
���������
	��
����������	
������������� ���"!$#&% ' %(���)�*�,+.-.-�/0�&+.-.-.1

24365�798�:.;=<?>�@BA9A�CEDF<
G�HI@�<JC�KML ◦ N
OQPSR 	
	��*T
�
� R �VU

WYX[Z[\[]�^�_a`bX c�\4dfeag�chg�Xi^�_jg�dSc

k�lnmpo�qprsq�m[tu' R ���
R v �)� 	��
wx���
� R �zy����{����	���� v 	 v �z�
�)���
|�y�w�� E } � R � R �)�

R0 = id,Ri+1 = R ◦ Ri.
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i �
• i = 0 � �n�p��������� R0 = id   �a�¡� R0 ◦ Rj = Rj �
• Ri+1 ◦ Rj = R ◦ Ri ◦ Rj = R ◦ Ri+j = Ri+j+1 �
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u · v = v · u ⇐⇒ ∃w ∈ M,∃p,q ∈ N | u = wp �
� v = wq.
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|u| + |v| �=¯ � |u| + |v| = 0
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∃w ∈ M,∃p,q ∈ N | ε = wp �J� ε = wq .
¼ �?���)�?�Q��µ*��°´��½�°��¸¹p�����J¾.�J³�¹�°��S¹��a�p�

w = ε �
¯ �p¹�¹����"�j�p������� ∀k < n   °´��¹��&�j¹����±¶J�&¶B�"�j�¿��µ0�»����� �=¯ �j�±�À��� u,v

� � � � |u| + |v| = n �Á¯ ��¹�¹��j�&�a�p������� |u| < |v|Â ¹������&Ã�³�¶J�&���±�
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u · v = v · u
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v �=¯ � u = ε
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w = v   p = 0
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q = 1 �=¯ � u = v  �a�É¹��&�À�p�
w = v   p = 1
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q = 1 �S¯ �����a�   �&�a�±� v′

���
v = uv′ �·Ê �É� uv = uv′u = vu   �.�j�p� v′u = v = uv′ �¼ �a³�³��

|v′| < |v|   �j�F��¹p�a���&¶?���������J�p�J�S�&��� |u| + |v′| < |u| + |v| �
∃w ∈ M,∃p,q ∈ N,u = wp,v′ = wq .

Ë��a�p�   �a�¡� u = wp
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v = wp+q �
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∃w ∈ M,∃p,q ∈ N | ε = wp
�J�

ε = wq
�±³�¹�°��´�j�p�

u · v = wp · wq = wp+q = wq · wp = v · u �
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f(x) = g(x,f(h(x)))
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Õ } f : N → N ¬ f(0) = 1 ¬ h(x) = x − 1
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g(x,y) = 2y ¬
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+ } f : N → N ¬ f(0) = 0 ¬ h(x) = x − 1
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g(x,y) = y + 2x − 1 ¬
� } f : N → N ¬ f(0) = 0 ¬ h(x) = [x/2]
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� � f(n) = 2n  � � f(n) = n2  � � f(n) = (3n)2 �
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F0 = F1 = 1
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Fn+2 = Fn+1 + Fn }
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O
f0(x) = x,f 1(x) =

f(x), . . . ,f i+1(x) = f
(

f i(x)
) U }
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