (4) t·0 = 0

The semidirect product of S and T (with respect to the given action) is the semigroup S ∗ T defined on S × T by the multiplication (s, t)(s^′, t^′) = (s + t·s^′, tt^′) Given two varieties of ordered semigroups V and W, their semidirect product V ∗ W is the variety generated by all semidirect products of the form S ∗ T with S ∈ V and T ∈ W. If V is a monoid variety, we always assume that the action of T on S is unitary.

We illustrate these notions by an elementary result, which will be used in Section 6.

Proposition 2.2 For every variety of groups H, H∗LI = LH and LI∗H = LI ∨ H_S.

Proof. The equality H ∗ LI = LH is proved for instance in [13]. The inclusion LI ∨ H_S ⊆ LI ∗ H is clear. To establish the opposite inclusion, consider a semidirect product S∗H, with S ∈ LI and H ∈ H. Since LI∗H is contained in LH [13], Proposition 2.1 can be applied if we prove the identity on idempotents. Let (e, 1) and (f, 1) be idempotents in S ∗ H. Writing the product in S additively, we have

(e, 1)(f, 1)(e, 1) = (e + 1f, 1)(e, 1) = (e + 1f + 1e, 1) = (e, 1)

and thus (e, 1)(f, 1)(e, 1) = (e, 1) as required.

A much more difficult result is the equality

B_1 = J_1 ∗ LI

established by Knast [21, 22].

2.2 Relational morphisms If (S, ≤) and (T, ≤) are ordered semigroups, a relational morphism from S to T is a relation τ : (S, ≤) → (T, ≤), i.e. a mapping from S into P(T ) such that: (1) τ(s)τ(t) ⊆ τ(st) for all s, t ∈ S, (2) τ(s) is non-empty for all s ∈ S, For a relational morphism between two ordered monoids (S, ≤) and (T, ≤), a third condition is required

(3) 1 ∈ τ(1) Equivalently, τ is a relation whose graph graph(τ) = { (s, t) ∈ S × T | t ∈ τ(s) } is an ordered subsemigroup (resp. submonoid if S and T are monoids) of S × T , with first-coordinate projection surjective onto S.

Let V_1 and V_2 be varieties of ordered semigroups. A relational morphism τ : S → T is a (V_1, V_2) relational morphism if, for every ordered subsemigroup R of T in V_2, the ordered semigroup τ^{−1}(R) belongs to V_1. A (V, V) relational morphism is simply called a V-relational morphism.

Let W be a variety of ordered semigroups (resp. monoids). The class of all ordered semigroups (resp. monoids) S such that there exists a (V_1, V_2) relational morphism τ : S → T , with T ∈ W, is a variety of ordered semigroups (resp. monoids), denoted by (V_1, V_2) M◯ W. If V_1 = V and if V_2 is the trivial variety I_S, the notation simplifies to V M◯ W (this is the Mal’cev product of V and W). Note that even though the inclusion

V_1 M◯(V_2 M◯ V_3) ⊆ (V_1 M◯ V_2) M◯ V_3 (1)

always holds [54], the Mal’cev product is not associative.

In [35], the authors gave a description of a set of identities defining V M◯ W, given a set of identities describing V and W.

Let us recall a useful characterization of LI- (resp. LG-) relational morphisms, given in [27, Chapter 3].

Proposition 2.3 A relational morphism is a LI-relational morphism if and only if it is a (LI, I_S) relational morphism. A relational morphism is a LGrelational morphism if and only if it is a (LG, I_S) relational morphism.

Corollary 2.4 LI M◯ LI = LI and LG M◯ LG = LG.

We now state a few elementary results on relational morphisms.

Lemma 2.5 Let V and W be varieties of ordered semigroups and let τ : S → T be a (V, W) relational morphism. Let S^′ and T^′ be subsemigroups of S and T , respectively, and let τ^′ : S^′ → T^′ be a relational morphism such that, for each s ∈ S^′, τ^′(s) ⊆ τ(s). Then τ^′ is a (V, W) relational morphism.

Proof. We note that if W is a subsemigroup of T^′, then τ^{′−1}(W ) is a subsemigroup of τ^{−1}(W ). Now if W ∈ W, then τ^{−1}(W ) ∈ V and hence also τ^{′−1}(W ) ∈ W.

Proposition 2.6 Let V_1, V_2, V_3 and V be varieties of ordered semigroups. Any (V_1, V_2) relational morphism is a ((V_1, V_3) M◯ V, (V_2, V_3) M◯ V) relational morphism.

Proof. Let τ : S → T be a (V_1, V_2) relational morphism between ordered semigroups. Let T^′ be a subsemigroup of T such that T^′ ∈ (V_2, V_3) M◯ V. Then there exists a (V_2, V_3) relational morphism τ^′ : T^′ → W with W ∈ V.

Now let S^′ = τ^{−1}(T^′) and ρ : S^′ → T^′ be the relational morphism given by ρ(s) = τ(s)∩T^′ for each s ∈ S^′. By Lemma 2.5, ρ is a (V_1, V_2) relational morphism.

We claim that the composite τ^′ ∘ ρ : S^′ → W is a (V_1, V_3) relational morphism. Indeed, if U is a subsemigroup of W , then (τ^′ ∘ ρ)^{−1}(U) = ρ^{−1}(τ^{′−1}(U)). If U ∈ V_3, then τ^{′−1}(U) ∈ V_2 since τ^′ is a (V_2, V_3) relational morphism and ρ^{−1}(τ^{′−1}(U)) ∈ V_1 since ρ is a (V_1, V_2) relational morphism. This proves the claim. It follows that S^′ ∈ (V_1, V_3) M◯ V, which concludes the proof.

Specializing Proposition 2.6 with V_3 = I_S shows that any (V_1, V_2) relational morphism is a (V_1 M◯ V, V_2 M◯ V) relational morphism. This yields the following corollary.

Corollary 2.7 Let W be a variety of semigroups (resp. monoids) and let V_1, V_2 and V be varieties of semigroups. Then the following inclusion holds

(V_1, V_2) M◯ W ⊆ (V_1 M◯ V, V_2 M◯ V) M◯ W

As an illustration of these definitions, let us compute a few Mal’cev products.

Proposition 2.8 Let H be a variety of groups. Then

LI ∗ H = LI M◯ H_S = LI ∨ H_S H ∗ LI = H_S M◯ LI = LH LI ∗ LH = LI M◯ LH = LH LI ∗ (LI ∗ H) = LI M◯(LI ∗ H) = LI ∗ H LH ∗ LI = LH M◯ LI = LH (LI ∗ H) ∗ LI = (LI ∗ H) M◯ LI = LH

Proof. The equalities H_S M◯ LI = LH and LI M◯ H_S = LI ∨ H_S are proved in [19]. It follows by Proposition 2.2 that H∗LI = LH and LI∗H = LI∨H_S. This settles the first line of the proposition. Next, we have LI ∗ (LI ∗ H) = (LI∗LI)∗H = LI∗H and since LI∗H ⊆ H∗LI, (LI∗H)∗LI = H∗LI = LH. Furthermore,

LI ∗ H ⊆ LI M◯(LI ∗ H) = LI M◯(LI M◯ H_S) ⊆ (LI M◯ LI) M◯ H_S = LI M◯ H_S = LI ∗ H

Thus, LI M◯(LI ∗ H) = LI ∗ H. Now, we have

LH ⊆ LI M◯ LH = LI M◯(H_S M◯ LI) ⊆ (LI M◯ H_S) M◯ LI = (LI ∗ H) M◯ LI ⊆ LH M◯ LI

Finally, let S ∈ LH M◯ LI. By definition, there exists a semigroup T ∈ LI and a LH-relational morphism τ : S → T . Let e be an idempotent of S, and let f be an idempotent of τ(e). Then e ∈ τ^{−1}(f). Now if s ∈ S and t ∈ τ(s), f = ftf ∈ τ(e)τ(s)τ(e) ⊆ τ(ese). It follows that eSe is a subsemigroup of τ^{−1}(f). Since τ^{−1}(f) ∈ LH, eSe ∈ LH. Therefore, e(eSe)e = eSe ∈ H and S ∈ LH. This proves that LH M◯ LI ⊆ LH, completing the proof of the proposition.

3 Languages

A +-class (resp. ∗-class) of recognizable languages is a correspondence C which associates with each alphabet A a set C(A^+) (resp. C(A^∗)) of recognizable languages of A^+ (resp. A^∗).

3.1 Varieties of languages

A positive +-variety of languages is a class of recognizable languages V such that

(1) for every alphabet A, V(A^+) contains ∅ and A^+ and is closed under finite intersection and finite union, (2) if φ : A^+ → B^+ is a morphism of semigroups, L ∈ V(B^+) implies φ^{−1}(L) ∈ V(A^+), (3) if L ∈ V(A^+) and if a ∈ A, then a^{−1}L and La^{−1} are in V(A^+).

Positive ∗-varieties are defined analogously by replacing each instance of + by ∗ and morphisms of semigroups by morphisms of monoids. A variety is a positive variety closed under complement.

Eilenberg’s theorem [13] provides a bijective correspondence between varieties of languages and varieties of semigroups. There is an analogous correspondence [29] between positive varieties of languages and varieties of ordered semigroups. In the sequel, we shall use freely the term “corresponding variety” to refer to these correspondences in both directions. In particular, if V is a variety of ordered semigroups, a V-language is a language recognized by an ordered semigroup of V, that is, a language of the positive variety of languages corresponding to V. The next proposition will serve as an illustration of this definition.

Proposition 3.1 Let V = LI ∨ H_S, where H is a variety of groups, and let V be the corresponding variety of languages. For each alphabet A, V(A^+) consists of the finite unions of languages of the form w, where w ∈ A^+, or uLv, where uv ∈ A^+ and L is an H-language of A^∗.

Proof. Let C be the class of languages described in the second part of the statement. First, it is well known [13] that the LI-languages are finite unions of languages of the form w, where w ∈ A^+, or uA^∗v, where uv ∈ A^+. Thus C contains the LI-languages, since A^∗ is an H-language of A^∗ for any H.

Next, an H_S-language is a language of the form L ∩ A^+, where L is an Hlanguage. Now, L ∩ A^+ = ⋃ a∈A a(a^{−1}L), and since, for each letter a, a^{−1}L is an H-language, L ∩ A^+ is in C(A^+). This proves that C contains all the V-languages.

To establish the opposite inclusion, it suffices to consider the languages of the form {w} or uLv described above. It was already mentioned that the singletons are LI-languages, and hence V-languages. Next, let L be an H-language and let η : A^∗ → H be its syntactic morphism. Since H is a variety of groups, H is a group. Let u, v be words of A^∗ such that uv ≠ 1 and let ū and v̄ be words such that η(ū) = η(u)^{−1} and η(v̄) = η(v)^{−1}. We claim that uLv = uA^∗v ∩ ū^{−1}Lv̄^{−1} First observe that, for every x ∈ A^∗, η(ūuxvv̄) = η(x). Thus x ∈ L if and only if ūuxvv̄ ∈ L. It follows that if x ∈ L, then uxv ∈ uA^∗v ∩ ū^{−1}Lv̄^{−1}. Conversely, if uxv ∈ uA^∗v ∩ ū^{−1}Lv̄^{−1}, then ūuxvv̄ ∈ L, and hence x ∈ L, which proves the claim. Now uA^∗v is a LI-language and A^+ ∩ ū^{−1}Lv̄^{−1} is an H_S-language. This proves that uLv is a LI ∨ H_S-language.

3.2 Polynomial closure

The polynomial closure of a set of languages L of A^∗ is the set of languages of A^∗ that are finite unions of languages of the form

L_0a_1L_1 · · · a_nL_n

where n ≥ 0, the a_i’s are letters and the L_i’s are elements of L.

A product L = L_0a_1L_1 · · ·a_nL_n is unambiguous if every word u of L admits a unique factorization of the form u_0a_1u_1 · · · a_nu_n with u_0 ∈ L_0, u_1 ∈ L_1, . . . , u_n ∈ L_n. The unambiguous polynomial closure of a set of languages L of A^∗ is the set of languages that are finite disjoint unions of unambiguous products of the form

L_0a_1L_1 · · · a_nL_n

where n ≥ 0, the a_i’s are letters and the L_i’s are elements of L.

The polynomial closure of a set of languages L of A^+ is the set of languages of A^+ that are finite unions of languages of the form

u_0L_1u_1 · · ·L_nu_n

where n ≥ 0, the u_i’s are words of A^∗ and the L_i’s are elements of L. If n = 0, one requires of course that u_0 is not the empty word.

A product L = u_0L_1u_1 · · ·L_nu_n of n languages L_1, . . . , L_n of A^+ is unambiguous if every word u of L admits a unique factorization of the form u_0v_1u_1 · · ·v_nu_n with v_1 ∈ L_1, . . . , v_n ∈ L_n. The unambiguous polynomial closure of a set of languages L of A^+ is the set of languages that are finite disjoint unions of unambiguous products of the form

u_0L_1u_1 · · ·L_nu_n

where n ≥ 0, the u_i’s are words of A^∗ and the L_i’s are elements of L.

Finally, the boolean closure of a set of languages L of A^∗ (resp. A^+) is the smallest set of languages containing L and closed under finite boolean operations (finite union and complement).

By extension, if C is a ∗-class (resp. +-class), we denote by Pol C its polynomial closure, that is, the class of languages such that, for every alphabet A, Pol C(A^∗) (resp. Pol C(A^+)) is the polynomial closure of C(A^∗) (resp. C(A^+)). The unambiguous polynomial closure UPol C and the boolean closure BC of a class of languages C is defined analogously. One can show that if C is a variety of languages, then Pol C is a positive variety of languages, while UPol C and BPol C are varieties of languages.

The following theorem summarizes the results of [36].

Theorem 3.2 Let V be a variety of monoids (resp. semigroups) and let V be the corresponding variety of languages.

(1) The variety of ordered monoids (resp. semigroups) corresponding to Pol V is the variety LJ^+ M◯ V.

(2) The variety of monoids (resp. semigroups) corresponding to UPol V is the variety LI M◯ V.

We shall denote by ^V the variety of semigroups (resp. monoids) corresponding to BPol V. It follows from the results of [35, 36] that

LI M◯ V = (LJ^+ M◯ V) ∩ (LJ^− M◯ V) and (2) ^V = (LJ^+_M◯ V) ∨ (LJ^−_M◯ V) (3)

In view of Theorem 3.2, it is tempting to guess that ^V is also of the form V → W M◯ V for some variety W. The inclusion ^V ⊆ B_1 M◯ V follows from [28, Theorems 3.1 and 3.2]. In [35], it was conjectured that ^V = B_1 M◯ V, but a counterexample will be given in Section 4. An improved version of the conjecture will be stated in Section 6.

For any class of languages C, Pol C = Pol (UPol C) and thus BPol C = BPol (UPol C). In view of Theorem 3.2, the latter equality can be translated in terms of varieties as follows.

Corollary 3.3 For any variety of monoids (resp. semigroups) V, the equality ^

LI M◯ V = ^V holds.

The variety ^V can also be described in terms of Schützenberger products. We refer the reader to [32] for precise definitions. Given a variety of semigroups (resp. monoids) V, we denote by ♦V the variety generated by all Schützenberger products of semigroups in V.

It was shown in [26] that if V is a variety of monoids, then ^V = ♦V. It follows from [32, Theorem 5.3] that the same result holds for varieties of semigroups, provided that the variety of languages corresponding to V is closed under the operations L → uL and L → Lu (where u is a word).

4 A counterexample

In this section, we give an aperiodic counterexample to the conjecture ^V = B_1 M◯ V. It is interesting to note that Steinberg [41] gave another counterexample, in a quite different realm: he showed that if H is a variety of groups, ^H = J ∗ H, B_{1 M}◯ H = J_M◯ H, yet J ∗ H ≠ J_M◯ H as soon as H consists only of commutative groups, or of groups satisfying a fixed identity of the form x^n = 1.

Our starting point is a semigroup in LJ which is not in B_1, discovered by Knast [21] as a byproduct of his characterization of the languages of dot-depth one. This semigroup is the syntactic semigroup of the following language:

L_0 = (ab^+ ∪ ac^+)^∗ab^+d(c^+d ∪ b^+d)^∗.

We study in some detail the syntactic monoid of the image L of L_0 under the morphism which maps a, b, c, d respectively to ab, ab^2, ab^3, ab^4:

L = (ab(ab^2)^+ ∪ ab(ab^3)^+)^∗ab(ab^2)^+ab^4((ab^3)^+ab^4 ∪ (ab^2)^+ab^4)^∗.

The minimal automaton A of L has 26 states, and is depicted below^1. The initial state is 1 and the unique final state is 19. 1

2

3

4 5

6

7

8

9

10 11

12

13

14

15

16 17

18 19

20 21

22 23 24

25 26 a b a

b

b b a b a

b

b a b b a a b b a b b b a b b b b

a a b b b a

1This computation was performed using Champarnaud’s automate software [10].

Let S be the syntactic monoid of L and let σ : A^+ → S be its syntactic morphism. It is aperiodic and it has 445 elements, of which are 85 idempotents. Its D-class structure is as follows^2. The maximal D-class is the singleton {1}. Next there are 19 non-regular singleton D-classes (with elements respectively the images by σ of a, b, ab, ba, b^2, ab^2, bab, b^2a, bab^2, b^2ab, b^2ab^2 and b^3, ab^3, b^3a, bab^3, b^3ab, b^2ab^3, b^3ab^2, b^3ab^3). Next there are two incomparable regular D-classes. The first one has 3 R-classes, 3 L-classes and 3 idempotents σ(b^2ab^2a), σ(bab^2ab), σ(ab^2ab^2). The second one has 4 R-classes, 4 L-classes and 4 idempotents σ(b^3ab^3a), σ(b^2ab^3ab), σ(bab^3ab^2), σ(ab^3ab^3). (The first group of non-regular elements listed above is J -above both these D-classes, and the second group, the images of words having b^3 as a factor, sits above the second D-class only.) All the other elements have rank at most 1. Consisting of such elements, there are 2 incomparable regular D-classes, one with 10 R-classes, 10 L-classes and 32 idempotents, and the other with 13 R-classes, 13 L-classes and 44 idempotents. Below both these classes, there is a non-regular D-class with 10 R-classes and 13 L-classes; and finally the trivial D-class 0.

Using this monoid, we show that ^R ≠ B_1 M◯ R. More precisely, we use the known fact that ^J_1 = ^R, where R is the variety of R-trivial monoids [33]. We verify that the monoid S lies in B_1 M◯ R and not in B_1 M◯ J_1. Thus B_1 M◯ J_1 is strictly contained in B_1 M◯ R. Since ^V ⊆ B_1 M◯ V for every variety V, it follows that

^R = ^J_1 ⊆ B_{1 M}◯ J_1 ⊊ B_{1 M}◯ R

and thus ^R ≠ B_1 M◯ R.

In order to verify that S ∉ B_1 M◯ J_1, it suffices to find words e, f, s, t, u, v in {a, b}^∗ with the same alphabetic content, and such that the transitions labeled by e, f, esfte, eufve (that is, their images by σ) are idempotent, and the transitions labeled (esfte)(eufve) and (esfte)esfve(eufve) are different (see [54, Proposition 1.3] or [35, Theorem 5.1]).

Let e = ab^2ab^2, f = ab^3ab^3, s = t = ab and u = v = ab^4. It was remarked above that σ(e) and σ(f) are idempotent. Now σ(esfte) is the rank 1 transition with domain {3, 6, 9, 12, 13} and range {13}. Also σ(eufve) is the rank 1 transition with domain {6, 13, 18, 91, 23, 26} and range {26}. And σ(esfve) is the empty transition. Thus σ((esfte)(eufve)) ≠ 0 while σ((esfte)esfve(eufve)) = 0, and S ∉ B_1 M◯ J_1. We now prove that S ∈ B_1 M◯ R. Let ρ: A^∗ → R be the syntactic morphism of the language (b^2a)^3A^∗ ∪ (b^3a)^3A^∗, whose minimal automaton is the following:

2This computation was performed using Pin’s Semigroupe software [14].

1 2 3 4

5 6 7

8

9

10 11 12 13

14 15 16 b b b a b b a a

b b b a b b b a a, b

It is immediately verified that R ∈ R and we consider the relational morphism τ = ρ ∘ σ^{−1} : S → R. To show that S ∈ B_1 M◯ R, it suffices to show that if e, f, s, t, u, v are elements of A^∗ whose ρ-images are equal and idempotent in R and such that σ(e) and σ(f) are idempotent, then in S we have σ((esfte)^ω(eufve)^ω) = σ((esfte)^ωesfve(eufve)^ω) If σ(esfte)^ω = 0 or σ(eufve)^ω = 0, the above equality holds trivially, with both terms equal to 0. Let us now assume that σ(esfte)^ω ≠ 0 and σ(eufve)^ω ≠ 0. If σ(e) has rank 1, then σ(e), σ(esf), σ(euf), σ(fte), σ(fve) are all Dequivalent. Indeed, if it were not the case, we would have σ(esfte) <_J σ(e) or σ(eufve) <_J σ(e), and in particular, σ(esfte)^ω = 0 or σ(eufve)^ω = 0, a contradiction. It follows that σ(esfte), σ(eufve), σ(esfve) and σ(e) are H-equivalent, and hence equal. The equality above is now immediate.

If σ(e) = 1, then e = 1 ∈ A^∗, so ρ(e) = 1. But ρ^{−1}(1) = {1}, so we have f = s = t = u = v = e = 1, and the expected equality holds again in this case.

The remaining cases are those where e ∈ F = {b^2ab^2a, bab^2ab, ab^2ab^2, b^3ab^3a, b^2ab^3ab, bab^3ab^2, ab^3ab^3}. Note that σ^{−1}(σ(b^2ab^2a)) = (b^2ab^2a)^+, and τ(σ(b^2ab^2a)) = ρ((b^2ab^2a)^+) contains a single idempotent, equal to ρ(b^2ab^2a)^2. The same is true of the other idempotents of rank 2 in S: if x ∈ F , then τ(σ(x)) contains a single idempotent, namely ρ(x^2). Finally one can verify that these seven idempotents of R are pairwise distinct, for instance by checking that the corresponding transitions have distinct domains.

Thus, if σ(e) ∈ F , σ(f) is idempotent and ρ(e) = ρ(f), then we must have σ(e) = σ(f). Now it suffices to check that each of the seven local submonoids of S of the form gSg (g ∈ F ) are J -trivial (since a monoid is in B_1 if and only if it is J -trivial), which is readily verified.

Thus we have proved that S ∈ B_1 M◯ R and S /∈ B_1 M◯ J_1.

The reader may wonder how an appropriate R-trivial monoid was found, to show that a specific 445-element monoid sits in B_1 M◯ R. In fact the authors first used general results on free profinite objects on Mal’cev products [35] and structure theorems on free pro-R monoids [2, 52] to ascertain that S ∈ B_1 M◯ R, and then to exhibit a specific B_1-relational morphism into an Rtrivial monoid.

5 Properties of the concatenation product

For 1 ≤ i ≤ n, let L_i be a recognizable language of A^+, S_i be its syntactic semigroup and η_i : A^+ → S_i be its syntactic morphism. We also denote by S^+_i its ordered syntactic semigroup. Let

η : A^+ → S^+_1 × S^+_2 × · · · × S^+_n

be the morphism of ordered semigroups defined by

η(u) = (η_1(u), η_2(u), . . . , η_n(u))

Let u_0, u_1, . . . , u_n be words of A^∗, let L = u_0L_1u_1 · · ·L_nu_n. Let S (resp. S^+) be the (resp. ordered) syntactic semigroup of L and let μ : A^+ → S^+ be its syntactic morphism. The following property of the relational morphism

τ_+ = η ∘ μ^{−1} : S^+ → S^+_1 × S^+_2 × · · · × S^+_n

was established in [32], as an improvement over similar former results [44, 28, 36].

Proposition 5.1 The relational morphism τ_+ : S^+ → S^+_1 × S^+_2 × · · · × S^+_n is a LJ^+-relational morphism.

In order to turn this result into a property of the relational morphism

τ = η ∘ μ^{−1} : S → S_1 × S_2 × · · · × S_n

we need an auxiliary result, which is interesting in its own right.

Lemma 5.2 Let τ_1 : S_1 → T_1 and τ_2 : S_2 → T_2 be relational morphisms between ordered semigroups, and let τ : S_1 × S_2 → T_1 × T_2 be the relational morphism given by τ(s_1, s_2) = τ_1(s_1) × τ_2(s_2). Let V_1, V_2, W_1, W_2 be varieties of ordered semigroups. If τ_1 is a (V_1, W_1) relational morphism and τ_2 is a (V_2, W_2) relational morphism, then τ is a (V_1 ∨ V_2, W_1 ∩ W_2) relational morphism.

Proof. Let π_i : T_1 × T_2 → T_i be the projection (i = 1, 2), and let W be a subsemigroup of T_1 × T_2. Then τ^{−1}(W ) is a subsemigroup of τ^{−1}_1 (π_1(W )) × τ^{−1}_2 (π_2(W )). Now suppose that W ∈ W_1 ∩ W_2. In particular, W ∈ W_1, so π_1(W ) ∈ W_1 and τ^{−1}_1 (π_1(W )) ∈ V_1. Similarly, τ^{−1}_2 (π_2(W )) ∈ V_2, so that τ^{−1}(W ) ∈ V_1 ∨ V_2.

Proposition 5.3 For each variety of semigroups V, the relational morphism τ : S → S_1 × S_2 × · · · × S_n is a ( ^V, LI M◯ V) relational morphism.

Proof. Let τ_+ : S^+ → S^+_1 × · · · × S^+_n be the canonical relational morphism. By Proposition 5.1, τ^+ is a LJ^+-relational morphism, and hence by Proposition 2.6, it is also a (LJ^+ M◯ V)-relational morphism.

Let τ_− : S^− → S^−_1 × · · · × S^−_n be the relational morphism given by τ_−(s) = τ_+(s) for each s ∈ S. It is an elementary verification that τ_− is a LJ^−-relational morphism, and hence τ_− is also a (LJ^− M◯ V)-relational morphism.

Now, Formula 3 and Lemma 5.2 show that the product relational morphism

τ_+ × τ_− : S^+ × S^− −→ S^+_1 × · · · S^+_n × S^−_1 × · · · × S^−_n

is a ( ^V, LI M◯ V) relational morphism. Let us identify S (resp. S_1 ×· · ·×S_n) with the diagonal of S^+ × S^− (resp. (S^+_1 × · · · × S^+_n ) × (S^−_1 × · · · × S^−_n ). Up to this identification, τ(s) ⊆ τ_+ × τ_−(s) for every s ∈ S. It follows by Lemma 2.5 that τ is a ( ^V, LI M◯ V) relational morphism.

There is a similar result for ordered syntactic monoids. Let, for 0 ≤ i ≤ n, L_i be recognizable languages of A^∗, M^+_i be its ordered syntactic monoid and η_i : A^∗ → M^+_i be its syntactic morphism. Let

η : A^∗ → M^+_0 × M^+_1 × · · · × M^+_n

be the morphism defined by

η(u) = (η_0(u), η_1(u), . . . , η_n(u))

Let a_1, a_2, . . . , a_n be letters of A, let L = L_0a_1L_1 · · ·a_nL_n and let μ : A^∗ → M^+ be the syntactic morphism of L. Finally, consider the relational morphism τ_+ = μ^{−1}η : M^+ → M^+_0 × M^+_1 × · · · × M^+_n

Proposition 5.4 The relational morphism τ : M^+ → M^+_1 × M^+_2 × · · · × M^+_n is a LJ^+-relational morphism. For each variety of semigroups V, the relational morphism τ : M → M_1 ×M_2 ×· · ·×M_n is a ( ^V, LI M◯ V) relational morphism.

6 A new conjecture and its consequences

In Section 4, we discussed counterexamples to the conjecture ⋂ V = B_1 M◯ V.

Taking these counterexamples into account, we formulate a new conjecture and discuss its consequences.

Conjecture 6.1 For any variety of semigroups (resp. monoids) W,

^W = ⋂ H (J ∗ LI ∗ H, LI ∗ H) M◯ W

where the intersection is taken over all varieties of groups.

If all semigroups (resp. monoids) in W are aperiodic, Conjecture 6.1 simplifies to:

Conjecture 6.2 For any variety of aperiodic semigroups (resp. monoids) W, ^W = (J ∗ LI, LI)_M◯ W.

Let us prove formally the logical connection between the two conjectures.

Proposition 6.1 For any variety of aperiodic semigroups (resp. monoids) W, ⋂ H (J ∗ LI ∗ H, LI ∗ H) M◯ W = (J ∗ LI, LI) M◯ W

Proof. The proof relies on the fact that an aperiodic semigroup in LI ∗ H is actually in LI. Let us call V_1 (resp. V_2) the variety on the left (resp. right) of the formula. The inclusion V_1 ⊆ V_2 is clear. If S ∈ V_2, there exists a (J ∗ LI, LI) relational morphism τ from S into some W ∈ W. Let T be a subsemigroup of W and let H be a variety of groups. If T ∈ LI ∗ H, then T ∈ LI, since W is aperiodic. Therefore τ^{−1}(T ) ∈ J ∗ LI and hence τ^{−1}(T ) ∈ J ∗ LI ∗ H. Thus τ is actually a (J ∗ LI ∗ H, LI ∗ H) relational morphism, and consequently S ∈ V_1. Thus V_1 = V_2.

Corollary 6.2 Conjecture 6.1 implies Conjecture 6.2.

With the same proof, one can show that for each variety W, ⋂ H (J ∗ LI ∗ H, LI ∗ H) M◯ W = ⋂ H⊆G∩W (J ∗ LI ∗ H, LI ∗ H) M◯ W.

Our conjecture originates in the following general result:

Theorem 6.3 For any variety of monoids (resp. semigroups) W,

^W = ⋂ ( ^V, LI M◯ V) M◯ W (4)

where the intersection is taken over all varieties of semigroups V.

Proof. Let us prove the result in the monoid case (the semigroup case is analogous). We consider a generator of ^W, in the form of the syntactic monoid M of a language L = L_0a_1L_1 · · · a_nL_n, where for each i, a_i is a letter and L_i is a language whose syntactic monoid M_i lies in W. By Proposition 5.3, the relational morphism τ : M → M_1 × M_2 × · · · × M_n is a ( ^V, LI M◯ V) relational morphism for each variety of semigroups V. This proves the inclusion ^W ⊆ ⋂ ( ^V, LI M◯ V) M◯ W

To establish the opposite inclusion, we observe that if W is a variety of semigroups, then (^W, LI M◯ W) M◯ W is contained in ^W. If W is a variety of monoids, let us take V = W ∗ LI. Then, since W_S ⊆ LI M◯ V, we have

( ^V, LI M◯ V) M◯ W ⊆ ^V_M.

Furthermore, by the results of [45, 37, 32], ^V = ^W ∗ LI. Now, it follows from [13, Proposition 5.6, page 131, and page 155] that ^W ∗ LI ⊆ L^W and thus (^W ∗ LI)_M = ^W and ( ^V, LI M◯ V) M◯ W ⊆ ^W.

A closer study of the varieties of the form LI M◯ V and ^V is in order to establish the links between Formula (4) and our conjectures. We shall consider successively varieties contained in LI and varieties of the form LI ∗ H, H or H_S, where H is a variety of groups.

Proposition 6.4 Let V be a variety of semigroups. If V is contained in LI, then LI M◯ V = LI and ^V = B_1.

Proof. Let V and LI be the varieties of languages corresponding to V and LI, respectively. If V ⊆ LI, then LI ⊆ LI M◯ V ⊆ LI M◯ LI = LI. It follows, by Theorem 3.2, that UPol V = LI, and thus

Pol V = Pol (UPol V) = Pol LI

and therefore BPol V = BPol LI. This proves the equality of the corresponding varieties of semigroups, namely ^V for BPol V and B_1 for BPol LI.

The next result, which follows immediately from Theorem 6.3 and Proposition 6.4, can be considered as the easy part of Conjecture 6.2.

Corollary 6.5 For any variety of aperiodic semigroups (resp. monoids) W, ^W ⊆ (J ∗ LI, LI)_M◯ W.

Corollary 6.6 Conjecture 6.2 is true for any variety contained in LI.

Proof. Let V be a variety contained in LI. Proposition 6.4 shows that ^V = B_1 and by Corollary 6.5, B_1 ⊆ (J ∗ LI, LI) M◯ V. Finally (J ∗ LI, LI) M◯ V ⊆ (J ∗ LI, LI) M◯ LI ⊆ J ∗ LI = B_1. Thus ^V = (J ∗ LI, LI) M◯ V.

Next we consider varieties of the form V ∗ H, where V is a subvariety of LI and H is a variety of groups.

Proposition 6.7 Let V be a variety such that (H)_S ⊆ V ⊆ LI ∗ H. Then ^W = J ∗ LI ∗ H.

Proof. By Corollary 3.3, ^LI M◯ V = ^V. Now, since (H)_S ⊆ V ∗ H ⊆ LI ∗ H, Proposition 2.8 gives LI M◯ H_S = LI ∗ H = LI M◯(LI ∗ H) and thus LI M◯ V = LI ∗ H. Therefore we may assume without loss of generality that V = LI M◯ V.

Let V be the variety of languages corresponding to V. Then the variety of languages corresponding to ^V is BPol V by definition. Proposition 3.1 shows that V is closed under the operations L → uL and L → Lu (where u is a word). Therefore by [32, Theorem 5.3], ^V = ♦V. It follows by [32, Theorem 4.8] that ♦V = (♦LI)∗H and since ♦LI = B_1 = J∗LI, we finally obtain ^V = J ∗ LI ∗ H.

The “easy part” of Conjecture 6.1 now follows from Theorem 6.3 and Proposition 6.7.

Corollary 6.8 For any variety of semigroups (resp. monoids) W, ^W ⊆ ⋂ H (J ∗ LI ∗ H, LI ∗ H) M◯ W

where the intersection is taken over all varieties of groups.

Corollary 6.9 Conjecture 6.1 is true for any variety of semigroups V such that (H)_S ⊆ V ⊆ LI ∗ H, where H is a variety of groups.

Proof. Proposition 6.7 shows that ^V = J ∗ LI ∗ H. Furthermore

(J ∗ LI ∗ H, LI ∗ H) M◯ V ⊆ J ∗ LI ∗ H = ^V

The conjecture now follows from Corollary 6.8.

Next, let us consider varieties of groups.

Proposition 6.10 Conjecture 6.1 is true for any variety of groups.

Proof. If H is a variety of groups, then ^H = J ∗ H [41, 32]. Furthermore

(J ∗ LI ∗ H, LI ∗ H) M◯ H ⊆ (J ∗ LI ∗ H)_M ⊆ (J ∗ H ∗ LI)_M

Now, for any variety of monoids V, V ∗ LI ⊆ LV and thus (V ∗ LI)_M = V. It follows in particular that (J∗LI∗H, LI∗H) M◯ H ⊆ J∗H. The conjecture now follows from Corollary 6.8.

Finally, let us consider the variety LG = G ∗ LI.

Proposition 6.11 Conjecture 6.1 is true for the variety LG.

Proof. The reader is referred to [20] for the definition of a kernel of a monoid, and its connection with the Mal’cev product. It is shown in [25] that ^LG = LBG, where J ∗ G = BG is the variety of block groups. We claim that (J ∗ LI ∗ G, LI ∗ G) M◯ LG ⊆ LBG

Let S ∈ (J ∗ LI ∗ G, LI ∗ G) M◯ LG. Then there exists a semigroup T ∈ LG and a (J ∗ LI ∗ G, LI ∗ G) relational morphism τ : S → T . Let e be an idempotent of S, f an idempotent of the semigroup τ(e) and let G be the maximal subgroup of T containing f. If s ∈ S and t ∈ τ(s), then ftf ∈ G since T ∈ LG. Thus ftf ∈ τ(e)τ(s)τ(e) ⊆ τ(ese). It follows that G ∩ τ(ese) ≠ ∅, and thus eSe ⊆ τ^{−1}(G). Now since τ is (J ∗ LI ∗ G, LI ∗ G), it follows that τ^{−1}(G) ∈ J ∗ LI ∗ G, and thus eSe ∈ J ∗ LI ∗ G. Now by [20, Theorem 3.1], J ∗ LI ∗ G ⊆ (J ∗ LI) M◯ G ⊆ LJ M◯ G. It follows, by [20, Theorem 3.4], that K(eSe) ∈ LJ. But eSe is a monoid and so is K(eSe). Thus K(eSe) ∈ J, and by [20, Theorem 3.4] again, eSe ∈ J∗G = BG. Thus S ∈ LBG, proving the claim. The conjecture now follows from Corollary 6.8.

Let us give a last result supporting Conjecture 6.1. Corollary 3.3 shows that, for any variety of monoids (resp. semigroups) V, ^LI M◯ V = ^V. The following proposition shows that if Conjecture 6.1 is true for V, then it is also true for LI M◯ V.

Proposition 6.12 For any variety of groups H and any variety of semigroups (resp. monoids) V, (J ∗ LI ∗ H, LI ∗ H) M◯ V = (J ∗ LI ∗ H, LI ∗ H) M◯(LI M◯ V).

Proof. The proof is given in the case where V is a variety of monoids, but the semigroup case is entirely similar. Let M be a monoid in (J∗LI∗H, LI∗ H) M◯(LI M◯ V). By definition, there exists a (J ∗ LI ∗ H, LI ∗ H) relational morphism τ : M → N, where N ∈ LI M◯ V and a LI-relational morphism σ : N → V with V ∈ V.

Let S be a subsemigroup of V in LI∗H. Then σ^{−1}(V ) is in LI M◯(LI∗H), and by Proposition 2.8, this variety is equal to LI∗H. Therefore (σ∘τ)^{−1}(V ) is in J∗LI∗H, showing that σ ∘τ : M → V is a (J∗LI∗H, LI∗H) relational morphism. Thus (J ∗ LI∗ H, LI∗ H) M◯(LI M◯ V) ⊆ (J ∗ LI∗ H, LI ∗ H) M◯ V. The opposite inclusion is obvious.

In particular, (B_1, LI) M◯ J_1 = (B_1, LI) M◯(LI M◯ J_1) = (B_1, LI) M◯ DA and thus

B_1 M◯ J_1 = (B_1, LI) M◯ J_1 = (B_1, LI) M◯ R = (B_1, LI) M◯ DA

The counterexample given in Section 4 shows that, although ^J_1 = ^R, the inclusion B_1 M◯ J_1 ⊆ B_1 M◯ R is strict, ruining the conjecture ^V = B_1 M◯ V. It is no longer a counterexample to Conjecture 6.2, since (B_1, LI) M◯ J_1 = (B_1, LI) M◯ R = (B_1, LI) M◯ DA (since DA = LI M◯ J_1).

Conjecture 6.1 relies on the hope that the inclusion proved in Corollary 6.8 is actually an equality. Besides, Formula (4) shows that if the conjecture is true, then the inclusion ⋂ H (J ∗ LI ∗ H, LI ∗ H) M◯ W ⊆ ( ^V, LI M◯ V) M◯ W (5)

should hold for each variety V and W. It would be interesting to prove or disprove this inclusion for particular instances of V and W, for instance for V = LH. Disproving one of these inclusions would of course disprove Conjecture 6.1.

7 Concatenation hierarchies

By alternating the use of the polynomial closure and of the boolean closure one can obtain hierarchies of recognizable languages. Let W be a variety of languages. The concatenation hierarchy of basis W is the hierarchy of classes of languages defined as follows.

(1) W_0 = W (2) for every integer n ≥ 0, W_{n+1/2} = Pol W_n, (3) for every integer n ≥ 0, W_{n+1} = BPol W_n.

Levels of the form W_n (resp. W_{n+1/2}) for some integer n are called full (resp. half ) levels. It is known that every full level is a variety of languages and every half level is a positive variety of languages.

Three concatenation hierarchies have been considered so far in the literature. The first one, introduced by Cohen and Brzozowski [11, 7] and called the dot-depth hierarchy, is the hierarchy of positive +-varieties whose basis is the trivial variety. The second one, first considered implicitly in [48] and explicitly in [43, 45] is called the Straubing-Thérien hierarchy: it is the hierarchy of positive ∗-varieties whose basis is the trivial variety. The third one, introduced in [24], is the hierarchy of positive ∗-varieties whose basis is the variety of group-languages. It is called the group hierarchy. The hierarchies of basis H and LH, where H is a variety of groups, are also worth studying.

The variety of monoids (or ordered monoids for the half levels) corresponding to the n-th level of the Straubing-Thérien hierarchy (resp. of the group hierarchy) is denoted by V_n (resp. G_n). The variety of (ordered) semigroups corresponding to the n-th level of the dot-depth hierarchy is denoted by B_n. These varieties are related by the following formulas [45, 37, 31, 32], which hold for each level (full or half):

B_n = V_n ∗ LI G_n = V_n ∗ G

It follows, but this is a non trivial result [45, 37], that B_n is decidable if and only if V_n is decidable (for each integer or half integer n). In particular, the identities defining the variety B_1 were given in Section 2.1. It is not yet known whether a similar result holds for G_n, but nevertheless the formula G_n = V_n ∗ G gives evidence that the Straubing-Thérien hierarchy should be simpler to study.

The first level has been actually thoroughly studied by Simon [40] long before the hierarchy was formally introduced. Simon’s result states that V_1 is the variety J of J -trivial monoids. It follows that V_1 is decidable. The decidability of level 1/2 is quite easy, and was formally established in [29]. The decidability of level 3/2 was first established by Arfi [3, 4] and a better algorithm was given by the authors in [36]. A promising approach based on forbidden patterns, was also considered by Glaßer and Schmitz [15, 16, 17].

The decidability problem for level 2 is still open, although much progress has been made in recent years [5, 6, 12, 33, 46, 47, 53, 54]. The more important of these partial results is Straubing’s proof [46] of the decidability of the level 2 for languages on a two-letter alphabet. This result was recently extended to the level 5/2 by Glaßer and Schmitz [18]. One of the main results about V_2, proved in [33], is that V_2 = ^J_1, where J_1 denotes the variety of idempotent and commutative monoids. Conjecture 6.2, applied to W = J_1 states that V_2 = (J ∗ LI, LI) M◯ J_1.

Now, since LI ∩ J_1 = I_S, the following equality holds

(J ∗ LI, LI) M◯ J_1 = (J ∗ LI, I_S) M◯ J_1 = B_1 M◯ J_1

This means that, for the special case V = J_1, there is no difference between Conjecture 6.2 and the conjecture made in [36]. In particular, our guess of the identities of V_2, which would prove the decidability of V_2, is unchanged.

What would be the consequences of our conjecture for the upper levels of the hierarchy? First, since for every integer n, ^V_n = V_{n+1}, Conjecture 6.2 would imply that

V_{n+1} = (J ∗ LI, LI) M◯ V_n.

To obtain the identities of V_{n+1}, one could then use the following result, whose proof will be published elsewhere.

Proposition 7.1 Let V be a variety of semigroups (resp. monoids). Then (J ∗ LI, LI) M◯ V is defined by the identities of the form (esfte)^ω esfve(eufve)^ω = (esfte)^ω(eufve)^ω for all e, f, s, t, u, v such that V satisfies e = e^ω , efe = e, s = u = ef, f = f^ω , fef = f, t = v = fe However, the decidability of each variety V_n would not follow immediately from such a description.

Acknowledgements The authors would like to thank the anonymous referees for their useful suggestions.

References

[1] J. Almeida, Finite semigroups and universal algebra, Series in Algebra Vol 3, World Scientific, Singapore, 1994.

[2] J. Almeida and P. Weil. Free profinite R-trivial monoids, International Journal of Algebra and Computation 7, (1997), 625–671.

[3] M. Arfi, Polynomial operations and rational languages, 4th STACS, Lect. Notes in Comp. Sci. 247, Springer Verlag, Berlin, Heidelberg, New York, (1987), 198–206.

[4] M. Arfi, Opérations polynomiales et hiérarchies de concaténation, Theor. Comput. Sci. 91, (1991), 71–84.

[5] F. Blanchet-Sadri, On dot-depth two, Informatique Théorique et Applications 24, (1990), 521–530.

[6] F. Blanchet-Sadri, On a complete set of generators for dot-depth two, Discrete Appl. Math., 50, (1994), 1–25.

[7] J.A. Brzozowski, Hierarchies of aperiodic languages, RAIRO Inform.

Théor. 10, (1976), 33–49.

[8] J.A. Brzozowski and R. Knast, The dot-depth hierarchy of star-free languages is infinite, J. Comput. System Sci. 16, (1978), 37–55.

[9] J.R. Büchi, Weak second-order arithmetic and finite automata, Z.

Math. Logik und Grundl. Math. 6, (1960), 66–92.

[10] J.M. Champarnaud and G. Hansel, AUTOMATE, a computing package for automata and finite semigroups, J. Symbolic Computation 12, (1991), 197–220.

[11] R.S. Cohen and J. A. Brzozowski, Dot-depth of star-free events, J.

Comput. System Sci. 5, (1971), 1–15.

[12] D. Cowan, Inverse monoids of dot-depth 2, Int. Jour. Alg. and Comp.

3, (1993), 411–424.

[13] S. Eilenberg. Automata, languages and machines, vol. B, Academic Press, New York, 1976.

[14] V. Froidure and J.-E. Pin, Algorithms for computing finite semigroups, Foundations of Computational Mathematics, F. Cucker and M. Shub eds., Springer, Berlin, (1997), 112–126.

[15] C. Glaßer and H. Schmitz, Languages of dot-depth 3/2, Proceedings 17th Symposium on Theoretical Aspects of Computer Science, Lect. Notes in Comp. Sci. 1770, Springer Verlag, (2000), 555–566.

[16] C. Glaßer and H. Schmitz, Decidable Hierarchies of Starfree Languages, Foundations of Software Technology and Theoretical Computer Science (FSTTCS), Lect. Notes in Comp. Sci. 1974, Springer-Verlag, (2000), 503–515.

[17] C. Glaßer and H. Schmitz, Concatenation Hierarchies and Forbidden Patterns, Technical Report No. 256, University of Wuerzburg, (2000).

[18] C. Glaßer and H. Schmitz, Level 5/2 of the Straubing-Thérien hierarchy for two-letter alphabets. To appear.

[19] T. Hall and P. Weil, On radical congruence systems, Semigroup Forum 59, (1999), 56–73.

[20] K. Henckell, S. W. Margolis, J.-E. Pin and J. Rhodes, Ash’s Type II Theorem, Profinite Topology and Malcev Products, International Journal of Algebra and Computation 1, (1991), 411–436.

[21] R. Knast, A semigroup characterization of dot-depth one languages, RAIRO Inform. Théor. 17, (1983), 321–330.

[22] R. Knast, Some theorems on graph congruences, RAIRO Inform. Théor.

17, (1983), 331–342.

[23] R. McNaughton and S. Pappert, Counter-free Automata, MIT Press, 1971.

[24] S.W. Margolis and J.-E. Pin, Product of group languages, FCT Conference, Lect. Notes in Comp. Sci. 199, (1985), 285–299.

[25] S.W. Margolis and B. Steinberg, Power semigroups and polynomial closure. To appear in the Proceedings of the Third International Colloquium on Words, Languages and Combinatorics.

[26] J.-E. Pin, Hiérarchies de concaténation, RAIRO Informatique Théorique 18, (1984), 23–46.

[27] J.-E. Pin, Variétés de langages formels, Masson Paris, 1984; English translation: Varieties of formal languages, Plenum, New-York, 1986.

[28] J.-E. Pin, A property of the Schützenberger product, Semigroup Forum 35, (1987), 53–62.

[29] J.-E. Pin, A variety theorem without complementation, Izvestiya VUZ Matematika 39, (1995), 80–90. English version, Russian Mathem. (Iz. VUZ) 39, (1995), 74–83.

[30] J.-E. Pin, Syntactic semigroups, Chapter 10 in Handbook of formal languages, G. Rozenberg and A. Salomaa eds., Springer, 1997.

[31] J.-E. Pin, Bridges for concatenation hierarchies, 25th ICALP, Lect.

Notes in Comp. Sci. 1443, Springer Verlag, Berlin, (1998), 431–442.

[32] J.-E. Pin, Algebraic tools for the concatenation product, to appear in Theoret. Comp. Sci.

[33] J.-E. Pin and H. Straubing, Monoids of upper triangular matrices, Colloquia Mathematica Societatis Janos Bolyai , Semigroups, Szeged, 39, (1981), 259–272.

[34] J.-E. Pin and P. Weil, A Reiterman theorem for pseudovarieties of finite first-order structures, Algebra Universalis 35, (1996), 577–595.

[35] J.-E. Pin, P. Weil. Profinite semigroups, Mal’cev products and identities, Journal of Algebra 182, (1996), 604–626.

[36] J.-E. Pin and P. Weil, Polynomial closure and unambiguous product, Theory Comput. Systems 30, (1997), 1–39.

[37] J.-E. Pin and P. Weil, The wreath product principle for ordered semigroups, to appear in Comm. in Algebra.

[38] M.P. Schützenberger, On finite monoids having only trivial subgroups, Information and Control 8, (1965), 190–194.

[39] V. Selivanov, A logical approach to decidability of hierarchies of regular star-free languages, Proc. STACS 2001, Lect. Notes in Comp. Sci. 2010, Springer Verlag, Berlin, Heidelberg, New York, (2001), 539–550.

[40] I. Simon, Piecewise testable events, Proc. 2nd GI Conf., Lect. Notes in Comp. Sci. 33, Springer Verlag, Berlin, Heidelberg, New York, (1975), 214–222.

[41] B. Steinberg, Polynomial closure and topology. Internat. J. Algebra and Comput. 10, (2000), 603–624.

[42] H. Straubing, Aperiodic homomorphisms and the concatenation product of recognizable sets, J. Pure Appl. Algebra 15, (1979), 319–327.

[43] H. Straubing, A generalization of the Schützenberger product of finite monoids, Theor. Comput. Sci. 13, (1981), 137–150.

[44] H. Straubing, Relational morphisms and operations on recognizable sets, RAIRO Inf. Theor. 15, (1981), 149–159.

[45] H. Straubing, Finite semigroups varieties of the form V ∗ D, J. Pure Appl. Algebra 36, (1985), 53–94.

[46] H. Straubing. Semigroups and languages of dot-depth two, Theoret.

Comp. Sci. 58, (1988), 361–378.

[47] H. Straubing and P. Weil, On a conjecture concerning dot-depth two languages, Theoret. Comp. Sci. 104, (1992), 161–183.

[48] D. Thérien, Classification of finite monoids: the language approach, Theoret. Comp. Sci. 14, (1981), 195–208.

[49] W. Thomas, Classifying regular events in symbolic logic, J. Comput.

Syst. Sci. 25, (1982), 360–375.

[50] W. Thomas, An application of the Ehrenfeucht-Fraïssé game in formal language theory, Bull. Soc. Math. de France 16, (1984), 11–21.

[51] W. Thomas, A concatenation game and the dot-depth hierarchy, in Computation Theory and Logic, E. Böger (ed.), Lecture Notes in Comp. Sc. 270, Springer, New-York, (1987), 415–426.

[52] P. Trotter, P. Weil. The lattice of pseudovarieties of idempotent semigroups and a non-regular analogue, Algebra Universalis 37 (1997), 491– 526.

[53] P. Weil, Inverse monoids of dot-depth two, Theoret. Comp. Sci. 66, (1989), 233–245.

[54] P. Weil. Some results on the dot-depth hierarchy, Semigroup Forum 46, (1993), 352–370.