Quantum Chebyshev’s
Inequality and Applications

Yassine Hamoudi, Frédéric Magniez
IRIF, Université Paris Diderot, CNRS

QUDATA 2019

arXiv: 1807.06456



Buffon’s needle

A needle dropped randomly on a floor with equally spaced
parallel lines will cross one of the lines with probability 2/m.

ESSAI D’ARITHMETIQUE MORALF.

tion par des comparaisons d’espace, comme
nous allons le démontrer. -
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que la baguette croisera quelques unes de

Je suppose que dans une charmbre dont
e parquet est simplement divisé par des
points paralleles , on jette en Pair une ba-
ette, et que I'un des joueurs parie que la
E:guette ne croisera aucune des paralleles
du parquet, et que l'autre au contraire parie

ces paralléles; on demande le sort de ces deux
joueurs (on peut jouer cy'eu sur un damier
avec une aiguille a coudre ou une épingle
sans téte.).

Pour le trouver je tire d’abord, entre les
deux joints parvalleles 4 Bet G D du par-’
quet, deux autres lignes paralléles a /et ¢ d,
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Empirical mean:

1/ Repeat the experiment n times: ni.i.d. X1, vevy Xn ~
2/ Output:
X1+...+X, 15
Law of large numbers: > E(X)
n
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. . ~ XT...+X,
Empirical mean: y = with  Xp,...,x, ~X
n

How fast does it converge to E(X) ?

Chebyshev’s Inequality:

multiplicative error 0 < € < 1
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Applications

Counting with Markov chain Monte Carlo methods:

[Jerrum, Sinclair'96] [Stefankovi¢ et al.’09],
[Dyer, Frieze'91], [Jerrum, Sinclair, Vigoda’04]

Data stream model:

[Alon, Matias, Szegedy’99]
[Monemizadeh, Woodruff’] [Andoni et al.’11] [Crouch et al.’16]

Testing properties of distributions:

[Goldreich, Ron’11] [Batu et al.’”13] [Chan et al.’14],
[Canonne et al.’18]

Estimating graph parameters:

[Chazelle, Rubinfeld, Trevisan’05], [Goldreich, Ron’08],
[Eden et al. 17]

etc.



Random variable X over sample space
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Random variable X over sample space

Classical sample: one value x € Q, sampled with probability px

Quantum sample: one (controlied-) of a Sy or S+ where

Sxl0) = ) \/Pr 1) 1 %)

xel)

with Y, = arbitrary unit vector
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Can we use less samples in the quantum setting?

Number of samples Conditions
Classical samples Az : E(Xz)
(Chebyshev’s — A% >
inequality) €2 E(X)2
[Brassard et al.’11] \/E Sample space
[Wocjan et al.’09] i
[Montanaro’15] €1/ E(X)
A’ , _ E(X?)
[Montanaro’15] — A >
€ E(X)?
| A H , _ EX?)
[Li, Wu'17] . A > < E(X) <
e L E(X)?
A H \ E(x>
Our result —. log3 — ] | A%> X7) E(X) <
€ E(X) E(X)? ,



Our Approach
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Am plitude Estimation Algorithm [Brassard et al.’02] [Brassard et al.”11] [Wocjan et al.’09] [Montanaro’15]

Input: Random variable X on sample space

VB

er/E(X)

Ampl-Est: 0( ) quantum samples to obtain ¢ — E(X)| < e - E(X)

( )
If B< : the number of samples is O
E(X) eE(X)
\ )
E(X?
If B> X9 9
E(X) =

10



A\

Random variable X

Largest outcome

/
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A\

Random variable Xp

' 2
0 bNE(X)

~ EX)
New largest outcome
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Input: Random variable X on sample space

VB

er/EX)

\
(X)

: the number of samples is O
cE(X)

Ampl-Est: 0( > quantum samples to obtain | — EX)| < e - E(X)

If B <

E X2 2
X9 : map the outcomes larger than BX)
E(X) E(X)

to O

E(X?
Lemma: |f p > eF(J(X)) then (1 — e)E(X) < E(X,) < E(X).

E(X?)
X)?2
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Problem: given A? >

E(X?)

E(X)

how to find a threshold b ~ E(X) - A% ?

Solution: use the

algorithm to do a

logarithmic search on b (given an upper-bound H = E(X))
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E(X?)

Problem: given A% > how to find a threshold b ~ E(X) - A% ?

E(X)?
Solution: use the algorithm to do a
logarithmic search on b (given an upper-bound H = E(X))
Threshold Input r.v. Number of samples Estimation
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Problem: given A% > how to find a threshold b ~ E(X) - A% ?

Solution: use the algorithm to do a
logarithmic search on b (given an upper-bound H = E(X))

Threshold Input r.v. Number of samples Estimation
by=H A Xp, A Ho
"""" =@ % A&
"""" hemmr %A@

...........................................................................................................................................................................................................................

Stopping rule: u; ;é 0 Output: bi

Theorem: the first non-zero k; is obtained w.h.p. when:
2 -E(X)A* < b; <10 - E(X)A?
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Analysis

Theorem: the first non-zero k; is obtained w.h.p. when:
2 -E(X)A? < b; <10 - E(X)A?

Ingredient 1: The output of is 0 w.h.p. if and only if the normalized
[Brassard etal'02]  astimated mean is below the inverse-square number of samples.
E(X,) 1/A2
b
Ingredient 2: b > 10 - E(X)A? E(%,) < B < :
b b 10 - A2

Ingredient 3: b~ EX)-A?
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Applications



Application 1: approximating graph parameters

Input: graph G=(V,E) with n vertices, m edges, t triangles

Query access: unitaries 0, |v)|0) = |v)|deg(»))

Opair|V) [W)10) = [} [w) | (v.w) € E 7)

Open V) 11)10) = [V} 1))

ith neighbor of v

(degree query)
(pair query)

(neighbor query)
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Opair [ V) [W) [0) = [v) [w) | (v,w) EE ?) (pair query)

Open [ V) [1Y10) = [v) [0) | v) (neighbor query)

ith neighbor of v

Result: © <—> degree/neighbor quantum queries to approximate

(vs. 5<L> classical degree/neighbor queries)

m
[Goldreich, Ron’08] [Seshadhri’15]

3/4
[ (ﬁ L m > degree/pair/neighbor quantum queries to approximate
1/6

V't
(vs. 6( 2 4 mm) classical degree/pair/neighbor queries)

t1/3 t
[Eden, Levi, Ron’15] [Eden, Levi, Ron, Seshadhri’17]
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Application 2: frequency moments in the streaming model

Input: (finite) stream of updates on x = (0,...,0) of

Output: (at the end of the stream) approximate of

(moment of order k > 3)
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Application 2: frequency moments in the streaming model

Input: (finite) stream of updates on x = (0,...,0) of

Output: (at the end of the stream) approximate of (moment of order k = 3)

Algorithm with smallest possible memory M
using P passes over the same stream?

—f pl-2k
Result: M =0 -~ qubits of memory

A 12k | |
(vs. M = 0O e classical bits of memory)

[Monemizadeh, Woodruff’10]
[Andoni, Krauthgamer, Onak’11]
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The of a random variable X can be estimated with

EX)

~( A H 2
using O (— . log? < )) , given A? > B and H > E(X).
€

E(X)2

Lower bound: quantum samples

or copies of the state S,|0) = Z \/p_x |y, | x)

xeQ
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