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Summary of this talk

Deterministic method

- Combinatorial bound [A0Z]

pr(f) > — 8
max; |R;|
- General statement ,
m m
= max{—, ETE
- Combinatorial bound Lo
Quantum method . c.|R|
Q1) = > .. Progress, (1)
- General statement
c. |mm/
>
- 2 [’

Weighted method [A03, LM04]

Spectral method [BSS03]




Classical decision tree model

To compute a boolean function
J o013 = 0,15,
Model : decision tree
Cost : Number of queries to
input
Query complexity of f:
depth of shallowest decision
tree for f




Quantum query model
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* Query: Unitary transformation O that
maps |i,b)to |i, bdx;)

e Computation :

Y1) =UrOy - - O,Us|0)
e Output: Measure st qubit of |¥T)
® Error probability at most //5

e Same model with stochastic matrices for
randomized query complexity



Estimating number of pieces by their size

e e > 14,8 o




Adversary method, deterministic setting

{x:f(x)=1} R {y:f(y)=0}
Goal: separate /x : f(x)=//

from /v :/(y)=0} with /\

minimum queries to input o

bits \[/\
® Subrelation 7;: pairs for @ LiF Y.
N
X

which query / is useful

e Queries > number of 7, + |
needed to cover R. | —~9
IR j R; \/
DT(f) > 1 &

max; | R;| U



Deterministic lower bound

x:f(x)=1 1y ~0
o |eft degree of R = m frif()=l} R fy:/(x)=0/

right degree 2 m’ m

e
o |eft degree of all i, </ \m
right degree <[’ e >.,,/‘x‘*y"
o |R|=m|X]|, m'|Y] e |y
o |RI|<I|X|, /Y] N
~9
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maxi|R7;| R" u
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Progress on x, ) 1 after a query

At time ¢, progress towards distinguishing (x,y) €

by making one query :

C e Progressg” (1
» Deterministic case gressi™ (1)

o _ | 1 if query(x,t) =1
X, ) — !
DF 1ro8resst (Z) { 0 otherwise
e Randomized case
RProgress/? (1) = 2min{p{ (i), p{ (i)}

e Quantum case ! (next slide)
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Quantum progress

State of the system after query
[, on Input x IS written [¢y)

Fix () € R @";z's:;df.:;'utx] )
® At beginning, (y¢|vY) = W

® At each time step,
[(f [ ) — <¢t+1|¢t+1 | <2 \/pt

'Lw#y

o At the end, [(W§[v%) <2V/e(1—¢)

i Progress(i)



Quantum progress on x, 3 1 after a query

At time ¢, progress towards distinguishing (x,y) € R;

by making one query :

R Progressf? (1
e Deterministic case gressi™ (1)

DProgressi (i) = { L if query(z,1) = i

0 otherwise

-

_X/‘

-

e Randomized case
RProgress/? (1) = 2min{p{ (i), py (i)}
e Quantum case
QProgressi? (1) = 2\/ pi (0)p; (4)
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Ambainis’ unweighted method

Claim: Y Progressy(i) < 2/1|X| - U|Y]

Proof: Z Progress;(i)

= ZProgresst’y(z)
T,Y,7
= 23 (i)l )
x,Y,1
< f??pt EE T
fef!ri)(] i szu):l tefms

< 2V/IUX|- VY]



Ambainis’ unweighted method

Claim: ) Progress:(i) <2y/11X|-UY]

Corollary: Q.(f)

1V

ce/m| X[ - m/[Y]
2\/1X] - U'[Y]

c. |mm/
Q) = T\

Vv

Vv

AVARAY,

max{m|X|,m|Y|

vm|X|-m/[Y]
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Example: OR function
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Unweighted “7,....” lower bound

{x:f(x)=1} R  {y:/(y)=0}

o |left degree of R = m m
right degree = m’ LN

o |eft degree of R; </; oy

1

right degree < /i’
o |R|Z2m|X|,m’|Y] X

Zngresst(i) < 2\/ma:cz-{lz-|X| Y}

Ce mm/
Q:(f) = 2 \/maxi{lil,’i}



Example: Connectivity
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Weighted method

e R 2 I > 14,3




Weight scheme for adversary method

=
C\?X\?f)

d qlzy) =1 px)=1,> p,,(y) =1

T, YER reX yey




Weighted adversary method

Consider three distributions over pairs (x,9) € R
Pa,y) = ) p@)p@)phv)
P(z,y) = Zp(y)p;,i(r)
Qz,y) = qzx,y)

Claim: 3(z,y)ER ZProgressf’y(i)

1
S Ve Py < \/Zm,y)ZP'(x,y)
S zmaxi q(x7y) Y 1_:E,y ac),y
VP@P, ()P, () o

A\

IN

Proof: 3z,y +/P(x,y)P (z,y)

S0y S /rEOR ) (5” y)
; min; \/p
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Weighted adversary method

Consider three distributions over pairs (x,9) € R

P(r,y) = ) p@)Fi@)r,(v),

7

Plz,y) = > ppl@)p,.(z),

7

Qlr,y) = qlz,y)
Claim: 3(z,y)ER ZProgressf’y(i)

q(z,y)

VP@P, ()PP, ()

< 2max;

Corollary: C.

Recall that V(z,y)eR Q:(f) S~ Progress™ V(i)
i ¢

. \/p(w)p(y)p;,i(y)pg,i(x)

Qe(f) = 5 min q(z,y)



Example: Ambainis’ function

1110 = DT == 1111

1100

1 ifx <wxo <3 <24

0011

f(zixoxszy) = ¢ 1 ifzy > 29 > 23 > 24
0 otherwise

0000 1000 0001

(> .
> — min

g(xy) /I 00 I

()()() |_<é§5x%7/C)l ()l
=110

VIVY
0010

px) = ply) =1/8

. . \P@PW)P WP ()

2 2y q(x,y)
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Example: Ambainis’ function

1ﬁg,o‘ﬂﬂT‘~\Jﬁ1
1100 .
1 ifx <wxo <3 <24
I f(rrxoxsxy) =< 1 ifxy > a0 > 23 > 24
0011 0 otherwise
0000 1000 0001
Pai® Py &) g(xy) wm;g»; ;”'(x) @)
5/4 (F Ol 50 20 1/8
— i)
0 o MU
! (\
L? : 1/40 20 1/8

00| —71—14- OO 0
|y 2 20 18

¢p<x>p<y>p;,i<y>p;, (@)

Q:(f) > 5 ;n;r% e =20/8 = 5/2
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Spectral method
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Idea: ¢(x,y) derived from

Nonnegative weights matrix
[z, y]

Llz,y] = 0if f(x) = f(y)

Lilz, y] = { ['lz,y] otherwise

max |u"Tv|
u,v

1T =

|u|=|v|=1

Ce ||FH
2 max;||T;|]

Q=(f)

p(x), p(y) derived from u, v maximizing |u *7V|

P yi(), pi(y) derived from w;, v; maximizing |u; 70|
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