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Program extraction

Type Theory based Proof Assistants (e.g. Coq) allow
to extract programs from proofs

Curry-Howard-de Bruijn isomorphism

proofs propositions implementation

programs types specification
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How to extract
certified programs
with effects?

Ad hoc type theories?

- Non-functional programming
languages usually don't have a
type theory supporting a Curry-
Howard isomorphism

» Implementing ad hoc proof-

assistants is intimidating!

Simulate effects in Coq?

- Encode (by deep embedding) of all
effects within the proof assistant

- Cumbersome and inefficient code

- Difficult to reason about
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Simulate effects in Coq?

- Encode (by deep embedding) of all
effects within the proof assistant

- Cumbersome and inefficient code
- Difficult to reason about




Extend Coq
with Monads




Extend Coqg
with Monads




YN=HASKELL

Maybe Monad

return :: a -> Maybe a
return x = Just x

(>>=) :: Maybe a -> (a -> Maybe b) -> Maybe b
(>>=) m g = case m of

Nothing -> Nothing

Justx ->gx

Store Monad

state:: (s -> (a, s)) -> States a
return :: a -> States a
return x = state ( \st -> (x, st) )

(>>=):: Statesa -> (a -> States b) -> Statesb
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1) Encoding of Monad
Specification

A monad specification is a triple |
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1) Encoding of Monad
Specification

A monad specification is a triple (T, X, ") where

e T : Set — Set is the monadic type constructor;

o ¥ ={op;:a; > TA;} is a set of operators
(besides standard “return” and “bind");

e ['is a set of equations of terms.

Module Type A_MONAD_INTERFACE «: MONAD_INTERFACE.
Parameter opl: A1-> MA.

Parameteropn : Al -> MA. - Inherits return and bind
from MONAD_INTERFACE

f_xium LR " « It'san : we do not

Axiom eqn: en = en! provide the operators'
implementations

End A_MOMAD_INTERFACE.

Example: Maybe monad

e ¥ = {nothinga : TA, return, bind}

I' = {¥Vf.bind(f,nothinga) = nothingg }+




A monad specification is a triple (7', %, T") where

e T :Set — Set is the monadic type constructor;

o X ={op;:a; —TA;} is a set of operators
(besides standard “return” and “bind");

e [' is a set of equations of terms.

Module Type A_MONAD_INTERFACE <: MONAD_INTERFACE.
Parameter op1:Al -> MA.

i;r;\rameter opn:Al-> MA, - Inherits return and bind
from MONAD_INTERFACE

Axiom eql: el = el. '

- It'san : we do not

Axiom eqn :en = en' provide the operators'

implementations
End A_MONAD_INTERFACE.
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I' is a set of equations of terms.

Module Type A_MONAD_INTERFACE <: MONAD_INTERFACE.
Parameter opl: Al -> MA.

» Inherits return and bind
from MONAD_INTERFACE
- [t's an : we do not
Axiom eqn:en =en. provide the operators'
implementations

Parameter opn: Al -> MA.

Axiom eql: el = el.

End A_MONAD_INTERFACE.



Example: Maybe monad

e ¥ = {nothinga : TA, return, bind}

o I' = {Vf.bind(f,nothings) = nothingpg }+
the standard ones for bind and return

Module Type MAYBEMONAD_INTERFACE <: MONAD_INTERFACE.
Parameter Nothing : forall (A: Type), M A.

Axiom Strictness : forall (A B : Type) (f: A -> M B),
(Nothing A) >>= f = (Nothing B).

End MAYBEMONAD_INTERFACE.



Example: state monad

VA : Set,Vil: Loc,Vz : GS(A), (lookup(l) >>= (A\v.(update(l,v) >>= z))) =
VA : Set,Vi: Loc, lue
(Lookup(l) >>= (Az.Lookup(l ' — (Lookup(l) = (A.(fzz))).
VA : Set,Vl: Loc,Vv, v : 1-""(1.1'15.6, Ve : unlt — GS(A),
(update(l,v) >>= (A_.(update(l,v') >>= z))) = (update(l,v') >>= z).
VA : Set,Vl: Loc,Yv,v" : Value,Vf : Value — GS(A),
(update(l,v) >>= A_(lookup(l) >>= = (update(l,v) >>= A_fv).
VA : Set,Vi,l': Loc,¥f : Value =V uh:e — GS(A),l#1 —
(Lookup(l) >>= (Av.(lookup(l’) >>= (Av'.(fvv))))) =

(Lookup(l’) >>= (M'.(lookup(l) >>= Av.(fvv')))).
VA : Set,VI,l' : Loc,Yv,v' : Value,Vx :unit — GS(A),l #1' —
(update(l,v) >>= (A_.(update(l’,v') >>= z))) =

(update(l’,v’) >>= (A_(update(l,v) >>= z))).

uf'l 9(‘1‘ Vi, f’ Lr)c Vl vV uf" .(3_,Vf 1 a zr‘.—x CS( A), L # 1 —

Module Type STATEMONAD_INTERFACE <: MONAD_INTERFACE.
Include MONAD_INTERFACE.

Parameter loc : Set.

Parameter val: Set.

Parameter st :Set.

Parameter lookUp: forall (A: loc), M val.

Parameter update: forall (A: loc) (a :val), M unit.

Axiom lookUp_idempotence:
forall (L : loc ) (f : val-> val-> M val), (lookUp l) >>= (fun x =>{lookUp l)>>= (funy => (f x y))) = lookUp | >>= (fun x => (f x x)).

Axiom update_idempotence:
forall (v v' : val) (L : loc) (x : unit -> M val), (update | v) >>= {fun _ => (update | v') >>= x] = (update L v') >>=x.

Axiom lookUp_after_update :
forall (v : val) (L : loc) (f : val -> M val), (update | v) >>= (fun _ => (lookUp | >>=f)) = (update | v) >>= (fun _=>f v).

End STATEMONAD_INTERFACE.



XAamp'ie. State monaa

VA : Set,Vl: Loc,Vx : GS(A), (Lookup(l) >>= (Av.(update(l,v) >>= x))) = x.
VA : Set,Vl: Loc,Vf : Value — Value - GS(A),
(Lookup(l) >>= (Az.lookup(l) >>= (Ay.(fzy)))) = (Lookup(l) >>= (Az.(fzzx))).
VA : Set,Vl : Loc,Yv,v' : Value,Vz : unit — GS(A),
(update(l,v) >>= (A_.(update(l,v’) >>= z))) = (update(l,v’) >>= x).
VA : Set,Vl : Loc,Yv,v' : Value,Vf : Value — GS(A),
(update(l,v) >>= A_.(lookup(l) >>= f)) = (update(l,v) >>= A_fv).
VA : Set,VI,l' : Loc,Vf : Value — Value — GS(A),l # 1" —
(Lookup(l) >>= (Av.(lookup(l') >>= (M'.(fov"))))) =

(Lookup(l') >>= (Av'.(lookup(l) >>= Av.(fuv")))).
VA : Set,VI,l" : Loc,Vv,v" : Value,Vz : unit — GS(A),l #1" —
(update(l,v) >>= (A_.(update(l’,v') >>= z))) =

(update(l’,v") >>= (A_.(update(l,v) >>= x))).

VA : Set,VI,l": Loc,Yv,v" : Value,Vf : Value - GS(A),l # 1" —
(update(l,v) >>= (A_.(lookup(l’) >>= (A'.f v")))) =

(Lookup(l") >>= (Av'.(update(l,v) >>= (A_.f v)))).

odule Type STATEMONAD_INTERFACE <: MONAD_INTERFACE.

Include MONAD _INTERFACE.
Parameter loc : Set.




VA : Set,VI,l' : Loc,Vv,v" : V\a.lue,‘v"m\: unit — GS\(A),Z ;é\l’, —
(update(l,v) >>= (A_(update(l’,v’) >>= z))) =
(update(l’,v") >>= (A_.(update(l,v) >>= x))).

(A
VA : Set,VI,l' : Loc,Yv,v' : Value,Vf : Value - GS(A),l # 1" —
(update(l,v) >>= (A_(lookup(l’) >>= (\'.f v")))) =
(Lookup(l’) >>= (A\v'.(update(l,v) >>= (A_.f v")))).

Module Type STATEMONAD_INTERFACE <: MONAD_INTERFACE.
Include MONAD_INTERFACE.

Parameter loc : Set.

Parameter val: Set.

Parameter st :Set.

Parameter lookUp: forall (A: loc), M val.

Parameter update: forall (A: loc) (a :val), M unit.

Axiom lookUp_idempotence:
forall (1 : loc) (f : val-> val-> M val), (lookUp 1) >>= (fun x =>(lookUp [)>>= (fun y => (f x y))) = lookUp | >>= (fun x => (f x x]).

Axiom update_idempotence:
forall (v v': val) (L : loc) (x : unit -> M val), (update | v) >>= (fun _ => (update | V') >>= x) = (update L v') >>=x.

Axiom lookUp_after_update::
forall (v : val) (L : loc) (f : val -> M val), (update | v) >>= (fun _ => (lookUp | >>= f)) = (update | v) >>= (fun _ => f v).

End STATEMONAD_INTERFACE.



Program specification in a monad

Within a monad specification we can give the specification of a
program with effects as a Lemma, and prove its existence using
the equational theory of the monad

Module Statelnstance <: STATEMONAD_INTERFACE.
Include STATEMONAD _INTERFACE.
Include MemoryState.

Lemma swap_program : forall (1112 : loc), I <> 12 ->
{c: M unit |
((c >>= (fun _ => lookUp 12)) = (lookUp 1) >>= fun x => ¢ >>= (fun _ =>ret x)) /\
((c >>= (fun _ => lookUp 1)) = (lookUp 12) >>= fun x => ¢ >>= (fun _ => ret x)) /\
forall (1: loc), (1 &> 11 /\ 1 <> 12) ->((c >>= fun _ => lookUp(l))) = ((lookUp(l) >>= fun x => ¢ >>= fun _ => ret x))
}.

Proof.

intros.

exists ((lookUp l1)>>= (fun x => lookUp (2 >>= (fun y => (update l1 y) >>= (fun _ => update 12 x)))).
... (here we Rewrite using the axioms of the monad) ...

Defined.




Extracted code (with
undefined constructors)

From a Coq term of monadic type we can obtain
Haskell programs using standard Extraction facility:
t:(IMA) ---> extr(t)::(MA)

swap_program :: Loc -> Loc -> (M Unit)
swap_program 112 =
bind (lookUp 1) (\x ->
bind (lookUp 12) (\y -> bind (update l1y) (\xO ->
update |2 x)))

Notice: monadic operators are not defined (have still
to be realized).



2) Operator mapping

- Each operator is mapped
to a code fragment (the
implementation)

+ possibly using the
monad of the target
language (Haskell)

+ during extraction,
operators are replaced
by code fragments

(Haskell)
implementation
of the given effect



2) Operator mapping

+ Each operator is mapped gz crmniec
to a code fragment (the

Extract Constant st => "([1) ((,) String Int)".

Extract Constant M "a"=> "State St a".

implementation) s o
. . Extract Inductive unit =>"()" ["()" ].
- possibly using the N
xtract Constant lookUp "loc" =>
monad of the target Rl
case LookUpList' loc mem of
language (Haskell) e
¢ d u rl ng eXt raCt I 0 n y Lo;T(I:JeF:fist' :: String -> St -> Maybe Val
LookUpList' name [] = Nothin
operators are replaced LookUpLs name (-

by COd e fl'agm e ntS tel::: I{zitlilpust' name xs".




Extracted code
(with defined constructors)

type M a = State Sta
ret::al->Mal

ret = return

bind:: (Mal)->(al->Ma2)->Ma2
bind = (>>=)

type Loc = String
type Val = Int
type St = (1) ((,) String Int)

lookUp :: Loc -> M Val
lookUp = lookUp loc = do
mem <- get
case varLookUplList' loc mem of
Justs ->return s
Nothing -> return O
where
varLookUpList' :: String -> St -> Maybe Val
varLookUpList' name [] = Nothing
varLookUpList' name ((n,v):xs) = if name == n then Just v else varLookUpList' name xs

swap_program :: Loc -> Loc -> (M ())
swap_program (112 =

bind (lookUp 11) (\x ->
bind (lookUp 12) (\y -> bind (update 1 y) (\xO -> update 12 x)))

Now monadic operators are fully defined but not
certified (code fragment can be anything)



3) Mapping Verification

« We have to prove that the realization mappings
respect the equational laws of the monad
+ It suffices to prove that, for each
Axiom ax:el=e.
in the monad specification, the corresponding
extracted terms are behaviourally equivalent
in the target language:

extr{el) - extr(e2)

How fio difine behaviswnal
exqpuivalence — in ile fargel lnnguage?

= Several alternatives joperational,
ianal

al ey
- But Haskell is still a huge language..

Haskell Core
Syntax & Semantics

Excmple




3) Mapping Verification

- We have to prove that the realization mappings
respect the equational laws of the monad
- It suffices to prove that, for each

Axiom ax: el=el.
in the monad specification, the corresponding

extracted terms are behaviourally equivalent
in the target language:

extr(el) ~ extr(e2)




2t language:

extr(el) ~ extr(e2)



How to define behavioural
equivalence ~ in the target language?

- Several alternatives (operational,
denotational...)
- Choice depends on the target language
- In our case, Haskell is a call-by-need
purely functional language ==>
behavioural equivalence is

a la Abramsky
- But Haskell is still a huge language...




Haskell Core (aka System FC)

- in ghc, Haskell compiles to Core, a
variant of System F with coercions

Va=V [ (EE) | AV.E | (cast £ O) | (letrecVy = Ey, ...,V = Ejyin E)
| fC_;E| e Eﬂ-T'r.—_-_; .]) | [':ij!..‘_'ﬂ‘-fiffl.;‘. E Of —”ﬁ v A—Uf|Dh|)

YX(n)=e

VAR BETA

Yoy — e ¥ o (An.ey) es = er[n— es
op op \ 1) &2 1 2
N

2 Fop €1 =+ €]

; LETNONREC

X hoperea — €] e Yhoplet n=-eyinex — exln— e

Y, (e Fopu—u

2oy letrecn; =e; Inu— letrecn; =e¢; Inu
fo(uw)n mt =0

Yhopletrecn; =¢;" inu—u

LETREC RETURN

Yhope— e
CASE op & €

— ——i
Y F,p case eas n return 7 of alt; — case ¢/ as n return 7 of alt;

(and rules for pattern matching)

- given a Haskell program M, let core(M) be
its translation in System FC
- implemented by "ghc -ddump-simpl"




Equivalence for Core (and Haskell)

- Core is all we need for defining
equivalence in the target language!

~ is the largest relation such that, for all s, closed expressions,
if s ~ ¢ then

e Vu,s|lv = Jwsuchthatt | w, (v Q) ~ (wQ) and
Vletrec, case freer: (vr) ~ (wr)

e Vw,t| w = Jvsuchthat s | v, (vQ)~ (w) and

Vletrec, case freer: (vr) ~ (wr)

Prop. In Core ~ corresponds to contextual equivalence.

~ is lifted to Haskell programs as

Py Q <25 core(P) ~ core(Q)




Example
Coq:

Axiom lookup_idempotence: forall (L : loc) (f : val -> val -> M val),
(lookUp 1) >>= (fun x ->(lookUp )>>= (funy -> (fx y))) = lookUp | >>= (fun x => (f x x)).

Haskell Core:
lookup_idempotence_Left :: Loc -> (Val -> Val -> M Val) -> M Val lookup_idempotence_Right :: Loc -> (Val -> Val -> M Val) -> M Val
lookup_idempotence_Left = lookup_idempotence_Right =
\ (l_amS5 :: Loc) (f_amT :: Val -> Val -> M Val) -> \ (l_LamW :: Loc) (f_amX :: Val -> Val -> M Val) ->
(\ (eta_B1 :=: [(String, Int)]) -> (\ (eta_B1 =: [(String, Int)]) ->
((\ (eta_Xsv :: [(String, Int)]) -> ((\ (eta_Xsv :: [(String, Int)]) ->
let { let {
a_ssq = Identity (Val, [(String, Int)]) a_ssq = Identity (Val, [(String, Int)])
a_ssq=a_srel_amSeta_Xsv}in a_ssq =a_sre [l_amW eta_Xsv }in
let { let {
a_Xt8 :: Identity (Val, [(String, Int)]) x_amy = Val
a_Xt8 = x_amY = case a_ssq ‘cast’...of _{(a5_as9, _)->a5_as9}
a_sre }in
|_amS (case a_ssq ‘cast’ ... of _{(_, s"_asf) ->s"_asf ((f_amX x_amY x_amY) ‘cast’ ...)
Dlin (case a_ssq ‘cast’ ... of _{(_,s"_asf) ->s"_asf}))
((f_amT ‘cast’...)
(case a_ssq ‘cast’ ... of _{(a5_as9, _}->a5_as%}) eta_Bl)
(case a_Xt8 ‘cast’...of _{(a5_as9, _)-»a5_as9})) ‘cast’ ...
‘cast’...)
(case a_Xt8 ‘cast’...of _ {(_,s"_asf}->s_asf}))
‘cast’...)
eta_Bl)
‘cast’ ...

These two terms can be proved to be bisimilar.
(The same for all other equational laws)




We can prove that operator mapping is
correct by proving that equational laws are
verified, i.e., for all "e1=e2" in the
specification:

core(extr(el)) ~ core(extr(e2))

Then:
Theorem: Extracted (Haskell) code with
effects is certified.




Conclusions

- Presented a general methodology for
extracting certified programs with effects
from proofs in Coq

- reuses existing technologies

- relies on monadic specification of effects

- correctness = preservation of equational
laws in the extracted code



To do

- Formalize System FC semantics and
equivalence proofs for some simple monad

- Automation of equational reasoning (e.g.
deduction modulo? rewriting?)

- Derive logics (ad hoc for each monad) from
equational theory, easier to use in
specifications and proofs

- e.g. for state monad: Hoare logics
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