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Multi-Agent Epistemic Logic

Let Ag a finite set of agents and At a set of atomic propositions.

Syntax :
pu=pl-o|oeNe|Kig]| ... p €At aeAg

- Kq @ is read: “agent a knows ¢”".
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Multi-Agent Epistemic Logic

Let Ag a finite set of agents and At a set of atomic propositions.

Syntax :
eu=p|l-o|oNe | Ka@|[Dpo pEAt aehAg, ACAg

- Kq @ is read: “agent a knows ¢”".
- Dy is read: “there is distributed knowledge among A of ¢”.

. D{a}(P <~ Kq .

In distributed computing:

Agents — Processes
Atomic propositions < Facts about the system
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Simplicial Models

Definition (Goubault, L., Rajsbaum - 2018, 2021)
A simplicial model is given by € = (V,S,x,{), where:

- (V,S) is a simplicial complex.
- x:V— Ag assigns an agent to each vertex.

- {:Facets(€) — 2"t assigns a set of atomic propositions to each facet of €.
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- (V,S) is a simplicial complex.
- x:V— Ag assigns an agent to each vertex.

- {:Facets(€) — 2"t assigns a set of atomic propositions to each facet of €.

Example: Consider a deck of four cards, 1,2,3, 4, and three agents, a, b, c.
We deal one card to each agent, and keep the remaining card hidden.

41



Simplicial Models

Definition (Goubault, L., Rajsbaum - 2018, 2021)
A simplicial model is given by € = (V,S,x,{), where:

- (V,S) is a simplicial complex.
- x:V— Ag assigns an agent to each vertex.

- {:Facets(€) — 2"t assigns a set of atomic propositions to each facet of €.

Example: Consider a deck of four cards, 1,2,3,4, and three agents, |a . Gl
We deal one card to each agent, and keep the remaining card hidden.

Agent b

Card 2
Agent a Agent ¢
Card 1 Card 3

41



Simplicial Models

Definition (Goubault, L., Rajsbaum - 2018, 2021)
A simplicial model is given by € = (V,S,x,{), where:

- (V,S) is a simplicial complex.
- x:V— Ag assigns an agent to each vertex.

- {:Facets(€) — 2"t assigns a set of atomic propositions to each facet of €.

Example: Consider a deck of four cards, 1,2,3,4, and three agents, |a . Gl
We deal one card to each agent, and keep the remaining card hidden.

Agent b o Agent a
Card 2 v Card 4
Agent a Agent ¢
Vi

41



Simplicial Models

Definition (Goubault, L., Rajsbaum - 2018, 2021)
A simplicial model is given by € = (V,S,x,{), where:

- (V,S) is a simplicial complex.
- x:V— Ag assigns an agent to each vertex.

- {:Facets(€) — 2"t assigns a set of atomic propositions to each facet of €.

Example: Consider a deck of four cards, 1,2,3,4, and three agents, |a . Gl
We deal one card to each agent, and keep the remaining card hidden.

123 413

41



Simplicial Models

Definition (Goubault, L., Rajsbaum - 2018, 2021)
A simplicial model is given by € = (V,S,x,{), where:

- (V,S) is a simplicial complex.
- x:V— Ag assigns an agent to each vertex.

- {:Facets(€) — 2"t assigns a set of atomic propositions to each facet of €.

Example: Consider a deck of four cards, 1,2,3,4, and three agents, |a . Gl
We deal one card to each agent, and keep the remaining card hidden.

41



Simplicial Models

Definition (Goubault, L., Rajsbaum - 2018, 2021)
A simplicial model is given by € = (V,S,x,{), where:

- (V,S) is a simplicial complex.
- x:V— Ag assigns an agent to each vertex.

- {:Facets(€) — 2"t assigns a set of atomic propositions to each facet of €.

Example: Consider a deck of four cards, 1,2,3,4, and three agents, |a . Gl
We deal one card to each agent, and keep the remaining card hidden.

41



Simplicial Models

Definition (Goubault, L., Rajsbaum - 2018, 2021)
A simplicial model is given by € = (V,S,x,{), where:

- (V,S) is a simplicial complex.
- x:V— Ag assigns an agent to each vertex.

- {:Facets(€) — 2"t assigns a set of atomic propositions to each facet of €.

Example: Consider a deck of four cards, 1,2,3,4, and three agents, |a . Gl
We deal one card to each agent, and keep the remaining card hidden.

41



Semantics of simplicial models

We define the satisfaction relation €,X = ¢, where:

- € is a simplicial model,
- X e Facet(€) is a world of €,
- @ is an epistemic logic formula.
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Semantics of simplicial models

We define the satisfaction relation €,X = ¢, where:

- € is a simplicial model,
- X e Facet(€) is a world of €,
- @ is an epistemic logic formula.

By induction on ¢:

€. XEDp iff  pelX

€ X=—@ if €. XHEo

€ XN iff € XEe and € XE=V

€. XEKq@ iff  ¢,YE o forall YeFacet(¥) such thataex(XnNY)
€, XEDp@ iff  ¢,YE o forall YeFacet(€¢) such that AC x(XNY)
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Semantics of simplicial models

We define the satisfaction relation €,X = ¢, by induction on :

€ XE=p iff  pelX)

€ XE—@ iff €. XKoo

€ XN iff € XEe and € XV

€. XE=Kq iff  <€,YE e forall YeFacet(€¢) such thataex(XnY)
€. XEDpo iff  ¢,YE o forall YeFacet(€) such that AC x(XNY)

Example1: <€, XEK;e |iff €,YE¢ forwhichY?
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We define the satisfaction relation €,X = ¢, by induction on :
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Semantics of simplicial models

We define the satisfaction relation €,X = ¢, by induction on :

€.XEp iff
€. XE—@ iff
E X oA iff
€ XEKq iff
€. XE=Dyo iff

Example 2:

€. X Dia,c1 @

p e lX)

€ XFE o

€. XEe and €. XEUV

€,Y = @ forall Ye Facet(€) such thataex(XnNY)
€,YE ¢ forall Ye Facet(€) such that A C x(XNY)

iff <¢,Ye=¢ forwhichY?
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Semantics of simplicial models

We define the satisfaction relation €,X = ¢, by induction on :

€.XEp iff
€. XE—@ iff
E X oA iff
€ XEKq iff
€. XE=Dyo iff

Example 2:

€. X Dia,c1 @

petX)

€ XFE o

EXE @S X and Y share an A-colored face
€,Y = @ forall Y e Facet(€) sucrt aex(Xny)

€,YE ¢ forall Ye Facet(€) such that AC x(XNY)

iff <¢,Ye=¢ forwhichY?
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Equivalence with Kripke models

Theorem (Goubault, L., Rajsbaum (2018, 2021))
The category of pure simplicial models is equivalent to the one of proper Kripke models.

Example: with three agents, Ag={ a . c },
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Equivalence with Kripke models

Theorem (Goubault, L., Rajsbaum (2018, 2021))
The category of pure simplicial models is equivalent to the one of proper Kripke models.

Example: with three agents, Ag={ a . c },

Corollary (Conservation of satisfiability)

€,wkE @ inapuresimplicial model iff M,wk= @ in the associated Kripke model.
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Variants of Simplicial Models




What can we do differently?

) Pure vs. impure simplicial complexes.

- van Ditmarsch (WoLLIC'21)
- van Ditmarsch, Kuznets, Randrianomentsoa (2022)
- Goubault, L., Rajsbaum (STACS'22)
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What can we do differently?

) Pure vs. impure simplicial complexes.

]

(2) Atomic propositions on the worlds vs. vertices.

VAN

<
Wt

(3) The worlds are facets vs. simplexes.

Wq

o0—O

W» W W3

o0—0

- van Ditmarsch (WoLLIC'21)
- van Ditmarsch, Kuznets, Randrianomentsoa (2022)
- Goubault, L., Rajsbaum (STACS'22)

- Goubault, L., Rajsbaum (GandALF'18)

- van Ditmarsch, Goubault, L., Rajsbaum (IACAP'21)
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Our Contribution

With each new variant, one usually asks two fundamental questions:

1. Find an equivalent class of Kripke models.

and

2. Give a sound and complete axiomatization.
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Our Contribution

With each new variant, one usually asks two fundamental questions:
1. Find an equivalent class of Kripke models.

and

2. Give a sound and complete axiomatization.

Our contribution:

- We define a very general class of simplicial models: epistemic coverings.

- We establish a dictionary:
Properties of coverings < Properties of Kripke models <= Axioms of the logic.

- This solves questions 1 and 2 for all the corresponding sub-classes of models!
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New features of Epistemic Coverings

(1) Models are based on semi-simplicial sets, generalizing simplicial complexes.
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New features of Epistemic Coverings

(1) Models are based on semi-simplicial sets, generalizing simplicial complexes.

(2) Models are equipped with a discrete covering E

b0

and a map p: E— B, tagging which simplexes are world
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The many sub-classes of Epistemic Coverings

e Epistemic Coverings N\
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The many sub-classes of Epistemic Coverings

/- ' Epistemic Coverings 7 N
/// Simplicial Complex base 7 N
2
‘\
\\
S5 Kripke models ‘
N \
)
. Y,
\ - /
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The many sub-classes of Epistemic Coverings

e Epistemic Coverings N\
J,// Simplicial Complex base ) N
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The many sub-classes of Epistemic Coverings

/- 7 Epistemic Coverings ) \\\
Maximal / Minimal \

/ Simplicial Complex base N

Pure simplicial

2,
models [GLR'18] ©

S5 Kripke models
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Conclusion




Conclusion

Key messages:

- S5 Kripke models have an underlying higher-dimensional structure.

- Distributed knowledge = higher-dimensional connectivity.

- We introduced epistemic coverings, a very large class of simplicial models.

- Many interesting variants occur as sub-classes defined by various properties.

- Each sub-class has (1) a Kripke counterpart; (2) a sound and complete axiomatization.
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Conclusion

Key messages:

- S5 Kripke models have an underlying higher-dimensional structure.

- Distributed knowledge = higher-dimensional connectivity.

- We introduced epistemic coverings, a very large class of simplicial models.

- Many interesting variants occur as sub-classes defined by various properties.

- Each sub-class has (1) a Kripke counterpart; (2) a sound and complete axiomatization.

Thanks!
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