Typed lambda-calculus in classical Zermelo-Fraenkel
set theory

Jean-Louis Krivine
U.F.R. de Mathématiques, Université Paris VII
2 Place Jussieu 75251 Paris cedex 05

e-mail krivine@logique.jussieu.fr

In this paper, we develop a system of typed lambda-calculus for the Zermelo-Fraenkel
set theory, in the framework of classical logic. The first, and the simplest system of typed
lambda-calculus is the system of simple types, which uses the intuitionistic propositional
calculus, with the only connective —. It is very important, because the well known Curry-
Howard correspondence between proofs and programs was originally discovered with it,
and because it enjoys the normalization property : every typed term is strongly normal-
izable. It was extended to second order intuitionistic logic, in 1970, by J.-Y. Girard[4],
under the name of system F| still with the normalization property.

More recently, in 1990, the Curry-Howard correspondence was extended to classical
logic, following Felleisen and Griffin[6] who discovered that the law of Peirce corresponds
to control instructions in functional programming languages. It is interesting to notice
that, as early as 1972, Clint and Hoare[l] had made an analogous remark for the law of
excluded middle and controlled jump instructions in imperative languages.

There are now many type systems which are based on classical logic ; among the best
known are the system LC of J.-Y. Girard[5] and the Ap-calculus of M. Parigot[11]. We
shall use below a system closely related to the latter, called the A.-calculus[8, 9]. Both
systems use classical second order logic and have the normalization property.

In the sequel, we shall extend the \.-calculus to the Zermelo-Fraenkel set theory. The
main problem is due to the axiom of extensionality. To overcome this difficulty, we first
give the axioms of ZF' in a suitable (equivalent) form, which we call ZF.

1 The ZF. set theory

This theory is written in the first order predicate calculus without equality, with only
three binary relation symbols : €, C (which have their usual meaning), and ¢ (which
is a kind of “ strong membership ” relation). The formula z = y is an abbreviation
for x C y Ay C x. We shall use the notation (Vzea)F(z) for Ve(rea — F(x)), and
(Jxea)F(x) for x(zea A F(x)).

The axioms are the following :



0. Equality and extensionality axioms.
VaVylx € y « (Fzey)r = 2] ; VaVy[z Cy « (Vzex)z € y).
1. Foundation scheme.
Va[(Vxea)F(z) — F(a)] — Va F(a) (for every formula F(z,zq,...,x,)).

The intuitive meaning of axioms 0 and 1 is that € is a well founded relation, and that the
relation € is obtained by “ collapsing ” € into an extensional binary relation.

The following axioms essentially express that the relation e satisfies the axioms of Zermelo-
Fraenkel except extensionality.

2. Comprehension scheme.
VadbVzlxeb «— (zea A F(x))] (for every formula F(z,xq,...,2,)).

3. Pairing axiom.
VaVb3zjaex Nbe x]

4. Union axiom.

Va3b(Vrea)(Vyex)yeb.

5. Power set scheme.
VadbVx(Jyeb)Vz(zey < (zea A F(z,x)))
(for every formula F(z,z,xq,...,x,)).

6. Collection scheme.
Vadb(Vxea)|Jy F(x,y) — (yeb)F(z,y)]
(for every formula F(x,y,x1,...,2,)).
7. Infinity scheme.
Vadb{acb A (Vxeb)Fy F(z,y) — (Fyeb)F(z,y)|}
(for every formula F(x,y,x1,...,2,)).

Remark. These axioms are clearly very redundant : indeed, the power set scheme
contains the comprehension scheme, and the collection scheme could easily be merged in
the infinity scheme. We give the axioms in this manner only in order to show the relation
with ZF'.

Let us show that this theory is a conservative extension of ZF + AF (AF is the aziom
of foundation : Ya(3x € a)(Vy € x)y ¢ a). In the first place, it is clear that, if ZF. F F,
where F'is a formula of ZF' (i.e. written only with € et C), then ZF + AF F F ; indeed,
it is sufficient to notice that, if we replace € by € in ZF., we obtain a theory equivalent
to ZF + AF.

Conversely, we must show that each axiom of ZF + AF is a consequence of ZF..
Theorem 1. ZF. a C a (and thus a = a).

We use the foundation scheme (this method is called “ induction on the rank of a ).
We assume Vz(xea — = C x), and we must show a C a ; therefore, we add the hypothesis
xea. It follows that x C x, then x = x, and therefore Jy(x = y A yea), that is to say
x € a. Thus, we have Vx(zeca — x € a), and therefore a C a.

Q.E.D.



Lemma 2. ZF. FaCbVe(xreb—x€c)—aCec

We must show xca — = € ¢, which follows from xrca -z €bandx €b— x € c.
Q.E.D.

If we replace a with b in lemma 2, we get
Corollary 3. ZF. FVx(zx €b—xz€c¢) —bCec.

Therefore, we have proved, in ZF., the first axiom of ZF, namely :

e Extensionality axiom : VaVy(Vz(z € x = z € y) — . =y)).
Theorem 4. ZF. FVyVz(y=a,a €z —y € z) ;YVyVz(a Cy, z€a — z €y).

Call F(a), F'(a) these two formulas. We show F'(a) by induction on the rank of a.
Thus, we suppose Vz(rea — F(x)).

We first show F’(a) : by hypothesis, we have a C y, z € a ; thus, there exists a’ such
that z = o/ and o’ £a, and thus F(a'). From ¢’ca and a C y, we deduce a’ € y. From
z=ad" and a' € y, we deduce z € y by F(a').

Then, we show F'(a) : by hypothesis, we have y = a, a € z, thus a = 3’ and ¢’ € z for
some y'. In order to show y € z, it is sufficient to show y = ¢/’

Now, we have y = a, a = ¢/, and thus ¢ C a, a C y. From F'(a), we get Vz(z € a —
z €y); from ¢y C a, we deduce 3y’ C y by lemma 2.

We have also y C a, a C 3. From F'(a), we get Vz(z € a — z € /) ; from y C a, we
deduce y C ' by lemma 2.

Q.E.D.

With corollary 3, we obtain :
Corollary 5. ZF. FbCc—Ve(r eb—x €c).

It is now easy to deduce the equality axioms of ZF', namely :
e Equality axioms : Vz(x = ), VaVy(x =y — y = z), VaVyVz(z = y,y = 2 — = = 2),
VaVyVa'Vy' (=2, y=y —w (z Cy— 2 CY)N(z ey 2 €y)).
Remark. The equality = is an equivalence relation, which is compatible with the relations
€ et C but not with the relation ¢.

e Foundation axiom : as is well known, it is equivalent to the scheme
Va|Va(z € a — F(z)) — F(a)] — Ya F(a)
(for every formula F(x,xy,...,x,) which is written only with € and C).

From axiom scheme 1, it is sufficient to show :

Va(z € a — F(z)) — F(a)] — [Vx(zrea — F(x)) — F(a)], or else

Ve(rea — F(z)) = Ve(r € a — F(x)).

From z € a, we deduce x = 2’ and 2’ € a for some 2/, thus F(z'), and finally F(z), since
F' is compatible with =.

e Comprehension scheme : Va3bVa[z € b — (z € a A F(2))]

(for every formula F(z,xy,...,x,) written with C, €).
From the axiom scheme 2 (comprehension scheme), we get Vz[xeb < (xea A F(x))]. If
x € b, then x = 2/, 2’ b for some z/. Thus 2’ca and F(z'). From z = 2’ and 2’ a, we
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deduce x € a. Since the axioms of equality are satisfied for C and €, and therefore for F’,
we obtain F'(x).
Conversely, if we have F'(x) and x € a, we have x = 2’ and 2’ a for some z’. Since F is
compatible with equality, we get F'(x’), thus 2’ b and x € b.

e Pairing axiom : VaVy3z[z € z Ay € z].

Trivial consequence of axiom 3, and
Lemma 6. ZF. Fxecy —x €y.

Trivial consequence of axioms 0 and x = .
Q.E.D.
e Union axiom : Ya3bVaVylr € aANy € z — y € b].
From x € a we have x = 2/ and 2’ ¢ a for some 2’ ; we have y € x, therefore y € 2/, thus
y =1y and y' e 2’. From axiom 4, 2’ ca and y' e 2’, we get 3y’ € b ; therefore y € b, by y = v/'.
e Power set scheme : Va3bVadyly € bAVz(z € y < (2 € a A F(z,2)))]
(for every formula F(z,z,xq,...,x,) written with € and C).

From axiom scheme 5, we have yeb, and thus y € b. If 2 € y, we have z = 2’ and 2/ ey
for some Z/; therefore 2’ e a and F(Z;z), thus z € a and F(z,x) (because F' is compatible
with =). Conversely, if z € a and F(z,x), we have z = 2z’ and 2’ £ a for some 2/, therefore
F(2',x), thus 2’ey and z € y.
Remark. The usual statement of the power set axiom is the particular case of this axiom
scheme, where F'(z,z) is the formula z € x.

e Collection scheme : Ya3bVz[z € a A Jy F(z,y) — Jy(y € bA F(z,y))]

(for every formula F(z,y,x1,...,x,) written with € and C).
From z € a and Jy F(x,y), we get = 2/, 2’ ¢ a for some z’, and thus Jy F (2, y) since
F' is compatible with =. From axiom scheme 6, we get Jy(yeb A F(z',y)), and therefore
Jy(y € bA F(x,y)), because ye b — y € b and F' is compatible with =.

e Infinity scheme : Va3b{a € bAVz[zr € bA Ty F(z,y) — Jy(y € bA F(z,y))]}

(for every formula F(z,y,x1,...,x,) written with € and C).

Same proof.

Remark. The usual statement of the axiom of infinity is the particular case of this
scheme, where a = (), et F(x,y) is the formula y = 2 U {x}.
Q.E.D.

2 The )\.-calculus

2.1 Mterms

We are given a set of A-variables x,vy, ..., a set of stack constants, and two symbols CC
and A. We define inductively the set A of A-terms by the following rules :

1. Each A-variable x, and the constant cC are A\-terms.
2. If t,u are A-terms and z is a A-variable, then (t)u and Azt are A-terms.
3. Sitis a A\term and 7 a stack constant, then (A)(¢)m is a A-term.
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We consider a-equivalent A-terms as identical. The A-term (¢)u will be also denoted by
tu ; the Ad-term (... ((t)uy)...u,—1)u, will be also denoted by (t)uy...u, or tuy...u,.

A stack is a finite sequence (t1,...,t,,7), where t1,...,t, are A\-terms, and 7 is a stack
constant. The set of stacks is denoted by II.

An expression like (t)m, where ¢ € A and 7 is a stack constant, is called a program.
Therefore, by rule 3, we have A7 € A for every program 7. If ¢ = (t1,...,t,,7) is a
stack and t is a A-term, then the program (tt;...t,)n is denoted by (t)o or to. The set
of programs will be denoted naturally by AII.

Remark. According to the context, an expression like ¢ with ¢ € A and 7 € II may
represent either a program or a stack (obtained by “ pushing ” the A-term ¢ on the top
of the stack 7).

A A-term built by the only rules 1 and 2, i.e. which does not involve the symbol A,
or equivalently a stack constant, will be called a classical A-term. The set of these terms
is denoted by A.. A pure or intuitionistic A-term is a A-term which does not involve ccC
or A. The set of pure A-terms is denoted by A;.

The execution of a program 7 € All is the weak cC-reduction, denoted by >., which
is defined as follows (f,u € A are arbitrary A-terms, and 7, 7" € II are arbitrary stacks) :

(Azu)tm =, ult/x]T ;

cetm =, (tAx(A)(x)m)m ;

(A)(t)m)r" = tr.
Remark. These rules explain the notation for cc and A, which behave respectively as
the instructions Call/cc and abort, in the language SCHEME (a variant of LISP).

Now we give ourselves a subset L of AIl, the elements of which will be called ezecutable

programs or briefly executable. We assume that I is cC-saturated, which means that :
tre L, t'n = tr = t'7 € L.

Let Z C II ; we denote by Z — L the set {t € A; (Vm € Z)tr € L}. Such a subset
of A will be called a truth value ; we shall denote by R, the set of truth values, i.e.
%JL:{ZHJL;ZCH}.

If X, C A, we define ¥ — Y ={t € A; (Vu € X)tu € YV}, which is also a subset
of A.

$, is closed by — ; more precisely, if X C A and X’ € £, then (X — &’) € R, :
indeed, if X’ = (£’ — 1), then (X — X') = (2" — L), with 2" ={tm; t € X, 7w € Z'}.

Ry is also closed by arbitrary intersection : indeed, if X; = (Z; — 1), then (), &; =

The least truth value is II — L ; it is denoted by |L|.

Definitions. The weak head reduction is the least reflexive and transitive binary relation
on A, denoted by >, such that (Axw)tty...t, = ult/z]t;...t,. A subset X of A is called
saturatedif t e X, t' =t =t € X.

Lemma 7. FEvery truth value is saturated.

Easy consequence of the fact that I is cc-saturated.
Q.E.D.



2.2 Types

In our system of typed A-calculus, the types are the formulas of ZF. written with the only
logical symbols —, ¥ and the three binary relation symbol ¢, ¢ and C. Notice that L
and = are not symbols of the language. They are defined as follows :

The formula VzVy(z £y) is denoted by L. The formula = C y, y C x — F is denoted
by x =y — F ; x = y is thus considered as an ordered pair of formulas : (x Cy, y C ).

In the same way, the formula A « B is considered as the ordered pair of formulas
(A— B,B — A).

The formulas z¢y — L, 2 ¢ y — L and z = y — L are denoted respectively by zey,
xr €yandx #y.

Let us consider a standard model U of ZF + AF. To each closed type F(ay,...,a,)
with parameters in U (i.e. first order formula, written with the symbols V, —, ¢, ¢
and C), we associate its truth value, denoted by |F(ay,...,a,)|, which is an element of
Ry. We write t |- F(ay,...,a,) for t € |F(ay,...,a,)| ; this is a first order formula
F'(t,aq,...,ay,) in the language of ZF (i.e. without €) which can be interpreted in U.
The definition is given by induction on F' :

|[F'— G| = (|F| = |G]) ; V2 F| =, |Fla/z]|.
Therefore :

t | (F — G) is the formula (Vu € A)(u |- F — tu |- G) ;
t |-V F is the formula Va (¢ |- F).

For atomic formulas, we put :
la¢ bl = ({m €1I; (a,7) € b} — L) ; in other words
t |Fx#y is the formula (Vr € II)((z,7) € y — tw € L).
Notice that, if a ¢ CI(b), then |af¢b| = A, and therefore |Fy, ..., F, — a¢ bl = A.
Notice also that |VaVy(z¢y)| = (), ,a¢b = II — L which the least truth value. This
explains the notation | L| for this truth value.

The case of the two remaining atomic formulas a ¢ b and a C b is less simple ; it
will be treated in section 4, by defining the formulas ¢ |- ¢ y, t |-z C y in a manner
analogous to the well known definition of forcing in set theory [7, 10].

Another method is given in section 5, by showing that there exist first order formulas
x € y and x C y, which satisfy axioms 0, and which are written with the only relation
symbol €.

Definition. Let F' be a closed formula, and t € A a classical A-term (i.e. a A-term which
does not involve the symbol A). We shall say that ¢ realizes F' (notation ¢ |||- F) if we
have t |- F for any choice of U and L.

Remark. In particular, taking I = (), we see that, if F' involves only the relation symbols
¢ and C and ¢t || F, then U = F for every universe U, i.e. ZF + AF + F.

A closed formula F' will be said realizable if there exists ¢ € A such that ¢ |- F.

Realizability is compatible with deduction in classical logic. Indeed, let us define now
a system of typed A-calculus by the following rules :

Loay Ayt Ap b Ay (1< < n).



2. w1 A,y Ay EE A Ay, ApFu: A— B
= w1 A, 2, Ay Fut o B
3.x1: A,y Ay AR B = 1 Ay, 1, Ay E At A— B
4. x1 Ay, .. 1y Ak A—BELA
= x1: A1, .2 A E(CO)AET Al
5. a1 Ay, oyt ApEti A = o2t Ay, o, AR VT A
if x is a variable which is not free in Ay, ..., A,.

6. x1: Ay, ...,y ApFt V2 A = xp Ay, s Ay B Aly/a]
for every variable y.

The rules above are exactly the deduction rules of the classical first order predicate cal-
culus. Then we have :

Theorem 8. Let Ay, ..., A,, A be formulas, the free variables of which are among 11,
. Yp, and let by, ..., b, be sets in a modelU of ZE+AF. Ifxy : Ay, ..,z i A bt A
is obtained with the above rules, and if ty |- A1[by/yr, -, bp/Up)s -\ to |- Anlbi/ya, - - -,

bp/yp), then t{ty/xy, ... . th/xn] |F A[b1/ Y1, bp/yp)-

In particular, if A is a closed formula and ¢ : A is obtained by the above rules, then

t || A.

We prove the theorem by induction on the length of the derivation of I' - ¢ : A (I being
the context z1 : Ay, ..., x, : A,). We shall use the notations ¢’ for t[ty /x4, ..., t,/z,], and
A’ for A[by/y1, ..., by/yp). We consider the last rule used ; for the sake of brevity, we shall
consider only the case of rules 3 and 4.

In the case of rule 3, we have t = Aeu, A=B — Cand I', x : BF u: C. By the
induction hypothesis, u'[v/z] |- C’" and therefore (Azu')v |- C” (lemma 7), for every v
such that v | B’. It follows that ¢’ |- B’ — C’, ie. ' |- A'.

In the case of rule 4, we have t = (cC)Aku and I', k : A — B+ u : A. By the
induction hypothesis, u'[v/k] |- A" and therefore (Aku')v | A" (lemma 7), for every v
such that v |- A" — B’. If we set w = Ak u, we have w'v || A’ for every such v.

Let |[A'| = Z — L, with Z C II. If 7 € Z, we have w'vr € L for every v such that
ve|A — B
Let vg = Az(A)(x)m ; if £ € |A'|, and 7’ € I, then ((v)&)n’ = ((A)(§)m)n" = (§)m € L.
Since L is (cC)-saturated, it follows that ((vg)é)n’ € L for every n’ € II ; therefore
vo€ € |L| and thus v € |B'|. Finally, we see that vy € |A" — B'|. Tt follows that
w'vem € L, in other words (w' Ax(A)(z)r)r € L. Since L is (cC)-saturated, it follows
that ccw'nm € L. Since this is true for every m € Z, it follows that ccw’ € |A’|, which is
the desired result, since t = ccw.

Q.E.D.

3 Realization of axioms 1 to 7 of ZF..

We will show below that the axioms of ZF'. are realizable. It will result that the axioms
of ZF + AF are realizable, since they are consequences of ZF'. in classical logic.
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We first prove this for the axioms 1 to 7 of ZF'., because we do not need for this the
definitions of |a ¢ b| and |a C b|, provided, of course, that ¢ |z ¢ y and ¢ |-z C y are
formulas of ZF.

Notation. We shall write  for (t1,...,t,) (t; € A, n = 2 by default), and A for
(A1,...,A,). Therefore, we shall write ¢ |~ A for #; |~ A; (i = 1,...,n). In particular,
the notation ¢ |- a = b means ¢, |-a C b, ty |- b C a ; the notation £ |- A < B means

1. FOUNDATION SCHEME

Theorem 9. Let Y be a fized point operator, i.e. Yo = ¢.N¢. For every formula F(x)
with one free variable with parameters (written with the symbols ¢, ¢, C), we have :
Y |FVa[Ve(F(z) — zfa), F(a) = L] = Va(F(a) — 1).

Indeed, let ¢ | Va[Va(F(z) — z#a), F(a) — L] ; we show, by induction on the rank
of a, that Y¢ | F(a) — L. In fact, if (z,7) € a for a stack 7, we have Y¢ |- F(x) — L
by induction hypothesis ; thus Yo |- F(z) — z £ a. If (z,7) ¢ a for every stack 7, we have
|z #a] = A, and therefore, of course Y¢ |- F(z) — z £ a. Finally, Yo |- Va[F(x) — x£a) ;
thus ¢.Y¢ | F(a) — L. Since Yo > ¢.Yo, we get Yo |- F(a) — L by lemma 7.

Q.E.D.

Remark. The same result is easily proved for any A-term which has the same Bohm tree

as Y.

2. COMPREHENSION SCHEME

Let a be a set, and F(x) a formula with parameters. We put b = {(z,tr); (z,7) € q,
t |- F(z)} ; we show |z £b| = |F(z) — z £al. Indeed :

t|Fxéb<s (Yu; u | Fx))(Vr; (x,7) € a)tur € L &

Vu(u |- F(z) = tu |Fzfa) &t |- F(z) — zfa.
Therefore (I,1) |- Vz[z¢b«— (F(x) — x¢a)], with I = Az .

3. PAIRING AXIOM

We consider two sets a and b, and we put ¢ = {a, b} xII. We have t |afc < tm € L for
every m € I, therefore |afc| = |L|, thus I |-acc (aecis the formula a¢c — 1). In the
same way, [ |Fbec.

4. UNION AXIOM

Given a set a, let b = Cl(a) (the least transitive set which contains a). We will show
lygx — x¢a|l C lygb — xfal : we may assume = € Cl(a), since, otherwise |z ¢ a| = A,
and thus |y #b — x ¢ a| = A. Therefore, we have x C Cl(a) = b, thus |y£b| C |y#x|. This
gives immediately the result we are looking for.

It follows that I |- VaVy[(y¢z — zfa) — (y¢b — xfa)l.



5. POWER SET SCHEME

Given a set a, let b = P(Cl(a)xIT) xII. For every set x, we put y = {(z,tn); (z,7) € a,
t |- F(z,2)}. It follows from what we have seen above (comprehension scheme) that
(1) [FVzlzfy = (F(z,2) = 2£a)].

Now, it is obvious that y € P(Cl(a)xII), and therefore (y, w) € b for every = € II. Thus, if
t |F-y#0b, we have tw € L for every m, and so t € L ; in other words, we have |y #b| = |L]|.
Therefore I |Fyeb, and finally (I, (I,1)) [FyebAVz[z¢y « (F(z,z) — z£a)].

6. COLLECTION SCHEME

Given a set a, and an arbitrary formula F(z,y), let :

b={P(z,p)xCl(a); z € Cl(a), p € A}, with

®(z,p) = {y of minimum rank ; p |- F(z,y)}, or ®(x,p) = 0 if there is no such y.
We show that |Vy(F(z,y) — y£b)| C |Vy(F(z,y) — xfa)l :
Suppose indeed that 7 | Vy(F(z,y) — y#b) and p | F(x,y). By definition of ®(x,p),
there exists ' € ®(x,p). Let w € Il such that (z,7) € a ; then x, 7 € Cl(a), and therefore
(¢, m) € b; it follows that |y’ £b| C |x#al. But ¥ € ®(z,p), and therefore p |- F(x,y’) ;
thus 7p |4/ #0, and finally 7p |z £a.
We have proved that I |- Vy(F(z,y) — y#¢b) — Yy(F(x,y) — xfa).

7. INFINITY SCHEME

Given a set a, we define b = the least set such that {a} xII C b and Vz(Vr € II)
[(z,7) € b = ®(x,p) xII C bl. We have {a} xII C b, thus |a¢b| = |L|, and therefore
I|acb.
We now show that |Vy(F(z,y) — y¢b)| C |Vy(F(z,y) — x¢£b)| : let us assume that
T |-Vy(F(x,y) — y£b), and p |- F(z,y). By definition of ®(x,p), there exists y' €
®(z, p). We want to show that 7p |- x £ b ; we may assume (x, ) € b for some 7 € II, since
otherwise |z #b| = A. It follows that (y',7) € b for every 7 € II, thus |y’ ¢ b| = |L|. Now,
we have p |- F(x,y’) and therefore 7p |-y’ #b. Therefore 7p | L and thus, obviously,
T |2 ¢b.
It follows that I | Vy(F(z,y) — y¢b) — Yy(F(z,y) — x£b) and therefore :

(1,1) |- acb AVaNy(F(,y) — y£6) — Vy(F(z,y) — 2£B)].

4 Realization of axioms 0 of ZF

We define |a ¢ b| and |a C b| in the following way :

ag b= [ (JaCeclleCal—|efb])

ceCi(b)
lactl= (1) (legdl— lcfal)
ceCl(a)
which is a correct definition, by induction on (rk(a) U rk(b),rk(a) Nrk(b)) (rk(a) is the
rank of a).



Then we have :
la ¢ b =|Va(a =2 — x¢b)|=|Vo(a Cx, 2 Ca— xgd);
la C bl =|Va(z ¢ b— xfa)l

Indeed
Vz(a Cz,x Ca—x¢b)| = ﬂ(\a Ccl,le Cal —|céb|)

= () (aCeclleCal— |efb])
ceCl(b)
since |c£b| = A when ¢ ¢ CI(b).
Therefore, we have
(I,I) |Fa¢ b Vr(a=x — x¢b) and
(I,I)FaCbe—Ve(x ¢ b— xfa)
which is the desired result.
From these definitions, we get the following equivalences :
plrag¢b o Vavilr |Fa =2 — pr |Fa 0] ;
¢l-ach < Vavpp [z ¢b—qp |-afal.
or else
plFa¢b & Vivavr[r |Fa=x, (z,7) €b— prr € L] ;
¢|FaCcb < YpVavrp |z &b, (z,7) € a— gpr € L].
With these definitions, we can find A-terms which realize any given theorem of ZF +
AF, since the axioms of ZF + AF have been seen to be consequences of ZF.. Let us

give two simple examples, namely theorems 1 and 4. We simply follow the proof of these
theorems.

Theorem 10. Let 0 € A such that Op = pf6. Then 0 ||-Vz(x C ).

The proof of 6 |Fa C a is done by induction on rk(a). Let p € A, p |z ¢ a ;
we must show that 0p |z #a. This is obvious if rk(z) > rk(a), since |xfa] = A. If
rk(z) < rk(a), we have 0 |- x C « by induction hypothesis, and therefore (6, 0) |-z = x.
Since p |- x ¢ a, we deduce phf |- x ¢ a, and thus Op |- x ¢ a since Op > phO (lemma 7).

Q.E.D.

Notation. The A-term AfAgAz(f)(g)x is denoted by fog.
Lemma 11. ArAzrox |- Vabcla C b, Ve(x ¢ ¢c —x ¢ b) — a C (.

The proof is immediate, if we notice that |a C 0] is |Vz(z ¢ b — xfa)|, and |a C ¢] is
Vaz(z ¢ ¢ — xfa)l.

Q.E.D.
It follows that Az fox |-Ve(r ¢ ¢c —x ¢ b) — b C c (put a =>in lemma 11).

Theorem 12. Let &,n € A be such that ErpS = (r)(n)p§ and npis = p.r10£sy. s90&rs.
Then € ||-Yayale C .2 ¢y — 2 ¢ 2] andn ||-Vayzly & 2,y = o — v ¢ 4]

We prove, by induction on rk(a) that :
El-YyzlaCy, 2y —z¢alandn|-Vyzly¢ 2z y=a—agz]
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1. Let us suppose that r |Fa C y, plF2 ¢ y, and § |2 = 2’ ; we want to show
Erps |- 2" #a. This is clear when rk(2") > rk(a), since |2/ ¢a| = A. If rk(2') < rk(a), we
have nps |- 2 ¢ y by the induction hypothesis. But r |-a C y and nps |2’ ¢ y, thus
(r)(n)p§ | 2’ £ a, which gives the desired result by lemma 7, since {rps > (r)(n)ps.

2. Let us suppose that p |y ¢ 2z, 7|y = a and §|Fa = 3’ ; we want to show
nprs |y’ ¢ z. But we have ry |-y Caand 51 |Fa Cy'. By 1, we get sy |FVz[z ¢y —
z ¢ a]. From lemma 11, it follows that rjo&s; |y C y'.
In the same manner, we have sy |y C a et o |-a C y. From 1, we get &ry |- Vz[z ¢
y — z ¢ a]. From lemma 11, it follows that ss0&rs |13 C v.

We have proved that (r10&sy, $20&rs) |-y =%'. Since p |-y ¢ z, we have :

p.110E81. 890E&rs |y # 2,

which gives the desired result by lemma 7, since (7)prs > p.r10&s7. $20&rs.

Q.E.D.

5 Definition of € and C by means of ¢

This section is not used in the sequel, and may be skipped at first reading. It is devoted
to a method of defining the formulas z € y and x C y by means of ¢, which is due
to H. Friedman[2], and which was pointed out to me by G. Gonthier. We will use an
improvement due to him of the proof in [2].

The advantage of this method is that it does not make use of the foundation axiom. Its
drawback is that the A-terms obtained in this way for axioms 0 of ZF. are much more
complicated than with the preceding method. It is the reason why we do not use it in the
following sections.

It is interesting to notice that, with this method, we can define the notion of forcing in
set theory without using the axiom of foundation.

We consider a first order theory, which we call ZF~, which is written with the only relation
symbol €. Its axioms are the axioms 2 to 7 of the theory ZF., but, of course, in the axiom
schemes 2, 5, 6 and 7, the variable formula F' is now written with the only relation
symbol ¢.

Therefore, the theory ZF~ is essentially the theory ZF without extensionality. We
neither assume the foundation axiom.

We shall show below, following H. Friedman[2], that this theory is equiconsistent with
ZF. As a corollary of this proof, we obtain two formulas C(z,y) and E(z,y) with two
free variables, written with the only relation symbol e, such that

ZF~ EVaVy[C(z,y) < (Vzex)E(z,y)] and

ZF~ FYaVylE(z,y) « (Fzey)(C(z, 2) A C(z,x)]

Therefore, if we define |z € y| = |E(z,y)| and |z C y| = |C(x,y)|, then azioms 0 of
ZF. are realized : indeed, we have already realized the axioms of ZF~ (when we realized
axioms 2 to 7 of ZF., in section 3) and we know that realizability is compatible with
classical deduction.

We begin by defining a predicate of equality = in ZF~. Let x = y be the formula
Vz(xez — yez) (Leibniz equality). Then we have :

11



a=b— (F(a) — F(b)) for every formula F'(x) with parameters.

Indeed, if @ = b and F'(a), take ¢ such that aec by the pairing axiom. Then take d such
that xed < xec A F(x) by the comprehension scheme. Then aed, therefore be d, and
thus we get F(b).

Now, if we take for F'(z) the formula x = a, we obtain a = b — b = a. Therefore, = is an
equivalence relation which satisfy the axioms of equality.

We define now the following formulas :

aCbis (Vrea)xeb (ais a subset of b) ;

c~{a,b}isVr(xec— x=aVr=Db) (given a and b, ¢ is some pair {a, b}) ;

b~ UaisVr(reb«— (Jyca)xey) (given a, b is some union of all the elements of a) ;
b~{zea; F(x)} isVe(xeb — zea A F(z)).

Lemma 13. i) ZF~ F Ya3b(b ~ Ua).
ii) ZF~ F YaVb3c(c ~ {a,b}).
iii) ZF~ FYa3b(b~{zeca; F(x)}).

i) Follows immediately from the union axiom and the comprehension scheme.
ii) Follows immediately from the pairing axiom and the comprehension scheme, applied
to the formula z =a VvV =b.
iii) It is the comprehension scheme.
Q.E.D.

Lemma 14. ZF~ F Va3db(a C b A (Vxeb)(Vyexz)yeb) (every set is a subset of some
transitive set).

By lemma 13(i), we have ZF~ F Va3y(y ~ Uz). Therefore, it follows from the infinity
scheme that, for every set a, there exists a set b such that ac b and (Vzeb)(3yeb)(y ~ Uz).
Let ¢ be such that ¢ ~ Ub. Then a C ¢ and c is transitive : if ' e x e ¢, we have xeye b, so
there exists z e b such that z ~ Uy. Since 2’ ¢ x ey, we have 2’ ¢ z and z e b, and therefore
' ec.

Q.E.D.

Taking a such that be a and ce a by the pairing axiom, we deduce that, given any two
sets b, ¢, there exists a transitive set d such that bed and ced.

For every set u, we define the reflexive and symmetric binary relation =, in the
following way : x ~, yisx =y V (Jacu)(reaAyea).

Let D(u) be the formula : VaVy|x ~, y — (V' e 2)(Ty e y)a’ ~, v/].

Then, we define the binary relation ~ : x ~ y is the formula Ju(D(u) A x ~, y).
The relation =~ is clearly symmetric. It is also reflexive, as can be seen by taking for u an
empty set : then we have x ~, y < = = y, and thus D(u).

Lemma 15. Let R(x,y) be a reflexive and symmetric relation such that Ya¥Vy|R(z,y) —
(Va'ex)(Ty ey)R(2',y')]. Then R(z,y) — = ~y.

Suppose R(zg, o) ; let A be a transitive set such that zg,ypc A (lemma 14). Let B be a
set such that (Vx,ye A)(Jze B)(z ~ {z,y}) (which is obtained by lemma 13(ii) and the
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collection scheme). Let u ~ {z¢e B; (Vx,yez)(x,ye AN R(x,y))}, which is obtained by
the comprehension scheme. Then we have :
(%) r, Yy (e=y)Vi(x,ye AN R(z,y)).

Indeed, if z ~, y et x # y, we have x,y € ze u, thus x,y e AAR(x,y) by definition of u.
Conversely, if z,ye AN R(x,y), there exists z& B such that z ~ {z,y}, and we have zeu
by definition of u (we have R(z,x), R(y,y), R(z,y) and R(y,x) because R is reflexive
and symmetric) thus z ~, y.

It follows that we have xy ~, yo. Therefore, it is sufficient to prove D(u) in order
to deduce zo ~ yo. But, if z ~, y and = # y, we have z,ye A and R(z,y). If 2’ ez,
by hypothesis on R, there exists ¢’y such that R(z’,y’). Since A is transitive, we have
2,y € A, and therefore ' ~, y' by (*).

Q.E.D.

Theorem 16. i) We have v >~y « (Vo' ex)(Fy ey) (2’ ~y) AN (VY ey)(Fa' e x) (2 ~ ).
i1) The relation ~ is an equivalence relation.

i) Proof of — : obvious by definition of ~.
Proof of « : let us define

R(z,y) = (V2'ex)( 3y ey)(@' =~y )N VY ey) (T’ ex) (2 ~ o).

We check the hypothesis of lemma 15 : R is clearly reflexive and symmetric. If we
have R(x,y) and 2’ ¢ z, then there exists y' € y such that 2’ ~ y'. But we have just shown
(proof of —) that 2’ ~ ¢y — R(a',y’). Therefore we have (Va'ex)(Jy e y)R(z',y').

From lemma 15, we get R(z,y) — x ~ y, which is the desired result.

ii) It is sufficient to prove that ~ is transitive. Let us define R(x,y) by the formula
Jz(z ~ z Az ~ y). We check the hypothesis of lemma 15 : R is clearly reflexive and
symmetric. If R(z,y) and 2’ ¢z, then z ~ z and z ~ y. Thus, there exists 2’ ¢ z such that
x' ~ 7' and y' ey such that 2’ ~ y’. Therefore we get R(x',y’).

From lemma 15, we have R(z,y) — x ~ y, which is the desired result.

Q.E.D.

We can now write the two formulas :

E(z,y) : (I ey)(xz~y) and

Clx,y) : (Va'ex)E(2,y).
Then C(z,y) is the formula (Va'e z)(3y' e y) 2’ ~ ¢/, and therefore x ~ y is equivalent to
C(z,y) NC(y, x) by theorem 16. Therefore, we have E(z,y) <« (3y" e y)(C(z,y") AC(y', x)).

We have xey — E(z,y) since ~ is reflexive. Therefore, if we define x € y by E(z,y)
and z C y by C(x,y), it is easy to show that the axioms of ZF (without foundation) are
satisfied : you only have to repeat the proof, already done, that the axioms of ZF are
consequences of ZF., beginning at the comprehension scheme.

6 Typed A-calculus in ZF

We add the following symbols of function to the language of ZF. : U, P (unary symbols),
{} (binary symbol), ¢r, g, xr (for each formula F'), the arity of which depends on F :
if F'is written F'(z,x,...,x,) with a particular variable z (z1,...,x, are parameters),
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then ¢ has the arity n+ 1. For brevity, we write F'(z) for F(z,zq,...,x,), and ¢r(a) for

¢p(a,xy,...,x,). In the same way, if F' is written F(x,y,z1,...,x,) with two particular
variables x and y (we write it F'(z,y)), then ¢p is of arity (n + 1) (we write ¢ p(a) for
Yr(a,z1,...,x,)) ; the same for xp.

We take the typing rules of the A\.-calculus (at the end of section 2), with the sixth rule
modified in the following way :

6. x1: Ay, ...,y ApEt Ve A = a2 Ay, e, s Ay B AT /2]
for every term 7 built with the function symbols U, P, {}, ¢r, ¥r, XF.

We add the following rules, one for each axiom of ZF. ; we use the symbol . to denote
this new system of types ; x is a A-variable ; a, b, y, z are set theoretic variables :

0. Equality and extensionality axioms
riag¢bb.x:Vz(aCz,2Ca—z¢b) and z:Vz(a Cz,2Ca— z¢gb)F.x:a¢db;
x:aCbkex:Vz(z2¢b— z¢a) and z:Vz(2¢b— z¢a)F.x:a Ch.
1. Foundation scheme
Fe Y Va[Vz(F(z) — z¢a), F(a) — 1] — Va(F(a) — 1)
(for every formula F(z,z1,...,2,)).

2. Comprehension scheme
x:z¢dp(a)Fex: F(2) = 2¢a and z: F(2) = z¢abk.x:2¢¢pp(a)
(for every formula F(z,z1,...,2,)).
3. Pairing axiom
rxragf{a,b}F.o: L and z:b¢{a, b} .o L.
4. Union axiom
rxiyfz—zfat.xyf Ua— z£a.
5. Power set scheme
x:¢r(a)gPla) e x: L (for every formula F(z,x1,...,2,)).
6. Collection scheme
x:V2(F(y, 2) = z¢p(a)) ez V2(F(y, 2) = y#a)
(for every formula F(y, z,z1,...,2,)).
7. Infinity scheme
x:afgxpla)bFex: L
r N2y, 2) — z¢xr(a)) Fe v V2(F(y, 2) = y £ xr(a))
(for every formula F(y, z,21,...,x,)).
From the above, it follows that theorem 8 remains true with these new typing rules. In
particular :

Theorem 17. If A is a closed formula and F.t: A, thent || A.

Remark. i) In this system of types, for every formula A we have :

r:LF.Ary... Az, x: A for some integer n.
This is easily proved by induction on A, remembering that L is VaVy(x £ y) : for an atomic
formula A, this is trivial if A is ¢ #u, and this follows from rules 0 above if A is t ¢ u or
t C u. The cases where A= B — C or A = Vx B are trivial.
But, since | L| C |A| for every formula A, we might use the following simpler rule :
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x: L F,.x: A for every formula A
and the theorem 17 remains valid.
ii) In this type system, the axioms of ZF. are “ inhabited ” by very simple A-terms, in fact
Ax x or Y. But this is no longer the case for the axioms of ZF + AF, since these axioms
are theorems of ZF,. which are not completely trivial. For example, the power set axiom
of ZF can be written as Vz(z C a — = € P(a)), and it appears that no intuitionistic
A-term (i.e. not involving cC) realizes it.

7 Normalization properties

It is easy to see that no general normalization theorem is possible for this typed A-calculus.
Consider, for example, the following simple theorem, which uses only the comprehension
scheme :

Theorem 18. Let F(y) be the formula y ¢y, and 6 = Ax(x)x. Then :
Fe 06 - Va(pp(x) £ x).

Let b be ¢r(a) ; then, we have x : y¢bt. x : yfy — yfa. Therefore z : bgb . x :
bgb — bfa. Thus, x :bfbt. xx : bfa, and therefore . 6 : bgb — b a. Tt follows that
Fe d:b#b, and thus . 66 : b# a.

Q.E.D.
In fact, it can be proved that, if any A-term 7 is such that k. 7 : Va(¢p(z) £ ), this
typing being obtained without using the foundation scheme, then 7 has the same reduction
behaviour as 4.

Nevertheless, the important fact is that this typed A-calculus leads to correct computations,
as far as data types are concerned. This is shown by the following theorems, about
booleans and integers.

Consider first two symbols of constant 0 and 1, that we add to the language of ZF.. The
formula VX (1£ X,0¢ X — ¢ X) is denoted by Bool(z) (read “ z is a Boolean 7).

Theorem 19. If . 7 : Bool(1), then for any A-terms t,u and any stack m, we have
Ttum =, tw. In other words, T behaves like the boolean \xAy x. Of course, the same result
holds for the formula Bool(0).

We take a model U such that 0 # 1. Define I = {{ € AIl;{ =, tr}, and X = {(1,7)}.
Then ¢ |- 1# X, and every A-term realizes 0 ¢ X. From theorem 17, we get 7 |- Bool(1).
It follows that 7tu |- 1# X, which means that Ttur € L.

Q.E.D.

Consider now a symbol of constant 0, and a unary function symbol s, that we add to
the language of ZF.. The formula VX [Vy(y¢ X — sy¢ X),0¢ X — x ¢ X] is denoted by
Int(x) (read “ z is an integer ”).

A simple method for computing classical integers has been given by M. Parigot, in
the framework of second order logic and Apu-calculus. The following theorem shows that
it remains valid in the typed A-calculus in ZF'.
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Theorem 20. Let n € N and 7 € A. If . 7 : Int(s"0), then T represents the classical
Church integer n in the sense of [8, 9]. In particular, ((T)\f foo)ptm =. ((¢)(o)"t)m for
every \-terms o, ¢, t and every stack .

Let us only prove the last assertion. Take a model ¢ in which the interpretation of s
and 0 are such that sy # 0 and sy = s**10 — y = s*0 for all . Define 1. = {£ € AIT ;
e ((@)o™t)w} and X = {(0,0"n),...(s*0,0" ), ..., (s"0,tm)}.

Therefore, we have ¢ |- 0¢ X. Let us show that Af foo |[FVy(yé X — sy¢ X) :
this is clear if sy # 0, ..., s"0, since then |sy# X| = A. If sy = /0, then j =k +1et y =
s*0(0 < k < n). Suppose that u |-y # X ; thus, we have ((u)o™ *t)r € L. But, if we set
v=(\f foo)u, we have ((v)o" " t)m =, ((u)o™ *t)xr, and therefore ((v)o" *1t)r € L.
This shows that v |- s*710# X, and we have proved that A\f foo |- s*0¢ X — sT10# X.

From theorem 17, we get 7 |- Int(s"0). It follows that (TAf foo)o |- s"0¢ X, and
therefore (TAf foo)ptm € L, which is the desired result.

Q.E.D.
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