Computer-Aided Formal Reasoning
The Curry-Howard correspondence — C0OQ
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What is a proof of a logial formula A7

Formula Proof
ANB (p, q) where p is a proof of A and ¢ is
a proof of B
AV B (7, p) where either i = 0 and p is a proof of A4,
or i =1 and p is a proof of B
A= B a function f which maps every proof p of A to a

proof f(p) of B

Vz € S.P(z) | a function f which maps every element s € S to
a proof f(s) of P(s)

dz € S.P(x) (s,p) where s € S and p is a proof of P(s)
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Classical vs Intuitionistic Logic

There exist irrational numbers a and b such that a® is rational.
Proof.

\/5\@ is either rational or irrational.
If it is rational, we're done. Otherwise, take a = \/ﬁﬁ and
b =+/2, then ab = (\/Q\/i)‘/5 = 2 and we're done. ]

We didn't give a and b: the proof is non-constructive.
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Classical vs Intuitionistic Logic

There exist irrational numbers a and b such that a® is rational.
Proof.

2. . .
\/5\[ is either rational or irrational.

If it is rational, we're done. Otherwise, take a = \/T@ and
b =+/2, then ab = (\/5\/5)‘/5 = 2 and we're done. ]

We didn't give a and b: the proof is non-constructive.

In intuitionistic logic, the following are forbidden:
» Excluded middle: AV -4
» Proof by contradiction: =——A = A
» Pierce's Law: (A= B)=A)= A
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Classical vs Intuitionistic Logic (2)

What do we gain ?  — Constructiveness

Theorem (Disjunction and witness properties)

If =7 AV B, then either -7 A or 71 B.
If 7 3z.P(x), then there is t such that 1 P(t).
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Classical vs Intuitionistic Logic (2)

What do we gain ?  — Constructiveness

Theorem (Disjunction and witness properties)

If =7 AV B, then either -7 A or 71 B.
If =7 3x.P(x), then there is t such that 1 P(t).

What do we lose 7 — Nothing ! (almost)

Theorem

There is a map (=) from formulas to formulas, such that
whenever ¢ A, then =7 A™.
Moreover, they are classically equivalent: ¢ A < A™
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Natural Deduction

for intuitionistic propositional logic
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NJy — Formulas and Sequents

Formulas (p is an atomic proposition):
AB,Cu:=p|T|L|ANB|AVB|A=B
Notation: -4 := A= 1|
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NJy — Formulas and Sequents

Formulas (p is an atomic proposition):
AB,Cu=p|T|L|ANB|AVB|A=1B
Notation: -4 := A= 1|

Sequents of the form I' = A, where:
» A is a formula.
» I'=A4,..., A, is an unordered finite list of formulas.

» |- stands for logical consequence.

'-rA ~ A4 N---NA,= A

Proof: finite tree of sequents using deduction rules.
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NJy — Deduction rules

The rules are organized in introduction rules and elimination rules:

T
(Y
T, A+ B

T ()
IFA= B

'k A ' Az

(A1)
' AL N As

'k A;

(Vi)
'+ AV A,

T,AF A

(Ax)

I'H1
A

(L-8)

'-rA=B THA
I'HB

(=-5)

I'E AL N Ay

A )

I'A1vAy, T, Ai-B T,A,FB

I'FB (v-r)
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Basic Properties

Weakening:
If THB then T,AFB

Contraction:
If T',A,A+B then T,AFB
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Basic Properties

Weakening:
If THB then T,AFB

Contraction:
If T',A,A+B then T,AFB

Theorem (admitted)

The excluded middle is not provable in NJy: there is a formula A
such that ¥ AV —A.

Classical Natural Deduction (NKj):
All the rules of NJg + Law of Excluded Middle:

7(EM)
'FAv-A
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Simply-Typed A-Calculus
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Untyped A-calculus

Syntax:
tbut=z|Az. t|tu where z is a variable
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Untyped A-calculus

Syntax:
tbut=z|Az. t|tu

where z is a variable

A-calculus

Haskell

Az, t
tu

\x >t
tu

[-reduction:

(Az. t) u >g tlu/z]

Its reflexive-symmetric-transitive closure is written =g.

/\ beware of free and bound variables:

AL. 2T =MAy. 2 ¥y
* N2,z 2
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Untyped A-calculus (2)

Examples:
I=MXx.z K =Xz)\y. z S =XxAyrz. z z (y 2)
A=Xr.zx Q=AA
Exercise: reduce the following A-terms:

ATI SKK Q KIQ A (I1)
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Untyped A-calculus (2)

Examples:
I=MXx.z K =Xz)\y. z S =XxAyrz. z z (y 2)
A=Xx.zz QO=AA

Exercise: reduce the following A-terms:

ATI S KK Q KIQ A(IT)
Theorem (admitted)
The untyped \-calculus is Turing-complete. J
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Simply-typed A-calculus
Types (k is a base type):

T, U:=k|U—->T
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Types (k is a base type):

T, U:=k|U—->T

Context: finite map from variables to types
T'=x:Th,...,2y: T such that x; # z; when 7 # j
Typing judgement: I'kt: T
“The term ¢ has type T in context I'"".

Typing rules:

e (AX)
Lx:Trax: T
Fe:URt: T ret:U—->1T F'Fu:U
(—-1) (—-E)
I'tXe. t:U—>T 'Htu:T
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Examples

Typing rules:
- (AX)
Te:Tkrx: T
Dx:UFt: T ret:U—->1T I'Fu:U
(—-1) (—-E)
'FXe.t: U—->T 'Htu:T

Exercise: derive the following typing judgements:
» Xz T—>T
»x:Ty:U,z2: T—>U—-Vkzzy:V

Exercise: type the following terms:
» K =Az\y. ©
» S=XzAyAz. z 2 (y 2)
Exercise: is A = \z. z x typable?

14 /27



Extension: Product types

Types:
T,Uu=...|TxU

Terms:
tou=...| {t,u)|m t |72t
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Types: A-calculus | Haskell
T,Uu=...|TxU TxU | (T, U)
Terms: (&, ut> (ft ,t 11)
tbu=...|{t,u) |m t|m 1l m s
: | (t,u) [ mt] 2 o t nd t
Typing rules:
I'H¢t: T 'Fu:U THt: Ty x Ty
(x-1 ——— (x4E)
T (tu:TxU Thmt: T,
[B-reduction:
m (t,u) >g t m (t,u) > u
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Extension: Sum types

Types:
T, Uu=...|T+U
Terms:
tyu=...|iny t]ing ¢ |case t of {iny z+— u|ing y+— v}
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Extension: Sum types

A-calculus Haskell
Types: T+U Either T U
T, Uu=...|T+U ing ¢ Left t
ing ¢ Right t
Terms: case ... | pattern matching
tyu=...|iny t]ing ¢ |case t of {iny z+— u|ing y+— v}
Typing rules:

+iT
FFinit:T1+T2( )

'kt:Th+ To e:Tiku : U F,y:TQI—uQ:U( )
-E
It case tof {int z— w |ing y— ug}: U
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Extension: Sum types

A-calculus Haskell
Types: T+U Either T U
T, Uu=...|T+U ing ¢ Left t
ing ¢ Right t
Terms: case ... | pattern matching
tyu=...|iny t]ing ¢ |case t of {iny z+— u|ing y+— v}
Typing rules:
(+i1)

I'kin; t: Ty + T

F'kt:Th+ T2 Dx:TikFw:U Ty: TobFu: U
It case tof {int z— w |ing y— ug}: U

(+-5)

B-reduction:

case (in; t) of {iny 1 = wy | ing 22 — wp} D> wlt/a]
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Extension: Unit and Void

Types:
T,U == ...| Unit | Void

Terms:
tyu = ...]()|case tof {}
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Types:

Terms:

Extension: Unit and Void

T,U == ...| Unit | Void

tyu = ...]()|case tof {}

A-calculus Haskell
Unit O
() 0O
Void Void
case t of {} | absurd t
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Extension: Unit and Void

A-calculus Haskell
Unit O
Types: 0 O
T,U == ...| Unit | Void Void Void
Terms: case t of {} | absurd t
tyu = ...]()|case tof {}
Typing rules:
o Phi:Vod
T Onie O T case tof {1 T V04
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Full Type System

Terms: t,u ==z |Xx. t|twu|(t,u)|m t|me t]()|casetof {}

|iny t]ing t|case tof {ing x+> u|ing y— v}

(Ax) I'=t: Void
X
IPkcasetof {}: T

- —— (Unit-
Te:Thax: T F}—():Unit( nit-1)

(Void-E)

F,x:Ul—t:T( ) 'et:U—->1T I'tFu:U
F’-Az.t:U—)T%—I 'tu:T

(—-5)

I'kt: T I'tu:U 'kt: Ty x To
(x-1 ———————(x;-E)
Lk (t,u)y: Tx U Trhmt: T

F"tITi
F"initZT1-|—T2

(+:-1)

F"tZT1+T2 F,.I?ZTl}_UlIU F,yITzl_’LLQZU
Ik case tof {ing z— w |ing yr— ug}: U

(+-8)
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Properties
Inversion:
» If Xz t: T then T=U—V and Tyz:UFt:V
» If TH(t1,te): T then T=Tyx Ty and THt;:T;
» If 'kin;¢t:T then T=T1+Ty and T'Ht: T}

> ..
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Properties

Inversion:
» If 'FAXz.t:T then T=U—V and TI'z:UkF{t:V
» If TH(t1,te): T then T=Tyx Ty and THt;:T;
» If 'kin;¢t:T then T=T1+Ty and T'Ht: T}

> ..

Substitution:
If Tye:UkF¢t:T and T'Fu:U then I'Ftu/z]: T

Theorem (Subject Reduction)
If TEt: T and t>gu then T'kFu:T.

Theorem (Strong Normalization)

If T'Et: T thent is strongly normalizing.
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Curry-Howard Correspondence

for intuitionistic propositional logic

Propositions <> Types
Proofs <« Programs
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Propositions as Types

Propositions:

AB:=p|A=B|ANB|AVB|T|L
Types:

T, U=k |U—-T|TxU|T+ U | Unit | Void

Proposition A | Type T
A= B T—U
ANB Tx U
AV B T+U

T Unit
il Void
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Proofs as Programs

Terms: t,u ==z |Xx. t|twu|(t,u)|m t|me t]()|casetof {}
|iny t]ing t|case tof {ing x+ u|ing y— v}

() (i) Lreivod o
— (Ax ——— (Unit-1 -E
To:TrFa:T TF():Unit Theasetof {}:T "
Le:UFt: T 'tt:U—T1T I'Fu:U
(—-1) (—-E)
'FXXe.t:U—T 'Ftu:T
I'tt: T I'tuwu:U 'kt: Ty x To
(1) SE L L
Lk (t,u)y: TxU TrEmt: Ty
I'Ht:T;
(+:-1)

Tking t:T1 + Ts

'kt: T+ Ts Fe:TikFu - U Tyy: TobFuy: U
Ik case tof {int 2+ w1 |ing yr—=> ua}: U

(+-E)
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Proofs as Programs

Terms: t,u ==z |Xx. t|twu|(t,u)|m t|me t]()|casetof {}
|iny t]ing t|case tof {ing x+ u|ing y— v}

(ax) () SALLE S
—(AX — (T -E
Dz:Akz: A r={(:T Phcasetof {}:4 .
Lz:A+t:B I'Ft: A= B TFu:A
(=1 (=-E)
'kXe.t: A= B 'Htu:B
'Ft: A I'u:B THt: A1 A Ay
(A-1) ————(Ai-E)
L'k (t,u): ANB 'kt A
(Vi-1)

I‘I—in,jt:Al\/Az

I'Ht:A1V A e:Aikuw: B T,y: Ak us: B
Ik case t of {iny 2+ u1 |in2 y— u2}: B

(V-E)
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Computation

is Proof Simplification

p-reduction:  (\z. t) u D> tlu/z]
=
Pz:UFt:T o :
F'EXe.t:U—=T F'wu:U =122/ ]

Az t)u: T

>3 '+ tlu/z]: T
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Computation is Proof Simplification
p-reduction:  (\z. t) u D> tlu/z]

—_
=1

Fe:UkFt:T Eg

ThXe.t:U—T Thu:U 21[2y /7]
Az t)u: T >3 '+ tlu/z]: T

corresponds in natural deduction to:

—
=1

LA+ B =,

I'A=B T+A AN
I'+B > B
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Computation is Proof Simplification (2)
p-reduction:  7; ({1, t2) >g 1

2 =5

'kt : Ty 'kt Ty :
F|—<t1,t2> : T1 X TQ El
I'tmy <t1,t2>ZTZ' >3 et T;
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Computation is Proof Simplification (2)
p-reduction:  7; ({1, t2) >g 1

2 =5

'kt : Ty 'kt Ty :
F|—<t1,t2> : T1 X T2 El
I'tmy <t1,t2>ZTZ' >3 et T;

corresponds in natural deduction to:

= =,
TFA, Tk A4 :
TF A A Ay =
TF 4, > TF 4,
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Computation is Proof Simplification (3)

B-reduction: case (in; t) of {iny 21 — wuy | ing 22— ua} g wt/x]

m---

LHt:T; Ej :

- (G=12) — =
Phingt: Ti+ To Tyzj: Tjbkw: U Ei[E/ ]
' case (in; t) of {in1 z1 = ui [in2 ;2> we}: U g Thuwlt/z]: U
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Computation is Proof Simplification (3)

B-reduction: case (in; t) of {iny 21 — wuy | ing 22— ua} g wt/x]

I'kt:

T; Z;

Thking t: Ty + T» Oz Tibw: U

(G=12)

T'kcase (in; t) of {iny 21— w1 |ing @2 — w2} : U

corresponds in natural deduction to:

[

TF A = =,

' A1V A rAaarB I'A>F B
I'tB

RN

g TFwlt/e] U

= [E:/Ai]
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Curry-Howard Correspondence for NJ,

Theorem (Curry-Howard Correspondence)

Ai1,..., A, A is derivable in NJo iff there is a term t with
FV(t) C{z1,...,2,} such that z; : Ay,... 2, : Ay - t: A.
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Curry-Howard Correspondence for NJ,

Theorem (Curry-Howard Correspondence)

Ai1,..., A, A is derivable in NJo iff there is a term t with
FV(t) C{z1,...,2,} such that z; : Ay,... 2, : Ay - t: A.

Reminder: some properties of [>3:
» Subject reduction: if '=¢: T and t>guthen ' w: T.
» If ¢ is typable, then it is strongly normalizing.

Lemma (Closed normal forms)

If t is typed, closed, and in t>g-normal form, then t is of the form:
() or Ax.u or (u,v) or inju

Corollary: in intuitionistic propositional logic (NJo),
» | L is not provable.

» if AV B, then either - A or - B.
26 /27



Beyond NJy and simple types

The correspondence can be extended in many ways:

» System F — second-order logic

v

Martin-Lof Type Theory — — dependent types (quantifiers)
Calculus of Constructions

v

v

Calculus of Inductive Constructions — CoOQ

v

Homotopy Type Theory

> ...

Other approaches to the “Proofs as Programs” paradigm:

» Realizability

» Classical Realizability
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