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A BC DEF GHIJK GIEF FHL MEF K JIF B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B N
A BA OHIJK GIEF FHL MEF GLPLEF QRLEE GHIJK GIGS B B B B B B B B B B B B B B B B B B B B B B B B B B B B B T

A BA BC OHIJKGIG JU HULGUVEW ILEEF B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B X
A BY ZJPHFIEFFE EI [JW\MEF ]LJPGP^M^FIEF B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B _

A BY BC `JUaI^JUF UJU LJPHFIEF B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B _
A BY BA ZJPHFIEFFE FHL MEF KJIF B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B _
A BY BY O MbJL^IcK EF ]LJPGP^M^FIEF B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B d
A BY Be O]]LJf ^K GI^JU B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B CA

6 g 12<=9 09=?/51..9= ,6
Y BC hUI^IijZEMGI^JUF B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B CY
Y BA kaciK G LEMGI^JUUEM B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B CY
Y BY O Mb\PLE LEMGI^JUUEMME EI DGUbGbE klD B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B Ce

Y BY BC kmUIGfE klD B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B CN
Y Be nJUaE]I^JU WE kaciK GF B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B CN

Y Be BC oi]EUWGUaEF pJUaI^JUUEMMEF B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B CN
Y Be BA oiaJK]JF^I^JU EU FaciK GF LEMGI^JUUEMF B B B B B B B B B B B B B B B B B B B B B B B B B B B CN

Y BN `JLK EF UJLK GMEF B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B CT
Y BN BC qJmaEjnJWW B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B CT
Y BN BA Y\K E pJLK E UJLKGME B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B CT

r g 12<=9 s8tu ,v
e BC wUIibLGI^JU WEF ^UpJLK GI^JUF B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B CX
e BA nJUFI^IHI^JU W xHU EUILE]yI WE WJUUiEF B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B CX
e BY nGLGaIiL^FI^zHEF ]L^Ua^]GMEF WEF EUILE]yIF WE WJUUiEF B B B B B B B B B B B B B B B B B B B B B B B C_
e Be {I^M^FGI^JU W xHU EUILE]yI WE WJUUiEF B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B C_
e BN O Mb\PLE pJUaI^JUUEMME B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B C_
e BT hf]LEFF^JUF WE acEK ^U EI MGUbGbE |DO} B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B Cd

@ ~?/?�g 5.5.� 76
N BC OLPLEF WE Wia^F^JU B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B AN

N BC BC kiMEaI^JU ]GLK ^ MEF OIIL^PHIF WGUF HU GLPLE WE Wia^F^JU B B B B B B B B B B B B B B B B B AN
N BC BA O]]LJf ^K GI^JUF EI GLPLE WE Wia^F^JU B B B B B B B B B B B B B B B B B B B B B B B B B B B B AT

N BA ZibLEFF^JU M^UiG^LE B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B AX
N BY ZiFEGHf WE UEHLJUEF B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B AX
N Be lHGM^Ii WE M xG]]LJf^K GI^JU B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B A_
N BN DJb^a^EMF WE `JH^MME WE oJUUiEF B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B Y�

N BN BC oILEE B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B Y�
N BN BA kOk�hUILE]L^FE [ ^UEL B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B Y�

C



N BN BY �EVG B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B Y�
� g 12<=9 �g8 6,

T BC OLPLEF iI^zHEIiF B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B YA
T BA oRo � oGIG Rm]E oE�U^I^JU B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B YY

T BA BC o ^FIGUaE � HUE oRo B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B Ye
T BY � kD EI � kDR B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B Ye

v g �4?.5:; 9: 6@
X BC �EHf � � �JHEHLF B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B YN

X BC BC �EHf � WEHf � JHEHLF � FJKKE UHMME B B B B B B B B B B B B B B B B B B B B B B B B B B B B B YT
X BC BA �EHf � WEHf � JHEHLF B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B YT

X BA [ iaGU^FK EF B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B YX
X BY DE [iaGU^FK E OW�JLWF B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B YX

A
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nE aJHLF ]LiFH]]JFE MG K G^IL^FE WEF KJW\MEF ^UpJLK GI^zHEF FH^�GUIF �

•
DE KJW\ME WEF �ac^ELF GHfzHEMF JU GaaiWE EU HI^M^FGUI ME LiFEGH � � M xG^WE WE ]LJIJ aJMEF aJKKE `R} JH
�RR}�

•
DE KJW\ME WEF IGP MEHLF QhfaEMS � aGMaHMEL WEF ^UpJLK GI^JUF FIJ aViEF WGUF WEF aiMMH MEF W xHU IGPMEHL �
G� acEL WEF FIGI^FI^zHEF �

•
DE KJW\ME LEMGI^JUUEM QOaaEFFS � MEF ^UpJLK GI^JUF FJUI FIJ aViEF WGUF WEF IGPMEF EI JU aGMaHME WEF LEzH�IEF
WJUI ME LiFH MIGI EFI GHFF^ FIJ aVi WGUF WEF IGPMEF �

•
DE KJW\ME GMbJL^IcK ^zHE F^K]ME QnS � aGMaHM W xHUE pJUaI^JU Q]GL EfEK]ME ME IL^S � M xG^WE W xHU GMbJL^IcKE
Q]GL EfEK]ME � lH^aVFJLI S B

DE PHI WH aJHLF EFI WE ]Lia^FEL MG LJPHFIEFFE WE aELIG^UF KJW\MEF � ]GL LG]]JLI � M x^UaELI^IHWE WEF WJUUiEF B
DEF WJUUiEF iaJUJK ^zHEF FJUI EU E�EI FJH�EUI ���� ¡¢£� a xEFIj�jW^LE ^UEfGaIEF EI G]]LJf ^K GI^�EF � ] JHL WE
UJKPLEHFEF LG^FJUF �

•
EMMEF FJUI ]LJWH^IEF ]GL WEF GbEUIF ^K]GLpG^IF �

•
EMMEF FJUI ILG^IiEF ]GL WEF ]LJ aEFFHF ]cmF^zHEF �

•
EMMEF LE¤\IEUI WEF K EFHLEF zH ^ FJUI IJH� JHLF G]]LJf ^K GI^�EF �

•
EMMEF ] EH�EUI �ILE K GU^]H MiEF B

wM EFI WJUa pJUWGK EUIGM W x^FJMEL WEF ]LJ aiWHLEF ^UpJLK GI^zHEF LJPHFIEF GH PLH^I � a xEFIj�jW^LE zH^
]LJWH^FEUI WEF LiFH MIGIF

ε
jG]]LJ aciF MJLFzHE MEF WJUUiEF FJUI

ε
jPLH^IiEF B o ^�iLEUIEF W^FIGUaEF EUILE JP� EIF

EI W^�iLEUIEF UJI^JUF W xG]]LJf ^K GI^JU FJUI ^UILJWH^IEF B
DEF ]L^Ua^]GHf KJW\MEF ^UpJLK GI^zHEF iIHW^iF WGUF aE aJHLF FJUI �
•

DE KJW\ME W xGHIJK GIEF FHL MEF K JIF
•

DE KJW\ME LEMGI^JUUEM � [mklD
•

DE KJW\ME |DO} � [JUWL^GU
•

DE oGIGj[ ^U^Ub � oILEE EI kOk�hUILE]L^FE [ ^UEL
•

DE KJW\ME �[D
•

DEF K iaGU^FK EF
DEF GHIJK GIEF FHL MEF KJIF FE biUiLGM^FEUI GHf GLPLEF EI FJUI ME pJUWEK EUI WH MGUbGbE �[D B DE KJW\ME

LEMGI^JUUEM FE biUiLGM^FE GH KJW\ME |DO} EI aJUFI^IHE ME aJEHL WEF FmFI\KEF W xwUpJLK GI^JU B DE oGIGj[ ^U ^Ub
F xG]]M^zHE � IJHF MEF K JW\MEF � K G^F ME aJHLF WiaL^I FJU HI^M^FGI^JU � ]GLI^L WH KJW\ME |DO}� zH^ aJUFI^IHE
MEF pJUWEKEUIF WH ¥ �£�¦¢££ §¦ ¢¨ ¨�© ¢¦ª¢B
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DE aJHLF EFI ]LJMJUbi ]GL WEF ILG�GHf W^L^biF zH^ ^MMHFILEUI MEF W^�iLEUIEF IEacU^zHEF UHK iL^zHEF
^UILJWH^IEF B

DG FEaI^JU A WiaL^I MEF K JW\MEF W xGHIJK GIEF � K JW\ME F^K]M^�i WE aGMaHM FHL MEF WJUUiEF WE IEfIE � ME K JW\ME
]LJPGP^M^FIE EI MEF K JW\MEF W xG]]LJf ^K GI^JU EI WE LJPHFIEFFE B DG FEaI^JU Y WiaL^I ME K JW\ME LEMGI^JUUEM � EI MG
FEaI^JU e ME KJW\ME |DO} Q]JMm Fi]GLiS B DG FEaI^JU N WiaL^I ME oGIGj[ ^U^Ub B DG FEaI^JU T WiaL^I �[D EI MG
FEaI^JU X MEF [ iaGU^FKEF B

e
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DE ILG^IEK EUI WE M x^UpJLK GI^JU UiaEFF^IE HU Â ÃÄÅ¨¢ Ä¢ ªÆ¨ª�¨B DEF GHIJK GIEF �U ^F FJUI HU WEF KJW\MEF MEF
]MHF F^K]MEF � zH^ JUI WEF �GL^GUIEF FEMJU MEF aMGFFEF WE FILHaIHLEF aJUF^WiLiEF B

|U aJUF^W\LE WEHf EfEK]MEF � MEF GHIJK GIEF FHL MEF KJIF EI MEF GHIJK GIEF FHL MEF GLPLEF B nEF KJW\MEF WE
K Gac^UEF FJUI WEF aGF ]GLI^aHM^ELF WE K Gac^UEF WE RHL^Ub � WiaL^IEF EU G]]EUW^f B nE FJUI EFFEUI^EMMEK EUI WEF
K Gac^UEF WE RHL^Ub £Æ¦£ Â ¡Â Ã��¢ EI � JHEUI HU LyME ^K]JLIGUI EU DJb^zHE EI EU wUpJLK GI^zHE B

Ç ÈÉ ÊËÌ ÍÎÏÐÑÍÏËÌ ÌÎÒ ÓËÌ ÑÐÏÌ
kJ^I

Σ
HU GM]cGPEI �U^ EI

w
HU KJI FHL

Σ
B {U ÔÆ¦© Æ© ¢ EFI HU EUFEKPME WE KJIF B

~ �Õ.5/51. ,Ö ×¦ ?3/1;?/9 Õ.5 ¢£  Ä¡Ø ¦� Ù Æ�
(Q, q0, F, δ)Ú  ¢¨ Û�¢Ü

• Q
¢£  �¦ ¢¦£¢Â �¨¢ Ø ¦� Ä Ý¡ Æ £Ú

• q0 ∈ Q
¢£  ¨ Ý¡ Æ  �¦ � �Æ¨Ú

• F ⊆ Q
¢£  �¦ ¢¦£¢Â �¨¢ Ä Ý¡ Æ £ Ø ¦Æ�Þ Ú

• δ ⊆ Q × Σ × Q ß
{U GHIJKGIE EFI Ä¡ ¢�Â �¦�£ ¢ F^

δ
EFI HUE pJUaI^JU

Q×Σ → Q
B o GUF aE aGF � JU iaL^I �

δ(q, s) = q′
B o GUF

ME aGF Jà
δ

U xEFI ]GF HUE pJUaI^JU � M xGHIJK GIE EFI W^I ¦Ã¦ Ä¡ ¢�Â �¦�£ ¢B

0 1 0

0
2

1
0

1

1 3

0

1

4

`^bHLE C� {U GHIJK GIE �U^ �
4

iIGIF EI FG aJK]MiI^JU �
5

iIGIF B

|U LE]LiFEUIE FJH�EUI HU GHIJK GIE ]GL HU bLG]cE Jà MEF UJEHWF FJUI MEF iIGIF EI MEF GL�IEF FJUI WEF
ILGUF^I^JUF ]JFF^PMEF MJLFzHE M xGHIJK GIE M^I HU FmKPJME

s
B ncGzHE GL�IE EFI iI^zHEIiE ]GL HU IEM FmKPJME

sIEM zHE
q.s.q′

FJ^I HUE ILGUF^I^JU B D xEfEK]ME ]LiaiWEUI G e iIGIF
{0, 1, 2, 3}

EI M xiIGI
4

EFI M xiIGI zH^ ] ELKEI
WE aJK]MiIEL M xGHIJK GIE ]JHL zHE MG pJUaI^JU

δ
FJ^I IJH� JHLF Wi�U^E B |U JPI^EUI GMJLF MG ªÃÂÙ ¨¡ �Ã¦ WE

M xGHIJKGIE B
{U KJI

w = w1, ....wn
EFI GaaE]Ii ]GL M xGHIJKGIE F x^M Ef ^FIE HUE FizHEUaE W xiIGIF

q1, ...qn ∈ Q
IEMF zHE �

• δ(q0, w1) = q1
�

• δ(qi, wi+1) = qi+1
� ] JHL

i = 1...n − 1
�

• qn ∈ F
B

N



oGUF M xEfEK]ME a^jWEFFHF � M xGHIJK GIE EFI WiIELK ^U^FIE B k^
q2

EFI ME FEHM iIGI �UGM � ME MGUbGbE GaaE]Ii EFI �

L = {1} ∪ {01n0 : n = 0, 1, 2....}
kJ^I

Λ
ME KJI �^WE B

~ �Õ.5/51. 7 Ö á �
w

¢£  �¦ Â Ã Ú Æ¨Ã�£
w∗ ¢£  ¨ Ý¢¦£¢Â �¨¢ Ä¢£ Â Ã £

{Λ, w, w2, w3, ...wn...} ß á �
L

¢£  �¦ ¨Æ¦© Æ© ¢
â¢¦£¢Â �¨¢ Ä¢ Â Ã £ã Ú L∗ ¢£  ¨ Ý¢¦£¢Â �¨¢ Ä¢£ Â Ã £

{Λ, w1, w2, w3, ...wn...}
 ¢¨£ Û�¢

wi ∈ Li ß
{UE Ef]LEFF^JU LibH M^\LE EFI HU EUFEKPME WE KJIF Wi�U^ ]GL �

•
HU KJI �U^ EFI HUE Ef]LEFF^JU LibHM^\LE B

•
M xHU^JU � MG aJUaGIiUGI^JU EI M xJ] iLGIEHL ä G]]M^zHiF � WEF Ef]LEFF^JUF LibHM^\LEF � Wi�U ^FFEUI HUE UJH�EMME
Ef]LEFF^JU LibH M^\LE B

DEF Ef]LEFF^JUF �
0∗11∗

� JH
(
�∗11∗ + (O(11)∗)∗

FJUI WEF Ef]LEFF^JUF LibHM^\LEF B
DEF MGUbGbEF GaaE]IiF ]GL WEF GHIJKGIEF �U^F FJUI W^IF �¡©�¨�¢�£� aGL ^MF aJLLEF]JUWEUI ]Lia^FiK EUI � WEF

Ef]LEFF^JUF LibHM^\LEF B
oEHf aJUFILHaI^JUF ^K]JLIGUIEF Ef ^FIEUI ]JHL MEF GHIJK GIEF �

•
MG WiIELK ^U ^FGI^JU � zH^ aJUF^FIE � ILGUFpJLK EL HU GHIJK GIE UJU WiIELK ^U^FIE EU GHIJK GIE WiIELK ^U^FIE
izH^�GMEUI B

•
MG K ^U^K ^FGI^JU � zH ^ aJUF^FIE � ILGUFpJLK EL HU GHIJK GIE WiIELK ^U^FIE EU GHIJK GIE WiIELK ^U^FIE K ^U^j
KHK � G�Ea HU UJKPLE K ^U^KHK W xiIGIF BB

Ç ÈÇ åÎÏÐÑÍÏËÌ ÌÎÒ ÓËÌ ÍÒæÒËÌ çèÒËË ÍÎÏÐÑÍÏÍ é
O �Æ¦ê ¢Ä Ã�Ä¢�¢Ä  �¢¢ � ^Ic

n
UJWEF ^F G FILHaIHLE

Tm = (Dn, {Childi}i≤m , root)
�cELE IcE WJKG^U

Dn =
{1, ..., n}

^F IcE FEI Jp UJWEF �
Childi

^F G P^UGLm LEMGI^JU FHac IcGI
Childi(u, v)

^p
u

^F IcE
i
Ic ac^MW Jp

v
pJL

i ≤ m
GUW G �fEW

m
GUW

root
^F G W^FI^UbH^FcEW EMEK EUI Jp

Dn
�^Ic UJ ]LEWEaEFFJLF B `JL EGac

i 6= i′ ≤ m
FHac

IcGI
Childi(u, v)

GUW
Childi′(u, v ′)

IcEU
v 6= v′ GUW pJL EGac

i
IcELE ^F GI KJFI JUE

v
FHac IcGI

Childi(u, v)
B

wU GWW^I^JU � IcE bLG]c �cJFE EWbEF GLE ^U
Childi

pJL
i ≤ m

PGaV�GLWF JL pJL�GLWF WJEF UJI aJUIG^U GUm
a^LaH^IF B O ¥ �¦Æ�ë ì�¢¢ ^F G LGUVEW JLWELEW ILEE � ^Ic

m = 2
�cELE EGac UJWE �c^ac ^F UJI G MEGp cGF G MEpI

GUW G L^bcI ac^MW B
~ �Õ.5/51. 6 Ö í  �¢¢îÆ� ÃÂ Æ Ã¦ Ã¦ ��¦Æ�ë  �¢¢£Ú �£ Æ ï î �Ù ¨¢

A = (Q, δ, q0, F ) ðñ ¢�¢ Q
�£  ñ ¢ Ø ¦� ¢ £¢  Ãò

£ Æ ¢£Ú q0
 ñ ¢ �¦� �Æ¨ £ Æ ¢Ú F

 ñ ¢ £¢  Ãò Æªª¢Ù  �¦© £ Æ ¢£ Æ¦Ä
δ

Æ Ø ¦� ¢ £¢  Ãò  �Æ¦£� �Ã¦
(qi, qj) → ql ß

RcE ILGUF^I^JU pHUaI^JU GMMJ� F JUE IJ GFF^bU IcE FIGIE
ql

IJ G UJWE
v

�cJFE MEpI ac^MW ^F ^U FIGIE
qi

GUW
L^bcI ac ^MW ^U FIGIE

qj
B O ��¦ FIGLIF JU IcE MEG�EF Jp IcE ILEE ^U FIGIE

q0
� ]LJ aEEWF PJIIJK jH] GFF^bU^Ub FIGIEF

IJ IcE UJWEF Jp IcE ILEE GUW GaaE]IF ^p IcE LJJI ^F ^U GU GaaE]I^Ub FIGIE B RcE ¨Æ¦©�Æ© ¢ Ä¢Ø ¦¢Ä �ë Æ  �¢¢
Æ� ÃÂ Æ Ã¦ ^F IcE FEI Jp GaaE]IEW ILEEF B

óôõö÷øõ ù úûü ýþÿ�� ýÿ��
A = ({q0, q1}, δ, {q1}) � �ÿû �� �ÿ �ý � �ÿýÿü

q0 � ý��ü	ÿ ��
 �ÿýÿü
q1

ý�� �û��ü ÿ�ý���ÿ ����
δ

ý�ü 
(q0, q0) → q1

ý��
(q0, q1) → q1

ý��ü	ÿ� ÿûü �ý�
þý
ü
Lr

�� ��
ûÿ���ý��û ÿ�üü� � �� ÿûü ���	�üÿü�
ýþÿ�� ýÿ�� ÿûü�ü �� ý ��ý�� ý ���� �����

qs

�þ�û ÿûýÿ
(q1, q0) → qs

ý��
(q1, q1) → qs � ý �ÿû�þ
û �ü �� ��ÿ

�ü	�ü�ü�ÿ �ÿ � �ü ��ý� ÿûü ÿ�ý���ÿ ���� � �ÿû �ý�ûü� ���ü� ��� ÿûü �ü�ÿ ��ý��û ý�� ����� ���ü� ��� ÿûü ��
ûÿ ��ý��û �

RLEE GHIJK GIG aGU PE UJUjWEIELK ^U^FI^a GUW WE�UE IcE aMGFF Jp �¢©�¨Æ�  �¢¢£B RcEm cG�E G WEIELK ^U^FI^a
EzH^�GMEUI GHIJK GIJU B wU IcE aGFE Jp  ÃÙ îÄÃð¦ GHIJK GIG � IcE UJUjWEIELK ^U ^FI^a GUW WEIELK ^U^FI^a �ELF^JUF
GLE W^�ELEUI B

T



An accepted  right-branch tree

.

q0

q1

A tree-automaton

`^bHLE A � O ILEEjGHIJK GIJU pJL
Lr

IcE MGUbHGbE Jp L^bcIjPLGUac ILEEF GUW G ILEE
t ∈ Lr

B

7 Ö7 Ö, t3/1;?/? 1. 3.0?.�92 /099:
OU HULGUVEW ILEE ^F G ILEE �cELE EGac UJWE cGF GU GLP^ILGLm UHKPEL Jp FHaaEFFJLF � �c^ac GLE JLWELEW B

h�ELm HULGUVEW ILEE
T

aGU PE aJWEW GF G P^UGLm ILEE
e(T )

PHI KGUm EUaJW^UbF GLE ]JFF^PME B nJUF^WEL
IcE aMGFF^aGM EUaJ W^Ub �cELE EGac UJWE

v
Jp IcE HULGUVEW ILEE ^F G UJWE

v
^U IcE P^UGLm EUaJW^Ub � IcE MEpI

FHaaEFFJL Jp
v

^U IcE P^UGLm ILEE ^F ^IF �LFI FHaaEFFJL ^U IcE HULGUVEW ILEE � IcE L^bcI FHaaEFFJL Jp
v

^U IcE
P^UGLm ILEE ^F ^IF �LFI F^PPM^Ub ^U IcE HULGUVEW ILEE B �E� UJWEF � ^Ic MGP EMF

⊥
GLE GWWEW IJ aJK]MEIE IcE

P^UGLm ILEE �cEU IcELE GLE UJ FHaaEFFJL JL UJ F^P M^Ub ^U IcE HULGUVEW ILEE B
OU �¦�Æ¦ê ¢Ä  �¢¢ Æ� ÃÂ Æ Ã¦ bEUELGM^�EF IcE ILGUF^I^JU pHUaI^JU IJ

δ : Q×Σ → 2Q∗ FHac IcGI
δ(q, a)

^F G
LEbH MGL MGUbHGbE JU

Q
B

O LHU
λ

^F bEUELGM^�EW FHac IcGI ^p
u

^F G UJWE � ^Ic FHaaEFFJLF
v1, ..., vl

^U FIGIEF
λ(v1), . . . , λ(vl)

GUW
IcELE ^F G

q
FHac IcGI

λ(v1), . . . , λ(vl) ∈ δ(q, l(u))
� IcEU

λ(u) = q
B

a b

c

d

b

b

d

a

b

a b

c

d d

b

a

b b c d

a b d

a

(a) (b) (c)

`^bHLE Y � OU HULGUVEW ILEE � aJWEW GF G P^UGLm ILEE GUW GF GU EfIEUWEW P^UGLm ILEE B

O oRo ^F G F]Ga^GM aGFE Jp G ILEE GHIJK GIJU �cEU
Q = Σ

B wI ^F WE�UEW GF G FEI Jp LHMEF
a : r

� �cELE
a ∈ Σ

GUW
r

^F G LEbHMGL Ef]LEFF^JU B
�� ! " #$% &'()* +, -. + �/
� 01213145 "'#%$ 6789: ';%$< =; ';%$ =9>;$>% ?/� 01213145 789: ';%$ 6; ';%$ =:9%9<?/
� 01213145 ; ';%$ 6@ABCD5D ?/
� 01213145 :9%9 6@ABCD5D ?/
� 01213145 9>;$>% 6@ABCD5D ?/
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wU Ic ^F aGFE
Σ = {livre, titre, chapitre, auteur, para}

B RcE �LFI LH ME ^F �

livre : chapitre∗ titre auteur

wI F] Ea^�EF IcGI G UJWE MGP EMMEW
livre

^F pJ MMJ�EW Pm K GUm UJWEF MGP EMMEW
chapitre

� pJMMJ�EW Pm G UJWE
MGP EMMEW

titre
GUW G UJWE MGP EMMEW

auteur
B

livre

chapitre
titre auteur

para para para para paratitre titre

chapitre chapitre

`^bHLE e � O �GM^W ILEE pJL IcE M^�LE oRo B

Ç ÈE F ÐæÎÌÏËÌÌË ËÏ G ÐHI ÓËÌ JÒÐæÍæ KÓKÌÏËÌ
{U aGMaHM LJPHFIE EFI HU aGMaHM zH^ EFI ] EH FEUF^PME GHf ELLEHLF FHL MEF WJUUiEF B k^ M xEUILiE

x̂
EFI HUE �GL^GI^JU

GMiGIJ^LE WE
x

� W^FIGUaE GH ]MHF
ε
� MG FJLI^E ˆf(x)

EFI HUE �GL^GI^JU GMiGIJ^LE � W^FIGUaE GH ]MH F
δ

zH^ EFI
pJUaI^JU WE

ε
B

DG ] MH]GLI WEF ]LJ aiWHLEF ^UpJLK GI^zHEF UE FJUI ]GF LJPHFIEF � K G^F JU ]EHI WGUF aELIG^UF aGF JPIEU^L WEF
]LJ aiWHLEF LJPHFIEF EU HI^M^FGUI ¨¢ ñ Æ£Æ�Ä� FJHF MG pJLK E W xGMbJL^IcK EF ]LJPGP^M^FIEF B

7 Ö6 Ö, L1.4/51.: .1. 01M3:/9:
O aG]IacG QGU GaLJUmK pJL NaJK]MEIEMm GHIJK GIEW ]HPM^a RHL^Ub IEFI IJ IEMM aJK]HIELF GUW cHK GUF G]GLI NS
^F G Im] E Jp acGMMEUbEjLEF]JUFE IEFI HFEW ^U aJK]HI^Ub IJ WEIELK ^UE �cEIcEL JL UJI IcE HFEL ^F cHK GU B
RcE IELK �GF aJ^UEW ^U A��� Pm DH^F �JU OcU � [ GUHEM q MHK � GUW � ^acJMGF � B �J]]EL Jp nGLUEb^E [ EMMJU
{U^�ELF^Im� GUW �JcU DGUbpJLW Jp wq[ B O aJKKJU Im]E Jp aG]IacG LEzH^LEF IcGI IcE HFEL Im] E IcE MEIIELF
Jp G W^FIJLIEW GUW�JL JPFaHLEW FEzHEUaE Jp MEIIELF JL W^b ^IF IcGI G]]EGLF JU IcE FaLEEU B qEaGHFE IcE IEFI ^F
GWK ^U^FIELEW Pm G aJK]HIEL � ^U aJUILGFI IJ IcE FIGUWGLW RHL^Ub IEFI IcGI ^F GWK ^U^FIELEW Pm G cHKGU � G
aG]IacG ^F FJK EI^K EF WEFaL^P EW GF G LE�ELFE RHL^Ub IEFI B

O± ²³®·²P³ ¸´ Q ¹· RSTS
7 Ö6 Ö7 U1M3:/9::9 :30 =9: ;1/:
nJKKEUI Wia^WEL F^ HU KJI

x
JH F^

x
EFI MJ ^U WE

L
� MJLFzHE

L
EFI HU MGUbGbE LibHM^EL � ]GL EfEK]ME B

wM pGHI ]LiMGMGPMEK EUI Wi�U^L HUE W^FIGUaE EUILE KJIF B wMF Ef ^FIEUI ]MHF^EHLF W^FIGUaEF aMGFF^zHEF �

_



•
MG W^FIGUaE WE �GKK ^Ub B }JHL WEHf KJIF WE K �KE MJUbHEHL � MG W^FIGUaE GPFJMHE EFI MG FJKKE WEF
]JF^I^JUF Jà ^MF W^�\LEUI B k^

w1 = 000011110
EI

w2 = 000111101
MG W^FIGUaE EFI

3
B

•
MG W^FIGUaE W xhW^I^JU EFI ME UJKPLE K ^U^KHK W xE�GaEK EUIF � WE ¤ ^]F QacGUbEK EUI WE MEIILES � ^UFELI^JUF
]JHL ILGUFpJLKEL HU KJI WGUF M xGHILE B DG W^FIGUaE EFI

2
]JHL M xEfEK]ME ]LiaiWEUI B

•
MG W^FIGUaE W xhW^I^JU G�Ea Wi]MGaEK EUIF EFI MG W^FIGUaE W xhW^I^JU Jà JU G� JHIE aJKKE J]iLGIEHL iMij
K EUIG^LE ME Wi]MGaEK EUI W xHU FJHFjKJI GLP^ILG^LE B

DG W^FIGUaE LEMGI^�E EFI IJH� JHLF ibGME � MG W^FIGUaE GPFJMHE W^�^FiE ]GL MG MJUbHEHL K Gf^KHK WEF KJIF B
DG W^FIGUaE W xHU KJI

x
� HU MGUbGbE

L
� JU iaL^I

dist(x,L)
� EFI ]GL Wi�U^I^JU

Minx′∈Ldist(x, x′)
B

nJKKEUI ] EHIjJU aGMaHMEL aEIIE W^FIGUaE JH Wia^WEL F^ EMME bLGUWE JH ]EI^IEV n xEFI EU biUiLGM HU ]LJP M\KE
W^� a^ME F^ M xJU LEacELacE MG W^FIGUaE EfGaIE B [ G^F aEMG ]EHI �ILE HU ]LJP M\KE IL\F F^K]ME F^ M xJU LEacELacE
HUE FJMHI^JU G]]LJ aciE B

7 Ö6 Ö6 t =�105/W;9: X01M?M 5=5:/9:
�JHF WJUUJUF WEHf EfEK]MEF F^K]MEF W xGMbJL^IcKE ]LJPGP^M^FIE B oGUF acGzHE aGF � M xGMbJL^IcK E ]LJPGP^M^FIE
] ELK EI HU bG^U ]GL LG]]JLI GHf ]LJ aiWHLEF aMGFF^zHEF �

•
aJLLEaIEHL GL^IcKiI^zHE �

•
HUE K GLacE GMiGIJ^LE FHL HU bLG]cE FmK iIL^zHE B

Y10094/930 ?05/W;�/5Z39 Ö kH]]JFJUF zHE WEF a^LaH^IF GL^IcK iI^zHEF QGWW^I^JU � KHMI^]M^aGI^JU � W^�^F^JU S
aGMaHMEUI G�Ea HUE ELLEHL

p = 0, 3
B }JHL WEHf �GMEHLF GMiGIJ^LEF

x, y ∈r [0, ...N ]
� ME a^LaH^I Ä�[ �£�Ã¦

div(x, y) = (q, r)
]LJWH^I HU zHJI^EUI

q
EI HU LEFIE

r
� zH^ FJUI aJLLEaIF G�Ea ]LJPGP^M^Ii

1 − p
EI ELLJUUiF

G�Ea ]LJPGP^M^Ii
p
B kH]]JFJUF zHE M xJU F x^UIiLEFFE HU^zHEK EUI GH zHJI^EUI B

nJKKEUI LiWH^LE � �J^LE FH]]L^K EL M xELLEHLV D xGMbJL^IcK E ]LJPGP^M^FIE FH^�GUI �G ]ELK EIILE WE LEUWLE
M xELLEHL GHFF^ ] EI^IE zHE M xJU FJHcG^IE � ]GL EfEK]ME

10−9 B
\./0�9 ] ^ _`a _b cd_ef

x
_c

y
f`e `b db c_e ghii_ [0, ...N ] jk10/59 ] i_ l`mcd_b c

q n_ x
_c

y j
D xGMbJL^IcK E WE aJLLEaI^JU EFI ]GLGK iILi ]GL

m
�

omee_pc_`e q m`e ih ndgdfdmb rs tq t cmbf
2m + 1 umdf i_f mq teh cdmbf rvtbte_e

ri
hith cmde_ nhbf [1, ..., N ]wohip`i_e xi = x.ri w yi = y.ri wxmd c

qi
i_ l`mcd_b c n_ div(xi, yi)xd

{q1, ....q2m+1}
h `b_ etq mbf_

q′
l`d hqq hehd c q i`f n_ m + 1 umdf w hqq _it_ etq mbf_ y hz med chde_ w f cmq wk10/59 ] ih etq mbf_ y hz med chde_ q′ j

[JUILJUF zHE aEIIE Li]JUFE EFI aJLLEaIE G�Ea bLGUWE ]LJPGP^M^Ii � ]GL EfEK]ME
10−9 B wM pGHI i�GMHEL MG

]LJPGP^M^Ii WE UE ]GF G�J^L WE Li]JUFE KG� JL^IG^LE � zH^ EFI MG ]LJPGP^M^Ii W xG�J^L
m + 1,m + 2, ....2m + 1Li]JUFEF ELLJUUiEF B kJ^I

p
MG ]LJPGP^M^Ii W xELLEHL � ]GL EfEK]ME

p = 0, 3
EI

q = 1 − p
B DG ]LJPGP^M^Ii WE UE

]GF G�J^L WE Li]JUFE K G� JL^IG^LE EFI MG ]LJPGP^M^Ii
µ
�

µ =
m∑

i=0

Ci
2m+1p

2m+1−i.qi = p.pm.qm
m∑

i=0

pm−i.qi−mCi
2m+1 ≤ p.pm.qm.22m

d



µ
EFI EU E�EI MG FJKKE ]JHL IJHIEF MEF aJKP^UG^FJUF WE

i
]GLK ^

2m+1
WE MG ]LJPGP^M^Ii W xG�J^L

i
ELLEHLF �

EI WJUa
2m + 1 − i

Li]JUFEF aJLLEaIEF B hU K G� JLGUI
p

]GL
1

JU JPI^EUI �

µ ≤ pm.qm.22m = (4pq)m

|U G GMJLF EU LEK]MGaGUI
p = 1/3

EI
q = 2/3

�
4.p.q = 8/9

B }JHL zHE
(4pq)m ≤ 10−9 � ^M FH� I WE acJ^F^L

m ≥ 9.log10
log9/8 ≥ 180

B
D xGLbHK EUI ]LiaiWEUI EFI F^K ^MG^LE IGUI zHE

p = 1/2 − ε
B

YW9; 5. ?=�?/1509 2?.: 3. �0?XW9 .1. 1059./� Ö{ Q`GaHMIGI^p S
kJ^I

G = (Dn, E)
HU bLG]cE UJU JL^EUIi �

e
GL�IEF B DE ]LJPM\K E

UGAP
EFI Wi�U^ WE MG K GU^\LE FH^�GUIE B

\./0�9 ] |b }ehq~_ b mb med_b ct _c n_`a q mdb cf
s
_c

t jk10/59 ]
1
f �di _a df c_ `b p~ _y db _b ce_

s
_c

t w 0
fdb mb j

nE ]LJPM\K E EFI EfGaIEK EUI ME ]LJP M\KE
GAP

WGUF ME aGF Jà ME bLG]cE EFI FmK iIL^zHE B nE ]LJPM\K E EFI
]JMmUJK ^GM aGL ^M Ef ^FIE WEF GMbJL^IcK EF EU IEK]F ]JMmUJK ^GM ]JHL ILJH�EL HU acEK ^U B }EHIjJU ME LiFJHWLE
WE K GU^\LE WiIELK ^U^FIE EU HI^M^FGUI HUE K iKJ^LE �U^EV

[JUILJUF aE] EUWGUI zH x^M Ef ^FIE HUE FJMHI^JU ]LJPGP^M^FIE EU EF]GaE
O(log n)

� ] JHL
UGAP

EU GUGMmFGUI
HUE Â Æ�ªñ ¢ Æ¨¡Æ Ã��¢ � ]GLI^L WE

s
EU EF] iLGUI GLL^�EL �

t
B

�i}med c~y _ q em�h �didf c_ q m`e
UGAP

r
� cte_e

k umdf ih q em ptn`e_ f`dghb c_ j
�j xmd c

u := s, i := 1 j
� j �hb c l`_

i < 2.n3 w mb pmbfdn�e_ i_f he�c_f n �med} db _ u
r

•
mb cde_ `b _ n_f he�c_f (u, u′) h` ~hfhen� j

• u := u′ , i := i + 1 j
� j xd

u = t w himef di _a df c_ `b p~ _y db _b ce_
s
_c

t j
� j xdb mb di b �_a df c_ q em�h �i_y _b c q hf n_ p~ _y db _b ce_

s
_c

t j
wM EFI aMG^L zHE aEI GMbJL^IcK E HI^M^FE aJKKE EF]GaE WEHf LEb^FILEF � Jà FE ILJH�EUI ME aJWE

u
W xHU UJEHW

GLP^ILG^LE WGUF HU bLG]cE �
n

]J^UIF EI M xEUI^EL
i
B wM HI^M^FE WJUa

log n
P^IF B [ JUILJUF K G^UIEUGUI zH xHU

acEK ^U GMiGIJ^LE WE MJUbHEHL
O(n3)

G ]MHF W xHUE acGUaE FHL
2

W xGLL^�EL �
t
F x^M Ef ^FIE HU acEK ^U EUILE

s
EI

t
B

D xGLbHK EUI HI^M^FE zHEMzHEF LiFHMIGIF aMGFF^zHEF FHL MEF acG�UEF WE [ GLVJ� �[ZdN� ]JHL EFI^K EL ME IEK]F
KJmEU

T (i)
UiaEFFG^LE � M xEf]MJLGI^JU WE IJHF MEF UJEHWF WH bLG]cE � ]GLI^L W xHU FJKKEI

i
B nE IEK]F KJmEU

T (i)
FELG PJLUi ]GL

O(n3)
B |U EU WiWH^LG GMJLF zH xHU acEK ^U GMiGIJ^LE WE MJUbHEHL FH]iL^EHLE � aEIIE PJLUE

]JMmUJK ^GME G ]MHF W xHUE acGUaE FHL WEHf W xGIIE^UWLE HU FJKKEI GLP^ILG^LE
t
F x^M Ef ^FIE HU acEK ^U EUILE

s
EI

t
B

D xGMbJL^IcK E ]LiaiWEUI Wi�U^I HU ]LJ aEFFH F [ GLVJ�^EU GHzHEM JU GFFJ a^E HUE KGIL^aE WE ILGUF^I^JU
A

�
IEMME zHE

ai,j
FJ^I MG ]LJPGP^M^Ii WE ]GFFEL WH UJEHW

i
GH UJEHW

j
B {UE IEMME LE]LiFEUIGI^JU ]ELK EI WE aGMaH MEL

A
�
A2 �BBB�Ak B DG K GIL^aE

Ak WJUUE MEF ]LJPGP^M^IiF W xGIIE^UWLE HU FJKKEI
i
� ]GLI^L W xHU FJKKEI

j
G]L\F

k
ILGUF^I^JUF B DEF ]LJPGP^M^IiF £ Æ �Ã¦¦Æ��¢£� F^ EMMEF Ef ^FIEUI � FJUI Wi�U^EF aJKKE MEF ]LJPGP^M^IiF M^K ^IEF EU

acGaHU WEF ]J^UIF EI FJUI WJUUiEF ]GL ME �EaIEHL
π

IEM zHE �

A.π = π��� ������ ���� ��� ������������ ������� � � �  �¡ ¢ �
m

��£��� ¤ ¥¦�¥��� � ��� §������¡��¨ ��
1/m

�  £��� ���¨� �

C�



Jà ∑n
i=1 π(i) = 1

B k^
d(i)

EFI ME WEbLi WH UJEHW
i
� JU �iL^�E GMJLF zHE

π(i) =
d(i)

2e
Jà

2e
EFI ME UJKPLE WE aJH]MEF

(i, j) ∈ E
B DE FmFI\K E ]LiaiWEUI GWK EI HUE FJMHI^JU HU^zHE � EI aEIIE Ef]LEFF^JU

EFI HUE FJMHI^JU B �JHF GWK EIIJUF ^a^ ME LiFHMIGI pJUWGK EUIGM WEF acG�UEF WE [ GLVJ� KJUILGUI M xHU^a^Ii WE
πF^ MG acG�UE EFI ^LLiWHaI^P ME QME bLG]cE

G
EFI aJUUEfES � �U ^E EI G] iL^JW^zHE B

~ �Õ.5/51. r Ö áÃ� 
t(i, j)

¨ Ý¢£Ù ¡�Æ¦ª¢ Ä� ¦ÃÂ ��¢ Ä¢  �Æ¦£� �Ã¦£ Ù Ã�� Æ¨ ¨¢� Ä¢
i © j

¢ 
T (i)

ª¢¨ ¨¢ Ä� ¦ÃÂ ��¢
Ä¢  �Æ¦£� �Ã¦£ Ù Ã�� Û� Ý�¦ ªñ ¢Â �¦ Ù Æ�ªÃ��¢  Ã�£ ¨¢£ ¦Ã¢�Ä£ ¢¦ Ù Æ� Æ¦  Ä¢

i ß
�JHF GWK EIIJUF HU GHILE LiFHMIGI ^K]JLIGUI �

T (i)
EFI M x^U�ELFE WE MG ]LJPGP^M^Ii FIGI^JUUG^LE

π(i)
EI

WJUa
T (i) =

2e

d(i)
}JHL HUE GL�IE

a
� FJ ^I

f(a)
ME UJKPLE WE ]GFFGbEF ]GL

a
W xHUE K GLacE GMiGIJ^LE EI

IE(f(a))
M xEF] iLGUaE WE

aEIIE pJUaI^JU GMiGIJ^LE � a xEFIj�jW^LE ME UJKPLE KJmEU WE ]GFFGbEF EU
a
B DE WELU^EL LiFHMIGI zHE UJHF HI^M^FJUF

EFI �

IE(f(a)) =
1

2enEIIE EF] iLGUaE EFI GHFF^ G]]EMiE ¨Æ ò �¡Û�¢¦ª¢ £ Æ �Ã¦¦Æ��¢ Ä Ý�¦¢ Æ�ª ¢ EI EFI ^UWi] EUWGUIE WE M xGL�IE
aJUF^WiLiE B
89;;? ,Ö á�

i
¢ 

j
£Ã¦  Ä¢�Þ £ÃÂÂ ¢ £ ÆÄ« Æª¢¦ £ Ä¢

GÚ Æ¨Ã�£
t(i, j) + t(j, i) ≤ 2e ß

~ �; 1.:/0?/51. ] ¬�
i
üÿ

j
���ÿ �ü� ���� üÿ� ý�� �ÿ�ý ��ü� � t(i, j) + t(j, i) � �ü �����ü ���ü� �ü ÿ�ý���ÿ ���� ���� � þ�

	ý���þ�� �ü
i ®ü�� j

üÿ �üÿ�þ� ü�ÿ ¯
ý� °
2e

���� � ü�	 ¯�ý��ü
IE(f(a)) = E

�þ �����ü � ý		ý��ÿ ���� �ü �ûý±þü ý�²ÿü
a
�

³ü ��ü��� ü�ÿ �ý �²� ü 	�þ� ÿ�þÿü� �ü� ý�²ÿü� � ý	�´� �ý �ü� ý�±þü 	�¯�¯�ü�ÿü � µ���
t(i, j) + t(j, i) = 2e.E

� ³�����¯����
� ý�²ÿü

a = (i, j)
� ¶ ü�	 ¯�ý��ü �þ �����ü � ý		ý��ÿ ���� �ü �üÿÿü ý�²ÿü � ��ÿ¯ü Ea � ü�ÿ ���¯��üþ�ü �þ ¯
ý �ü °

1 � �ý� �ü
�����üþ· ý ��ü���üÿ�þ�� � ü�	�þ�ÿü�ÿ 	ý� �üÿÿü ý�²ÿü � µ ý�� �ü �ý� �¸ � �� ���ÿ ü�	�þ�ÿü� � ý�²ÿü

a � �� ��ÿ ±þü
a

ü�ÿ
þ� ��ÿû� ü � üÿ Ea = 1

� ¹ ÿ ����
t(i, j) + t(j, i) ≤ 2e

�
|U ]EHI GMJLF WiWH^LE WH MEKKE ]LiaiWEUI zHE F^

d(i, j)
EFI MG W^FIGUaE EUILE

i
EI

j
� a xEFIj�jW^LE ME UJKPLE

W xGL�IEF W xHU ]MHF aJHLI acEK ^U EUILE
i
EI

j
�

t(i, j) + t(j, i) ≤ 2e.d(i, j)

89;;? 7 Ö
T (i) ≤ 2e.(n − 1) ß

~ �; 1.:/0?/51. ] ¬��ÿ
H

þ� ý���ü �ü��þ®�ý�ÿ 	�þ� �ü 
�ý	ûü
G
� º�þ� ü·	���ü� ÿ�þ� �ü� ��üþ�� ° 	ý�ÿ �� � þ�

��üþ�
s
üÿ �ü®ü��� ü�

s
�� �ýþÿ ÿ�ý®ü��ü� �ûý±þü ý�²ÿü �ü

H
�ý�� �ü� �üþ· �ü�� �

T (i) ≤
∑

(j,j′)∈H

(t(ij , ij′) + t(ij′ , ij))

µ ý	�´� �ü �ü�� ü 	�¯�¯�ü�ÿ 

T (i) ≤ 2e.(n − 1)

|U ]EHI LEK GLzHEL GMJLF zHE
e < n2 EI WJUa

T (i) < 2.n3 B

CC



7 Ö6 Ör tXX01» 5; ?/51.
oE UJKPLEHf ]LJP M\KEF iaJUJK ^zHEF ] EH�EUI �ILE W^� a^MEF F^ M xJU LEacELacE HUE FJMHI^JU EfGaIE � K G^F P EGHj
aJH] ]MHF pGa^MEF F^ M xJU LEacELacE HUE FJMHI^JU G]]LJ aciE B

nJUF^WiLJUF MG ]LJbLGKKGI^JU M^UiG^LE � aJKKE HU EfEK]ME W xJ]I^K ^FGI^JU B |U FJHcG^IE ILJH�EL HUE
FJMHI^JU

x
� ^ BE B HU �EaIEHL ]JF^I^p WE W^K EUF^JU

n
� zH^ K Gf^K ^FE

ct.x
IEMF zHE

A.x ≤ b
B

óôõö÷øõ ù
•

µ ý�� �ü �ý� �¸ �ü�
xi

���ÿ �ýÿ ����ü �� �þ �¯ü �� � � ý �
���ÿû� ü �þ ¬��	�ü· � ����ü þ�ü ���þÿ ��� � ³ü	 ü��ý�ÿ �ü¬��	�ü· 	 üþÿ ²ÿ�ü ü·	��ü�ÿ �ü � ü� ÿü�	� � üÿ �� �þ¼ ÿ ý ���� �ü 	 ü�ÿþ�� ü� ý �¯ýÿ���ü� ü�ÿ �ý � ýÿ���ü ½ 	�þ� ��ÿü���
ÿ�´� �ý	��ü� ü�ÿ þ�ü ���þÿ ��� 	���ûü �ü � �	ÿ ��þ� �

•
µ ý�� �ü �ý� �¸ �ü�

xi

���ÿ ü�ÿ �ü�� �þ ����¯ü�� ¾
0
�þ

1¿ � �� � ü�ÿ 	ý� 	������ü � ý		��·�� ü� ü¼�ý�ü� ü�ÿ �ý ���þÿ ���
�	ÿ �� ý �ü �

{U GMbJL^IcK E G]]LJ acE �
ε

]L\F HU ]LJPM\K E W xJ]I^K ^FGI^JU F x^M aGMaHME ]JHL IJHIE EUILiE
x

HUE FJMHI^JU
y

IEMME zHE �

| val(y) − opt(x) |

Max{opt(x), val(y)}
≤ ε

V al(y) = ct.y
WGUF ME aGF WE MG ]LJbLGKKGI^JU M^UiG^LE EI

opt(x)
EFI MG �GMEHL WE MG FJMHI^JU J]I^K GME B

{U ]LJPM\K E W xJ]I^K ^FGI^JU EFI
ε
jG]]LJf ^K GPME F x^M Ef ^FIE

ε < 1
EI HU GMbJL^IcKE ]JMmUJK ^GM zH^ M xG]]LJ acE

�
ε

]L\F B
oGUF ME aGF W xHU ]LJPM\K E WE K Gf^K ^FGI^JU � MG KGLbE W xELLEHL EUILE

A(x)
EI

opt(x)
EFI ^UpiL^EHLE �

ε.opt(x)
EI

A(x) ≥ (1 − ε).opt(x)
� aJKKE ME WiaL^I MG �bHLE a^jWEFFJHF B

Opt(x)

A(x)
Marge

d’erreur

À®®¯¹µ °Q ³·°¹± ¸ Á´± ®¯¹Â ¶ÃQ ¬ ¸¬ Q ³µ °Q °³·°¹± º
DG Wi�U^I^JU W xG]]LJf ^K GI^JU ]EHI �ILE biUiLGM^FiE EU aJUF^WiLGUI WEF

ε
zH^ Wi] EUWEUI WE

n
� ]GL EfEK]ME

ε(n) = log n
B

CA



Ä Å '�¾¿* �*¿Á)�'((*¿
{U WEF KJW\MEF WE WJUUiEF MEF ]MHF ^K]JLIGUIF EFI ME Â ÃÄÅ¨¢ �¢¨Æ �Ã¦¦¢¨ Jà MEF WJUUiEF FJUI LE]LiFEUIiEF
]GL WEF IGP MEF B {UE IGPME EFI aJUFI^IHiE WE ] MHF^EHLF aJMJUUEF G]]EMiEF Æ  ���� £ EI WE M^bUEF G]]EMiEF
¢¦�¢© �£ �¢Â ¢¦ £ JH  �Ù ¨¢£B

{UE �¢Û�ª ¢ EFI HUE pJUaI^JU zH^ GFFJ a^E � HU EUFEKPME WE IGPMEF HUE UJH�EMME IGP ME B n xEFI MG LE]LiFEUIGj
I^JU K GIciK GI^zHE W xHUE zHEFI^JU ]JFiE � HUE PGFE WE WJUUiE B

DG Wi�U^I^JU WEF W^�iLEUIEF IGPMEF aJUFI^IHE ME á ªñ ¡Â ÆB }JHL aJUaE�J^L HU FaciK G � ^M EFI HI^ME W x^FJ MEL
WEF EUI^IiF EI WEF LEMGI^JUF EUILE EUI^IiF B {UE EUI^Ii WiaL^I HU JP� EI KHU^ W xGIIL^PHIF B

E ÈÉ ÆÇÏ KÏÈÉF ËÓÍÏ KÐÇÌ
DG aJUaE]I^JU W xHU FaciK G EFI pGa^M^IiE ]GL HU Ä�Æ© �ÆÂÂ ¢ Ê ¦ � ¡îË ¢¨Æ �Ã¦£� zH^ WiaL^I WE KGU^\LE bLG]c^zHE
WEF EUI^IiF KHU^EF W xGIIL^PHIF EI WEF LEMGI^JUF EUILE EUI^IiF B |U W^FI^UbHE �

•
MEF EUI^IiF WGUF WEF LEaIGUbMEF �

•
MEF GIIL^PHIF WEF EUI^IiF WGUF WEF aELaMEF �

•
MEF LEMGI^JUF WGUF WEF MJFGUbEF B

Supplier

Add.Name

Product

Item Price

Buy

Date
O± ¸°³Ì¯³QQ ¬ Í±·°·Î Ï ¬¶³·°¹± º

E ÈÇ ÐÑÒÈÑÍ ÒËÓÍÏ KÐÇÇËÓ
kJ^I

U = (D,R1, ..., Rk, c1, ..., cm)
HUE FILHaIHLE LEMGI^JUUEMME � Jà �

• D
EFI M xHU^JU WE W^�iLEUIF WJK G^UEF ⋃

i Di
B ncGzHE

Di
]EHI �ILE HU WJK G^UE �

n
iMiK EUIF EI JU iaL^I

Di = {a1, ...an}
� JH HU EUFEKPME aJKKE MEF EUI^ELF

N
JH MEF LiEMF

R
B

•
acGzHE

Ri
]JHL

i = 1, ...k
EFI HUE LEMGI^JU W xGL^IE

ri
FHL

D
� ^ BE B

Ri ⊆ Dri
B oGUF ME aGF Jà

ri = 1
� JU

]GLME WE LEMGI^JU HUG^LE
Ri ⊆ D

� EI Jà
ri = 2

� JU ]GLME WE LEMGI^JU P^UG^LE
Ri ⊆ D2 �

•
acGzHE

cj
]JHL

j = 1, ...m
EFI HU iMiK EUI W^FI^UbHi B

ncGzHE LEMGI^JU ]EHI �ILE aJUF^WiLiE aJKKE HUE IGPME G�Ea HU UJKPLE WE aJMJUUEF ibGM � M xGL^Ii WE MG
LEMGI^JU B {U Æ  ����  EFI ME UJK W xHUE aJMJUUE WJUI MEF �GMEHLF FJUI WGUF HU WJK G^UE

Di
B DG £�©¦Æ ��¢ WE MG

FILHaIHLE EFI MG FizHEUaE
r1, ..., rk,m

G^UF^ zHE M x^UpJLK GI^JU F] ia^�GUI ME WJK G^UE WE acGzHE GIIL^PHI Wi�U^I
ME FaciK G B

kJ^I Ó M xEUFEKPME WE IJHIEF MEF FILHaIHLEF
U

B
hfEK]ME W xHU K GH�G^F FaciK G �

Suppliers(Sname, Saddress, Item,Price)
B

CY



kUGKE kGWWLEFF wIEK }L^aE
wq[ �E�jÔJLV }n C���
wq[ �E�jÔJLV [G^UpLGK E C ��� ���
wq[ �E�jÔJLV kEL�^aE C�� ���
[ ^aLJFJpI kEGIIME � ^UWJ� F C��
[ ^aLJFJpI kEGIIME |� aE C��

kH]]JFJUF zHE aELIG^U F IH]MEF FJ^EUI KJW^�iF � E�GaiF JH ^UFiLiF B |U JPFEL�ELG GMJLF WEF ]LJPM\K EF WE �

•
ZEWJUWGUaE

•
wUaJUF^FIGUaE

•
OUJKGM^EF ^U FELI^JU�h�GaEK EUI

oEF EfEK]MEF WE LEzH�IEF FJUI �
•

lHEMME EFI M xGWLEFFE W xwq[ V
•

hFIjaE zHE [ ^aLJFJpI EFI HU pJHLU^FFEHLV
•

lHEM EFI ME ]LJ WH^I ME ]MHF �EUWHV
•

lHEM FJUI MEF ]LJWH^IF EI MEHL pJHLU ^FFEHL WEF ]LJWH^IF MEF ]MHF �EUWHF EU A��� V
hfEK]ME W xHU PJU FaciKG �

Sa(Sname, Saddress)
�

Sip(Sname, Item,Price)
B ncGzHE LEMGI^JU WiaL^I

MEF EUI^IiF B }GL aJUILE � aELIG^UEF LEzH�IEF ] EH�EUI UiaEFF^IEL ]MHF WE aGMaH MF B

E ÈE åÓÕIæÒË ÒËÓÍÏ KÐÇÇËÓÓË ËÏ ÊÍÇÕÍÕË ÐÖÊ
nJUF^WiLJUF MEF J]iLGIEHLF FH^�GUIF � a xEFIj�jW^LE WEF pJUaI^JUF zH^ ]LEUUEUI WEF LEMGI^JUF aJKKE GLbHK EUIF
EI Wi�U^FFEUI HUE UJH�EMME LEMGI^JU B

•
{U^JU �

S ∪ R
� zH^ Wi�U^I M xEUFEKPME WEF IH]MEF WE

R
EI WE

S
�

•
o^�iLEUaE �

S − R
� zH^ Wi�U^I M xEU FEKPME WEF IH]MEF WE

S
zH^ UE FJUI ]GF WGUF

R
�

•
}LJWH^I aGLIiF^EU �

S × R
zH^ Wi�U^I M xEUFEKPME WEF ]G^LEF

(si, tj)
Jà

si ∈ S
EI

tj ∈ R
�

•
}LJ� EaI^JU �

πA1,...Ak
(R)

zH^ Wi�U^I MG ]LJ� EaI^JU WEF IH]MEF WE
R

FHL MEF GIIL^PHIF
A1, ...Ak

�

•
kiMEaI^JU �

σΘ(A1,...Ak)(R)
zH^ Wi�U^I MG FiMEaI^JU WEF IH]MEF WE

R
FHL MG aJUW^I^JU

Θ(A1, ...Ak)
� aJK]Jj

F^I^JU PJJMiEUUE WE pJLKHMEF GIJK ^zHEF FHL MEF GIIL^PHIF
A1, ...Ak

B
{U GHILE J] iLGIEHL EFI MG

Θ
j� J^UIHLE �

RΘS
EI MG � J^UIHLE F^K]ME

RS
B oGUF ME aGF WE MG � J^UIHLE F^K]ME �

JU ]LEUW ME ]LJWH^I aGLIiF^EU � ]H^F M xibGM^Ii WEF GIIL^PHIF aJKKHUF EI EU�U MG FiMEaI^JU ]JHL iM^K ^UEL MEF
aJMJUUEF ^WEUI^zHEF B
~ �Õ.5/51. @ Ö Ô ÝÆ¨© Å��¢ �¢¨Æ �Ã¦¦¢¨ ¨¢ ¢£  ¨ Ý¢¦£¢Â �¨¢ Ä¢£ ¢ÞÙ �¢££�Ã¦£ Ã� ¢¦�¢£ Ù Æ� ªÃÂÙÃ£� �Ã¦ Ä¢£ ÃÙ ¡�Æ ¢��£
Ä Ý�¦�Ã¦Ú Ä¢ Ä�× ¡�¢¦ª¢ Ú Ä¢ Ù �ÃÄ�� Ú Ä¢ Ù �Ã« ¢ª �Ã¦ ¢  Ä¢ £¡¨¢ª �Ã¦ ß

{UE pJLKHME MJb^zHE FHL HU FaciKG EFI aJK]JFiE WE �

•
WE pJLKHMEF GIJK ^zHEF

R(x1, ..., xk)
�
xi = xj

�
xi = a

� EI
xi ≤ a

�

•
WE pJLKHMEF

¬ψ(x)
�
ψ1(x) ∨ ψ2(x)

�
ψ1(x) ∧ ψ2(x)

�

•
WE pJLKHME

∃yψ(x, y)
� EI

∀yψ(x, y)
�

~ �Õ.5/51. � Ö ×¦¢ ò Ã�Â�¨¢ Ä� Ø¢� Ã�Ä�¢ £�� �¦ £ªñ ¡Â Æ ¢£  ¨Æ ªÃÂÙÃ£� �Ã¦ Ä¢ ò Ã�Â�¨¢£ Æ ÃÂ �Û�¢£ © ¨ ÝÆ�Ä¢
Ä¢£ ÃÙ ¡�Æ ¢��£ �ÃÃ¨¡¢¦£ ¢  Ä¢£ Û�Æ¦ �Ø ªÆ ¢��£ ß
ÙW�10<; 9 ,Ö ×¦¢ �¢Û�ª ¢ ¢£  Ä¡Ø ¦�££Æ�¨¢ Ù Æ� �¦¢ ¢ÞÙ �¢££�Ã¦ Ä¢ ¨ ÝÆ¨© Å��¢ �¦�[¢�£¢¨ ¨¢ ££� ¢¨ ¨¢ ¢£  Ä¡Ø ¦�££Æ�¨¢
Ù Æ� �¦¢ ò Ã�Â�¨¢ Ä� Ø¢� Ã�Ä�¢ß
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6 Ö6 Ö, kÚ./?»9 kÛ8
DE MGUbGbE klD ]ELKEI ILJ^F Im] EF W xJ]iLGI^JUF �

•
[GU^]HMGI^JU WE IGPMEF � aLiGI^JU � E�GaEK EUI � K JW^�aGI^JU �

•
RLGUFGaI^JUF � ^UFELI^JU � E�GaEK EUI � K JW^�aGI^JUF WE IH]MEF �

•
ZEzH�IEF � aLiGI^JU WE UJH�EMMEF IGP MEF JH WE �HEF B

kÚ./?»9 23 k\8\YÙ 9. kÛ8 D xEf]LEFF^JU FIGUWGLW EFI �

Select A,B from R where conditions

hfEK]MEF �

•
kEMEaI kGWWLEFF pLJK kH]]M^ELF �cELE kUGK EÜ xwq[ x Ý

•
kEMEaI kUGK E pLJK kH]]M^ELF �cELE kUGK EÜ x[ ^aLJFJpI x Ý

•
kEMEaI wIEK � kUGK E pLJK kH]]M^ELF �cELE WGIEÜ xA��� x Ý EU FH]]JFGUI HU UJH�EM GIIL^PHI WGIE
FHL ME FaciK G ]LiaiWEUI B

Y1009:X 1.2?.49: 9./09 Þ10;3=9 =1�5Z39 ß 9»X09::51. kÛ8 9/ ?=�<M09 09=?/51..9==9

• ∃x, z, t Suppliers(x, y, z, t) ∧ x =′ IBM ′;
kEMEaI kGWWLEFF pLJK kH]]M^ELF �cELE kUGK EÜ xwq[ x

Ý
πSadress(σSname=′IBM ′)

B

• ∃y, z, t Suppliers(x, y, z, t) ∧ x =′ Microsoft′;
kEMEaI kUGK E pLJK kH]]M^ELF �cELE

kUGK EÜ x[ ^aLJFJpI x Ý
πSname(σSname=′IBM ′)

B

• ∃x, y, t, d Suppliers(x, y, z, t, d)∧d =′ 2000′;
kEMEaI wIEK � kUGKE pLJK kH]]M^ELF �cELE WGIEÜ xA��� x

Ý
πItem,Sname(σdate=′2000′)

B

E Èà áÐÇÑËJÏ KÐÇ HË ÐÑÒÈÑÍÌ
6 Ör Ö, ~�X 9.2?.49: Þ1.4/51..9==9:
{UE Wi]EUWGUaE pJUaI^JUUEMME EUILE HU EUFEKPME W xGIIL^PHIF

{A1, ..., An}
EI HU GIIL^PHI

B
^UW^zHE zHE F^ MEF

�GMEHLF WEF GIL^PHIF
A1A2, ...An

FJUI �fiEF � GMJLF MG �GMEHL WE
B

EFI �fiE B |U iaL^I �

A1A2, ...An → B

nELIG^UEF Wi] EUWGUaEF pJUaI^JUUEMMEF ^K]M^zHEUI W xGHILEF Wi] EUWGUaEF � ]GL EfEK]ME
A → B

EI
B → C^K]M^zHEUI

A → C
B k^

F
EFI HU EUFEKPME WE Wi] EUWGUaEF �

F+ EFI M xEUFEKPMEF WEF aJUFizHEUaEF MJb^zHEF B

~ �Õ.5/51. v Ö áÃ� 
R(A1, A2, ...An)

�¦¢ �¢¨Æ �Ã¦ ¢ 
F

�¦ ¢¦£¢Â �¨¢ Ä¢ Ä¡Ù ¢¦ÄÆ¦ª¢£ ò Ã¦ ª �Ã¦ ¢¨ ¨¢£ ß ×¦ £Ã�£
¢¦£¢Â �¨¢

X
Ä¢

A1, A2, ...An
¢£  �¦¢ ª¨¡ £� ª Ý¢£  ¨¢ Ù ¨�£ Ù ¢ �  ¢¦£¢Â �¨¢  ¢¨ Û�¢

X− > A1, A2, ..., An
¢£  ÄÆ¦£

F+ ß
6 Ör Ö7 ~�41; X1:5/51. 9. :4W�;?: 09=?/51..9=:
wM Ef ^FIE WE UJKPLEHFEF WiaJK]JF^I^JUF ]JFF^P MEF EI ^M EFI ^K]JLIGUI WE aJK]LEUWLE MEF G�GUIGbEF EI ^UaJUj
�iU ^EUIF WE acGzHE WiaJK]JF^I^JU B

CN



~�41; X1:5/51. :?.: X 90/9 2 >5. Þ10;?/51. Ö kJ^I
r

EFI HUE ^UFIGUaE WE

Suppliers(Sname, Saddress, Item,Price)

rSA(r)
EI

rSIP (r)
MEF ^UFIGUaEF ]LJ� EaI^JU WE

r
B O MJLF

r = join(rSA(r), rSIP )
B k^ WEHf LEMGI^JUF

rSA
EI

rSIP
FJUI WJUUiEF � GMJLF F^

s = (rSA(r), rSIP )
� MG WiaJK]JF^I^JU EFI EFI FGUF ] ELIE F^

s = r
B k^UJU JU UE

]EHI ]GF LEILJH�EL L WE K GU^\LE HU ^zHE B

u0�:90â?/51. 29: 2�X 9.2?.49: Þ1.4/51..9==9: Ö k^
F

EFI M xEU FEKPMEF WEF Wi] EUWGUaEF pJUaI^JUUEMMEF �
GMJLF

pSA(F )
EFI M xEUFEKPME WEF Wi] EUWGUaEF aJUaELUGUI MEF GIIL^PHIF k EI O B DG WiaJK]JF^I^JU ]LiFEL�E MEF

Wi]EUWGUaEF pJUaI^JUUEMMEF F^ M xHU ^JU WEF
pSA(F )

]JHL IJHIEF MEF ]LJ� EaI^JUF ^K]M^zHE MJb^zHEK EUI
F

B
hfEK]ME � n^Im QnS � kILEEI QkS � ã ^] Qã S B oi]EUWGUaEF FJUI �

CS− > Z
EI

Z− > C
BDEF aMiF FJUI

{C,S}EI
{Z, S}

B oiaJK]JF^I^JU EU kã EI nã EFI FGUF ] ELIE K G^F UE ]LiFEL�E ]GF MG Wi] EUWGUaE
CS− > Z

B

k ã
G P
G P x

n ã
a P
a P x

DG � J^UIHLE UE LEF] EaIE ]GF MG Wi] EUWGUaE pJUaI^JUUEMME
CS− > Z

B

n k ã
a G P
a G P x

E Èä åÐÒÑËÌ ÇÐÒÑÍÓËÌ
DEF pJLK EF UJLK GMEF aGLGaIiL^FEUI MEF PJUF FaciK GF LEMGI^JUUEMF � WH ]J^UI WE �HE WEF Wi] EUWGUaEF pJUaI^JUj
UEMMEF B

6 Ö@ Ö, æ1Ú49�Y122
k^

X− > A
EFI HUE Wi] EUWGUaE pJUaI^JUUEMME WE

R
� O U xiIGUI ]GF WGUF � � GMJLF

X
aJUI^EUI HUE aMi B DE

FaciK G
(CSZ,CS− > Z

EI
Z− > C

S U xEFI ]GF EU pJLK E UJLK GME WE qJmaEjnJWW B hU E�EI ã UE aJUI^EUI ]GF
WE aMi ç
6 Ö@ Ö7 6<; 9 Þ10; 9 .10; ?=9
{U GIIL^PHI EFI ]LEK ^EL F x^M G]]GLI^EUI � HUE aMi B oGUF M xEfEK]ME � IJHF MEF GII^PHIF FJUI ]LEK ^ELF B {U FaciKG
EFI EU Y\K E pJLK E UJLK GME F^ ] JHL IJHIE Wi] EUWGUaE pJUaI^JUUEMME

X− > A
� O U xiIGUI ]GF WGUF

X
� GMJLF

X
aJUI^EUI HUE aMi JH O EFI ]LEK ^EL B k^ ME FaciK G UE FGI^FpG^I ]GF aEIIE pJLK E UJLK GME � GMJLF FJ^I �

•
� EFI HU FJHFjEUFEKPME FIL^aI W xHUE aMi QWi] EUWGUaE ]GLI^EMMES JH

•
� HU FJHFjEUFEKPME FIL^aI W xGHaHUE aMi QWi] EUWGUaE ILGUF^I^�ES B

CT



è Å '�¾¿* é¼êë
DE KJW\ME |DO} ]ELK EI WE Li]JUWLE � WEF zHEFI^JUF WE bEFI^JUUG^LEF EI W xiaJUJK ^FIEF � ] JHL GUGMmFEL WEF
WJUUiEF B }GL EfEK]ME �

•
lHEMF FJUI MEF ]LJWH^IF MEF ]MHF �EUWHF EU A��NV

•
lHEMF FJUI MEF K GbGF^UF EI MEF ]LJWH^IF MEF ]MHF �EUWHF EUILE A��e EI A��N EU hHLJ]EV

nEF LEzH�IEF biUiLGM^FEUI ME ìZ|{} qÔ WE klD KG^F EU M x^UIibLGUI � ]MHF^EHLF GIIL^PHIF B DEF LEzH�IEF
|DO} iIEUWEUI klD WGUF aE FEUF B DE Im] E WE zHEFI^JU ]JFiE FJHFjEUIEUW WEF PGFEF WE WJUUiEF P EGHaJH]
]MHF pLGUWEF zH^ LGFFEKPMEUI ]MHF^EHLF PGFEF WE WJUUiEF B kE ]JFE GMJLF M x^UIibLGI^JU WE aEF WJUUiEF � GH FE^U
W xHUE K �KE FILHaIHLE B

D x^UIibLGI^JU WE WJUUiEF EFI HU ]LJP M\KE ]MHF �GFIE zH^ aJUaELUE MEF iaJUJK ^FIEF B nJKKEUI EU E�EI
]GFFEL WE M xGUGMmFE WE WJUUiEF LiGM^FiE � ]GLI^L W xHUE FJHLaE aJKKE M xw�khh JH M xhHLJFIGI � HUE GUGMmFE
aJUaELUGUI IJHIEF MEF FJHLaEF WH �EP FHL HU K�KE FH� EIV
à ÈÉ íÇÏÈÕÒÍÏ KÐÇ HËÌ KÇîÐÒÑÍÏ KÐÇÌ
DE PEFJ^U � aJMMEaIEL WEF ^UpJLK GI^JUF � ]GLI^L WEF ] MHF^EHLF FJHLaEF WGUF ME PHI W xEf]MJ^IEL MEHL FmUIc\FE B

DE ]LJPM\K E � MEF FJHLaEF ] EH�EUI �ILE GHIJUJK EF EI ciIiLJb\UEF GHIJL^FGI^JUF UiaEFFG^LEF ]JHL
M xEfILGaI^JU HI^M^FGI^JU WE ] MHF^EHLF MGUbGbEF ]JHL MG Wi�U^I^JU WE M x^UpJLK GI^JU � EfILG^LE B

DG FJMHI^JU � HI^M^FEL HU FaciK G piWiLGIEHL � G�Ea JH FGUF WJUUiEF � zHE MEF HI^M^FGIEHLF KGU^]HMEUI aJKKE
F x^M F xGb^FFG^I W xHUE PGFE WE WJUUiEF cGP^IHEMME B

•
G�Ea WJUUiEF aJHLGUIEF ]LJ�EUGUI W xHUE FEHME FJHLaE Q�HEF K GIiL^GM^FiEFS JH WE ]MHF^EHLF FJHLaEF GHj
IJUJK EF EI i�EUIHEMMEK EUI ciIiLJb\UEF QPGFE WE WJUUiEF ^UIibLiES

•
PEFJ^U W xJHI^MF ] JHL MG aJUaE]I^JU WH FaciK G � ILGUFpJLK GI^JU�acGLbEKEUI WE WJUUiEF EI ]LJ]GbGI^JU
WE acGUbEK EUIF

•
G�Ea WJUUiEF c^FIJL^zHEF QEUILE]yI WE WJUUiEF � WJUUiEF EU G�GUaES � a xEFI UJILE aGF

•
PEFJ^U W xJHI^MF ] JHL MG aJUaE]I^JU WH FaciK G � ILGUFpJLKGI^JU�acGLbEK EUI WE WJUUiEF � ]LJ]GbGI^JU WE
acGUbEK EUIF EI LGpLG�ac^FFEK EUI ] iL^JW^zHE

•
FGUF WJUUiEF � GH FE^U W xHUE FEH ME FJHLaE Q�HEF �^LIHEMMEFS JH M^i � ]MHF^EHLF FJHLaEF GHIJUJK EF EI
i�EUIHEMMEK EUI ciIiLJb\UEF QKiW^GIEHLF � WJUUiEF � MG WEKGUWES

•
PEFJ^U W xJHI^MF ] JHL MG LiaL^IHLE�i�GMHGI^JU WEF LEzH�IEF EI MG pHF^JU WEF LiFH MIGIF WGUF IJHF MEF aGF �
M xGaa\F GHf WJUUiEF FE pG^I ]LEFzHE EfaMHF^�EK EUI EU MEaIHLE

à ÈÇ áÐÇÌÏ KÏÎÏ KÐÇ H ïÎÇ ËÇÏÒËJðÏ HË HÐÇÇÈËÌ
OLac^IEaIHLE � ILJ^F U^�EGHf � FJHLaEF j EUILE]yI j WGIG K GLI B {U WGIG K GLI EFI HU x] EI^I x EUILE]yI JL^EUIi
FH� EI � WJUI MEF WJUUiEF FJUI WiL^�iEF WE M xEUILE]yI B

hfILGaI^JU � RLGUFpJLK GI^JU � ncGLbEK EUI WE WJUUiEF FJUI LiGM^FiF � M xG^WE W xJHI^MF hRD B
} LJ]L^iIiF W xHU hfILGaIEHL �

•
ILGWHaI^JU �ELF ME MGUbGbE FJHLaE � i�GMHGI^JU � ILGWHaI^JU �ELF ME MGUbGbE WE M xEUILE]yI

•
WiIEaI^JU WE acGUbEKEUIF GHf FJHLaEF

} LJ]L^iIiF W xHU wUIibLGIEHL �

CX



•
LiaJUa^M^GI^JU �aJLLEaI^JU W xELLEHLF�� MILGbE�EFIGK]^MMGbE ]JHL aJUpJLK EL GH FaciK G WE M xEUILE]yI �

•
acGLbEKEUI WE WJUUiEF � LGpLG�ac^FFEK EUI �

à ÈE áÍÒÍÑÏÈÒ KÌÏ KñÎËÌ JÒ KÇÑKJÍÓËÌ HËÌ ËÇÏÒËJðÏÌ HË HÐÇÇÈËÌ
{U EUILE]yI WE WJUUiEF EFI M xEUWLJ^I Jà MEF WJUUiEF ^UIibLiEF FJUI FIJ aViEF EI Ef]MJ^IiEF � M xG^WE W xHU FmFI\K E
WE bEFI^JU WE PGFEF WE WJUUiEF B }GL aJUFizHEUI � HU EUILE]yI WE WJUUiEF EFI G�GUI IJHI HUE PGFE WE WJUUiEF �
K �K E F^ MEF aGLGaIiL^FI^zHEF FH^�GUIEF ME W^FI^UbHEUI aMG^LEK EUI WEF PGFEF WE WJUUiEF ILGUFGaI^JUUEMMEF
cGP^IHEMMEF B

{I^M^FGI^JU � MEF HI^M^FGIEHLF ]L^Ua^]GHf FJUI MEF Wia^WEHLF WE M xEUILE]L^FE zH ^ JUI P EFJ^U WEF FaciK GF
pGa^MEF G M^LE Q]GF WE FaciK GF UJLK GM^FiFS Q FaciK G W^K EUF^JUUEM S B

[ JWE W xGaa\F � FJH�EUI � ILG�ELF HU WGIG K GLI � EU MEaIHLE HU^zHEK EUI B nELIG^UF ^UWEf zH^ UE FJUI ]GF
E� aGaEF ]JHL ME ILGUFGaI^JUUEM ME WE�^EUUEUI ]JHL MEF EUILE]yIF B

òJMHK E � WE M xJLWLE WE IELG J aIEIF W xJà HU PEFJ^U W xGMbJL^IcK EF E� aGaEF ]JHL ME acGLbEK EUI WE WJUUiEF
EI M xi�GMHGI^JU WEF LEzH�IEF B

[ G^UIEUGUaE � MEF K ^FEF � � JHL FJUI ]LJ]GbiEF WEF FJHLaEF �ELF M xEUILE]yI �
j ^KKiW^GIEK EUI JH ]iL^JW^zHEKEUI QFH^�GUI MG UGIHLE WE M xG]]M^aGI^JU S
j ]GL LEaJUFILHaI^JU JH WE K GU^\LE ^UaLiK EUIGME B
ZGpLG�ac^FFEKEUI �MEF WJUUiEF zH ^ WE�^EUUEUI xJPFJM\IEF x FJUI FH]]L^K iEF B
[ EIGWJUUiEF � DEF KiIGWJUUiEF W xHU EUILE]yI FJUI ]MH F aJK]MEfEF EI ]MH F �JMHK ^UEHFEF zHE aEMMEF W xHUE

PGFE WE WJUUiEF ILGUFGaI^JUUEMME � EI FJUI FJH�EUI biLiEF EU WEcJLF WE M xEUILE]yI B

à Èà ó Ï KÓKÌÍÏ KÐÇ H ïÎÇ ËÇÏÒËJðÏ HË HÐÇÇÈËÌ
|DO} � |UM^UE OUGMmI^a }LJ aEFF^Ub ] ELK EI WE Wi�U^L WEF LEzH�IEF EI W xE�EaIHEL LiFHK iF�GbLibGI^JUF FEMJU
]MHF^EHLF aL^I\LEF EI FHL ]MHF^EHLF W^K EUF^JUF � EI WE biUiLEL WEF LG]]JLIF B

hfILGaI^JU WE aJUUG^FFGUaEF � ]GLI^L WE WJUUiEF Q`JH^MME WE WJUUiEF � xo GIG [ ^U^Ub xS EFI HUE GHILE G]]M^j
aGI^JU B

à Èä åÓÕIæÒË îÐÇÑÏ KÐÇÇËÓÓË
ZG]]EMJUF W xGPJLW zH xHUE pJUaI^JU EFI WiF^bUiE ]GL p � �

→
Ô � Jà p EFI ME UJK WE MG pJUaI^JU � � FJU EUFEKPME

WE Wi]GLI EI Ô FJU EUFEKPME W xGLL^�iE B �JHF UJIELJUF WEp Qp S M xEUFEKPME WEF iMiK EUIF WE � ]JHL MEFzHEMF p EFI
Wi�U^E EI LGUbE Qp S M xEUFEKPME WEF �GMEHLF ]L^FEF ]GL p B {UE pJUaI^JU p EFI G]]EMiE �

•
pJUaI^JU IJIGME QJH G]]M^aGI^JU S F^ WEp Qp SÜ � QF^UJU � p EFI G]]EMiE pJUaI^JU ]GLI^EMME S

•
pJUaI^JU ^U� EaI^�E QJH ^U� EaI^JU S F^

x 6= x′ ^K ]M^zHE
f(x) 6= f(x′)

� ] JHL IJHF f �f x WGUF WEp Qp S

•
pJUaI^JU FHL� EaI^�E QJH FHL� EaI^JU S F^ LGUbE Qp SÜ Ô

•
pJUaI^JU P^� EaI^�E F^ EMME EFI � MG pJ^F ^U� EaI^�E EI FHL� EaI^�E B

oGUF MG FH ^IE � UJHF UJHF ^UIiLEFFELJUF HU^zHEK EUI GHf pJUaI^JUF IJIGMEF �
EI M xGMb\PLE pJUaI^JUUEMME WJUI UJHF GHLJUF P EFJ^U aJK]JLIELG zHGILE J] iLGI^JUF �

C_



•
nJK]JF^I^JU � ]LEUW EU GLbHK EUI WEHf pJUaI^JUF � p EI b � IEMMEF zHE LGUbE Qp S

⊆
WEp Qb S � EI LEU�J^E

HUE pJUaI^JU bJp � WEp Qp S
→

LGUbE QbS Wi�U^E ]GL bJp Qf SÜ b Qp Qf SS � f QWEp Qp S

•
nJH]MGbE � ]LEUW EU GLbHK EUI WEHf pJUaI^JUF � p EI b � IEMMEF zHE WEp Qp SÜWEp Qb S � EI LEU�J^E HUE pJUaI^JU
p
∧
b � WEp Qp S

→
LGUbE Qp S QLGUbE QbS Wi�U^E ]GL

f(g(x) =< f(x), g(x) >
� f

∈
WEp Qp S

•
}LJ� EaI^JU � M xJ] iLGI^JU cGP^IHEMME FHL ME ]LJWH^I WE WEHf JH ]MHF^EHLF EUFEKPMEF

•
ZEFIL^aI^JU � ]LEUW EU GLbHK EUI HUE pJUaI^JU p � �

→
Ô EI HU EUFEKPME h

⊆
WEp Qp S � EI LEU�J^E HUE

pJUaI^JU p�h � h
→

Ô Wi�U^E ]GL p�h Qf SÜ p Qf S ]JHL IJHI f WGUF h
}LJ]L^iIiF WEF ^U�ELFEF B ZG]]EMJUF W xGPJLW zHE M x^U�ELFE QJH Lia^]LJzHES W xHUE pJUaI^JU p � �

→
Ô �

UJIi
f−1 � EFI Wi�U^E aJKKE FH ^I �

f−1(y) = {x/f(x) = y}
Ý MG pJUaI^JU ^U�ELFE GFFJ a^E acGzHE iMiKEUI

m WE LGUbE Qp S � M xEUFEKPME WEF iMiK EUIF f WE WEp Qp S GmGUI m aJKKE ^K GbE QEI WJUa acGzHE iMiKEUI m
U xG]]GLIEUGUI ]GF G LGUbE Qp S � M xEUFEKPME �^WES B

òJ^a^ zHEMzHEF ]LJ]L^iIiF WEF ^U�ELFEF �
aJK]JF^I^JU �

(gof)−1(z) = {f−1(y)/y ∈ g−1(z)
� ] JHL IJHI �

∈
LGUbE QbJp S �

aJH] MGbE �
(f)−1((y, z)) = f−1(y) ∩ g−1(z)

�
LEFIL^aI^JU �

(f/E)−1(y) = E−1(y)
� ] JHL IJHI m

∈
LGUbE Qp�h S �

à Èô ÆõJÒËÌÌKÐÇÌ HË ÑÒËÑ KÇ ËÏ ÓÍÇÕÍÕË öÊå÷
{U FaciKG W^KEUF^JUUEM GHFF^ G]]EMi á ªñ ¡Â Æ Ê  Ã�¨¢ EFI HU bLG]cE aJUUEfE � JL^EUIi � GamaM^zHE � iI^zHEIi IEM
zHE � HUE FEHME LGa^UE � G]]EMi M xJL^b ^UE EI UJIiE | B ncGzHE UJEHW G HUE iI^zHEIIE QW^K EUF^JU S EI acGzHE
GL�IE Q¤\acES G HUE iI^zHEIIE B RJHIEF MEF ¤\acEF JUI WEF iI^zHEIIEF W^FI^UaIEF B DEF ¤\acEF WE FJHLaE | FJUI
W xHU WE WEHf Im]EF � W^K EUF^JU JH KEFHLE B

RELK ^UJMJb^E � MG UJIGI^JU p � �
→

Ô ^UW^zHELG HUE ¤\acE G�Ea iI^zHEIIE p � FJHLaE � EI a^P ME Ô WGUF ME
FaciK G Ý WE K �KE � JU ]GLMELG WE MG FJHLaE EI WE MG a^PME W xHU acEK ^U WGUF ME FaciK G B

•
ncGzHE FJKKEI GHILE zHE M xJL^b ^UE EFI G]]EMi GIIL^PHI �

•
MEF �GMEHLF WH WJKG^UE WE | FJUI G]]EMiEF WEF JP� EIF �

•
MG W^FI^UaI^JU EUILE W^KEUF^JUF EI K EFHLEF EFI pG^IE ]GL ME aJUaE]IEHL B

•
RJHI FaciKG W^K EUF^JUUEM WJ^I aJUIEU^L GH KJ^UF HUE KEFHLE B {U ªñ ¢Â �¦ Ä�Â ¢¦£�Ã¦¦¢¨ EFI HU
acEK ^U WE FJHLaE | �U^FFGUI ]GL HUE W^K EUF^JU B RJHI GIIL^PHI W xHU IEM acEK ^U EFI G]]EMi HU U^�EGH
W xGbLibGI^JU B

•
{U ªñ ¢Â �¦ Ä¢ Â ¢£��¢ � IJHI acEK ^U WE FJHLaE | �U^FGUI ]GL HUE K EFHLE

•
RJHI GIIL^PHI W xHU IEM acEK ^U EFI G]]EMi HU U^�EGH WE KEFHLE B

Cd



æ ?:9 29 21..�9: 25; 9.:51..9==9 øM22 ù hIGUI WJUUi HU FaciKG W^K EUF^JUUEM k � HUE PWW FHL k EFI
HUE pJUaI^JU

δ
zH^ GFFJ a^E acGzHE FJKKEI O WE k � HU FJHFjEUFEKPME �U^

δ(A)
WH WJK G^UE WE O � acGzHE

GHILE ¤\acE p � �
→

Ô WE k � HUE pJUaI^JU IJIGME
δ(f) : δ(X)→δ(Y )

IEMME zHE �
•

MEF pJUaI^JUF W xHUE PWW ]EH�EUI �ILE WJUUiEF WE K GU^\LE Ef]M^a^IE JH ^K]M^a^IE
•

WGUF MG FH^IE � UJHF JK EIILJUF ME FmKPJME Q� ME aJUIEfIE ^UW^zHGUI F x^M F xGb^I W xHUE ¤\acE JH W xHUE pJUaI^JU
•

ME pG^I zHE MEF pJUaI^JUF W xHUE PWW FJ^EUI IJIGMEF EUILG�UE MG aJUILG^UIE FH^�GUIE �
aJUILG^UIE LipiLEUI^EMME � LGUbE Qp S

⊆
WEp QbS ]JHL IJHIEF pJUaI^JUF p � �

→
Ô EI b � Ô

→
ã

•
ME ]GFFGbE � HU U^�EGH FH]iL^EHL ^UWH^I HU LEbLJH]EKEUI JH NGbLibGI^JU N GH U^�EGH ^UpiL^EHL

\»X09::51. 29 4W9; 5. hIGUI WJUUi HU FaciK G W^K EUF^JUUEM k � HUE ¢ÞÙ �¢££�Ã¦ Ä¢ ªñ ¢Â �¦ FHL k EFI HUE
Ef]LEFF^JU P^EU pJLK iE WJUI MEF J] iLGUWEF FJUI WEF ¤\acEF WE k EI WJUI MEF J] iLGIEHLF FJUI aEHf WE M xGMb\PLE
pJUaI^JUUEMME B

{UE ¢ÞÙ �¢££�Ã¦ Ä�Â ¢¦£�Ã¦¦¢¨ ¨¢ £�� á � IJHIE Ef]LEFF^JU WE acEK ^U aJUFI^IHiE HU^zHEK EUI WE ¤\acEF
�bHLGUI FHL WEF acEK ^UF W^K EUF^JUUEMF B {UE ¢ÞÙ �¢££�Ã¦ Ä¢ Â ¢£��¢ £�� á � IJHIE Ef]LEFF^JU WE acEK ^U
aJUFI^IHiE HU^zHEK EUI WE ¤\acEF �bHLGUI FHL HU acEK ^U WE K EFHLE B

{UE ¡[Æ¨�Æ �Ã¦ W xHUE Ef]LEFF^JU WE acEK ^U E ]GL LG]]JLI G HUE PGFE QP WWS
δ

FHL k � FE pG^I EU LEK]MGúGUI
acGzHE ¤\acE p �bHLGUI WGUF E ]GL MG pJUaI^JU

δ(f)
zH^ MH^ EFI GFFJ a^iE ]GL

δ
� EI EU E�EaIHGUI MEF J] iLGI^JUF

WE M xGMb\PLE pJUaI^JUUEMME B DE LiFH MIGI iIGUI IJH�JHLF HUE pJUaI^JU � ]GL ]LJ]L^iIi WE pELK EIHLE � aJKKE EU
LEMGI^JUUEM B

{UE [�¢ £�� á � FaciK G W^K EUF^JUUEM k x WJUI acGzHE FJKKEI EFI HU FJKKEI WE k EI WJUa acGzHE ¤\acE
EFI HUE Ef]LEFF^JU WE acEK ^U FHL k B {U ÄÆ Æ Â Æ�  EFI Wi�U^ aJKKE HUE �HE FHL k � ]JH�GUI �ILE �^LIHEMME JH
K GIiL^GM^FiE FH^�GUI MEF P EFJ^UF WE M xG]]M^aGI^JU B

U 9Z3û/9 s8tu hIGUI WJUUi HU FaciKG W^K EUF^JUUEM k � HU x|DO} }GIIELU x FHL k EFI HU aJH]ME
P = (u, v)

� Jà H EFI HUE Ef]LEFF^JU W^KEUF^JUUEMME � � HUE Ef]LEFF^JU WE K EFHLE EI FJHLaE QH SÜ FJHLaE Q� SÜ
| B DG a^PME WE H EFI G]]EMiE ME U^�EGH W xGbLibGI^JU WE } EI MG a^PME WE � ME U^�EGH WE K EFHLE WE }B

�JIJUF zHE � F^ H aJK]JLIE WEF aJH]MGbEF � GMJLF O ]EHI �ILE ME ]LJ WH^I WE ]MHF^EHLF GIIL^PHIF � a xEFIj�jW^LE �
ME U^�EGH W xGbLibGI^JU ]EHI �ILE aJK]JFi WE ] MHF^EHLF GHILEF U ^�EGHf xF^K]MEF x QEI WE K �KE ]JHL [ SB

{UE LEzH�IE |DO} FHL k EFI GMJLF HU aJH]ME lÜ ü}� J]ý � Jà } EFI HU |DO} ]GIIELU EI J] EFI HUE
J]iLGI^JU G]]M^aGP ME FHL ME WJK G^UE WH U^�EGH WE K EFHLE WE }B k^ O EFI ME U ^�EGH W xGbLibGI^JU WE } EI [
FJU U^�EGH WE K EFHLE � GMJLF MG Li]JUFE � l ]GL LG]]JLI � HUE PGFE

δ
FHL k EFI Wi�U^E aJKKE HUE pJUaI^JU

ans
zH^ GFFJ a^E � acGzHE iMiK EUI

a
WE

A
HU EUFEKPME WE K EFHLEF

op(MA)
Jà

Ma
EFI M xEUFEKPME WEF KEFHLEF

GFFJ a^iF GHf JP� EIF GmGUI aJKKE �GMEHL
a

FHL MEF GIIL^PHIF
A

B
nE aGMaHM EFI GFFE� aJK]MEfE EI FH^I ] MHF^EHLF ]LJ aiWHLEF zH^ FEMJU M xGMb\PLE pJUaI^JUUEMME B

\»9; X =9 s8tu nJUF^WiLJUF HU EUILE]yI zH^ LEbLJH]E IJHIEF pGaIHLEF EK ^FEF ]GL HUE acG^UE WE KGbGF^U B
DE FaciK G ]JHLLG^I �ILE Wi�U^ ]GL M xGLPLE FH^�GUI �

|U ]EHI GUGMmFEL ME UJKPLE WE �EUIEF ]GL bGKKE WE ]LJWH^IF EI ]GL �^MME B DEF W^K EUF^JUF WE aEIIE
LEzH�IE FJUI ìGKKE �ò ^MME B |U ]EHI Ef]L^K EL aEIIE LEzH�IE ]GL MEF acEK ^UF �

f2of1
]JHL ìGKKE EI

h2oh1]JHL ò ^MME B DG KEFHLE EFI òEUIEF EI M xJ] iLGIEHL EFI MG FJKKE B
|U ]EHI GHFF^ WJUUEL WEF aJUW^I^JUF WE FiMEaI^JU � ]GL EfEK]ME OUUiEÜA��e � Zib^JUÜhHLJ]E B
D xJHI^M [ JUWL^GU QcII] ���WH]A BWmUWUF BJLb �_�_��KJUWL^GU� S ] ELK EI WE WiaL^LE WEF LEzH�IEF |DO} EU

]LJ aiWGUI aJKKE FH^I �

A�



Objets

Produit

Gamme

Magasin

Ville

Client

Age

Date

Année

Mois

ventes

Profession

f1

f2

h1

h2

i1

i2 i3

j1

j2

j3

m

`^bHLE N � {U FaciK G hIJ^ME B

•
ncJ^f WEF aJUW^I^JUF � JH WH �MILE �

•
ncJ^f WEF W^K EUF^JUF �

•
ncJ^f WEF KEFHLEF B

|U G� acE GMJLF HU IGPMEGH JLWJUUi FEMJU MEF �GMEHLF WEF GIIL^PHIF B oGUF ME aGF WE M xGUGMmFE ìGKKE �
ò ^MME � Jà ìGKKE G MEF �GMEHLF QO �q �nS EI ò ^MME MEF �GMEHLF Q�Ô � }GL^F � qELM^U S JU GHLG ]GL EfEK]ME HU IGPMEGH �

ZiFHMIGI R �
A,NY, 100
A,Paris, 200
A,Berlin, 300
B,NY, 100
B,Paris, 400
B,Berlin, 500
C,NY, 10
C,Paris, 200
C,Berlin, 30

{UE LE]LiFEUIGI^JU bLG]c^zHE ]GL c^FIJbLGKKE EFI GHFF^ pJHLU^E B

\»904549 {U W^FIL^PHIEHL QbLJFF^FIES G]]LJ�^F^JUUE ]MHF^EHLF K GbGF^UF EU ]LJWH^IF � EU E�EaIHGUI GH ]MHF
HUE M^�LG^FJU ]GL � JHL EI ]GL K GbGF^U B DEF ^UpJLK GI^JUF zH^ �bHLEUI FHL acGzHE PJU WE M^�LG^FJU FJUI MEF
FH^�GUIEF � ME UHK iLJ WH PJU WE M^�LG^FJU � MG WGIE WE M^�LG^FJU � MG LipiLEUaE WH K GbGF^U � EI ]JHL acGzHE Im] E
WE ]LJ WH^I M^�Li FG LipiLEUaE EI MG zHGUI^Ii M^�LiE QME UJKPLE W xGLI^aMEFS B nEF ^UpJLK GI^JUF FJUI FIJ aViEF acE�
ME W^FIL^PHIEHL � EI GaaHKHMiEF ] EUWGUI WEF MJUbHEF ] iL^JWEF G�U WE MEF GUGMmFEL ]JHL GK iM^JLEL ME FEL�^aE WE
W^FIL^PHI^JU B

DEF GUGMmFEF FE pJUI FH^�GUI ]MH F^EHLF GfEF � EI � ]MHF^EHLF U^�EGHf � EU GUGMmFGUI MEF K JH�EK EUIF WEF
]LJWH^IF ]GL � JHL EI ]GL KJ^F � ]GL �^MME EI ]GL Lib^JU � ]GL pJHLU^FFEHL EI ]GL aGIibJL^E WE ]LJWH^I B

A C



|U FH]]JFELG zH xHU pJHLU^FFEHL ] EHI pJHLU^L GH W^FIL^PHIEHL WEF ]LJWH^IF WGUF ]MHF^EHLF aGIibJL^EF EI
zH xHUE aGIibJL^E WE ]LJWH^I ]EHI �ILE pJHLU^E ]GL ]MHF^EHLF pJHLU^FFEHLF B

�JIG � kJH�EUI � MG LipiLEUaE WH KGbGF^U aJUI^EUI M x^UpJLK GI^JU FHL MG �^MME EI MG Lib^JU Jà FE ILJH�E ME K Gj
bGF^U � EI WE K �KE � MG LipiLEUaE WH ]LJWH^I aJUI^EUI M x^UpJLKGI^JU FHL ME pJHLU^FFEHL EI MG aGIibJL^E WH ]LJWH^I B

C� kE aJU�G^UaLE zHE ME FaciKG W^K EUF^JUUEM k �H EU aJHLF Q�J^L �bHLE AS aJU�^EUI aJKKE ^UIELpGaE ]JHL
MEF GUGMmFIEF B

A� }JHL acGaHUE WEF Ef]LEFF^JUF WE acEK ^U FH^�GUIEF FHL k � W^LE F^ EMME EFI P^EU pJLK iE QJU W^I GHFF^ P ^EU
Im] iES �

EI F^ JH^ � WJUUEL MG FJHLaE � MG a^PME � EI ME LiFHMIGI WE FJU i�GMHGI^JU FHL MG PGFE W^KEUF^JUUEMME �
E CÜ

f ∧ g ∧ h

EAÜ
g1o(g))

EYÜ
(g1og)

EeÜ
(g1og) ∧ (f1of) ∧ (ho(h12))

Y� oi�U^L EI i�GMHEL MEF LEzH�IEF |DO} FH^�GUIEF Q]JHL ME FaciK G WE MG �bHLE A EI MG PGFE WE MG IGPME CS
�

l C � DEF IJIGHf WE zHGUI^IiF M^�LiEF ]GL Im] E WE ]LJWH^I
lA � DEF IJIGHf WE zHGUI^IiF M^�LiEF ]GL aGIibJL^E
lY � DEF K ^U^K GHf WE zHGUI^IiF M^�LiEF ]GL �^MME
le � DEF KJmEUUEF WE zHGUI^IiF M^�LiEF ]GL �^MME EI Im] E WE ]LJWH^I
lN � DEF IJIGHf WE zHGUI^IiF M^�LiEF ]GL aGIibJL^E EI �^MME
lT � DEF K Gf^KGHf WE zHGUI^IiF M^�LiEF ]GL WGIE EI aGIibJL^E
lX � DEF IJIGHf WE zHGUI^IiF M^�LiEF ]GL Lib^JU EI ]GL KJ^F
l_ � DEF IJIGHf WE zHGUI^IiF M^�LiEF ]GL pJHLU ^FFEHL � K GbGF^U EI KJ^F
ld � DG FJKKE WE IJHIEF MEF zHGUI^IiF M^�LiEF
e� oi�U^L ME FaciK G W xHU WGIG K GLI ] ELK EIIGUI WEF GUGMmFEF K EUFHEMMEF ]GL �^MME EI aGIibJL^E WE ]LJWH^IF �
EI aJUaELUGUI HU^zHEK EUI MEF �^MMEF WE }GL^F EI WE DmJU B oGUF ME aJUIEfIE WE aE WGIG K GLI � Wi�U^L MG

LEzH�IE FH^�GUIE
EI WJUUEL FG ILGWHaI^JU EU HUE LEzH�IE FHL M xEUILE]yI B
l C� � DEF IJIGHf WE zHGUI^IiF M^�LiF ]GL aGIibJL^E WE ]LJWH^IF � ] EUWGUI ME ]LEK ^EL IL^K EFILE

AA



þ ÿ Á)Á�Å �( �(�
DE IELK E oGIGj[ ^U ^Ub EFI HI^M^Fi WGUF WE UJKPLEHf aJUIEfIEF G�Ea HU FEUF W^�iLEUI B oGUF FJU ^UIEL]LiIGI^JU
MG ]MH F F^K]ME � ^M F xGb^I WE ILJH�EL HUE pJUaI^JU

f
FHL MG PGFE W xiacGUI^MMJU F WE �GMEHLF

xi, yi = f(xi)
B

nJUF^WiLJUF MEF EfEK]MEF FH^�GUIF �
• f

EFI HUE pJUaI^JU PJJMiEUUE �
{0, 1}n → {0, 1}

B
• f

EFI HUE pJUaI^JU WE
D2 → {0, 1}

Jà
D = [1, ...N ]

EFI HU FEbK EUI LiEM B
• f

EFI HUE pJUaI^JU WE
Σ∗ → {0, 1}

Jà
Σ

EFI HU GM]cGPEI �U ^ B
• f

EFI HUE pJUaI^JU WE
D1 × D2 × ...Dk → {0, 1}

Jà acGzHE
Di

EFI HU WJK G^UE W^FaLEI WE �GMEHLF B

a b

c

d

b

b

d

a

b

a b

c

d d

b

a

b b c d

a b d

a

(a) (b) (c)

`^bHLE T � OU HULGUVEW ILEE � aJWEW GF G P^UGLm ILEE GUW GF GU EfIEUWEW P^UGLm ILEE B

nEF EfEK]MEF FJUI LE]LiFEUIGI^pF WE ]LJP M\KEF IciJL^zHEF EI ]LGI^zHEF ^K]JLIGUIF B
•

oGUF ME ]LEK ^EL aGF � JU ]EHI ^K Gb^UEL HU a^LaH ^I PJJMiEU aJK]JFi WE ]JLIEF MJb^zHEF zH^ ]LEUW
n

P^IF
EU EUILiE EI pJHLU^I HUE FJLI^E

y
WE C P^I B k^ M xJU aJUF^W\LE ME a^LaH ^I

C
aJKKE HUE PJ^IE UJ^LE � JU

acELacELG GMJLF � aJUUG^ILE
f

� ]GLI^L WE K EFHLEF B {UE K EFHLE EFI M xJPFEL�GI^JU W xHU
xi ∈�� �C�n EI WE

MG �GMEHL WE FJLI^E
yi

B

x1 x3x2

et ou

et

x1 x2 x3

yy

O± ²°¯²´ °· ¸Î²¯°�³±· ¶³ �¹±²·°¹±
f = (x1 ∧ x2) ∧ (x2 ∨ x3)

¬· ´± ²°¯²´°· ¸Î²¯°�³±· ´±¬ �¹±²·°¹± °±²¹±±´¬ º

•
k^

f
EFI HUE pJUaI^JU WE

D2 → {0, 1}
Jà

D = [1, ...N ]
EFI HU FEbK EUI LiEM � GMJLF

f
WiaL^I HUE �bHLE

biJK iIL^zHE WGUF M xEF]GaE � WEHf W^K EUF^JUF B |U ]EHI acELacEL � aJUUG^ILE aEIIE �bHLE FHL MG PGFE
W xiacGUI^MMJU F B

N

N

N

N

AY



O±¬ �¹±²·°¹±
f : D2 → {0, 1}

¹�
D = [1, ...N ]

¬· ´± ¬ÌQ ¬±· ¯Î¬¶ ¬· ´±¬ �¹±²·°¹±
g
°±²¹±±´¬ ¸¹±· ¹± ±¬ ²¹±±³°· �´¬ ¸¬

Î²P³±·°¶¶¹± º

•
k^

f
EFI HUE pJUaI^JU WE

Σ∗ → {0, 1}
Jà

Σ
EFI HU GM]cGPEI �U^ � GMJLF

f
WiaL^I HU MGUbGbE � ^ BE B

L = {x ∈
Σ∗, f(x) = 1} ⊆ Σ∗ B

0 1

1a b

0

1

00011001011
A

O±¬ �¹±²·°¹±
f : D2 → {0, 1}

¹�
D = [1, ...N ]

¬· ´± ¬ÌQ ¬±· ¯Î¬¶ ¬· ´±¬ �¹±²·°¹±
g
°±²¹±±´¬ ¸¹±· ¹± ±¬ ²¹±±³°· �´¬ ¸¬

Î²P³±·°¶¶¹± º

•
k^

f
EFI HUE pJUaI^JU WE

D1 ×D2 × ...Dk → {0, 1}
Jà acGzHE

Di
EFI HU WJK G^UE W^FaLEI WE �GMEHLF � JU

]EHI ^K Gb^UEL
f

aJKKE HUE IGPME �

o
1

o
2

BBB o
k

òGM
G P BB c C
G P x BB c x �
G P� BB c x C

}GL aJUILE � JU ]EHI GHFF^ ^K Gb^UEL MEF M^bUEF WE MG IGPME aJKKE WEF iacGUI^MMJUF W xHUE pJUaI^JU
f^UaJUUHE zHE M xJU acELacE � G]]LEUWLE B

{UE aGLGaIiL^FI^zHE biUiLGME EFI zHE M xJU �G ]LJ]JFEL HUE pJUaI^JU
g

G]]LJf ^K GI^�EKEUI ]LJ acE WE
f

FHL
MG PGFE W xiacGUI^MMJUF B {UE zHEFI^JU pJUWGK EUIGME EFI WE ILJH�EL MG PJUUE W^FIGUaE EUILE WEHf pJUaI^JUF B
DG W^FIGUaE FEKPME GFFE� UGIHLEMME WGUF ME aGF WE M xEfEK]ME biJK iIL^zHE Jà JU W^LG zHE

f
EFI

ε
]LJ acE WE

g
F^ IJHI ]J^UI

x
IEM zHE

f(x) = 1
EFI � W^FIGUaE EHaM^W^EUUE ^UpiL^EHLE �

ε.N
WE

x′ IEM zHE
g(x′) = 1

EI
FmK iIL^zHEKEUI F^ IJHI ]J^UI

x
IEM zHE

g(x) = 1
EFI � W^FIGUaE EHaM^W^EUUE ^UpiL^EHLE �

ε.N
WE

x′′ IEM zHE
f(x′′) = 1

B
k^ JU I^LE

M
iacGUI^MMJUF

xi
GH cGFGLW IEMF zHE

f(xi) = 1
EI IEMF zHE

f(xi) = 0
FJ^EUI JPIEUHF G�Ea HUE

]LJPGP^M^Ii aJUFIGUIE � GMJLF aELIG^UEF �bHLEF biJK iIL^zHEF ]EH�EUI �ILE G]]L^FEF IL\F E� aGaEKEUI B

N

N

N

N

	 °
f : D2 → {0, 1}

¬· ´± ¯¬²·³±Ì ¶¬ 
 ³¶¹¯ ¶³ �¹±²·°¹±
g
¸Î�±°¬ ®³¯ ¶¬ ®¹°±· ¬µ·¯�Q ¬ ¬¯³ ´±¬ Â¹±±¬ ³®®¯¹µ °Q ³·°¹± ¸¬

f
º

o GUF ME aGF W xHU MGUbGbE LibHM^EL � MG W^FIGUaE EUILE WEHf KJIF ] EHI �ILE MG W^FIGUaE W xhW^I^JUF G�Ea
Wi]MGaEK EUIF B oGUF aE aGF IJHI MGUbGbE LibHM^EL EFI pGa^MEK EUI G]]LEUGPME B

oGUF MG FH^IE � JU aJUF^W\LE HU IGP MEGH zH^ ] EHI �ILE HU EUILE]yI WE WJUUiEF � aJKKE JU M xG �H WGUF ME
KJW\ME |DO}B |U acELacE GMJLF � ]LiW^LE MG �GMEHL W xHU acGK]F G]]EMi ROZìhR � � ]GLI^L W xHUE ]cGFE
W xG]]LEUI^FFGbE EI WJUa � G]]LEUWLE MG pJUaI^JU

f
FHL MG PGFE W xiacGUI^MMJUF B |U ]JHLLG GMJLF ]LiW^LE MG

�GMEHL WE aE acGK]F � aJUUG^FFGUI MEF �GMEHLF WEF GHILEF acGK]F B nEIIE ]LJ aiWHLE EFI MG PGFE WH oGIGj[ ^U ^Ub
EI FJU HI^M^FGI^JU EFI GH aJEHL WH ¥ �£�¦ ¢££ §¦ ¢¨ ¨�© ¢¦ª¢B

Ae



ä ÈÉ åÒæÒËÌ HË HÈÑKÌKÐÇ
{U GLPLE WE Wia^F^JU EFI HUE LE]LiFEUIGI^JU FHaa^UaIE W xHUE pJUaI^JU B oGUF ME aGF W xHUE pJUaI^JU PJJMiEUUE �
JU ^K Gb^UE HU GLPLE WJUI MEF UJ EHWF FJUI MEF �GL^GPMEF EI WJUI MEF GL�IEF LE]LiFEUIEUI MEF �GMEHLF WEF �GL^GPMEF B

oEHf UJEHWF IELK ^UGHf aJLLEF]JUWEUI GHf �GMEHLF WE MG pJUaI^JU B D xGLPLE WE Wia^F^JU EFI WiIELK ^Ui ]GL
M xJLWLE WEF �GL^GP MEF B

01

x1=0

x2=1
x2=0

x1=1

01

x1

x2

x2

x2=1 x2=0

x1

x1=1
x1=0

x3=0x3=1

x3

 ¬´µ ³¯Â¯¬ ¸¬ ¸Î²°°¹± ®¹´¯ ¶³ �¹±²·°¹±
f = (x1 ∧ x2) ∧ (x2 ∨ x3)


 ¬¶¹± ¸¬´µ ¹¯¸¯¬ ¸°�Î¯¬±· �
x1, x2, x3

¬·
x2, x1, x3

º
o GUF ME aGF W xHUE IGP ME

T
G�Ea MEF GIIL^PHIF

A,B,C
� FH]]JFJUF zHE MG Y\K E aJMJUUE FJ^I MG �GMEHL WE MG

pJUaI^JU B |U ]EHI WJUa LE]LiFEUIEL MG IGPME FH ^�GUIE ]GL ]MHF^EHLF GLPLEF ]JFF^PMEF �
O q n
G C P C
G C PP C
GA P �
GA PP �

A=a1 A=a2

1 0

A=a1

1 0

A=a2

B=b B=bb

A=a1

A=a2

 ¬´µ ³¯Â¯¬ ¸¬ ¸Î²°°¹± ®¹´¯ ¶³ �¹±²·°¹±
f
¸Î�±°¬ ®³¯ ¶³ ·³Â ¶¬ ®¯Î²Î¸¬±·¬ º

DG LiGM^Ii W xHU EUILE]yI WE WJUUiEF EFI zHE MEF iacGUI^MMJUF FJUI PLH^IiF � a xEFIj�jW^LE zHE M xJU ] EHI G�J^L
� MG pJ ^F

(a1, b, 1)
EI

(a1, b, 0)
B o xGHILE ]GLI ME WJKG^UE WE aELIG^UF GIIL^PHIF ] EHI �ILE aJUI^UH EI UJU ]MHF

W^FaLEI EI MG �GMEHL WE MG pJUaI^JU
f

EFI aJUI^UHE EI UJU ]MHF
0

JH
1
B wM F xGb^I WJUa WE ILJH�EL HU GLPLE WE

Wia^F^JU zH^ �G G]]LJf^K EL HUE pJUaI^JU ^UaJUUHE WJUI JU JPFEL�E WEF iacGUI^MMJUF PLH^IiF B

~ �Õ.5/51. � Ö ×¦ Æ���¢ Ä¢ Ä¡ª�£�Ã¦ Æ££Ãª�¡ © �¦¢  Æ�¨¢
R
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T
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¨¢£ [Æ¨¢��£ Ä¢ ¨Æ ò Ã¦ ª �Ã¦ Ã� Ù Æ� �¦ £ëÂ �Ã¨¢ �¦Ä¡ ¢�Â �¦¡ß

|U FJHcG^IE Wi�U^L ]Lia^FiK EUI zHGUW HU GLPLE WE Wia^F^JU G]]LJf ^K E HUE IGPME
R

B

@ Ö, Ö, k�=94/51. X?0; 5 =9: t//05M3/: 2?.: 3. ?0M09 29 2�45:51.
wM EFI ^K]JLIGUI W xJPIEU^L IL\F LG] ^WEK EUI HU GLPLE zH^ FJ^I HUE PJUUE G]]LJf ^K GI^JU B {U GMbJL^IcKE
FIGUWGLW QwoYS ^K]MiK EUIi WGUF IJHF MEF JHI^MF WE qHF^UEFF wUIEMM^bEUaE ]LJ a\WE ]GL FiMEaI^JU W xGIIL^PHIF
FEMJU ME ìG^U W xwUpJLK GI^JU WE acGzHE GIIL^PHI B

D xEUILJ]^E
Ent(S) = −

∑
i pi log pi

W xHUE W^FIL^PHI^JU K EFHLE ME WEbLi W x^UaELI^IHWE B DE K ^U^KHK
0

EFI
GIIE^UI ]JHL HUE W^FIL^PHI^JU WE o^LGa � ]JHL MGzHEMME MG F^IHGI^JU EFI aELIG^UE B {UE �GMEHL

pi = 1
EI MEF GHILEF

pj = 0
]JHL

j
B DE K Gf^KHK

log n
EFI GIIE^UI ]JHL MG W^FIL^PHI^JU HU^pJLK Jà acGzHE

pi = 1/n
B

AN



kJ^I
S

MG W^FIL^PHI^JU WE MG IGPME
T

]LiaiWEUIE � aJLLEF]JUWGUI GH �ac^EL IEFI BIfI a^jWEFFJHF � a xEFIj�jW^LE
MG W^FIL^PHI^JU Jà HU IH]ME EFI I^Li GH cGFGLW FEMJU MG W^FIL^PHI^JU HU^pJLK E B oGUF aE aGF � ^M m G e IH]MEF EI
acGaHU EFI I^Li G�Ea MG ]LJPGP^M^Ii

pi = 1
4

B
5 � D =� =B
9 , =� =, �
9 , =�� =, �
9� =� =. �
9� =�� =.. �

DG kJHLaE
S

GFFJ a^iE � aEIIE IGPME biU\LE HU IH]ME GMiGIJ^LEK EUI EI Li�\ME MG �GMEHL
C

� FJ ^I
1
� FJ^I

0
B DE

UJKPLE W xEULEb^FILEK EUIF Jà
C = 1

EFI A EI ME UJKPLE W xEULEb^FILEK EUIF Jà
C = 0

EFI ibGMEK EUI A B |U G
WJUa WEHf JPFEL�GI^JUF � acGaHUE G�Ea ]LJPGP^M^Ii 1

2

B
Ent(S) = −

∑
i pi log pi =

∑
i

1
2 log 2 = log 2

B
kJ^I

Sa1
MG W^FIL^PHI^JU FEMJU

A = a1
� a xEFIj�jW^LE MEF EULEb^FILEK EUIF Jà MG �GMEHL WE

A
EFI

a1
B

DE �Æ�¦ Ä Ý§¦ò Ã�Â Æ �Ã¦� GHFF^ G]]EMi ìG^U W xhUILJ]^E � EFI HUE KEFHLE WE M x^UpJLK GI^JU W xHU GIIL^PHI ]JHL
MG FJHLaE

S
B

Gain(S,A) = Ent(S) −
∑

ν∈A

|Sν |

|S|
.Ent(Sν)

|U FJHFILG^I �
Ent(S)

� M xhUILJ] ^E aJUW^I^JUUEMME
Ent(S|A) =

∑
ν∈A

|Sν |
|S| .Ent(Sν)

B
o GUF M xEfEK]ME ]LiaiWEUI � ^M m G WEHf �GMEHLF ]JFF^PMEF ]JHL M xGIIL^PHI

A
� FJ^I

A = a1
� FJ^I

A = a2
B

Ent(Sa1) = 0
aGL MG FJHLaE �GHI C G�Ea ]LJPGP^M^Ii C EI

Ent(Sa2) = 0
aGL MG FJHLaE �GHI � G�Ea ]LJPGP^M^Ii

CB oGUF MEF WEHf aGF MG FJHLaE EFI aELIG^UE � aGL
A → C

� ^M Ef^FIE HUE Wi] EUWGUaE pJUaI^JUUEMME EUILE
A

EI
C

B
|U G WJUa

Ent(S|A) = log 2
B

k^K ^MG^LEK EUI
Gain(S,B) = Ent(S) −

∑
ν∈B

|Sν |
|S|

EI
Ent(Sb) = Ent(Sbb) = log 2

aGL acGzHE FJHLaE
]LEUW MG �GMEHL C JH � G�Ea ]LJPGP^M^Ii 1

2

B |U G GHFF^ |Sb|
|S| = |Sbb|

|S| = 1
2

EI
Ent(S|B) =

∑
ν∈B

|Sν |
|S| . log 2 =

1
2 log 2 + 1

2 log 2 = log 2
EI �UGMEK EUI

Gain(S,B) = Ent(S) − Ent(S|B) = log 2 − log 2 = 0

D xGMbJL^IcK E woY aGMaH ME ]JHL acGzHE UJEHW ME bG^U ]JHL acGzHE GIIL^PHI
Ai

B o GUF aEI EfEK]ME � JU
acJ^F^I

A
zH^ K Gf^K ^FE ME bG^U EI JU WiaJK]JFE ME UJEHW G�Ea GHIGUI WE � MF zHE WE �GMEHLF WE

A
B o xGHILEF

aL^I\LEF ] EH�EUI �ILE acJ^F^F � ME �ÆÙÙ Ã�  Ä¢ © Æ�¦ zH^ aJK]EUFE ME bG^U ]JHL IEU^L aJK]IE WH UJKPLE WE �GMEHLF �
ME ªÃ¢� ª�¢¦  Ä¢ ��¦ � JH ME aJE� a^EUI WH

χ2 B

A=a1 A=a2

1 0

A=a1

1 0

A=a2

B=b B=bb

A=a1

A=a2

 ¬´µ ³¯Â¯¬ ¸¬ ¸Î²°°¹± ¹Â·¬±´ ®¹´¯ ¶¬ � ²P °¬¯ ·¬· º·µ· º
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oGUF HU aGF LiEM � JU ] EHI ^K Gb^UEL Y� GIIL^PHIF � WEF �GMEHLF a^PMEF W^FaL\IEF � ]GL EfEK]ME

10, 20, 50, 100
GH M^EH

WE � EI C EI
106 IH] MEF B |U LEacELacE GMJLF HU GLPLE WE ]LJpJUWEHL K ^U ^KHK EI acGzHE pEH^MME aJLLEF]JUW �
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HUE �GMEHL ]Li]JUWiLGUIE B }GL EfEK]ME � MG pEH^MME bGHacE aJLLEF]JUW � MG �GMEHL ]Li]JUWiLGUIE WE
100

� �
90%

B
ncGzHE pEH^MME EFI HUE W^FIL^PHI^JU WE �GMEHLF � zH^ ] ELK EI WE ]LiW^LE HUE �GMEHL EI HUE aJU�GUaE B O ^U F^

MG pEH^MME bGHacE aJLLEF]JUWLG � MG ]LiW^aI^JU
100
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90%
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Salaire <=100Salaire >100

Locataire
Propriétaire

Paris Banlieue5%      20
5%      50

90%   100

90%    50

5%      10

80%    10
15%      30
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ncGzHE GLPLE �G WJUa G]]LJf ^K EL MG pJUaI^JU

f
EU ]LiW^FGUI ]JHL acGzHE IH]ME

a1, ....an
� MG �GMEHL K Gj

� JL^IG^LE WE MG pEH ^MME JPIEUHE EU FH^�GUI M xGLPLE B D xELLEHL EFI IJH� JHLF MG ]LJ]JLI^JU WE KGH�G^FEF ]LiW^aI^JUF B

ä ÈÇ FÈÕÒËÌÌKÐÇ ÓKÇÈÍ KÒË
{UE LibLEFF^JU M^UiG^LE EFI HUE ^UIEL]JMGI^JU WE

N
]J^UIF EU W^K EUF^JU

n
� M xG^WE W xHUE izHGI^JU M^UiG^LE

a1.x1 + a2.x2 + ....an.xn = b
B

h IGUI WJUUiF
N

]J^UIF zHE M xJU ] EHI ^UIEL]LiIEL aJKKE WEF IH]MEF
(t1, ..., tn)

JU LEacELacE MEF aJ E� a^EUIF
a1, ..., an, b

zH^ K ^U^K ^FEUI HU aL^I\LE biUiLGM � zH^ ] EHI �ILE ]L^F aJKKE MG FJKKE WEF W^FIGUaEF WE acGzHE
]J^UI � M xcm] EL] MGU Wi�U^ ]GL M xizHGI^JU M^UiG^LE B

kJ^I
A

KGIL^aE LE]LiFEUIGUI MG IGP ME zH^ WJUUE MG M^FIE WEF IH]MEF B |U G WJUa
N

M^bUEF EI
n

aJMJUUEF B kJ^I
β

ME �EaIEHL WE W^KEUF^JU
n

WJUI IJHIEF MEF �GMEHLF FJUI
b
EI

α
HU �EaIEHL WJUI MG �GMEHL FHL MG M^bUE

i
EFI

ai
B

|U LEacELacE GMJLF HU �EaIEHL
α

WE W^K EUF^JU
n

IEMF zHE �

A.α ≈ε b

D xELLEHL EFI GMJLF ^UpiL^EHLE �
ε
B DE �EaIEHL

α
WiIELK ^UE M xcm] EL]MGU LEacELaci B

ä ÈE FÈÌËÍÎõ HË ÇËÎÒÐÇËÌ
{U LiFEGH WE UEHLJUEF biUiLGM^FE MG LibLEFF^JU M^UiG^LE � HUE pJUaI^JU ]JMmUJK ^GME WGUF MEF �GL^GPMEF

x1, ..., xn
B

|U LE]LiFEUIE aEIIE pJUaI^JU ]GL HU a^LaH ^I WJUI MEF ]JLIEF iMiK EUIG^LEF FJUI �

•
WEF GWW^I^JUF ]JUWiLiEF �

a.xi + b.xj
�

•
WEF ]LJWH^IF ]JUWiLiF �

c.xi.xj
�

AX



•
WEF pJUaI^JUF WE FEH^M �

1 si xi ≥ d, 0 sinon
B

DG FJLI^E WH a^LaH ^I EFI MG �GMEHL WE MG pJUaI^JU B |U LEacELacE GMJLF IJHF MEF aJE� a^EUIF WH a^LaH^I zH^
K ^U ^K ^FEUI M xELLEHL B

x1

x2

x3

x4

x5

x6

ax1+bx2

c.x5.x6

Y

O± ¯Î¬³´ ¸¬ ±¬´¯¹±¬ º
ä Èà ÖÎÍÓKÏÈ HË Ó ïÍJJÒÐõ KÑÍÏ KÐÇ
DE ]L^Ua^]GM aL^I\LE W xHUE IEacU^zHE ]LiW^aI^�E EFI ME IGHf WE PJUUE Li]JUFE � W xELLEHL EI WE UJU ]LiW^aI^JU B

oEF aL^I\LEF ]MH F ]Lia^F W^FI^UbHEUI HUE zHGM^Ii WE ]LiW^aI^JU B hU E�EI WGUF ME aGF W xHU GLPLE WE Wia^F^JU
]GLI^EM � a xEFIj�jW^LE WJUI MEF UJ EHWF UE FJUI �

•
MG aJHLP E WE ìG^UF QnHKHMGI^�E ìG^UF ncGLIS

•
MG aJHLP E WE D^pI QD ^pI ncGLIS

DG aJHLP E WE ìG^UF WJUUE ME ]JHLaEUIGbE Ô WE PJUUEF Li]JUFEF ]JHL MEF
X%

KE^MMEHLEF ]LiW^aI^JUF �
MJLFzHE

X = 10, 20, ...100
B |U aJK]GLE

Y
� MG �GMEHL

Y ′ aJLLEF]JUWGUI � HUE Wia^F^JU GMiGIJ^LE � G]]EMiE
¥ Æ£¢¨�¦¢B
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O±¬ ²¹´¯Â ¬ ¸¬ �³°± º
DE D^pI EFI Wi�U^ aJKKE ME LG]]JLI WEF ]JHLaEUIGbEF WE PJUUE Li]JUFE EUILE ME KJW\ME EI MG qGFEM^UE B
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ä Èä ÊÐÕKÑKËÓÌ HË åÐÎ KÓÓË HË �ÐÇÇÈËÌ
�JHF WiaL^�JUF ILJ^F MJb^a^EMF zH^ ^K]MiKEUIEUI MEF IEacU^zHEF WE pJH ^MMEF WE WJUUiEF B

@ Ö@ Ö, ~/099
nE MJb^a^EM IL\F F^K]ME aJUFILH^I WEF GLPLEF WE Wia^F^JU � � ]GLI^L W xHU �ac^EL WE WJUUiEF � FHL WEF �GMEHLF
W^FaL\IEF B

@ Ö@ Ö7 kt k�\./09X05:9 g 5.90
nE KJWHME WE kOk ^UI\bLE MEF ILJ^F ]L^Ua^]GHf KJW\MEF EI ] ELK EI WE MEF aJK]GLEL � EU FJLIGUI WEF aJHLP EF WE
M^pI B

` ^bHLE X � DG aJUFILHaI^JU WE KJW\MEF WGUF kOk�hUILE]L^FE [ ^UEL

@ Ö@ Ö6 �9�?
nE MJb^a^EM M^PLE G HUE ^UIELpGaE � MGLbEK EUI ^UF]^LiE WE aEMME WE kOk�hUILE]L^FE [ ^UEL B oE IL\F UJKPLEHf
KJW\MEF FJUI W^F]JU^PMEF � aE zH^ LEUW ME MJb^a^EM ] MH F W^� a^ME � HI^M^FEL B

Y�



`^bHLE _ � DG aJUFILHaI^JU WE KJW\MEF WGUF �EVG

� Å '�¾¿* �Å ¼
�[D EFI HU MGUbGbE biUiL^zHE zH^ ] ELK EI W xHU^�EL MG K GU^]HMGI^JU WE WJUUiEF FHL WEF FEL�EHLF W^piLEUIF B
DEF pJUaI^JUF EFFEUI^EMMEF FJUI �

•
MG ILGUFK ^FF^JU WE WJUUiEF FEK ^jFILHaIHLiEF EUILE nM^EUI EI kEL�EHL B n xEFI MG pJUaI^JU WEF �EP FEL�^aEF
zH^ HI^M^FEUI ME ]LJIJ aJME k|O}B

•
M x^UIELLJbGI^JU WE WJUUiEF FEK ^jFILHaIHLiEF Q�}OR� � �l{hZÔ S

•
MG ILGUFpJLK GI^JU WE WJUUiEF Q�kD � � kDRS �

•
M x^UIibLGI^JU WE WJUUiEF B

nE MGUbGbE EFI ^K]JLIGUI WGUF M xHFGbE WH �EP � aGL �[D QE�IEUF^PME [ GLVH] DGUbHGbES EFI HUE LEaJK j
K EUWGI^JU WH � Yn � M xJLbGU ^FKE WE UJLK GM^FGI^JU WE MJb^a^EMF ]JHL ME �EP B

{U �ac^EL �[D W^FI^UbHE aMG^LEK EUI ILJ^F ]GLI^EF ^UWi] EUWGUIEF �

•
MG FILHaIHLE WH WJaHK EUI � GHFF^ G]]EMiE oRo QoJaHKEUI Rm]E oE�U^I^JU S B

•
MG pEH^MME WE FImME �kD QE�IEUF^PME kImME kcEEIS ]JHL G� acEL ME WJ aHK EUI �

•
ME WJ aHK EUI �[D MH^jK �K E B

nJUF^WiLJUF ME �ac^EL FA BfK M a^jWEFFJHF B
�� ! " #$% &'()* +, -. + �/
� 0C�B5�A1 "'#%$  � 513 +"'#%$ -!;! + "

� 0145 #5� '()$&7(  � 513 +'()$&7( - ! " +/$/
�� ! " �&;%"$&8$$;
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nE �ac^EL HI^M^FE MG oRo M^�LE BWIW a^ WEFFJHF �
�� ! " #$% &'()* +, -. + �/
� 01213145 "'#%$ 6789: ';%$< =; ';%$ =9>;$>% ?/
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zH^ JLbGU^FE MG FILHaIHLE WEF PGM^FEF B
DG pEH^MME WE FImME FA BfFM a^jWEFFJHF �
�� ! " #$% &'()* &, -. & �/
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�' &" �&;%"$&8$$;/
WiaL^I aJKKEUI G� acEL ME �ac^EL ^JUEFaJ BfK M zH ^ ] EHI �GL^EL FEMJU ME Im] E WE IELK ^UGM QiaLGU JLW^UGIEHL �

�O}� IiMi]cJUE KJP^ME S B
}JHL HU iaJUJK ^FIE � ^M ] ELK EI M xGUGMmFE WE WJUUiEF � bLGUWE iacEMME B {UE UJLK E �[DO biUiLGM^FE G^UF^

M xG]]LJ acE |DO} ]JHL ^UIibLEL WEF �ac^ELF W xJL^b ^UEF W^�iLEUIEF B wM ] ELKEI GHFF^ M x^UILJWHaI^JU WE KJW\MEF
WE �GMEHL WE M x^UpJLKGI^JU � PGFiE FHL MEF W^FIGUaEF EUILE WJ aHK EUIF EI EUILE HU WJaHK EUI EI HU MGUbGbE
QEUFEKPME WE WJ aHK EUIFS � GHFF^ G]]EMi oRo B

ô ÈÉ åÒæÒËÌ ÈÏ KñÎËÏÈÌ
{U �ac^EL �[D EFI HUE FizHEUaE WE PGM^FEF ^KPL^zHiEF � Wi�U^EF ]GL M xHI^M^FGIEHL B ncGzHE PGM^FE ] EHI G�J^L
WEF GIIL^PHIF B
�� ! " #$% &'()* &, -. & $) 7(! ')-* &051 *2 &�/
�3$7':$ )9! $* &�%$9! & :%$:4; '! $* &5 ! ') && 7((64; '! $* &, 8(>% &&/�; ';"$/�9&'7 �%$9!�'; ';"$/
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oGUF aEI EfEK]ME MG PGM^FE
< Recipe >

G MEF GIIL^PHIF UGKE � ]LE] BI^K E EI aJJV BI^K E � zH^ JUI MEF �GMEHLF
��¢ÄÚ 9 Â �¦£Ú : ñ Ã��£B DE IEfIE EUILE WEHf PGM^FEF aJU�HbiEF QJH�LGUIE EI pELK GUIES EFI G]]EMi ; <=íìí B
|U ]EHI LE]LiFEUIEL ME �ac^EL ]GL HU GLPLE iI^zHEIi ]GL MEF PGM^FEF QIGbFS � MEF GIIL^PHIF EI MEF }noORO B

Recipe

title ing.
instructions

step step step

ing. ing. ing.

Basic Bread Flour

Mix ..O± ³¯Â ¯¬ >?« º
nEIIE LE]LiFEUIGI^JU EFI ME

DOM
QoJaHK EUI |P� EaI [JWEMS � GFFJ a^i � HU �ac^EL �[D

F.xml
B DG

FiL^GM^FGI^JU W xHU GLPLE iI^zHEIi EFI M xJ] iLGI^JU ^U�ELFE zH^ GFFJ a^E HU �ac^EL �[D � HU GLPLE B

ô ÈÇ �è� @ �ÍÏÍ èAJ Ë � ËBÇKÏ KÐÇ
DG oRo EFI M xiMiK EUI FILHaIHLEM zH ^ Wi�U^I HUE aMGFFE W xGLPLEF JLbGU ^FiF FEMJU HUE FILHaIHLE B DG oRo
a^jWEFFJHF WiaL^I aJKKEUI EFI JLbGU ^Fi HU M^�LE EI ]LEUW MG pJLK E W xHUE FizHEUaE WE L\bMEF WE WEHf Im]EF �

• t : r
Jà

r
EFI HUE Ef]LEFF^JU LibHM^\LE FHL MEF IGbF �

• t : PCDATA
^UW^zHGUI zHE

t
]EHI FE IELK ^UEL FHL HUE pEH^MME WE M xGLPLE B

{U �ac ^EL EFI ��¢¦ ò Ã�Â ¡ F^ MG FizHEUaE WE IGbF JH�LGUI�pELKGUI EFI P^EU ^KPL^zHiE � a xEFIj�jW^LE zH xHU IGb
FE pELK E MJLzHE IJHF MEF IGbF ^UIELUEF FJUI P^EU ^KPL^zHiF B DG FizHEUaE FH^�GUIE

< a >< b >< /a >< /b >U xEFI ]GF P^EU pJLK iE aGL MG FizHEUaE ^UIELUE GH IGb üGý U xEFI ]GF P^EU pJLK iE B
{U �ac ^EL EFI [Æ¨�Ä¢ MJLFzHE M xGLPLE GFFJ a^i FH^I MG oRo � a xEFIj�jW^LE zHE acGzHE UJEHW WE IGb

t
FH^I MEF

WEHf aJUW^I^JUF FH^�GUIEF �

•
F^ ME UJEHW G WEF � MF WJUI MG FizHEUaE WE IGbF EFI

l1, l2.....lk
� ^M Ef ^FIE HUE L\bME

t : r
IEMME zHE

l1, l2.....lk ∈ r
�

•
F^ ME UJEHW EFI HUE pEH ^MME � ^M Ef ^FIE HUE L\bME

t : PCDATA
B

{U GHIJK GIE W xGLPLE
A

EFI W^LEaIEKEUI GFFJ a^i � HUE oRo B wM ]LJ a\WE PJIIJK jH] EFI Wia^WE F^ HU �ac^EL
F

EFI GaaE]Ii B {U �ac ^EL
F

EFI �GM^WE FF^ ^M EFI GaaE]Ii ]GL M xGHIJK GIE B

�� ! " #$% &'()* +, -. + �/
� 01213145 % 6" =% ? /
� 01213145 % 6@ABCD5D ?/
� 01213145 " 6@ABCD5D ?/

YY



l

r

r

r

r

r

r

r

r
r

r

r

l

l

l l

l

l

O± ³¯Â ¯¬ �³¶°¸¬ ¬· ´± ³¯Â ¯¬ ±¹± �³¶°¸¬ ®¹´¯ ¶³ C º
� Ö7 Ö, ~ 5:/?.49 D 3.9 ~Ù~
DG W^FIGUaE W xhW^I^JU G�Ea Wi]MGaEK EUIF aJK]LEUW MEF J] iLGI^JUF iMiKEUIG^LEF FH^�GUIEF �

•
MG K JW^�aGI^JU WE IGbF EI GIIL^PHIF �

•
M x^UFELI^JU EI MG FH]]LEFF^JU WE UJEHWF EI W xGL�IEF �

•
ME Wi]MGaEK EUIF WE FJHFjGLPLEF EUI^ELF B

DG W^FIGUaE EUILE WEHf WJ aHK EUIF �[D
dist(F, F ′)

EFI ME UJKPLE K ^U^KHK W xJ] iLGI^JUF iMiKEUIG^LEF
zH x^M pGHI G]]M^zHEL ]JHL pG^LE aJLLEF]JUWLE

F
EI

F ′ B DG W^FIGUaE W xHU �ac^EL
F

� HUE oRo
dist(F,DTD)EFI MG W^FIGUaE K ^U ^KHK

dist(F, F ′)
]JHL

F ′ �GM^WE � a xEFIj�jW^LE
F ′ ∈ DTD

B

ô ÈE E ÐÊ ËÏ E ÐÊè
�kD QE�IEUWEW kImME kcEEIS EFI HUE pEH^MME WE FImME � GWG]IiE � �[D B kJU EfIEUF^JU �kDR QRLGUFpJLK GI^JU S
] ELK EI WE ILGUFpJLKEL HU �ac^EL �[D WGUF HU pJLK GI a^PME zH^ ] EHI �ILE �R[D JH �[D B

D xEfEK]ME FH^�GUI WJUUE HU �ac^EL �[D FJHLaE � ]H^F HU ]LJbLGKKE �kDR � zH^ ILGUFpJLK E ME �ac^EL
FJHLaE EU �ac^EL a^PME B
1 '78 '$%  (>% 7$ �
�:$% &() &/

�:$% &() > &$%)9! $* &3A ,�,F5G &/
�)9! $/H(8)�')9! $/�(9! '"%4)9! $/ ! ';8�'(9! '"%4)9! $/

�':$%&()/�:$% &() > &$%)9! $* &A8 ,�,F5G &/
�)9! $/3(%69�')9! $/�(9! '"%4)9! $/#&! ') 7'> &�'(9! '"%4)9! $/

�':$%&()/�':$% &() &/
A%(-%9!! $ / 25 !$ ;%9) &((%! 9; '() �
�� ! " #$% &'()* &, -. &�/
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K Å L�Á(�+½ *+
DE KJW\ME |DO} aJUF^WiLi FH]]JFE WEF WJUUiEF FHL HU FEL�EHL F] ia^�zHE B |U FJHcG^IE biUiLGM^FEL aE
KJW\ME MJLFzHE MEF WJUUiEF FE ILJH�EUI FHL WEF FEL�EHLF W^FI^UaIF � biUiLiEF ]GL WEF aM^EUIF W^FI^UaIF B

DE FIGUWGLW W xiacGUbE EFI �[D � MEF WJUUiEF FJUI WiaL^IEF ]GL HUE oRo EI FIJ aViEF FHL HU FEL�EHL B
kH]]JFJUF ]MHF^EHLF EUILE]yIF WE WJUUiEF FIJ aVGUI WEF EULEb^FILEKEUIF ]LJ acEF FHL WEF FEL�EHLF W^�iLEUIF B
wM pGHI WJUa ILJH�EL HUE LE]LiFEUIGI^JU FIGI^FI^zHE zH^ pG^I M xHU ^JU WE W^�iLEUIEF LE]LiFEUIGI^JUF FIGI^FI^zHEF
FHL acGzHE FEL�EHL G�U WE Li]JUWLE � WEF GUGMmFEF |DO}B n xEFI HU WJK G^UE WE MG LEacELacE GaIHEMME FHL
¨ Ý§¦ ¡© �Æ �Ã¦ Ä¢ = Ã¦¦¡¢£B DG aJUaE]I^JU WE KJWHMEF hRD QhfILGaI RLGUFpJLK DJGWS ]LiFEUIF WGUF MEF
]L^Ua^]GHf JHI^MF WE qHF^UEFF wUIEMM^bEUaE QkOk � k}kk � qHF^UEFF |P� EaIS F x^UF]^LE W^LEaIEK EUI WEF LEacELacEF
GaIHEMMEF B nELIG^UF JHI^MF WH MJb^a^EM M^PLE aJKKEUaEUI � G]]GLG^ILE � IEMF }EUIGcJ FHL ñ   Ù ÜMMððð ßÙ ¢¦ Æñ ÃßÃ�© �� ]GLI^L WE [mFzM EI [ JUWL^GU B

|U ]EHI FH]]JFEL zHE � FJHLaEF WE WJUUiEF WJ^�EUI �ILE ^UIibLiEF FHL HU FEL�EHL a^PME QIGLbEIS � EI ME
]LJPM\K E EFI GMJLF WE aJK]LEUWLE M x^UIELGaI^JU ]JFF^PME EUILE � GaIEHLF B DG IciJL^E WEF � EHf EI WEF K iaGU^FK EF
]LiFEUIEUI HU ]J^UI WE �HE ^K]JLIGUI ]JHL WEF iaJUJK ^FIEF � aGL ^M ] ELK EI W x^UILJ WH^LE WEF UJI^JUF W xHI^M^Ii �
WE ]L^f GH FE^U WEF FmFI\KEF ^UpJLK GI^zHEF B

N ÈÉ OËÎõ P Q R ÐÎËÎÒÌ
o ^�iLEUIF aM^EUIF zH^ ^UIELGb^FFEUI G�Ea WEF FEL�EHLF ] EH�EUI �ILE aJUF^WiLiF aJKKE WEF GbEUIF ^UWi] EUWGUIF
zH^ acELacEUI � LiGM^FEL WEF ISacEF ]GLI^aH M^\LEF B DE KJW\ME WE � EH Wi�U^I HUE � �¨� ¡ ]JHL acGzHE Wia^F^JU
iMiK EUIG^LE WEF � � JHEHLF EI HU WEF ]LJP M\KEF aMGFF^zHEF EFI WE ILJH�EL WEF izH ^M^PLEF WE �GFc � FIGP MEF B
k^ acGzHE aM^EUI FJHcG^IE K Gf^K ^FEL FG PGUWE ]GFFGUIE � a xEFIj�jW^LE MG zHGUI^Ii W x^UpJLK GI^JU zH x^M ] EHI
iacGUbEL � FHL ME LiFEGH wUIELUEI � HU izH^M^PLE WE �GFc WiIELK ^UELG ME ILG� a ]JFF^PME ]JHL acGzHE aM^EUI B

DEF LiFEGHf ^UpJLK GI^zHEF FJUI WJUa WE PJUF EfEK]MEF WE � EHf Jà ME UJKPLE WE � JHEHLF EFI bLGUW EI Jà
MG ]JFF^P^M^Ii WE ILJH�EL WE PJUF izH^M^PLEF WE�^EUI HU EU� EH iaJUJK ^zHE B

YN



`JL G UGIHLGM UHKPEL
n
� �E WEUJIE Pm

[n]
IcE FEI

{1, . . . , n}
B `JL GU ^UIEbEL

r ≥ 2,
GU

r
îÙ ¨Æë¢�£ © ÆÂ ¢ �¦

¦Ã�Â Æ¨ ò Ã�Â ^F F] Ea^�EW Pm G FEI Jp Ù ��¢ £ �Æ ¢© �¢£
Sp

� GUW G � �¨� ë JL Ù ÆëÃ× pHUaI^JU
up : S → R,

pJL EGac
]MGmEL

p ∈ [r]
� �cELE

S = S1 × · · · × Sr
^F IcE FEI Jp Ù ��¢ £ �Æ ¢© ë Ù �ÃØ ¨¢£B `JL

s ∈ S
IcE �GMHE

up(s)
^F IcE

]GmJ� Jp ]MGmEL
p

pJL ]HLE FILGIEbm ]LJ� ME
s
B DEI

S−p = S1 × · · · × Sp−1 × Sp+1 × · · · × Sr
� IcE FEI Jp GMM

]HLE FILGIEbm ]LJ� MEF Jp ]MGmELF JIcEL IcGU
p
B `JL

s ∈ S,
�E FEI IcE Ù Æ� �Æ¨ ]HLE FILGIEbm ]LJ� ME

s−p
IJ P E

(s1, . . . sp−1, sp+1, . . . , sr)
� GUW pJL

s′
^U

S−p
� GUW

tp ∈ Sp
� �E WEUJIE Pm

(s′−p, tp)
IcE ªÃÂ ��¦¢Ä ]HLE FILGIEbm

]LJ� ME
(s′1, . . . , s

′
p−1, tp, s

′
p+1, . . . , s

′
r) ∈ S

B �E � ^MM FH]]JFE IcGI
Sp = [n]

pJL GMM
p ∈ [r]

B
O Â �Þ ¢Ä £ �Æ ¢© ë pJL ]MGmEL

p
^F G ]LJPGP^M^Im W^FIL^PHI^JU J�EL

Sp
� IcGI ^F G �EaIJL

xp = (x1
p, . . . x

n
p )

FHac
IcGI

xi
p ≥ 0,

pJL GMM
i ∈ [n]

� GUW ∑
i∈[n] x

i
p = 1

B �E WE�UE
support(xp)

� IcE £�ÙÙ Ã�  Jp IcE K ^fEW FILGIEbm
xp

GF IcE FEI Jp ^UW^aEF
i
pJL �c^ac

xi
p > 0.

�E WEUJIE Pm
∆p

IcE FEI Jp K ^fEW FILGIEb^EF pJL
p
� GUW �E aGMM

∆ = ∆1 × · · · × ∆r
IcE FEI Jp Â �Þ ¢Ä £ �Æ ¢© ë Ù �ÃØ ¨¢£B `JL G K ^fEW FILGIEbm ]LJ� ME

x = (x1, . . . , xr)
GUW ]HLE

FILGIEbm ]LJ� ME
s ∈ S

� IcE ]LJWHaI
xs = xs1

1 xs2

2 · · ·xsr

r

WEUJIEF IcE ]LJPGP^M^Im Jp
s

^U
x
B RcE ]GmJ� pHUaI^JUF

UGIHLGMMm EfIEUW pLJK
S

IJ
∆

Pm FEII^Ub
up(x) =

∑
s∈S xsup(s)

B RcE FEI
∆−p

� IcE ]GLI^GM K ^fEW FILGIEbm
]LJ� ME

x−p
pJL

x ∈ ∆
� GUW IcE aJKP^UEW K ^fEW FILGIEbm ]LJ� ME

(x′, xp)
pJL

x′ ∈ ∆−p
GUW

xp ∈ ∆p
GLE WE�UEW

GUGMJbJHFMm IJ IcE ]HLE aGFE B RcE ]HLE FILGIEbm
sp

^F G �¢£  �¢£Ù Ã¦£¢ pJL ]MGmEL
p

GbG^UFI IcE ]GLI^GM K ^fEW
FILGIEbm ]LJ� ME

x−p
^p ^I K Gf^K ^�EF

up(x−p, ·).
�E �^MM WEUJIE Pm

best(x−p)
IcE FEI Jp P EFI LEF]JUFEF GbG^U FI

x−p
B
O T Æ£ñ ¢Û��¨�����Â ^F G K ^fEW FILGIEbm ]LJ� ME

x∗ FHac IcGI pJL GMM
p ∈ [r]

� GUW pJL GMM
xp ∈ ∆p

�

up(x
∗
−p, xp) ≤ up(x

∗).

OU EzH^�GMEUI aJUW^I^JU ^F
up(x

∗
−p, sp) ≤ up(x

∗)
pJL E�ELm

sp ∈ best(x∗
−p)

B � GFc cGF FcJ�U �U� IcGI pJL bGKEF
� ^Ic G �U^IE UHKPEL Jp ]MGmELF IcELE Ef ^FIF GM�GmF GU EzH^M^PL^HK B wI ^F ^KKEW^GIE IcGI IcE FEI Jp �GFc
EzH^M^PL^G ^F ^U�GL^GUI Pm ILGUFMGI^JU GUW ]JF^I^�E FaGM^Ub Jp IcE HI^M^Im pHUaI^JUF B RcELEpJLE �E � ^MM FH]]JFE
IcGI IcEm IGVE �GMHEF ^U IcE ^UIEL�GM

[0, 1]
B

nJK]HI^Ub G �GFc EzHM^PL^HK ^F UJI GU EGFm IGFV B wI �GF ]LJ�EU LEaEUIMm ^U G FEL^EF Jp ]G] ELF �U� � �U� �
IcGI Ic^F aJK]HIGI^JU ^F aJK]MEIE pJL IcE aMGFF }}Oo � E�EU �cEU IcE UHKPEL Jp ] MGmELF ^F LEFIL^aIEW IJ I�J �
GUW IcELEpJLE ^I ^F HUM^VEMm IJ P E pEGF^PME ^U ]JMmUJK ^GM I^K E B

kE�ELGM LEMGfGI^JUF Jp IcE UJI^JU Jp EzH^M^PL^HK cG�E PEEU aJUF^WELEW ^U IcE pJLK Jp GWW^I^�E GUW KHMj
I^] M^aGI^�E G]]LJf ^K GI^JUF B DEI

ε > 0
B OU ÆÄÄ� �[¢

ε
îÆÙÙ �ÃÞ �Â Æ ¢ ¢Û�¨�����Â ^F G K ^fEW FILGIEbm ]LJ� ME

x∗FHac IcGI pJL GMM
p ∈ [r]

� GUW pJL GMM
xp ∈ ∆p

�

up(x
∗
−p, xp) ≤ up(x

∗) + ε.

O Â�¨ �Ù ¨�ªÆ �[¢
ε
îÆÙÙ �ÃÞ �Â Æ ¢ ¢Û�¨�����Â ^F G K ^fEW FILGIEbm ]LJ� ME

x∗ FHac IcGI pJL GMM
p ∈ [r]

� GUW pJL GMM
xp ∈ ∆p

�
up(x

∗
−p, xp) ≤ (1 + ε)up(x

∗).
k^UaE Pm JHL aJU�EUI^JU

0 ≤ up(x
∗) ≤ 1

� G KHMI^] M^aGI^�E
ε
jG]]LJf ^K GIE EzH ^M^PL^HK ^F GM�GmF GU GWW^I^�E

ε
jG]]LJf ^K GIE EzH^M^PL^HK � PHI IcE aJU�ELFE ^F UJI UEaEFFGL^Mm ILHE B

RcE ^U]HI F^�E Jp G
r
j] MGmELF bGK E ^F IcE MEUbIc Jp IcE WEFaL^]I^JU Jp

rnr LGI^JUGM UHKPELF B �ELE �E � ^MM
aJUF^WEL IcE aJK]HIGI^JUGM K JWEM �cELE GL^IcK EI^a J] ELGI^JUF GUW aJK]GL^FJUF cG�E HU^I aJFI B

v Ö,Ö, V93» D 293» W 13930: D :1;;9 .3==9
oGUF aE aGF � JU UJIE

A
MG K GIL^aE WE bG^U WH � JHEHL w EI

B = −A
MG K GIL^aE WE bG^U WH � JHEHL ww B wM

Ef ^FIE HU GMbJL^IcK E ]JMmUJK ^GM � HI^M^FGUI MG ]LJbLGKKGI^JU M^UiG^LE � ] JHL ILJH�EL HU izH^M^PLE WE �GFc � zH^
aJLLEF]JUW GHf KE^MMEHLEF FILGIib^EF WE acGzHE � JHEHL B

v Ö,Ö7 V93» D 293» W 13930:
oGUF ME aGF biUiLGM � ^M U xEf ^FIE ]GF W xGMbJL^IcK E ]JMmUJK ^GM ]JHL ILJH�EL HU izH^M^PLE WE �GFc B

YT



N ÈÇ GÈÑÍÇKÌÑ ËÌ
oGUF M xG]]LJ acE WEF K iaGU^FK EF � JU JPFEL�E HU izH^M^PLE EI JU acELacE HU � EH WJUI M xizH^M^PLE EFI M xizH^M^PLE
LEacELaci B nE � EH WiaL^I M x^UIELGaI^JU W xHU � JHEHL G�Ea FEF �J^F^UF EI HUE pJUaI^JU W xHI^M^Ii B D x^UpJLK GI^zHE
W^FIL^PHiE F x^UIiLEFFE GHf ^UIELGaI^JUF K G^F UE WJUUE ]GF WE �^F^JU iaJUJK ^zHE WEF F^IHGI^JUF ]JFF^P MEF B

N ÈE ÊË GÈÑÍÇKÌÑ Ë åHXÐÒHÌ
{U WEF KiaGU^FK EF LiaEUIF MEF ]MHF aiM\PLEF EFI íÄðÃ�Ä£ ^UILJWH^I ]GL ìJJbME � ] JHL biLEL MG ]HPM^a^Ii a^PMiE �
a xEFIj�jW^LE MEF EUaGLIF ]HPM^a^IG^LEF GIIGaciF GHf Li]JUFEF WH KJIEHL WE LEacELacE B {UE UJH�EMME ^UWHFIL^E
EFI UiE FHL aE KJW\ME EI WE UJH�EGHf FEL�^aEF WJUI ME KJW\ME iaJUJK ^zHE FELG ^UF]^Li WE aEMH^ WE ìJJbME
�JUI FGUFjWJHIE FE Wi�EMJ]]EL B

oEF GUUJUaEHLF ]GL^EUI FHL WEF EUFEKPMEF WE KJIFjaMiF EU �fGUI HU ]L^f ]JHL acGzHE EUFEKPME WE KJIF
aMiF EI HU PHWbEI � JHLUGM^EL B }GL EfEK]ME

1$
]JHL ñ Y ¢¨Ú ; Æ��£�

2$
]JHL ñ Y ¢¨Ú ; Æ��£Ú ª¢¦ �¢�

1/2$
]JHL

ñ Y ¢¨Ú Z Æ�£¢�¨ ¨¢ EI HU PHWbEI WE
50$

]GL � JHL � ] JHL HUE acG�UE cJIEM^\LE zH ^ GHLG^EUI WEF J�LEF FHL }GL^F
EI [ GLFE^MME B D xGF]EaI ^UUJ�GUI EFI ME ayIi [HMI^M^UbHEF EI [HMI^K GLaci B |U ]EHI KiMGUbEL WEF KJIF WE
]MHF^EHLF MGUbHEF QGUbMG^F EI ac^UJ^F ]GL EfEK]MES EI �^FEL WEF K GLaciF ]GLI^aHM^ELF B DE K GLaci ac^UJ^F FHL
ñ   Ù ÜMMððð ß© ÃÃ© ¨¢ßªÃÂM �¦ ¨M [ñ î<TM JH ME K GLaci ^UW^EU FHL ñ   Ù ÜMMððð ß© ÃÃ© ¨¢ßªÃß�¦M BDE KJIEHL WE LEacELacE Li]JUW � WEF K ^MM^ELF WE WEK GUWE ]GL FEaJUWE EI ]LJ]JFE ]JHL acGzHE EUFEKPME
WE KJIF

A,B,C
HU EUFEKPME W xEUaGLIF JLWJUUiF WE C � C� QWE cGHI EU PGFS EI HU ]L^f ]JHL HU nM^aV ]JIEUI^EM

FHL M xEUaGLI � G]]EMi n}n QnJFIj}ELjnM^aV S B
D xGMbJL^IcK E HI^M^Fi G MEF aGLGaIiL^FI^zHEF FH^�GUIEF �

•
wM EFI EUjM^bUE Q|UM^UES � a xEFIj�jW^LE zH x^M Li]JUW ^KKiW^GIEK EUI � ]GLI^L WE M xiIGI WH FmFI\K E �

•
wM acELacE � K Gf^K ^FEL ME ]LJ�I WE ìJJbME B

|U ]EHI ^K Gb^UEL HUE EUac\LE WE ò ^aVLEm� zH^ GMMJHELG^I M xEF]GaE GHf K E^MMEHLF GUUJUaEHLF ]JHL ME ]L^f
WE MG FEaJUWE K E^MMEHLE GUUJUaE B DE FmFI\K E OW�JLWF F x^UF]^LE WE aE K iaGU^FK E K G^F ME LG� UE B

ncGzHE EUaGLI G EU E�EI HUE ]LJPGP^M^Ii WE nM^aV zH^ MH ^ EFI ]LJ]LE EI zH^ EFI EFI^K iE � M xG^WE WEF
FIGI^FI^zHEF WE nM^aV B nEMMEFja^ FJUI IL\F ]Lia^FEF EI ] ELK EIIEUI WE ]LiW^LE ME ILG� a W xHU EUFEKPME WE KJIF
aMi IEMF zHE

A,B,C
B k^ M xEUaGLI

E1
G HUE ]LJPGP^M^Ii WE aM^aV

p1 = 0, 1
EI HU ]GL^ WE

2$
� M xEUaGLI

E2
]EHI

G�J^L HUE ]LJPGP^M^Ii WE aM^aV
p2 = 0, 5

EI HU ]GL^ WE
1$

� EI
E2

EFI GMJLF ]MHF ^UIiLEFFGUI zHE
E1

B wM pGHI WJUa
LEK]MGaEL ME ]GL^ W xHU EUaGLI

Ei
WE ]LJPGP^M^Ii WE aM^aV

pi
EI WE ]GL^ WE

vi
� ]GL FJU EF] iLGUaE �

pi.vi
B

wM pGHI GHFF^ acJ^F^L MEF EUaGLIF EI EU HI^M^FGUI GHFF^ ME PHWbEI � JHLUGM^EL WEF aM^EUIF B kH]]JFJUF zHE WEHf
aM^EUIF O EI q ]GL^EUI

1
]JHL WEHf EUFEKPMEF WE KJIF f EI m G�Ea HU PHWbEI � JHLUGM^EL WE

4
B k^ q G HUE

K E^MMEHLE ]LJPGP^M^Ii WE nM^aV � HUE GMMJ aGI^JU ]JFF^PME bMJHIJUUE Q© �¢¢ÄëS � MG FizHEUaE WE LEzH�IEF
xxxxyyyyFELG^I

BBBB
EI LG]]JLIELG^I

4
B }JHLIGUI M xGMMJ aGI^JU

AAAABBBB
LG]]JLIELG^I

8
� FJ^I WEHf pJ^F ]MHF B DE

LG]]JLI W xG]]LJf ^K GI^JU WE MG IEacU^zHE bMJHIJUUE EFI GMJLF WE
1/2

EI a xEFI ME ]^LE aGF B
{UE GHILE IEacU^zHE � G]]EMiE ¥ Æ¨Æ¦ª¢ GUGMmFiE EU A��e GMMJHE EU ]L^JL^Ii ME aM^EUI zH^ G ME K J^UF Wi] EUFi

FJU PHWbEI B oGUF aE aGF M xGMMJ aGI^JU FELG^I �
ABABBB

EI ME LG]]JLI W xG]]LJf ^K GI^JU EFI FH] iL^EHL �
3/4

B
hU biUiLGM ME LG]]JLI W xG]]LJf ^K GI^JU EFI FH] iL^EHL �

1 − 1/e
KG^F EFI J]I^K GM ]GLK ^ IJHF MEF GMbJL^IcK EF

EU M^bUE B
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