
�� �� �� � � � �� 	 
 � � � � � � � 	 �

� �� � ��  � �� �

� � �� � ��� �� � ���  � � !" � � �� � � �# �� � � " � � ��

� � �� � ��� �� � ���  � � !" � � �� � � � �%$ &� " ��� �' (� !"�

)

*� +, - � �� �, . � / � /�  � / . � 0 �, . � � 1 , � � 0 � � - �  � ��

mul(0,m) = 0

mul(s(n),m) = mul(n,m) + m

2

3 � 1 0 � /4 � 5 + /6 78

9 � � # �� " # � � �: ' �� � $ & ; ;� #� < # &  � � !" � � �6 78 =

mul(4, 89) →
mul(3, 89) + 89 →
mul(2, 89) + 89 + 89 →
mul(1, 89) + 89 + 89 + 89 →
mul(0, 89) + 89 + 89 + 89 + 89 →
0 + 89 + 89 + 89 + 89 = 356

>



*� +, - � �� �, . � / � /�  � / . � 0 �, . ��� /4 0 � � /�  ��  � � �

� � �� � " ��� �� �# &  � � !" � � �

exp(m, r) = m × . . . × m
︸ ︷︷ ︸

r fois

exp(m, r) = m × . . . × m
︸ ︷︷ ︸

r−1 fois

×m

� � !� � � � �� # $ � � � & " � � �

exp(m, r) = exp(m, r − 1) × m

�

9 � � # # �� � � � " # �� ' � � ��� � &# � � �� � � r ; �� � � � � !� " " � � �� & " � � �� � � "

' � � � ��� �� � = r > 0 �

� � !� � � � �� �� � � � � � & " � � �� 	

exp(m, 0) = 1

exp(m,n + 1) = exp(m,n) ∗ m




3 � 1 0 � /4 � 5 + / ��  � * �

9 � � # �� " # � � �: ' �� � $ & ; ;� #� < # &  � � !" � � � ��  =

exp(3, 6) →
exp(3, 5) ∗ 3 →
exp(3, 4) ∗ 3 ∗ 3 →
exp(3, 3) ∗ 3 ∗ 3 ∗ 3 →
exp(3, 2) ∗ 3 ∗ 3 ∗ 3 ∗ 3 →
exp(3, 1) ∗ 3 ∗ 3 ∗ 3 ∗ 3 ∗ 3 →
exp(3, 0) ∗ 3 ∗ 3 ∗ 3 ∗ 3 ∗ 3 ∗ 3 →
1 ∗ 3 ∗ 3 ∗ 3 ∗ 3 ∗ 3 ∗ 3 = 729

�

� � � - / �, � � � 0 /,  �� � . / 1 � /, 4 �

r�� " ; &� � 	 m2∗n = (m2)n

r�� " � : ; &� � 	 m(2∗n)+1 = (m2)n ∗ m

9 � � # # �� � � � " # �� ' � � ��� � &# � � �� � � n ; �� � � � � !�� � � � & " � � �� � � � � � "

' � � � ��� �� �� = n ≥ 0 � � � !� � � � ��

exp(m, 0) = 1

exp(m, 2 ∗ (n + 1)) = exp(m ∗ m,n + 1)

exp(m, (2 ∗ n) + 1) = exp(m ∗ m,n) ∗ m

�



3 � 1 0 � /4 � 5 + / ��  � * * �

9 � � # �� " # � � �: ' �� � $ & ; ;� #� < # &  � � !" � � � exp(n,m) =

exp(3, 6) →
exp(9, 3) →
exp(81, 1) ∗ 9 →
exp(6561, 0) ∗ 81 ∗ 9 →
1 ∗ 81 ∗ 9 = 729

�

exp(3, 8) →
exp(9, 4) →
exp(81, 2) →
exp(6561, 1) →
exp(6561 ∗ 6561, 0) ∗ 6561 = 1 ∗ 6561 = 6561

2 + log2m

� �

*� +, - � �� �, . � / � /�  � / . � 0 �, . . � � � � � � / . �, . � / � 1 � �

� � � � � " L1� " L2 � � � � # & � � & ��� � � �# $ &# ;� &' � " A � � � �� � �� " # &

! � � ! & " � � & " � � � � � L1� " L2 ! �: : � 	

L1 ◦ L2 = {concat(u, v) | u ∈ L1, v ∈ L2}

� � �� � �� " # & ;� �� � & � !� �%$ � � # & � � & � � L ! � : : � 	

L0 = {ε}� " Ln+1 = L ◦ Ln

� � �� � �� " # $ � " � � # � � $ � � # & � � & � � L ! �: : � 	

L∗ =
⋃

n∈IN

Ln

� �

� 4 / . - � - / � � � � � � " L� " M � � � � # & � � & ��� � � �# $ &# ;� &' � " A" � � �

ε /∈ L � � � � " �� � �� �

L∗ ◦ M = L ◦ (L∗ ◦ M) ∪ M

� )



*� +, - � �� �, . � / � /�  � / . � 0 �, . - � 1 0 / . � * �

� 5� � � � � � � � �� ;� �: � " & " � � � � $ � � � �� � : ' # � � �� A�� " � ��

' � (� !" � � � �� A � & �� A �

� 4 / . - � - / � � � � " n ≥ 0 �� � � �: ' �� � � ;� �: � " & " � � �� � $ � � � �� � : ' # �

� � n� # � : � � "� � � � " � Pn � �� " n! �

� 2

*� +, - � �� �, . � / � /�  � / . � 0 �, . - � 1 0 / . � * * �

� 5� � � � � � � � � � " n ≥ 0 � � �� ! �: ' � � &�� � � �%$ � � � �� k ≤ n � $ � �

� �� � : ' # � A � � n� # � : � � "� �� " � �� �� � �� �� � : ' # � �� A & � & � " k

� # � : � � "� �

� 4 / . - � - / � �	� �
 � �

� � � �: ' �� �� ! �: ' � � &�� � �� � $ � � � �� k � $ � � � �� � : ' # � A � � n

� # � : � � "� � � � " � Ck
n � �� " n!

(n−k)!k! �

� >

*� +, - � �� �, . � / � /�  � / . � 0 �, . - � 1 0 / . � * * * �

� 5� � � � � � � � � � " n ≥ 0 � � � & � � & � � � : � � " �%$ � � � �� k ≤ n �%$ � �

� �� � : ' # � A � � n� # � : � � "� �� " � �� �� � �� �� � : ' # � " � " &# � : � � "

� � � � � �� � � A & � & � " k� # � : � � "� �

� 4 / . - � - / � � � � �: ' �� � $ & � � & � �� : � � "� � $ � � � �� k � $ � � � �� � : ' # � A

� � n� # � : � � "� � � � " � Ak
n � �� " n!

(n−k)! �

� �

*� +, - � �� �, . � / � /�  � / . � 0 �, . � 0 0 . � -� / . , � / � � � - � � �

� � �' # : � � �� � � � &# 	

� " & � " � � � �� x ∈ IR" � � � x ≥ 0" � �� �� �# & � & !� �� ! & � �� � y � � x �

!$ �� " � < � � � �� y �� ��� & � " y2 = x �

racine : IR∗ → IR∗ (racine(x) ! &# !� # � √
x)

� � �' # : � ��  � �: � # � 	

� � !� � � !� � � �� � &# � � � & ; ; � � !� � � y � � # & � & !� �� ! & � �� � �%$ � � � � : ' ��

�� � # � !$ �� " � < � � � �� y �� ��� & � " |y2 − x| < ε ; �� � � � ε & �' � " � &� �� �

racine : IR∗ × IR∗ → IR∗ (|racine(x, ε)2 − x| < ε)

� 




� 5 � � + / + /� /�  � �

� � $ & ; ;# � � � � < � ��  � � !" � � � f� � �# �� �� � #�

� � � �: � " � � ! � �� " �� � �� � �� � � � " � yo, y1, y2, . . . � � � ! � � �� � �� �� ��

� � ; � � � " yn" � # � � � f(yn) = 0 �

� & �� � � " �� � �� : ;# � � ; � � � ! &# !� # � �# & � & !� �� �� x� # � �� " � �

! � �� � �� �� �# &  � � !" � � � f(t) = t2 − x �

� �

t2 − x

0

ty

y2 − x

√
x

−x

y + x
y

2

� �

� . � - 5 +, . / + � � 0 0 . � 4 � 1 �  � � �

� � � � � �� � � � �� � &# � � � � �� " � &# � ; � � �# &� � � " � � ; & � � �� : ;# � 1 �

� �� � �� �# $ �� " � : & " � � � " & � " �� $ � # # � �$ �� " ; &� &� � �� ; �� !�� � �

� � $ �� " � : & " � � � y�� " &� � � � ; �� !�� � � � |y2 − x| < ε

� � �� � &� �� �# $ �� " � : & " � � � y � ! &# !� # � � y + x
y

2

� �

	 � 5 1 /�  �
 0 . � � . � 1 1 / .

racine : IR∗ × IR∗ → IR∗ |racine(x, ε)2 − x| < ε

assez � precis : IR∗ × IR∗ × IR∗ → boolen

assez � precis(x, ε, y) = vrai� � � |y2 − x| < ε

affine � estime : IR∗ × IR∗ → IR∗

affine � estime(x, y) ! &# !� # � y+ x

y

2

cherche � estime : IR∗ × IR∗ × IR∗ → IR∗

cherche � estime(x, ε, e) !� � � !� � y" � � � |y2 − x| < ε

< ; & �" � � � $ � �� �� " � : & " � � � e � � y

) �
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�8 �� �� � � � �� 8 	 � � 
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� � 8 �� � � � �� 8 	 � � � � 8 	 � � � � � 8 	 � � � �� 7� �

�8 �� � � � �� � � �� � �6 
� � � � � 
 � � � 
� � � � � � � �� � � �

� � 8 � � � �� � � �� � �6 � � 8 	 � �  � 8 	 � � � � � 8 	 � � � �� 7� �

�8 �� � � � �� �  � � � �� 
� � �  � � � � � �

�� � �� 8 	 � � 
� � � �� � � � �� 8 	 � � 
 � � � � �  � � � �

� � 8 � � � �� �  � � � �� � � 8 	 � �  � 8 	 � �  � 8 	 � � � � � 	 	8 � �� 7� �

�8 �� � � � �� � � �� � � �� � �6 
� � �  � � � � � �

�� � � � �� �  � � � �� 
� � �  � � � � � � � �� �

�8 � � �� � � �� � � �� � �6 
� � �  � � �� � � �� � � �� � �6 
� � � � � � �

�8 �� � � � �� � 
� � �  � � � � �� � � �� � � �� � �6 
� � �  � � � � � � �

� � 8 � � � �� � � � 8 	 � �  � 8 	 � � � � � 8 	 � � � �� 7� �

) �

! / �
�8 �� �  � � � " � " " " " " "  � �

� � 8 �  � � � � 8 	 � � �  � � "#

� � � � �� � 
$ � � �  � � � � �

� � � 8 	 � � � �

� � � � �� � 
� � � �  � � � � �

� � � 8 	 � � �  �$  $ �  %& '� %#

) )

( / -� / . -� / + � 5 �, �  � � � � . 5 -, . � � ) / �
 , � � . �, 1 /� 

� �� � �� � �� � � ��  � � !" � � � �� !� �� � �� f � � � ;� � " !� � � !� � � < � � ; �� : � �

f� � � � # &  � �: � �%$ � �� � �� & " � � � � � # &  � �: � 	

f(x) = g(x, f (h(x)))

� h �� ; �� � � � " � # &  & * � � � � � " � � ; &� � � �� # & � &# � � � x < � �� � &# � � �

+ ;# � � ;� " � " �-, h(x)� � �# & �� � # # � � � ; � � !  � � < # $ & ; ;� # �� !� �� �  

f(h(x)) � � � " " �  � � !" � � � � � � " �� ��� � � h(x) < x ; �� � � � � � � �� <

' � � �  � � �� �

� g" � & �� � " # &  & * � � � � � " � � � " � # �� � # � �� � � # " & " � � # $ & ; ;� # �� !� �� �  

; �� � �� ! �� �� # & � &# � � � � � f(x) �

) 2

� 4 / 1 0 � / � � � � � � - � �� . � /6 �

Sigma : IN → IN�� " ��� �� � ; & � 	

Sigma(n) = n + (n − 1) + (n − 2) + . . . + 1 + 0

� $ � � � & " � � � �� !� �� � �� �� "

Sigma(x) = x + Sigma(x − 1)
� � & � � � ! h(x) = x − 1� " g(n,m) = n + m �

) >



3 � � 0 � . � -, � � / . � + � � � � / � 5 �, �  � � � � . 5 -, . � � ) / �

�#  &� " � � � � " �� � �# �� ! &� ; �� �# �� �� � #� # �� � � � & " � � �� ; �� � � "

; � �' # : � 	

� � � � " ; & � !� �� $ � # # �� � � � �� � " � �� ��� � # " & "�  &� � �

� � � � " ; & � !� �� $ � # # �� �� ! � � ��� ; � � � � � " ; &� < ��� � � ; ��� � � � �� ' � � �

 � �: � �� � ; & � � �� : ;# � � � h(x) �$ �� " ; &� � & �� # � � �: &� �� �� f � �

� � " � &� " � !�� ! &� < ; & �" � !� � � � " # �� ! &� � � ' &� � �

) �

� 4 / 1 0 � / � � � � � � - � �� . � /6 �

� & � &# � � � h(0) �$ �� " ; &� � & �� # � � �: &� �� �� # &  � � !" � � � . � /6 � � � �

; �� � � � � !

Sigma(0) = 0

Sigma(x) = x + Sigma(x − 1), ; �� � x > 0

) 


� � � ,  . / /4 / 1 0 � /

Pi : IN+ → IN+�� " �� � �� � ; & � 	

Pi(n) =







n2 × (n − 2)2 × (n − 4)2 × . . . × 2,� � n ; &� �

n2 × (n − 2)2 × (n − 4)2 × . . . × 1,� � n� : ; &� �

� $ � � � & " � � � �� !� �� � �� �� "

Pi(x) = x2 × Pi(x − 2)

� � & � � � ! h(x) = x − 2� " g(n,m) = n2 × m �

) �

� �� � &# � � �� h(2)� " h(1) �� � � � " ; &� � & �� # � � �: &� �� � � # &

 � � !" � � � � � � ; �� � � � � !

Pi(1) = 1

Pi(2) = 4

Pi(x) = x2 × Pi(x − 2), ; � � � x > 2

) �



	 �, �  � � � � . 5 -, . � � ) / � 
 0 �, � � /, . � � . �, 1 /�  �

� � � � �� � &# �� � # � � !� � : & �� !� �� �  	

f(y, x) = g(y, x, f (i(y), h(x)))

� h(x) ; � � � � � " � �� � &# � � � + ;# � � ;� " � " �, � � � x � � $ �� " # $ & � �� : � � " � � �

# � �� � # � �  &� " # & �� !� � �� � !� �

� i(y) ; � � � � � " � �� � &# � � � � � � � �� � " � � � y � ; &�  � � !� : � � " ;# � �

;� " � " � � �

� g" � & �� � " # &  & * � � � � � " � � � " � # �� � # � �� � � # " & " � � # $ & ; ;� # �� !� �� �  

; �� � �� ! �� �� # & � &# � � � � � f(y, x) �

) �

� 4 / 1 0 � / � � � � � � - � �� ��  � 0 . / 1 � � . / ) / . � � � � �

� � " " �� # $ � � � & " � � � exp(y, x) = y × exp(y, x − 1)� � � � # &  � �: �

exp(y, x) = g(y, x, exp(i(y), h(x)))

� � �' " � � � " 	

h(x) = x − 1 i(y) = y g(y, x, z) = y × z

& � & � " ! �: : � ! &� ; & �" � !� # � � � 	

exp(y, 0) = 1

2 �

� 4 / 1 0 � / � � � � � � - � �� ��  � + /, 4 � � 1 / ) / . � � � � �

� � " " ��

exp(m, 0) = 1

exp(m, 2 ∗ (n + 1)) = exp(m ∗ m,n + 1)

exp(m, (2 ∗ n) + 1) = exp(m ∗ m,n) ∗ m

� � � � # &  � �: �

exp(y, x) = g(y, x, exp(i(y), h(x)))

2 �

� � �' " � � � "

h(x) = x div 2

i(y) = y × y

g(y, x, z) =







z � � x ; &� �

y × z � � x� : ; &� �

& � & � " ! �: : � ! &� ; & �" � !� # � � �

exp(y, 0) = 1

! & � h(0) 6< 0 �

2 )


