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Abstract. By extending nondeterministic transition systems with concurrency andcopy mechanisms, Axiomatic Rewriting Theory provides a uniform framework for avariety of rewriting systems, ranging from higher-order systems to Petri nets andprocess calculi. Despite its generality, the theory is surprisingly simple, based ona mild extension of transition systems with independence: an axiomatic rewritingsystem is de�ned as a 1-dimensional transition graph G equipped with 2-dimensionaltransitions describing the redex permutations of the system, and their orientation.In this article, we formulate a series of elementary axioms on axiomatic rewritingsystems, and establish a diagrammatic standardization theorem.
Foreword by the author
Many concepts of Rewriting Theory started in the �-calculus | which is by far the moststudied rewriting system in history. A remarkable illustration is the conuence theorem .The theorem was formulated by A. Church and J.B. Rosser in the early years of the �-calculus[Church, Rosser, 1936]. The theorem was then generalized and applied extensively to otherrewriting systems. It became eventually an object of study in itself, in a line of researchpioneered by H.-B. Curry and R. Feys in their book on Combinatory Logic (1958). Thisculminated in a series of beautiful papers by G. Huet, J. W. Klop, and J.-J. L�evy publishedat the end of the 1970s and beginning of the 1980s. Today, more than half a century afterits appearance in the �-calculus, the conuence property is universally accepted as thetheoretical principle underlying deterministic computations.The article is concerned with another key property of the �-calculus: the standardiza-tion theorem , which was discovered by A. Church and J.B. Rosser quite at the same timeas the conuence property. We advocate in this article that, in the same way as conu-ence underlies deterministic computations, standardization guides causal computations. Itis worth clarifying here what kind of causality we have in mind, since the concept has beenused in so many di�erent ways. First of all, we mean by computation a rewriting path

M1 u1�!M2 u2�!M3 �! � � � �!Mn�1 un�!Mn
in which every term Mk describes a particular state of the system, and in which everyredex uk describes a particular transition on states, for 1 � k � n. Then, we mean by causalcomputation a computation in which every transition uk is enabled by a chain or cascade ofprevious transitions. We are particularly interested in situations where the chain of causalityleading to uk is not necessarily the whole rewriting path

M1 u1�!M2 u2�!M3 �! � � � �!Mk�1 uk�1�! Mk: (1)
At this point, we advise the reader to practice the following spiritual exercise: think of todayas a particular sequence of transitions (1) starting from your bedroom (stateM1) and leading
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to your current position in the day (state Mk). Then, call v = uk the transition consistingin reading this very article:
v = uk : Mk �!Mk+1:

You will certainly admit that some transitions performed today (u1; : : : ; uk�1) are not nec-essary to read this article. Alas, it seems particularly di�cult to disentangle the necessarytransitions from the unnecessary ones. This is the point of this article: we investigate howto perform this task in Rewriting Theory by permuting transitions | in the spirit of trueconcurrency and Mazurkiewicz traces. Suppose for instance that your last action u = uk�1today has been to drink co�ee:
u = uk�1 : Mk�1 �!Mk:

Do you really need that co�ee to read these lines? The simplest way to answer is to checkwhether the transition v may be permuted before the transition u. If this is the case, thenco�ee is not necessary. Of course, you may reply that you have already drunk your co�eeten minutes ago, and thus, that it is far too late now to permute the order of events! Youare certainly right... but this is not what matters here: the very fact that permuting thetransition v before the transition u is possible in principle is su�cient to establish thatperforming transition u is not necessary in order to perform transition v.Suppose on the other hand that your last action u has been to fetch this article from thelibrary. In that case, performing the transition u is absolutely necessary in order to performthe transition v. There is no way indeed (either in reality or in principle) to permute theorder of the two transitions... and this is precisely the reason why you went to the libraryon the �rst hand!Of course, separating the necessary transitions from the unnecessary ones may involvemore than just one permutation. Suppose for instance that you have drunk co�ee just beforefetching the article from the library. In that case, it takes two permutations (permute yourco�ee time after your visit to the library, and after your study of the article) in order todemonstrate that drinking co�ee is not necessary.Everyday life shows that chains of causality may be reconstructed between transitionsby applying relevant series of permutations on them. Now, Rewriting Theory goes further: itimplements a symbolic universe in which computations may be erased or duplicated at will.This often shifts away from common sense! Let us illustrate this with the three transitionsinvolving a co�ee machineM producing a cup of co�ee C, all this replicated by a duplicator:
1. M produces the cup of co�ee C,2. Duplicator replicates M in two exact copies M1 and M2, each one containing its owncup of co�ee C1 and C2,3. You fetch the cup of co�ee C1 from M1, and drink it.
The situation is particularly intricate from a conceptual point of view. On one hand, pro-ducing the cup of co�ee C (�rst transition) is necessary to fetch the cup of co�ee C1 (lasttransition) since the cup C1 is just a copy of the cup C. On the other hand, the �rst twotransitions produce the cup of co�ee C2 which is not necessary to fetch the cup of co�ee C1in the last transition. The only way to clarify things here is to permute the duplication of themachineM (second transition) before the production of the cup of co�ee C (�rst transition).From this results a series of four transitions:



1. Duplicator replicates M in two exact copies M1 and M2,2. M1 produces the cup of co�ee C1,3. M2 produces the cup of co�ee C2,4. You fetch the cup of co�ee C1 from M1, and drink it.
There is more work for everybody now (except for Duplicator possibly) since each ma-chine M1 and M2 has to produce its own cup of co�ee C1 and C2. On the other hand,starting by duplicating the machine M enables to disentangle the necessary part (produc-ing the cup of co�ee C1) from the unnecessary part (producing the cup of co�ee C2). Itthen becomes possible to exhibit the chain of causality leading to the cup of co�ee C1, bypermuting the two last steps in the previous sequence of transitions:
1. Duplicator replicates M in two exact copies M1 and M2,2. M1 produces the cup of co�ee C1,3. You fetch the cup of co�ee C1 from M1, and drink it.
This long discussion explains why standardization reorganizes computations by giving pri-ority to duplicators and erasers. This aspect of causality is fundamental but subtle, and thusoften misunderstood, even by specialists.

Technically speaking, the article is built on a seminal observation made by Jan WillemKlop in his PhD thesis, more than twenty-�ve years ago. The PhD thesis, published in 1980,contains two proofs of the standardization theorem for the leftmost-outermost �-calculus.In the second proof, Jan Willem Klop reduces standardization to strong normalization andconuence of a 2-dimensional rewriting process on the �-rewriting paths, thus understood as1-dimensional entities. The process consists in permuting the so-called anti-standard pairsof �-redexes u and v in the following way:
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The 2-dimensional transition f =) g transforms the �-rewriting path f = u � v into the�-rewriting path g = w � h where:
{ the �-redex w is the ancestor of the �-redex v before �-reduction of the �-redex u,{ the �-rewriting path h develops the residuals of the �-redex u after �-reduction of the�-redex w.

By anti-standard pair, one means that the �-redex w lies outside or to the left of the �-redex u. Jan Willem Klop shows that the 2-dimensional procedure =) strongly normalizesand converges on a unique normal form for every �-rewriting path. The resulting normalform is precisely the standard (that is, leftmost-outermost) �-rewriting path associated tothe original �-rewriting path.
In this article, we generalize the construction to a wide class of rewriting systems, rang-ing from higher-order systems to Petri nets and process calculi. This provides evidence that



causality is a general phenomenon in Rewriting Theory, whose scope is not limited to deter-ministic computations. We proceed in a purely diagrammatic way: we start by formulatinga series of 3-dimensional principles which regulate the 2-dimensional permutations actingon the 1-dimensional rewriting paths. We then show that every Rewriting System satisfyingthese elementary principles (called axioms) satis�es our diagrammatic standardization the-orem. The theorem states that applying 2-dimensional permutations to a rewriting path fleads eventually to a unique rewriting path g | modulo a fundamental notion of reversiblepermutation introduced in the course of the article. The standard rewriting path is thende�ned as the unique normal form of this 2-dimensional procedure.
I have had several occasions to appreciate the extraordinary quality and insight of JanWillem Klop's contribution to Rewriting Theory. It is thus a great pleasure and honour forme to dedicate today this article to Jan Willem Klop, on the occasion of his 60th birthday.

1 Standardization: from syntax to diagrams
1.1 Computing leftmost outermost is judicious... in the �-calculus
The �-calculus is the pure calculus of functions. It has a unique reduction rule, called the�-rule, (�x:M)P �!M [x := P ] (2)
which substitutes every free variable x in the �-term M with the �-term P . Despite itssimplicity, the �-rule enables an extraordinary range of behaviours. For instance, dependingon the number of times the variable x occurs inM , the �-redex (2) duplicates its argument P ,or erases it... Typically, the �-term � = (�x:xx) de�nes a duplicator, while the �-termK = (�x:�y:x) de�nes an eraser, with the following behaviours:

�P �! PP; KPQ �! (�y:P )Q �! P:
Amusingly, the duplicator � applied to itself de�nes a �-term �� whose computation loops:

�� �! �� �! � � �
The �-termKa(��) obtained by applying the eraserK to the variable a and to the loop��is particularly interesting, because its behaviour depends on the strategy chosen to computeit. When computed from left to right, the �-termKa(��) reduces in two steps to its result a:

Ka(��) �! (�y:a)(��) �! a (3)
On the other hand, when computed from right to left, the same �-term Ka(��) loops forever on the unnecessary computation of its subterm ��:

Ka(��) �! Ka(��) �! � � � (4)
To summarize: applying the \wrong" strategy on the �-term Ka(��) computes it for ever,whereas applying the more judicious strategy (3) transforms it into its result a. This raisesa very pragmatic question: does there exist a \judicious" strategy for every �-term? Thisstrategy would avoid useless computations, and reach the result of the �-term, whenever this



result exists. Remarkably, such a \judicious" strategy exists, and its recipe is surprisinglyuniform: reduce at each step the leftmost outermost �-redex of the �-term! Note that thisis precisely the strategy applied successfully in (3) to compute the �-term Ka(��).We recall below the de�nition of the leftmost outermost strategy, formulated originally byA. Church and J. B. Rosser in the �I-calculus (the �-calculus without erasers) then adaptedto the �-calculus by H.-B. Curry and R. Feys. A �-redex is a pattern (�x:P )Q occurringin the syntactical tree of a �-term. The �-terms (�x:P ) and Q are called respectively thefunction and the argument of the �-redex (�x:P )Q. A �-term which does not contain any�-redex is called a normal form: it cannot be computed further. Now, consider a �-term Mcontaining a �-redex at least. Its leftmost outermost �-redex is de�ned by induction on thesize of the �-term M :
1. as (�x:P )Q when M = �x1:::�xk:((�x:P )QR1:::Rm),2. as the leftmost outermost �-redex of Q when

M = �x1:::�xk:(xP1:::PmQR1:::Rn)
and every Pi is a normal form.

Theorem 1 (Curry-Feys) Suppose that there exists a rewriting path from a �-term M toa normal form P . The strategy consisting in rewriting at each stepMi the leftmost outermost�-redex in Mi constructs a rewriting path
M =M0 �!M1 �! � � � �!Mk�1 �!Mk = P

from M to P .
Theorem 1 may be stated alternatively by de�ning 99K as the least relation between �-termssatisfying the inductive steps of Figure 1, then by establishing that M �!�! P is equivalentto M 99K P , for every �-term M and normal form P . We leave the reader check as exercisethat the de�nition of 99K constructs the rewriting path (3) in the case of M = Ka(��).
1.2 Computing leftmost outermost is not necessarily judicious... in otherrewriting systems
This clari�es how a term should be computed in the �-calculus: from left to right. It appearshowever that this orientation is very particular to the �-calculus. Consider for instance the

(Var) x 99K x
(Beta) M 99K �x:P P [x := N ] 99K QMN 99K Q
(App) M 99K xP1:::Pk N 99K QMN 99K xP1:::PkQ
(Xi) M 99K P�x:M 99K �x:P

Fig. 1. An inductive de�nition of Curry and Feys' leftmost outermost strategy.



term rewriting system de�ned by the rules
A! AB ! CF (x;C)! D (5)

Then, the rightmost outermost strategy (6) rewrites the term F (A;B) to a result D:
F (A;B) �! F (A;C) �! D (6)

whereas the leftmost outermost strategy loops for ever on the term F (A;B):
F (A;B) �! F (A;B) �! � � � (7)

One must admit here that there exists no universal \syntactic orientation" in RewritingTheory. This should not be a surprise: after all, the \syntactic orientation" of a rewritingsystem is extremely sensitive to its notation! Think only of the �-calculus written throughthe Looking Glass, in a reverse notation: now, the calculus is oriented right to left, insteadof left to right... The general case is even worse. A rewriting system does not enjoy anyuniform orientation in general, and �nding the \judicious" strategy, even if we know that itexists, is a non decidable problem, see [Huet, L�evy, 1979].Despite the apparent mess, we will initiate in this article a generic theory of orientationsand causality in rewriting systems. But on what foundations? Obviously, we need to abstractaway from syntax in order to describe uniformly examples (3), (4), (6) and (7). We are thuscompelled to reason diagrammatically instead of syntactically, and to develop a syntax-freeRewriting Theory, based on a 2-dimensional re�nement of the traditional notion of AbstractRewriting System developed in [Newman, 1942,Huet, 1980,Klop, 1992].
1.3 Forget syntax, think diagrammatically!
The diagrammatic approach to Rewriting Theory which we have in mind is justi�ed by asimple but surprising observation: despite their syntactic di�erences, the two terms Ka(��)and F (A;B) de�ne exactly the same transition system, which we draw below.

Ka(��)
K ��

�1 // Ka(��)
K��(�y:a)(��) �2 //

� ��
(�y:a)(��)

���a ida a

F (A;B)
B ��

A1 // F (A;B)
B��F (A;C) A2 //

F ��
F (A;C)

F��D idD D

(8)

Apparently, the dynamical analogy between the two terms Ka(��) and F (A;B) goes be-yond the equality of their transition systems. Observe that in the lefthand side and therighthand side of the diagram:
{ the steps �1 and A1 are \unnecessary" because they may be \erased" by the paths K ��and B � F ,



{ the paths K � � and B � F are more \judicious" than the paths �1 �K � � and A1 �B � Fbecause they avoid computing the \unnecessary" redexes �1 and A1.
This analogy between the two terms Ka(��) and F (A;B) is too subtle to be reectedby the transition systems of Diagram 8. However, it is possible to re�ne the notion oftransition system, in order to capture the analogy. The re�nement is based on the conceptof redex permutation introduced by J.-J. L�evy in his work on the �-calculus and on termrewriting systems, see [L�evy, 1978,Huet, L�evy, 1979,Barendregt, 1985]. Permuting redexesinside rewriting paths enables to express by local transformations that two di�erent rewritingpaths compute the same events, but in a di�erent order. Typically, the transition system ofthe terms Ka(��) and F (A;B) may be equipped with two redex permutations [1] and [2]indicated below:

Ka(��)
[1]K ��
�1 // Ka(��)

K��(�y:a)(��) �2 //
[2]� ��

(�y:a)(��)
���a ida a

F (A;B)
[1]B ��
A1 // F (A;B)

B��F (A;C) A2 //
[2]F ��

F (A;C)
F��D idD D

(9)

Consider for instance the transition system of the �-term Ka(��) on the lefthand side ofDiagram 9:
{ the two paths �1 � K � � and K � �2 � � are equivalent modulo permutation [1] of the�-redexes �1 and K, and{ the two paths K ��2 �� and K �� are equivalent modulo permutation [2] of the �-redexes�2 and �.

All put together, the two paths f = �1 � K � � and g = K � � are equivalent modulo thetwo permutations [1] and [2]. In particular, they compute the same events, but in a di�erentorder. Note however that the redex �1 has disappeared in the process of reorganizing therewriting path f into the rewriting path g. Remarkably, the same story may be told of theterm F (A;B): the redex A1 has disappeared during the process of reorganizing the rewritingpath f = A1 �B �F into the rewriting path g = B �F using the two permutations [1] and [2].The process of reorganizing a path f : P �!�! Q into the properly oriented path g : P �!�!Q is known as the standardization procedure. The rewriting path g obtained at the end ofthe procedure is called the standard path associated to the path f . J.-J. L�evy introducedthe idea of an equivalence relation between rewriting paths modulo redex permutation. Here,we orient the redex permutations and thus re�ne L�evy equivalence relation into a preorderon rewriting paths. We call this preorder the standardization preorder. This enables us todescribe standardization in a purely diagrammatic way, as an extremal problem:
standard paths = minimal paths wrt. the standardization order.

All this is explained in Sections 1.4|1.8, and illustrated by the �-calculus in three di�erentways in Section 1.9. A concise and subjective history of the standardization theorem isprovided in Section 1.10.



1.4 Standardization as 2-dimensional rewriting \modulo"
Standardization is too often explained syntactically, and this complicates matters... In orderto understand the reorganization of redexes in a simple and diagrammatic way, we decideto orient the permutations [1] and [2], and to de�ne standardization as the 2-dimensionalprocess of transforming the path �1 �K � � into the path K � �. During that transformation,each permutation [1] and [2] plays the role of a 2-dimensional rewriting step =) reducing arewriting path into another \more standard" rewriting path:

�1 �K � � =) K ��2 � � =) K � �: (10)
The normal form of �1 �K � � is the standard path K � �. In this way, we de�ne uniformly| for the �rst time | standardization for a wide class of existing rewriting system. The2-dimensional perspective uni�es already our two favourite examples: the rewriting pathA1 � B � F is rewritten as the \rightmost outermost" rewriting path B � F by the same2-dimensional procedure as example (10):

A1 �B � F =) B �A2 � F =) B � F:
The interpretation of standardization as 2-dimensional rewriting is the author's rediscoveryof an old idea published �fteen years earlier by J. W. Klop in his PhD thesis. At the time ofJ. W. Klop's PhD thesis (1975-80) standardization was limited to the �-calculus and similar\leftmost-outermost" standardization theorems. J. W. Klop observed that standardizationcould be expressed nicely as a plain 2-dimensional rewriting system. Quite at the same time,G. Huet and J.-J. L�evy reshaped the �eld entirely by establishing a revolutionary standard-ization theorem for term rewriting systems, in [Huet, L�evy, 1979]. Unfortunately, the richerstandardization mechanisms disclosed by G. Huet and J.-J. L�evy cannot be expressed asa plain 2-dimensional rewriting system anymore | and J. W. Klop's elegant idea wouldsimply not work.It is only �fteen years later, trying to abstract away from the syntactical details of[Huet, L�evy, 1979] that the 2-dimensional approach took shape again. This was a completelyindependent discovery originating from a long and obsessive reexion on the diagrammaticpresentation of [Gonthier, L�evy, Melli�es, 1992]. Already in germ there and in the author'sPhD thesis [Melli�es, 1996] the idea emerged �nally that the standardization mechanismdescribed by G. Huet and J.-J. L�evy reduces to distinguishing two classes of permutations:
{ the reversible permutations | for instance, permutation [1] in Diagram (9),{ the irreversible permutations | for instance, permutation [2] in Diagram (9).

In this way, the standardization mechanisms disclosed by G. Huet and J.-J. L�evy can bereformulated as a 2-dimensional rewriting system modulo reversible permutations | whichthen specializes to a plain 2-dimensional rewriting system in the case of the \leftmost-outermost" standardization theorems studied by J. W. Klop in his PhD thesis.At this point, it is worth explaining briey and informally the di�erence between areversible and an irreversible permutation. Permutation [1] is called reversible because itpermutes two disjoint rewriting steps K and �1, or B and A1 | disjoint in the syntacticsense that no redex contains the other redex in the tree nesting order. The permutation is



thus neutral from the point of view of standardization.
Ka(��)

[1]K ��
�1 // Ka(��)

K��(�y:a)(��) �2 // (�y:a)(��)
F (A;B)

[1]B ��
A1 // F (A;B)

B��F (A;C) A2 // F (A;C)
Permutation [2] is called irreversible because it replaces the \inside-out" computation �2 ��or A2 � F by its \outside-in" equivalent � or F | thus strictly improving the computationfrom the point of view of standardization.

(�y:a)(��) �2 //
[2]� ��

(�y:a)(��)
���a ida a

F (A;C) A2 //
[2]F ��

F (A;C)
F��D idD D

1.5 The basic vocabulary of Axiomatic Rewriting Theory
It is time to introduce several key de�nitions related to our diagrammatic theory of stan-dardization.
De�nition 1 (transition system) A transition system (or oriented graph) G is a quadru-ple (terms; redexes; source; target)
consisting of a set terms of vertices (= terms), a set redexes of edges (= rewriting steps,or redexes), and two functions source; target : redexes! terms (= the source and targetfunctions). We write

u :M �! N when source(u) =M and target(u) = N .
Recall that a path in a transition system G is a sequence

f = (M1; u1;M2; :::;Mm; um;Mm+1) (11)
where ui : Mi �! Mi+1 for every i 2 [1:::m]. We write f : M1 �! Mm+1. The length of fis m and f is said to be empty when m = 0. Two paths f :M �!�! N and g : P �!�! Q arecoinitial (resp. co�nal) when M = P (resp. N = Q). The path f ; g : M �!�! Q denotes theconcatenation of two paths f :M �!�! P and g : P �!�! Q.
De�nition 2 (2-dimensional transition system) A 2-dimensional transition system isa pair (G;B) consisting of a transition system G and a binary relation B on the paths of G.The relation B is required to relate coinitial and co�nal paths:

8f :M �!�! N; g : P �!�! Q; f B g ) (M;N) = (P;Q)



The idea of Axiomatic Rewriting Theory is to replace a concrete rewriting system by its2-dimensional transition system. This has the e�ect of revealing unexpected similarities:typically, the two terms Ka(��) and F (A;B) behave di�erently syntactically (left to rightvs. right to left) but induce the same 2-dimensional transition system (drawn below) in the�-calculus and in the term rewriting system (5).
X
u ��

w1 // X
u��Y w2 //

v ��
Y
v��Z idZ Z

w1 � u B u � w2u � w2 B w1 � uw2 � v B v (12)

It should be obvious at this point of the exposition that the dynamical analogy observedpreviously between the terms Ka(��) and F (A;B) (Section 1.3) follows from the identityof their 2-dimensional transition system.
De�nition 3 (permutation) A permutation (f; g) in a 2-dimensional transition system(G;B) is a pair of paths such that f B g. We often use the more explicit (and overloaded)notation f B g for a permutation (f; g).
De�nition 4 (standardization step, 1=)) A standardization step from a path d :M �!�!N to a coinitial and co�nal path e :M �!�! N in a 2-dimensional transition system (G;B),is a triple (d1; f B g; d2) consisting of a permutation f B g and two paths d1, d2 such that:

d = M d1�!�! P f�!�! Q d2�!�! N e = M d1�!�! P g�!�! Q d2�!�! N
We write d 1=) e when there exists a standardization step from d to e.
De�nition 5 (standardization preorder =), L�evy equivalence �) In every 2-dimensionaltransition system (G;B)
{ the standardization preorder =) is the least transitive reexive relation containing 1=).We say that a path e : M �!�! N is more standard than a path d : M �!�! N whend =) e.{ the L�evy permutation equivalence � is the least equivalence relation containing =).Alternatively, the equivalence relation � is the least equivalence relation containing Band closed under composition.

To illustrate our de�nitions with diagram (12), one shows that the path u�v is more standardthan the path w1 � u � v by exhibiting the sequence of standardization steps:
w1 � u � v 1=) u � w2 � v 1=) u � v:



1.6 Reversible and irreversible permutations
Permutations of (G;B) are discriminated in two classes, reversible and irreversible, accordingto the following de�nition.
De�nition 6 (reversible, irreversible permutation) In every 2-dimensional transitionsystem (G;B)
1. A permutation (f; g) is reversible when g B f . A box } signals reversible permutationsf } g in text and diagrams.2. A permutation (f; g) is irreversible when :(g B f). A triangle I signals irreversiblepermutations f I g in text and diagrams.
Check that the de�nition matches the previous quali�cation in Section 1.4 of permutation[1] as reversible, and permutation [2] as irreversible, in diagrams (9) and (12). We illustrateour new diagrammatic conventions on the 2-dimensional transition system (12).

X
}u ��
w1 // X

u��Y w2 //
Jv ��

Y
v��Z idZ Z

w1 � u } u � w2w2 � v I v (13)

In the de�nition below, the discrimination on permutations generalizes to the obvious dis-crimination on standardization steps. The key concept of reversible permutation equivalence' is revealed, as a stronger version of usual L�evy permutation equivalence �.
De�nition 7 (REV=) ; IRR=), reversible permutation equivalence ') In every 2-dimensionaltransition system (G;B)
{ A standardization step (e; f B g; h) is reversible (resp. irreversible) when the permuta-tion f B g is reversible (resp. irreversible). We write

d REV=) e d IRR=) e
when there exists a Reversible (resp. Irreversible) standardization step from d to e.{ The reversible permutation equivalence ' is the least equivalence relation containing therelation REV=) .

1.7 Standard rewriting paths
De�nition 8 (standard path) A rewriting path d : M �!�! N is standard when theredoes not exist any sequence of standardization steps

d REV=) d1 REV=) � � � REV=) dk IRR=) dk+1
consisting of a series of k Reversible steps followed by an Irreversible step.



So, a standard path is just a normal form of the standardization process, modulo reversiblesteps. So, when a rewriting path d is standard, and when d =) e, then d ' e and therewriting path e is standard.
For instance, the path X w1�! X u�! Y v�! Z in diagram (12) is transformed in twosteps in the standard path X u�! Y v�! Z. The rewriting path X w1�! X u�! Y is anotherexample of standard path, because every standardization sequence from it to itself or toX u�! Y w2�! Y is reversible.

1.8 The standardization theorem
One main challenge of Axiomatic Rewriting Theory is to capture the diagrammatic proper-ties of redex permutations in syntactic rewriting systems, in order to establish the followingdiagrammatic standardization theorem: for every rewriting path d :M �!�! P in the transi-tion system G,
1. existence: there exists a standardization sequence

d =) e
transforming the rewriting path d into a standard path e,2. uniqueness: every standardization sequence

d =) f
may be extended to a standardization sequence leading to the standard path e:

d =) f =) e:
The uniqueness property has a series of remarkable consequences. Suppose for instance thatthe rewriting path f is standard. In that case, the standardization sequence

f =) e
consists of Reversible steps. Thus, f ' e:
From this follows that there exists a unique standard path e such that

d =) e
modulo reversible permutation equivalence. In fact, the uniqueness property ensures thatthere exists a unique standard path, modulo reversible permutation equivalence, in the L�evyequivalence class of the rewriting path d.In this article, we formulate a series of nine elementary axioms on the 2-dimensionaltransition system (G;B) and deduce from them the diagrammatic standardization theoremstated above. The axioms uncover a series of simple and elegant principles of causalityin computations. They also illustrate that a purely diagrammatic and syntax-free theoryof computations is possible, and useful, since it enscopes almost every existing rewritingsystem, from Petri nets to higher-order rewriting systems.



1.9 Illustration: the �-calculus and its three standardization orders
There are at least three di�erent ways to interpret the �-calculus as a 2-dimensional tran-sition system, each one associated to a particular nesting order on the �-redexes of �-terms. The underlying transition system G� is the same in the three cases. It is de�ned in[Curry, Feys, 1958,L�evy, 1978] as follows:
{ its vertices are the �-terms, modulo �-conversion,{ its edges are the �-redexes u :M �! N .

Recall that a �-redex u = (M;o;N) is a triple consisting of a �-term M , the occurrence oof a �-pattern (�x:P )Q in M and the �-term N obtained after �-reducing
(�x:P )Q �! P [x := Q]

in the �-term M .It is worth noting that there are two di�erent edges I(Ia) �! Ia in the graph G�: eachedge corresponds to the reduction of a particular identity combinator I = (�x:x) in the�-term I(Ia).There are at least three di�erent ways to re�ne the transition system G� as a 2-dimensionaltransition system, depending on the order chosen on �-redexes:
{ the tree-order : a �-redex u is smaller than a �-redex v when v occurs in the functionor argument part of u; or equivalently, when the occurrence of u is a strict pre�x of theoccurrence of v. We use the notation: u �tree v.{ the left-order : a �-redex u is smaller than a �-redex v when v occurs in the function orargument part of u, or when there exists an occurrence o of an application node PQ inthe �-termM , such that u occurs in P and v occurs in Q. We use the notation: u �left v.{ the argument-order : a �-redex u is smaller than a �-redex v when v occurs in theargument of u. We use the notation: u �arg v.

Each order induces in turn its own permutation relation Btree, Bleft and Barg on the tran-sition system G�. The order considered in the literature is generally the left-order, see[Curry, Feys, 1958,L�evy, 1978,Klop, 1980]. However, we prefer to study here the tree-order,because this seems the most natural choice after the work by G. Huet and J.-J. L�evy onterm rewriting systems [Huet, L�evy, 1979]. The two alternative orders �left and �arg arediscussed briey in Section 8.We de�ne the relation Btree as follows. Two paths f; g are related as f Btree g preciselywhen:
1. the paths f and g factor as f = v � u0 and g = u � h where u, v, u0 are �-redexes and his a path,2. the two �-redexes u and v are coinitial, and :(v �tree u),3. the �-redex u0 is the (unique) residual of u after v, and the path h develops the (possibly)several residuals of v after u. [For a de�nition of residual and complete development, see[Curry, Feys, 1958,L�evy, 1978,Huet, L�evy, 1979,Barendregt, 1985,Klop, 1992,Klop, van Oostrom, de Vrijer, 2003]or Section 6.]



Thus, every permutation f Btree g is of the form:
M v //
u �� (tree

Q
u0��P h // N

f = v � u0g = u � h (14)

where u and v are di�erent �-redexes, u0 is a �-redex and h is a path. The three paradigmaticexamples of �-redex permutation f Btree g are:
PQ v //
u �� (tree

P 0Q
u0��PQ0 v0 // P 0Q0

(�x:a)P v //
u �� (tree

(�x:a)P 0
u0��a ida a

�P v //
u �� (tree

�P 0
u0��PP v1�v2 // P 0P 0

where P �! P 0 and Q �! Q0 are two �-redexes. The three permutations are respectivelyreversible, irreversible and irreversible in the 2-dimensional transition system (G�;Btree).
Remark: the argument-order �arg is included in the tree-order Btree which is included in theleft-order �left. From this follows that the permutation relation Barg contains the permuta-tion relation Btree which contains in turn the permutation relation Bleft. It is not di�cultto establish then that every rewriting path standard wrt. the left-order �left is standardwrt. the tree-order �tree, and that every rewriting path standard wrt. the tree-order �treeis standard wrt. the argument-order �arg.
1.10 A concise history of the standardization theorem
Many authors have written on the standardization theorem. We do not draw below a com-prehensive list, but deliver a concise history of the subject, in eight key steps.
[1936] A. Church and J.B. Rosser introduce the �I-calculus, a �-calculus without erasure,and prove that the number of �-steps from a �I-term to its normal form is bounded bythe length of the leftmost outermost computation. This result is the ancestor of all laterstandardization theorems.[1958] H.B. Curry and R. Feys formulate the �rst standardization theorem for the �-calculus: the two authors prove that every time a �-term P �-reduces to a �-term Q,there exists also a standard way to �-reduce P to Q. The theorem extends Church andRosser result for the �I-calculus, and plays a role in Curry and Feys' defense of theirerasing combinator K.[1978] J.-J. L�evy formulates the standardization theorem in its modern algebraic form:using an equivalence relation on rewriting paths | called today L�evy permutation equiv-alence | L�evy proves that there exists a unique standard rewriting path in each equiv-alence class. The uniqueness result was so striking at the time that the theorem wascalled the strong standardization theorem by subsequent authors. Despite its conceptualnovelty, the theorem is still limited to the �-calculus and to its leftmost-outermost order.



[1979] G. Huet and J.-J. L�evy formulate and establish a standardization theorem for termrewriting systems without critical pairs. This is probably the most revolutionary stepin the history of standardization, the �rst time at least that another standardizationorder is considered than the \leftmost outermost" order of the �-calculus. The theoremis still limited to term rewriting systems | because its proof relies heavily on syntacticalnotions like tree-occurrence | but the article delivers the message that standardizationis a general property of rewriting systems, related to causality and domain-theoreticnotions like stability and sequentiality.[1980] J. W. Klop introduces a 2-dimensional rewriting system on paths, consisting inpermuting \anti-standard" paths of length 2 into \standard" paths of arbitrary length.In this way, Klop deduces L�evy's strong standardization theorem for leftmost-outermost�-calculus, by establishing conuence and strong normalization of the 2-dimensionalrewriting process: the standard path is obtained as the normal form of the procedure.Another important contribution of J. W. Klop is to stress the role of the �nite de-velopment lemma in the proof of standardization, and to extend to any \left-regular"Combinatory Reduction System the standardization theorem for leftmost-outermost �-calculus.[Early 1980s] G. Boudol extends G. Huet and J.-J. L�evy standardization theorem to termrewriting systems with critical pairs. This is another decisive step, because it extendsthe principle of standardization to non deterministic rewriting systems.[1992] G. Gonthier and J.-J. L�evy and P-A. Melli�es deliver an axiomatic standardizationtheorem, where the syntactical proof of [Huet, L�evy, 1979] is replaced by diagrammaticarguments on redexes, residuals and the nesting relation. Subsequently reworked by theauthor in his PhD thesis [Melli�es, 1996], the theorem extends G. Huet and J.-J. L�evy'soriginal theorem to a great variety of rewriting systems with and without critical pairs |with the remarkable and puzzling exception (as �rst noted by R. Kennaway) of rewritingsystems based on directed acyclic graphs.[1996] D. Clark and R. Kennaway adapt the syntactical works of G. Huet, J.-J. L�evy andG. Boudol and establish a standardization theorem for (possibly conicting) rewritingsystems based on directed acyclic graphs (dags).
It took the author nine years to derive the current axiomatics from [Gonthier, L�evy, Melli�es, 1992].One di�culty was to �nd the simplest possible description of rewriting systems with criticalpairs. The trinity of residual, compatibility and nesting relations operating in [Gonthier, L�evy, Melli�es, 1992]was certainly too complicated. Slowly, the 2-dimensional presentation emerged, leading theauthor to the elementary axiomatics of this article. Twenty-�ve years ago, the work of[Huet, L�evy, 1979,Boudol, 1985] on term rewriting systems revealed that the \conict-freeleft-regular" rewriting systems considered earlier was the emerged part of the much widerand exciting world of causal computations. This is that world and its boundaries which wewill explore here in our 2-dimensional diagrammatic language.
Structure of the paper
Axiomatic Rewriting Systems (AxRS) are introduced in Section 2, along with their ninestandardization axioms. A less innovative but more traditional axiomatics based on residuals,critical pairs and nesting is formulated in Section 6. Standard paths are characterized inSection 3 as the paths which do not contain a particular \anti-standard" pattern, justas in [Gonthier, L�evy, Melli�es, 1992,Melli�es, 1996]. The standardization theorem is proved



in Section 4, and reformulated 2-categorically in Section 5. An alternative axiomatizationbased on residuals and nesting orders is formulated in Section 6. A few additional hypotheseson axiomatic rewriting systems are then discussed in Section 7. Finally, we illustrate ourde�nition of AxRS with a few examples in Section 8, like asynchronous transition systems,term rewriting systems, call-by-value �-calculus, �-calculus with explicit substitutions.
2 The 2-dimensional axiomatics
A 2-dimensional transition system (G;B) is called Axiomatic Rewriting System (AxRS) whenit satis�es a series of nine standardization axioms presented in this section. Each axiom ofthe section is illustrated by the �-calculus and its 2-dimensional transition system (G�;Btree)de�ned in Section 1.9.
2.1 Axiom 1: shape
The �rst axiom generalizes to every AxRS the shape of permutations encountered in the�-calculus | see Diagram (14)in Section 1.9.
Axiom 1 (Shape) We ask that in every permutation f B g,
{ the path f is of length 2,{ the path g is of length at least 1,{ the initial redexes of f and g are di�erent.

Thus, every permutation f B g in (G;B) has the shape below:
M v //
u �� (

Q
u0��P h // N

f = v � u0g = u � h (15)

where u and v are di�erent redexes, u0 is a redex and h is a path. In case of a reversiblepermutation f } g, this shape specializes to a 2� 2 square:
M v //
u �� }

Q
u0��P v0 // N

f = v � u0g = u � v0

where u, u0, v and v0 are redexes, u and v di�erent.
2.2 Axioms 2, 3, 4, 5: ancestor, reversibility, irreversibility and cube
The standardization theorem is usually established by a �ne-grained analysis of syntacticmechanisms like erasure, duplication, etc... related to L�evy theory of residuals. The fragmentof L�evy theory necessary to the theorem, e.g. the �nite development property, appears inour axiomatics, but transformed, since the more geometric idea of \oriented permutation"



replaces the old concept of \residual of a redex". The residual theory is particularly visiblein the four axioms ancestor, reversibility, irreversibility and cube introduced below,as well as in Axiom termination of Section 2.6.
Axiom ancestor incorporates two properties of the �-calculus, traditionally called unique-ness of ancestor and �nite development. The existence of a permutation f Btree g betweentwo �-rewriting paths:

f =M v�! Q u0�! N g =M u�! P h�!�! N
means that the �-redex u0 is the unique residual of the �-redex u after �-reduction of theredex v, and that the path h is a complete development of the residuals of the redex vafter �-reduction of the redex u. In that case, we say that the redex u is an ancestor ofthe redex u0 before �-reduction of the redex v. The uniqueness of ancestor property statesthat the redex u is the unique such ancestor of the redex u0. Besides, the �nite developmentproperty of the �-calculus, recalled in Section 6, states that two complete developments ofthe same set of �-redexes, are L�evy equivalent. From this follows that any rewriting path g0involved in a permutation f Btree g0 factors as g0 = u0 � h0 where u = u0 and h �tree h0. Thisleads us to formulate the
Axiom 2 (Ancestor) Suppose that u; u0 are redexes, that f; h; h0 are rewriting paths, form-ing together permutations f B u � h and f B u0 � h0. We ask that u = u0 and h � h0.

Axiom reversibility indicates that every permutation f B g is either reversible, orreduces to a rewriting path g for which there exists no permutation of the form g B h. Thismirrors the following property of the �-calculus. Suppose that f; g; h : M �!�! N are three�-rewriting paths involved in permutations f Btree g and g Btree h. The paths f and g areof length 2, the path h is of length at least 1, and the paths f; g; h decompose as
f = M v�! Q u0�! N; g = M u�! P v0�! N; h = M v00�! O hu�!�! N
where the two redexes v and v00 are ancestor of the same redex v0, and thus v = v00; andwhere the �-redex u0 is the unique residual of the �-redex u, and the rewriting path hu is adevelopment of the residuals of u after v, and thus hu = u0. It follows that f = h.
Axiom 3 (Reversibility) We ask that f = h when f B g and g B h.

Axiom irreversibility completes the two previous axioms. The axiom mirrors the factthat in the �-calculus and in many rewriting systems, standardization preserves completedevelopments | see [L�evy, 1978,Huet, L�evy, 1979] or Section 6 for a de�nition of completedevelopments. Let us explain briey what we mean here. Consider any �-rewriting path h :M �!�! N which de�nes a complete development of a multi-redex (M;U) in the �-calculus,and suppose that the path h factors as
h = M h1�!�!M 0 h2�!�! N 0 h3�!�! N

where the �-rewriting path h2 is involved in a standardization permutation
h2 B h02:



By de�nition of Btree, the two �-rewriting paths h2 and h02 decompose as
h2 =M 0 v�! P u0�! N 0 and h02 =M 0 u�! Q h00�!�! N 0:

We claim here that the resulting �-rewriting path
h0 = M h1�!�!M 0 h02�!�! N 0 h3�!�! N

de�nes a complete development of (M;U). How do we prove this? We establish �rst thatthe two redexes u and v are residual of a redex in U after the �-rewriting path h1. Thevery de�nition of the path h as a complete development of the multi-redex (M;U) inducesalready that:
{ the redex v is residual of a redex v0 2 U after the �-rewriting path h1; and{ the redex u0 is residual of a redex u0 2 U after the �-rewriting path h1 � v.

We know moreover that the �-redex u is the unique ancestor of the �-redex u0 beforereduction of the �-redex v. This uniqueness property ensures that the �-redex u is residual ofthe redex u0 2 U after the �-rewriting path h1. This establishes that the two redexes u and vare residual of a redex in U after the �-rewriting path h1. Now, we know by de�nition of Btreethat the two paths h2 and h02 de�ne complete developments of the multi-redex (M 0; fu; vg).The �nite development property of the �-calculus states moreover that the two �-rewritingpaths h2 and h02 de�ne the same residual relation. It follows quite immediately that, aswe claimed, the �-rewriting path h1 � h02 � h3 de�nes a complete development of the multi-redex (M;U). We conclude more generally that every path more standard than the path his also a complete development of the multi-redex (M;U).How is this result interpreted in our axiomatic setting? Consider an irreversible permu-tation f Itree g between two �-rewriting paths
f =M v�! Q u0�! N g =M u�! P hv�!�! N

and a �-rewriting path h such that g =) h:
It follows from our previous argument that, just like the �-rewriting path f and g, the �-rewriting path h is a complete development of the multi-redex (M; fu; vg). Besides, the �rst�-redex reduced in the path h is not the �-redex v. Thus, the �-rewriting path h decomposesnecessarily as

h =M u�! P h0v�!�! N
where hv =) h0v:Here, we apply our previous argument another time, and deduce from hv =) h0v that,just like the �-rewriting path hv, the �-rewriting path h0v is a complete development of theresiduals of the �-redex v after reduction of the �-redex u. This shows in particular thatf Itree h. This leads to
Axiom 4 (Irreversibility) We ask that f I h when f I g and g =) h.



Axiom cube incorporates the cube lemma established in [L�evy, 1978,Huet, L�evy, 1979]as well as a careful analysis of nesting in the �-calculus. Suppose that C[�] is a context, see[Barendregt, 1985] for a de�nition, and that a �-rewriting path g : C[M ] �!�! C[N ] computesonly insideM , never inside C[�]. Then, just as the �-rewriting path g, every L�evy equivalent�-rewriting path f : C[M ] �!�! C[N ] computes only inside M , never inside C[�]. So, every�-redex w inside C[�] has the same (unique) residual w00 after the �-rewriting paths f and g.Diagrammatically speaking, the property amounts to the cube property stated in the nextaxiom, when f Btree g and f = v � u0 and g = u � v1 � � � vn and w00 = wn+1. The axiomrequires that the property holds in every AxRS.
Axiom 5 (Cube) We ask that every diagram

hu
��

v //
u�� (*

w???
__???

u0��v1���vn //
w1�������� wn+1???

��???h1���hn //(���(

with u; u0; v and v1; :::; vn and w;w1; :::; wn; wn+1 a series of redexes and h1; :::; hn a seriesof paths forming permutations
v � u0 B u � v1 � � � vn u � w1 B w � hu vi � wi+1 B wi � hi for 1 � i � n
may be completed as a diagram:

hu
��

hv //
(

hu0

��

v //
u�� (*

w???
__???

u0��
w0���
??���

v1���vn //
w1�������� wn+1???

��???
*

h1���hn //(���(

hv //

hu
��

� hu0

��h1���hn //
where w0 is a redex and hv; hu0 are paths which form permutations

u0 � wn+1 B w0 � hu0 v � w0 B w � hv
and induce the equivalence hv � hu0 � hu � h1 � � �hn:
2.3 Axiom 6: enclave
Axiom enclave is based on a fundamental property of the �-calculus, observed for the �rsttime in the preliminary work of [Gonthier, L�evy, Melli�es, 1992]. Suppose that a �-redex v



is nested under a �-redex u | that is u �tree v | and that the �-redex v creates a �-redex w0. By creation, we mean that the �-redex w0 has no ancestor before reduction of the�-redex v. In that case, the �-redex w0 is necessarily nested under the (unique) residual u0of the �-redex u after reduction of the �-redex v. The next axiom formulates the propertyas its contrapose. The existence of the permutation
u0 � wn+1 Btree w0 � hu0

means that the �-redex w0 is not nested under the �-redex u0. And from this follows thatthe �-redex w0 is not created, and thus, has an ancestor w before reduction of the �-redex v.The axiom requires that this enclave property holds in every AxRS.
Axiom 6 (Enclave) We ask that every diagram

hu0

��

v //
u �� J u0��

w0���
??���

v1���vn // wn+1???
��???

*

where u; v; u0 and v1; :::; vn and w0; wn+1 are redexes, and hu0 is a path, forming the permu-tations (recalling our convention, the symbol I means that the permutation is irreversible)
v � u0 I u � v1 � � � vn u0 � wn+1 B w0 � hu0

may be completed as a diagram:

hu
��

hv //
(

hu0

��

v //
u�� J*

w???
__???

u0��
w0���
??���

v1���vn //
w1�������� wn+1???

��???
*

h1���hn //(���(

with w;w1; :::; wn a series of redexes and hu; hv and h1; :::; hn a series of paths, forming then+ 2 permutations
v � w0 B w � hv u � w1 B w � hu vi � wi+1 B wi � hi for 1 � i � n

2.4 Axioms 7 and 8: stability and reversible stability
Axiom stability incorporates another key property of the �-calculus, also observed for the�rst time in the preliminary work of [Gonthier, L�evy, Melli�es, 1992]. Consider any reversiblepermutation M u�! P v0�! N } tree M v�! Q u0�! N



in which the �-redex u creates a �-redex w1 and the �-redex v creates a �-redex w2. It isnot di�cult to establish that there exists no �-redex w12 in the �-term N which would beat the same time residual of the �-redex w1 after reduction of the �-redex v0, and residualof the �-redex w2 after reduction of the �-redex u0. The property is axiomatized below asits contrapose. The axiom states that the characteristic function of the event of creatingthe �-redex w12 (or equivalently the �-redex w1, or the �-redex w2) is stable in the sense ofG. Berry, see [Berry, 1979]. Axiom reversible-stability repeats the axiom in the reversiblecase.
Axiom 7 (Stability) We ask that every diagram

hu0

��

v //
u �� } u0��

w2���
??���

v0 //
w1�������� w12???

��???
*

hv0 //(

where u; v; u0; v0 and w1; w2; w12 are redexes and hu0 ; hv0 are paths, forming the permutations(recalling our convention, the symbol } means that the permutation is reversible)
v � u0 } u � v0 u0 � w12 B w2 � hu0 v0 � w12 B w1 � hv0

may be completed as a diagram

hu
��

hv //
(

hu0

��

v //
u�� }*

w???
__???

u0��

w2���
??���

v0 //
w1�������� w12???

��???
*

hv0 //(

where w is a redex and hu; hv are two paths, forming two permutations
v � w2 B w � hv u � w1 B w � hu

Axiom 8 (Reversible stability) We ask that every diagram

u12

��

v //
u �� } u1��

w2���
??���

v1 //
w1�������� w12???

��???
}

v12 //}
(16)



where u; v; u1; v1 and w1; w2; w12; u12; v12 are redexes forming the reversible permutations
v � u1 } u � v1 u1 � w12 } w2 � u12 v1 � w12 } w1 � v12may be completed as a diagram

u2

��

v2 //
}

u12

��

v //
u�� }}

w???
__???

u1��

w2���
??���

v1 //
w1�������� w12???

��???
}

v12 //}

v2 //

u2

��

} u12

��v12 //
where w; u2; v2 are three redexes forming the reversible permutations
v � w2 } w � v2 and u � w1 } w � u2 and v2 � u12 } u2 � v12Remark: Axiom reversible-stability may be understood as a converse of the reversiblevariant of Axiom cube formulated in Section 7.3. Indeed, Axiom reversible-stability statesthat every diagram

u
�������

���� v
��????

?????
}

w1
��

v1???
?

��???? w2
��

u1����������

w12
��

}}
v12 ��????

????? u12�������
����

(17)

may be completed into the diagram
u
�������

���� v
��????

?????w
��w1

��

}
w2
��

}
u2���������� v2???

?
��????}

v12 ��????
????? u12�������

����
(18)

and conversely, Axiom reversible-cube formulated in Section 7.3 states that Diagram (18)may be completed as Diagram (17). Besides, it is remarkable that the two axioms reversible-stability and reversible-cube are dual in the sense that each axiom may be obtained fromthe other one by reversing the orientations of all the arrows in diagrams.



u ��
v1 //
( (

v2 //
u2��

//
u3��

vn //
(un�� v��h1 // h2 // // hn //

Fig. 2. The path f = v1 � � � vn drags the redex v to the redex u.
2.5 Drag and extraction
We need to introduce a few de�nitions related to standardization in order to state the lastaxiom of the theory (Axiom 9).
De�nition 9 (drag) A path f : M �!�! N drags a redex v outgoing from N to a redex uoutgoing from M , when
{ f = idM and v = u,{ or f = v1 � � � vn and there exists n + 1 redexes u1; :::; un+1 and n paths h1; :::; hn suchthat:� u1 = u and un+1 = v,� the rewriting paths vi �ui+1 and ui �hi form a permutation vi �ui+1 B ui �hi for everyindex 1 � i � n.

Notation: we write u f � [ v when the rewriting path f drags the redex v to the redex u. SeeFigure 2.
Lemma 10 (preservation of drag) For every path f : M �!�! N , the relation f � [ is apartial function, from the redexes outgoing from N to the redexes outgoing from M . More-over, the relation is invariant by permutation on f :

8g :M �!�! N; f � g ) f � [ = g � [ :
Proof. Suppose that u f � [ v and u0 f � [ v. Then u = u0 by Axiom ancestor, and aneasy induction on the length of f . Now, by Axiom cube, the relation increases by anti-standardization: if the rewriting path g drags the redex v to the redex u, and f =) g, thenthe rewriting path f drags the redex v to the redex u. By Axiom enclave, the relationincreases also by standardization: if the rewriting path f drags the redex v to the redex u,and f =) g, then the rewriting path g drags the redex v to the redex u as well. We conclude.
De�nition 11 (extraction, projection, &u) A redex u : M �! P is extractible froma path f = v1 � � � vn : M �!�! N when there exists an index 1 � i � n such that the pathv1 � � � vi�1 drags the redex vi to the redex u. In that case, we call projection of the rewritingpath f by extraction of the redex u : M �! P any rewriting path g : P �!�! N whichdecomposes as g = h1 � � �hi�1 � vi+1 � � � vnwhere there exists redexes u1; :::; ui with u1 = u and ui = vi and a permutation

vj � uj+1 B uj � hj
for every index 1 � j � i� 1.



u ��
v1 //( (

v2 //u2��
//u3��

vi�1 //(ui�1�� vi��h1 // h2 // // hi�1 // vi+1���vn //
Fig. 3. The redex u is extractible from the path f = v1 � � � vn and the path g = h1 � � �hi�1 �vi+1 � � � vnis a projection of the rewriting path f by extraction of the redex u.
Notation: We write f &u g when the redex u is extractible from the path f , and g is aprojection of f by extraction of the redex u. See �gure 3.
Lemma 12 (preservation of extraction) Suppose that a redex u is extractible from apath g : M �!�! N more standard than a path f : M �!�! N . Then the redex u is alsoextractible from the path f . Moreover, every projection of f by extraction of u and everyprojection of g by extraction of u are L�evy equivalent.
Proof. Suppose that the redex u is extractible from the path f = v1 � � � vn : M �!�! N . Byde�nition, there exists an index 1 � i � n such that the path v1 � � � vi�1 drags the redex vito the redex u. We show that the index i is unique. Suppose that there exists another index1 � j � n such that v1 � � � vj�1 drags the redex vj to the redex u. We may suppose withoutloss of generality that i < j. Let the rewriting path h be a projection of the rewritingpath v1 � � � vi by extraction of the redex u at position i. By de�nition of extraction andprojection, the two rewriting paths v1 � � � vi and u � h are L�evy equivalent. From this followsthat the two paths

v1 � � � vj�1 = v1 � � � vi � vi+1 � � � vj�1 and u � h � vi+1 � � � vj�1
are L�evy equivalent. Here comes the contradiction. By Lemma 10 (preservation of drag),the path u � h � vi+1 � � � vj�1 drags the redex vj to the redex u. This may be decomposed intwo steps: �rst, the path h � vi+1 � � � vj�1 drags the redex vj to a redex v, then the redex udrags the redex v to the redex u. This very last point means that there exists a permutationof the form u � v B u � h0. This contradicts the Axiom shape. We thus conclude that theindex i is unique for a given u.We may suppose without loss of generality that there exists a unique standardizationstep from the rewriting path f to the rewriting path g. The remainder of the lemma followsthen from axioms reversibility and cube when the standardization step from f to g isreversible, and from axioms irreversibility, ancestor and cube when the standardizationstep is irreversible.Remark: the uniqueness of the index i in the proof of Lemma 12 is not really necessary toestablish the property, but it is a safeguard, since after all, we have not supposed anythinglike the optional hypothesis descendant formulated in Section 7.1.
2.6 Axiom 9: termination
Axiom termination mirrors in our theory the �nite development property of the �-calculus,which states that every development of a set of �-redexes terminates. Jan Willem Klop uses



the property in his PhD thesis to deduce that it is not possible to extract in�nitely manytimes a �-redex from a �xed �-rewriting path, see [Klop, 1980] as well as Section 6.
Axiom 9 (Termination) There exists no in�nite sequence

f1 &u1 f2 &u2 � � � &uk�1 fk &uk � � �
where fi are paths and ui are redexes.
3 A direct characterization of the standard paths
In this section, we establish a key preliminary step in our proof of the standardizationtheorem, performed in Section 4, by characterizing standard rewriting path in a more directand explicit way. In Section 3.1, we introduce the notions of starts and stops of a rewritingpath, and analyze their properties. From this, we deduce in Section 3.2 that every path is epi(left cancellable) with relation to the Reversible permutation relation '. In Section 3.3, weintroduce the notion of anti-standard path and establish that a rewriting path is standardif and only if it does not contain any occurrence of such anti-standard path.
3.1 The structure of starts and stops
De�nition 13 (starts and stops) A redex u :M �! P starts a path f :M �!�! N whenthere exists a path g : P �!�! N such that f ' u � g. A redex v : Q �! N stops a pathf : M �!�! N with remainder g : M �!�! Q when f ' g � v. A redex v : Q �! N stops apath f :M �!�! N when the redex v stops the path f with some remainder g :M �!�! Q.
De�nition 14 (reversible permutation of path and redex) A path f :M �!�! N fol-lowed by a redex v : N �! Q permutes reversibly to a redex u : M �! P followed by apath g : P �!�! Q, when
{ f = idM and g = idP and v = u :M �! P ,{ or f = u1 � � �un and g = v1 � � � vn and there exists a series of n+ 1 redexes w1; :::; wn+1such that� w1 = u and wn+1 = v,� the two paths ui � wi+1 and wi � vi form a reversible permutation ui � wi+1 } wi � vifor every index 1 � i � n.

In that case, we say also that the redex u : M �! P followed by the path g : P �!�! Qpermutes reversibly to the path f : M �!�! N followed by the redex v : N �! Q. SeeFigure 4.
Remark: in De�nition 14, the redex u and the rewriting path g are uniquely determinedby the rewriting path f and the redex v | and conversely, the rewriting path f and theredex v are uniquely determined by the redex u and the rewriting path g. The one-to-onerelationship follows from Axiom reversibility.
Lemma 15 (structure of stops) A redex v : Q �! N stops a path f = u1 � � �un :M �!�!N with remainder g : M �!�! Q i� there exists an index 1 � i � n and a path vi+1 � � � vnsuch that



M
u ��

u1 //
} }

u2 //
w2��

//
w3��

un //
}wn��

N
v��P v1 // v2 // // vn // Q

Fig. 4. The path f = u1 � � �un : M �!�! N followed by the redex v : N �! Q permutes reversiblyto the redex u : M �! P followed by the path g = v1 � � � vn : P �!�! Q. Alternatively, theredex u : M �! P followed by the path g = v1 � � � vn : P �!�! Q permutes reversibly to thepath f = u1 � � �un : M �!�! N followed by the redex v : N �! Q.
{ the redex ui followed by the path ui+1 � � �un permutes reversibly to the path vi+1 � � � vnfollowed by the redex v,{ the rewriting path (u1 � � �ui�1) � (vi+1 � � � vn) is equivalent to the path g modulo '.

Proof. We declare that a redex v : Q �! N super-stops a path f = u1 � � �un :M �!�! N atposition 1 � i � n with remainder g : M �!�! Q when there exists a path vi+1 � � � vn suchthat
{ the redex ui followed by the path ui+1 � � �un permutes reversibly to the path vi+1 � � � vnfollowed by the redex v,{ the rewriting path (u1 � � �ui�1) � (vi+1 � � � vn) is equivalent to the path g modulo '.

We declare that a redex v super-stops a path f with remainder g when it super-stops thepath f with remainder g at some position i.The lemma states that a redex v stops a path f with remainder a path g i� the redex vsuper-stops f with remainder g. Right-to-left implication (() is immediate. The other di-rection ()) reduces to showing that whenever the two assertions below holds:
{ a redex v : Q �! N super-stops a path f = u1 � � �un with remainder g, and{ the path f 0 is equivalent to the path f modulo reversible permutations,

then the redex v super-stops the path f 0 with remainder the same rewriting path g. Thiselementary but fundamental preservation property is established in the following way. Wemay suppose without loss of generality that the two rewriting paths f = u1 � � �un andf 0 = u01 � � �u0n are related by a unique reversible permutation
f REV=) f 0

occurring at a position 1 � j � n� 1 in the rewriting path f . We thus have:
{ u0k = uk for every index 1 � k � n di�erent to j and j + 1, and{ uj � uj+1 } u0j � u0j+1:Now, call i any position (there exists in fact only one of these positions, 1 � i � n, butnobody cares about that here) such that the redex v : Q �! N super-stops the path f =u1 � � �un at position i with remainder g. We show by case analysis on the indices i and jthat there exists an index 1 � k � n such that the redex v : Q �! N super-stops the path

f 0 = u01 � � �u0k�1 � u0k � u0k+1 � � �u0nat position k with remainder g. To that purpose, we de�ne a rewriting path v0k+1 � � � v0nconsisting of n� k redexes, such that:



a. the redex u0k followed by the path u0k+1 � � �u0n permutes reversibly to the path v0k+1 � � � v0nfollowed by the redex v,b. the rewriting path (u01 � � �u0k�1) � (v0k+1 � � � v0n) is equivalent to the path g modulo '.
� The construction is immediate when j + 1 � i: simply take k = i and v0i � � � v0n = vi � � � vn.� The construction is also nearly immediate when j = i: simply take k = i + 1 andv0i+2 � � � v0n = vi+2 � � � vn, then apply Axiom reversibility to establish the two propertiesa. and b.� The di�cult case is the remaining case when j > i. In that case, let the redex x denote theunique redex such that the redex ui followed by the path ui+1 � � �uj�1 permutes reversibly tothe path vi+1 � � � vj�1 followed by the redex x. Consider the diagram below, which describesin two perspectives how the redex x followed by the path uj � uj+1 permutes reversibly tothe path vj � vj+1 followed by the redex z:

x??? ��???
vj

��

u0j //uj�� }} u0j+1��uj+1 //
y0���
??���

vj+1 //} z???
__???

or u0j+1
��

x //vj �� } uj��

u0j���
??���

y0 //vj+1�������� uj+1???
��???

}

z //}

By Axiom reversible-stability, the diagram may be completed in the following way

x??? ��???
vj

��

v0j //
} y��������

v0j+1
��

u0j //uj�� }} u0j+1�� }uj+1 //
y0���
??���

vj+1 //} z???
__???

v0j+1
��

y //
}

u0j+1
��

x //vj�� }}
v0j???
__???

uj��

u0j���
??���

y0 //vj+1�������� uj+1???
��???

}

z //}

where y and v0j and v0j+1 denote three redexes involved in the three reversible permutations:
x � u0j } v0j � y; and vj � vj+1 } v0j � v0j+1 and y � u0j+1 } v0j+1 � z:

The completed diagram shows (in two perspectives again) that the redex x followed by thepath u0j �u0j+1 permutes reversibly to the path v0j �v0j+1 followed by the redex z. So, by takingk = i and by de�ning v0l = vl for every index i + 1 � l � n di�erent to j and j + 1, oneobtains that:
a. the redex ui followed by the path u0i+1 � � �u0n permutes reversibly to the path v0i � � � v0nfollowed by the redex v,b. the rewriting path (u1 � � �ui�1) � (v0i+1 � � � v0n) is equivalent to the path g modulo '. Thisvery last point follows from the series of equivalence



g ' (u1 � � �ui�1) � (vi+1 � � � vn) and vi+1 � � � vn ' v0i+1 � � � v0n:
Unfortunately, the characterization of starts is not as simple as the characterization of stops.The main reason is that the following 2-dimensional transition system

u2

��

v2 //
}

u12

��

v //
u�� }}

w???
__???

u1��

w2���
??���

v1 //
w1�������� w12???

��???
J

v12 //N

v2 //

u2

��

} u12

��v12 //
where u � v1 } v � u1 v � w2 } w � v2 w2 � u12 I u1 � w12u2 � v12 } v2 � u12 u � w1 } w � u2 w1 � v12 I v1 � w12satis�es the nine properties required of an axiomatic rewriting system in Section 2. Theseries of equivalence

u � w1 � v12 ' w � u2 � v12 ' w � v2 � u12 ' v � w2 � u12illustrates then that a redex u may start the path v �w2 � u12 even if the path v �w2 followedby the redex u12 does not permute reversibly. However, the situation is not entirely hopeless:observe that the path v �w2 is '-equivalent to the path w �v2 which followed by the redex u12permutes reversibly to the redex u followed by the path w1 � v12. Next lemma shows thatthe property characterizes starts in any axiomatic rewriting system.
Lemma 16 (structure of starts) A redex u :M �! P starts a path u1 � � �un :M �!�! Nif and only there exists an index 1 � i � n and two paths v1 � � � vi�1 and w1 � � �wi�1 suchthat
{ the path v1 � � � vi�1 is equivalent to the path u1 � � �ui�1 modulo ',{ the path v1 � � � vi�1 followed by the redex ui permutes reversibly to the redex u followedby the path w1 � � �wi�1.Proof. We declare that a redex u :M �! P super-starts a path u1 � � �un :M �!�! N whenthere exists an index 1 � i � n and two paths v1 � � � vi�1 and w1 � � �wi�1 such that
{ u1 � � �ui�1 ' v1 � � � vi�1,{ the path v1 � � � vi�1 followed by the redex ui permutes reversibly to the redex u followedby the path w1 � � �wi�1.We prove that a redex u starts a path f i� the redex u super-starts f . Right-to-left im-plication (() is immediate: the redex u super-starts the path f implies the redex u startsthe path f . The converse implication ()) reduces to the following preservation property:when a redex u super-starts a path f , and when the path g is obtained from the path f byapplying a reversible permutation, then the redex u super-starts also the path g.So, consider a redex u : M �! P and a path f = u1 � � �un : M �!�! N such that theredex u super-starts the path f . By de�nition, there exists an index 1 � i � n and two pathsv1 � � � vi�1 and w1 � � �wi�1 such that



{ u1 � � �ui�1 ' v1 � � � vi�1,{ the redex u followed by the path w1 � � �wi�1 permutes reversibly to the path v1 � � � vi�1followed by the redex ui.
Consider any reversible standardization step

f REV=) g
or equivalently, any index 1 � j � n � 1 and reversible permutation uj � uj+1 } u0j � u0j+1.We claim that the redex u super-starts the path

g = (u1 � � �uj�1) � (u0j � u0j+1) � (uj+2 � � �un):
We proceed by case analysis.� The two �rst cases, when j � i� 2 or when j � i, are immediate.� The remaining case, when j = i� 1, is the only di�cult case. The equivalence

u1 � � �ui�1 ' v1 � � � vi�1
shows that the redex ui�1 stops the path v1 � � � vi�1 with remainder u1 � � �ui�2. By Lemma 15,there exists an index 1 � k � i� 1 and a path v0k+1 � � � v0i�1 such that
{ the redex vk followed by the path vk+1 � � � vi�1 permutes reversibly to the path v0k+1 � � � v0i�1followed by the redex ui�1,{ the path (v1 � � � vk�1) � (v0k+1 � � � v0i�1) is equivalent to the path u1 � � �ui�2 modulo '.

We are also in a situation where
{ there exists a reversible permutation ui�1 � ui } u0i�1 � u0i{ the path vk+1 � � � vi�1 followed by the redex ui permutes reversibly to a redex y followedby the path wk+1 � � �wi�1.

All put together, we deduce by applying Axiom reversible-stability i � k � 1 times, andAxiom reversibility once, that there exists a redex x and path w0k+1 � � �w0i�1 such that
a. the redex u followed by the path w1 � � �wk�1 permutes reversibly to the path v1 � � � vk�1followed by the redex x,b. the redex x followed by the redex wk permutes reversibly to the redex vk followed bythe redex y,c. the redex y followed by the path wk+1 � � �wi�1 permutes reversibly to the path vk+1 � � � vi�1followed by the redex ui,d. the redex x followed by the path w0k+1 � � �w0i�1 permutes reversibly to the path v0k+1 � � � v0i�1followed by the redex u0i�1,e. the redex wk followed by the path wk+1 � � �wi�1 permutes reversibly to the path w0k+1 � � �w0i�1followed by the redex u0i.



Points a{d. are summarized in the diagram below.
P w1���wk�1 //

wk

��

w0k+1���w0i�1 //
}���}

u0i

��

M v1���vk�1 //u
``AAAAAAAA }���}

v0k+1���v0i�1 //
vk�� }���}}

x9999
\\9999

ui�1��

u0i�1����
BB����

vk+1���vi�1 //
y�������� ui???? ��????

}

wk+1���wi�1 //}���}

Point e. completes the diagram above by providing the front face of the cuboid generatedby the redexes x and vk and the path v0k+1 � � � v0i�1.
w0k+1���w0i�1 //

wk
��

}���} u0i
��wk+1���wi�1 //

It appears now that the redex u super-starts the path
g = (u1 � � �ui�2) � (u0i�1 � u0i) � (ui+1 � � �un):

because
{ the path u1 � � �ui�2 is equivalent to the path (v1 � � � vk�1) � (v0k+1 � � � v0i�1) modulo ',{ the path (v1 � � � vk�1) � (v0k+1 � � � v0i�1) followed by the redex u0i�1 permutes reversibly tothe redex u followed by the path (w1 � � �wk�1) � (w0k+1 � � �w0i�1).This establishes the equivalence between starting and super-starting a path. Since this isprecisely what our lemma asserts, we conclude.

3.2 Application: every rewriting path is epi wrt. '
We illustrate the previous section with an application of Lemma 15.
Lemma 17 (epi wrt. ') If f � g1 ' f � g2 then g1 ' g2.
Proof. We may suppose without loss of generality that the rewriting path f is a redex u.We prove that u �g1 ' u �g2 implies g1 ' g2 by induction on the length of g1 (and of g2). Theproperty is immediate when g1 (and therefore g2) is empty. Otherwise, the path g1 factorsas g1 = h1 � v for some path h1 and redex v. By Lemma 15, because the redex v stops thepath u � g2 with remainder u � h1, one of the two following cases occurs:



u ��
v1 //
} }

v2 //
��

//
��

vn //
}�� v ��

x //
N h��u1 // u2 // // un // y //

Fig. 5. The de�nition of an anti-standard path u � u1 � � �un � y: the redex u followed by thepath u1 � � �un permutes reversibly to the path v1 � � � vn followed by the redex v which permutesirreversibly with the redex y, as follows: v � y I x � h.
{ either there exists a path h2 such that g2 ' h2 � v and u � h1 ' u � h2,{ or there exists a path h2 such that the redex u followed by the path g2 permutes reversiblyto the path h2 followed by the redex v, and such that h2 ' u � h1.

In the �rst case, we deduce that h1 ' h2 by induction hypothesis on u � h1 ' u � h2, andconclude that g1 ' g2 by the series of equivalence:
g1 = h1 � v ' h2 � v ' g2

Now, we prove that the second case does not occur. Obviously, the path h2 drags the redex vto the redex u. By Lemma 10 (preservation of drag) and equivalence h2 ' u � h1, the pathu � h1 drags the redex v to the redex u. In particular, there exists a redex w and a path hsuch that u � w B u � h. This contradicts Axiom shape, and we conclude.Remark: in Section 7.2 an additional hypothesis of reversible-shape is required to completethe property to an epi-mono property wrt. '.
3.3 Characterization lemma
We introduce below the fundamental notion of anti-standard path. These anti-standardpaths are called conicts in [Gonthier, L�evy, Melli�es, 1992,Melli�es, 1996]. We change theterminology here because the word conict is generally understood as non determinism,and because the notion of anti-standard path specializes to the notion of anti-standard pairintroduced by J. W. Klop in the particular case of the �-calculus equipped with the left-order�left | see [Klop, 1980] and Section 1.9.
De�nition 18 A path is anti-standard (see Figure 5) when it factors as

M u�! P f�!�! Q y�! N
where u and y are redexes and f is a rewriting path, and
{ the redex u followed by the path f permutes reversibly to the path g followed by theredex v,{ the redex v and the redex y induce an irreversible permutation v � y I x � h, for someredex x and rewriting path h.

The �-rewriting path taken earlier as illustration
Ka(��) �1�! Ka(��) K�! (�x:a)(��) ��! a



is a typical example of anti-standard path in the axiomatic rewriting system (G�;Btree).Compare indeed Diagrams (9) and (13) to Figure 5.
This leads us to the main result of the section.

Lemma 19 (characterization) A path u1 � � �un is standard if and only if there exists nopair of indices 1 � i < j � n such that ui � � �uj de�nes an anti-standard path.
Proof. Left-to-Right implication ()) is immediate. Proving the converse direction (()reduces to showing that:
{ when two rewriting paths f and g are equivalent modulo reversible permutations ', and{ when the path f contains an anti-standard path,

then the path g contains also an anti-standard path.So, consider two rewriting paths f = u1 � � �un and g = u01 � � �u0n, and suppose that thepath g is obtained after a unique reversible standardization step on the path f :
f REV=) g: (19)

Let 1 � k � n� 1 denote the index where the reversible permutation occurs in the path f .Obviously,
u01 � � �u0k�1 = u1 � � �uk�1 and u0k � u0k+1 } uk � uk+1 and u0k+2 � � �u0n = uk+2 � � �un:

Now, suppose that the path f contains an anti-standard path, in the sense that there existtwo indices 1 � i < j � n such that the path ui � � �uj is anti-standard. Let y denote theredex uj . By de�nition of an anti-standard path, there exists a path vi+1 � � � vj�1 and redex wsuch that:
{ the redex ui followed by the path ui+1 � � �uj�1 permutes reversibly to the path vi+1 � � � vj�1followed by the redex w,{ the redexes w and y form an irreversible permutation w � y I x � h for some redex x andpath h.

We establish now that there exist two indices 1 � I < J � n such that the path u0I � � �u0J isanti-standard. This will show in particular that the path g contains an anti-standard path.� The property is immediate when k > j: simply take (I; J) = (i; j).� The property follows from Lemma 15 when k + 1 < j:
{ take (I; J) = (i� 1; j) when k = i� 1,{ take (I; J) = (i+ 1; j) when k = i,{ take (I; J) = (i; j) otherwise.

There remain only two di�cult cases to treat: when k = j � 1 and when k = j.



� We treat the �rst case, when k = j � 1. The situation is summarized by the diagram:

h
��

vj�1 //
v �� } w��

x���
??���

uj�1 //
u0j�1�������� y??? ��???

N

u0j //}1

where the reversible permutation } 1 relates the rewriting paths f and g in Equation (19)and where the irreversible permutation w � y I x � h between the redex w and the redex ywitnesses the fact that the path ui � � �uj�1 � y (or equivalently the path ui � � �uj�1 � uj) isanti-standard.The diagram may be completed by Axiom stability in the following way:

hv0

��

h0 //
(

h
��

vj�1 //
v�� }*

v0j�1???
__???

w��

x���
??���

uj�1 //
u0j�1�������� y??? ��???

N

u0j //}

where v0j�1 is a redex, where h0 and hv0 are two rewriting paths, forming permutations
v � u0j�1 B v0j�1 � hv0 and vj�1 � x B v0j�1 � h0:

We proceed by case analysis on the permutation v � u0j�1 B v0j�1 � hv0 :| Either the permutation is irreversible. In that case, the path ui � � �uj�2 � u0j�1 isanti-standard, and we may thus conclude with (I; J) = (i; j � 1).
| Or the permutation is reversible. In that case, the path hv0 is a redex; we write it v0for clarity's sake. We claim that the path ui � � �uj�2 � u0j�1 � u0j is anti-standard. Indeed, theredex ui followed by the path ui+1 � � �uj�2�u0j�1 permutes reversibly to the path vi+1 � � � vj�2�v0j�1 followed by the redex v0, and we establish now that the redexes v0 and u0j are involvedin an irreversible permutation v0 �u0j I v0j �h00 for some redex v0j and rewriting path h00. Firstof all, the rewriting path v � u0j�1 drags the redex u0j to the redex vj�1. So, by Lemma 10(preservation of drag), the path v0j�1 � v0 which is L�evy equivalent to the path v �u0j�1, dragsthe redex u0j to the redex vj�1. From this follows that there exists a permutation of theform v0 � u0j B v0j � h00 for some redex v0j and rewriting path h00. There remains to show thatthis permutation is irreversible in order to establish our claim. We proceed by contradictionand suppose that the permutation v0 �u0j B v0j �h00 is reversible. Then, it follows from Axiomreversible-stability applied around the permutation v � u0j�1 } v0j�1 � v0 that:



{ there exists a reversible permutation starting from the rewriting path v � uj�1; thispermutation is necessarily the permutation v � uj�1 } vj�1 �w by Axiom reversibility,{ there exists a reversible permutation starting from the rewriting path w � y.
By Axiom reversibility, this last assertion contradicts the fact that there exists an irre-versible permutation starting from the rewriting path w � y. From this, we conclude thatthe permutation v0 � u0j B v0j � h00 starting from the rewriting path v0 � u0j is irreversible,and thus that the rewriting path ui � � �uj�2 � u0j�1 � u0j is anti-standard. We may thus take(I; J) = (i; j).
�We treat the second case, when k = j, and thus, the two redexes uj and uj+1 are permutedreversibly in the path f to obtain the path g. Again, we let y denote the redex uj . So, theredex ui followed by the path ui+1 � � �uj�1 permutes reversibly to the path vi+1 � � � vj�1followed by the redex w; and the redex w induces the irreversible permutation w � y Ix � h with the redex y, witnessing the fact that the path ui � � �uj�1 � y (or equivalently thepath ui � � �uj�1 � uj) is anti-standard.The situation is summarized in the diagram below:

x //
w �� N h��y //

u0j�������� uj+1???
��???u0j+1 //}1

where the reversible permutation } 1 relates the rewriting paths f and g in Equation (19).Here, we apply Axiom enclave and complete the diagram in the following way:

hw0

��

h0 //
(

h1���hm
��

x //
w�� N*

v0j???
__???

h��

vj+1���
??���

y //
u0j�������� uj+1???

��???

*...*
u0j+1 //}

with two redex v0j and two rewriting paths hw0 and h0 inducing permutations:
w � u0j B v0j � hw0 and x � vj+1 B v0j � h0:

Note moreover that the path h grabs the redex uj+1 to a redex vj+1, and that the redex xgrabs the redex vj+1 to the redex v0j .We proceed by case analysis on the permutation w � u0j B v0j � hw0 :
|Either the permutation is irreversible. In that case, the rewriting path ui � � �uj�1 �u0jis anti-standard, and we may thus conclude with (I; J) = (i; j).



| Or the permutation is reversible. In that case, the path hw0 is a redex; we thuswrite it w0 for clarity's sake. We claim that the rewriting path ui � � �uj�1 � u0j � u0j+1 is anti-standard. Indeed, the redex ui followed by the path ui+1 � � �uj�1 � u0j permutes reversibly tothe path vi+1 � � � vj�1 � v0j followed by the redex w0, and we establish now that the redexes wand u0j+1 induce together an irreversible permutation starting from the path w0 � u0j�1. Thepath w � u0j grabs the redex u0j+1 to the redex x. By Lemma 10 (preservation of drag), thepath v0j �w0 which is L�evy equivalent to the path w �u0j , drags the redex u0j+1 to the redex x.This ensures that the two redexes w0 and u0j+1 induce together a permutation starting fromthe rewriting path w0 �u0j+1. There remains to show that this permutation is irreversible. Weproceed by contradiction and suppose that the permutation v0�u0j B v0j �h00 is reversible. Then,it follows from Axiom reversible-stability applied around the permutation w �u0j } v0j �w0that there exists a reversible permutation starting from the rewriting path w�y. This togetherwith Axiom reversibility contradicts the existence of the irreversible permutation w � y Ix � h which starts also from the rewriting path w � y. We conclude that, as claimed, the tworedexes w0 and u0j+1 are involved in an irreversible permutation starting from the rewritingpath w0 �u0j+1. Thus, the rewriting path ui � � �uj�1 �u0j �u0j+1 is anti-standard. This concludesthe proof, with (I; J) = (i; j + 1).Conclusion: we have just established that when a path f contains an anti-standard path,then every path g equivalent to the path f modulo reversible permutations ' contains alsoan anti-standard path. Lemma 19 follows immediately.
Lemma 20 (interface) Suppose that two paths f : M �!�! P and g : P �!�! N arestandard. Then, the composite path f � g :M �!�! N is standard if and only if the path u � gis standard, for every redex u which stops f .
Proof. Follows immediately from Lemma 19.
4 The standardization theorem
All along this section, we suppose that the 2-dimensional transition system (G;B) de�nesan axiomatic rewriting system | equivalenly, that it satis�es the nine axioms formulatedin Section 2. From this assumption, we deduce the diagrammatic standardization theorem(Theorem 2) evocated in the Introduction | in Section 1.8.
4.1 The outermost redex
For every nonempty path f : M �!�! N , we de�ne a redex outm(f) : M �! P extractiblefrom the path f , in these sense of De�nition 11. This redex is called the outermost redex ofthe rewriting path f . We will see at the later stage of the proof that the redex outm(f) isthe �rst redex of a particular standard path g associated to the path f . The de�nition ofthe redex outm(f) is by induction on the length of the path f .
De�nition 21 (outermost redex) For every non-empty path f : M �!�! N , the re-dex outm(f) is de�ned as follows:

outm(v) = v for a redex v;
outm(v � f) = �u when the redex v drags the redex outm(f) to the redex u,v when there is no permutation of the form v � outm(f) B h.



Lemma 22 (preservation of outermost) Let f : M �!�! N be a path. Suppose thatu : M �! P is a redex extractible from f , and that g is a projection of f by extraction ofu. Then,
{ either outm(f) = u,{ or the path g is nonempty, and outm(g) u � [ outm(f).

Proof. By induction on the length of the path f . The property is immediate when the path fis a redex. Otherwise, suppose that the path f factors as f = v � f 0 where v is a redex andwhere f 0 is a nonempty path satisfying the property stated in the lemma. Suppose moreoverthat the redex u is extractible from the path f , and that f &u g (see De�nition 11 for ade�nition of the notation &u.)We proceed by case analysis, depending whether the two redexes u and v coincide.� Suppose that u = v, and thus, that the redex u is the �rst redex rewritten in the path f .Then, by de�nition of the redex outm(�), either u = outm(f) or outm(f 0) u � [ outm(f).We conclude because the equality f 0 = g holds.� Suppose now that u 6= v. By de�nition of f &u g, there exists a redex u0 and two paths hv0and g0 such that (1) the path g factors as g = hv0 �g0, and (2) f 0 &u0 g0 and (3) v �u0 B u �hv0 .The situation is summarized in the diagram below:
M v //
u �� (

f 0 //
u0�� ( N

P hv0 // g0 // N
Since the proof is �nished when outm(f) = u, we suppose from now on that outm(f) 6= u.From this follows that outm(f 0) 6= u0 by de�nition of outm(�) and by Axiom ancestor.Here, we apply our induction hypothesis on the path f 0, and deduce that outm(f 0) u0 � [outm(g0). The diagram below describes the situation:

h

��

M v //
u �� ( u0��

outm(f 0) AA��������

P hv0 //
outm(g0) ��<<<<

<<<<
*

From now on, we proceed by case analysis on the permutation v � u0 B u � hv0 .| Either the permutation v �u0 B u �hv0 is irreversible. In that case, we apply Axiomenclave, and deduce that
1. the redex v drags the redex outm(f 0) to the redex outm(g), and2. the path hv0 drags the redex outm(g0) to the redex outm(g), and3. the redex u drags the redex outm(g) to the redex outm(f).



The third assertion concludes the proof.
| Or the permutation v �u0 B u �hv0 is reversible. In that case, the path hv0 is a redex.We write it v0 for clarity's sake. Again, we proceed by case analysis, depending on whetherthe redex v coincides with the redex outm(f).
1. Suppose that the redex v does not coincide with outm(f). By de�nition of outm(�),the redex v drags the redex outm(f 0) to the redex outm(f). From this follows that thepath v � u0 drags the redex outm(g0) to the redex outm(f). By Lemma 10 (preservationof drag), the path u � v0 which is L�evy equivalent to the path v � u0, the path u � v0 dragsthe redex outm(g0) to the redex outm(f). From this follows that the redex v0 drags theredex outm(g0) to the redex outm(g), and that the redex u drags the redex outm(g) tothe redex outm(f). This concludes the proof.2. Suppose that the redex v is equal to the redex outm(f). In that case, we claim that theredex v0 coincides with the redex outm(g). We proceed by contradiction and supposethat v0 6= outm(g). By de�nition of outm(�), the redex v0 drags the redex outm(g0)to the redex outm(g). It follows from Axiom stability applied around the reversiblepermutation v �u0 } u � v0, that the redex v drags the redex outm(f 0) to a redex w. Thiscontradicts the equality v = outm(f). We conclude that v0 = outm(g), and thus, thatthe redex u drags the redex v0 = outm(g) to the redex v = outm(f). We conclude.
All this concludes our proof by induction on the length of the path f .
Lemma 23 Let f : M �!�! N be a path. The redex outm(f) is extractible from any pathu1 � � �un :M �!�! N obtained as follows:

f &u1 f2 &u2 � � � fn &un idN :
Proof. Immediate consequence of Lemma 22.
4.2 Uniqueness
Lemma 24 Suppose that (M1 u1�! M2 u2�! � � � un�1�! Mn un�! Mn+1) is a standard path.Suppose moreover that, for every index 1 � i � n, the path ui � � �un is more standard thanevery path in its L�evy equivalence class:

8 1 � i � n; 8h :Mi �!�!Mn+1; h � ui � � �un implies h =) ui � � �un:
Then, for every path f1 : M1 �!�! Mn+1 L�evy equivalent to the path u1 � � �un, there existsa series of rewriting paths fi : Mi �!�! Mn+1 indexed by 1 � i � n and a sequence ofextractions: f1 &u1 f2 &u2 � � � fn &un idMn+1 :
Proof. We proceed by induction on the length n of the rewriting path u1 � � �un. Supposethat f : M �!�! N is a rewriting path L�evy equivalent to the path u1 � � �un. Note that theredex u1 is extractible from the path u1 � � �un with resulting projection the path u2 � � �un.Now, by hypothesis, the path u1 � � �un is more standard than the path f . From this andLemma 12 (preservation of extraction) follows that the redex u1 is extractible from the



path f1 = f with projection a path f2 L�evy equivalent to the path u2 � � �un. We know byinduction that there exists a sequence of extractions
f2 &u2 f3 &u3 � � � fn &un idMn+1 :

We have thus established that there exists a sequence of extractions
f1 &u1 f2 &u2 � � � fn &un idMn+1 :

This concludes our proof by induction.
Lemma 25 (uniqueness) A standard path is more standard than every path in its L�evyequivalence class.
Proof. We proceed by induction on the length of the standard path. Suppose from now onthat the property is satis�ed for every path of length n� 1, and suppose that

f = (M1 u1�!M2 u2�! � � � un�1�! Mn un�!Mn+1)
is a standard path of length n. We establish that the path f is more standard than everypath in its L�evy equivalence class.Step 1. First of all, we claim that in order to establish that property of the path f , weonly need to show that the redex u1 is extractible from every path L�evy equivalent to thepath f . Suppose indeed that this is the case, and consider a path g L�evy equivalent to thestandard path f . By de�nition of L�evy equivalence, there exists a sequence of permutations

f = f1 1� f2 1� � � � 1� fm 1� fm+1 = g
of standardization steps fi 1=) fi+1 or fi 1(= fi+1, for every 1 � i � m. For each suchindex i, the rewriting path fi is L�evy equivalent to the path f . We have just assumed that theredex u1 is thus extractible from each path fi. Now, we may apply Lemma 12 (preservationof extraction) as many times as there are permutation steps from the path f to the path gto deduce that the two paths f and g have the same projections (modulo L�evy equivalence)after extraction of the redex u1. Now, the path u2 � � �un is the unique projection of thepath f by extraction of the redex u1. We conclude that any projection g0 of the rewritingpath g obtained by extraction of the redex u1 is L�evy equivalent to the path u2 � � �un. Byapplying our induction hypothesis on the path u2 � � �un, we know that the path u2 � � �un ismore standard than the path g0. It follows that the path f = u1 � � �un is more standard thanthe path u1 � g0, which is, by construction, more standard than the path g. This establishesthat the path f is more standard than every path in its L�evy equivalence class.Step 2. We have just shown in Step 1. that we only need to prove here that the redex u1is extractible from every path L�evy equivalent to the path f = u1 � � �un. We introduce thenecessary notation to that purpose. The proof proceeds by contradiction. We suppose thatthe redex u1 is not extractible from a particular path in the L�evy equivalence class of thepath f . By de�nition of L�evy equivalence, there exists a sequence

f1 1� f2 1� � � � 1� fm 1� fm+1
of standardization steps fi 1=) fi+1 or fi 1(= fi+1, for every 1 � i � m, such that:



{ f1 = f ,{ the redex u1 is extractible from the path fj , for every index 1 � j � m,{ the redex u1 is not extractible from the path fm+1.
For each index 1 � i � m, we de�ne the path gi as any projection of the path fi by extractionof the redex u1. So, 81 � i � m; fi &u1 gi:Note that Lemma 12 (preservation of extraction) implies that all the paths g1 = u2 � � �un,and g2, ... , gm are L�evy equivalent.Step 3. Here, we will be slightly more explicit than in Step 2. Let p denote the length ofthe path fm. Thus, the path fm factors as

fm = v1 � � � vp
where each vi denotes a redex, for 1 � i � p. We know by construction that fm 1� fm+1: Itfollows from Lemma 12 (preservation of extraction) that in fact

fm 1=) fm+1
because the redex u1 is extractible from the path fm but not from the path fm+1. Byde�nition of 1=), the paths fm and fm+1 factor as:
fm = v1 � � � vk�1 � (vk � vk+1) � vk+2 � � � vp fm+1 = v1 � � � vk�1 � (wk � h) � vk+2 � � � vp

for some index 1 � k � p� 1, where wk is a redex and h is a path involved in a permutationvk �vk+1 B wk �h: Now, it follows from Lemma 10 (preservation of drag) and Axiom ancestorthat:
{ the permutation vk � vk+1 I wk � h is irreversible,{ the path v1 � � � vk�1 drags the redex vk to the redex u1.

The situation is summarized in the diagram below:
M1
u1 ��

v1���vk�1 //
(���( vk ��

wk //
N h��M2 h1���hk�1 // vk+1 // vk+2���vp // Mn+1

Step 4. We establish the equality outm(fm) = outm(fm+1). We proceed by case analysis,depending whether the redex vk+1 coincides with the redex outm(vk+1 � � � vp).
{ Suppose that the redex vk+1 is not equal to the redex outm(vk+1 � � � vp). By Lemma 22,the path vk+2 � � � vp is nonempty, and the redex vk+1 drags the redex outm(vk+2 � � � vp) tothe redex outm(vk+1 � � � vp). By Axiom enclave applied around the irreversible permu-tation vk �vk+1 I wk �h, the two paths vk �vk+1 and wk �h drag the redex outm(vk+2 � � � vp)to the same redex outm(vk � � � vp) = outm(wk � h � vk+2 � � � vp). The inductive de�nitionof outm(�) ensures then that outm(fm) = outm(fm+1). We conclude.



{ Suppose now that the redex vk+1 coincides with the redex outm(vk+1 � � � vp). In that case,outm(vk � � � vp) = wk because the redex vk drags the redex vk+1 = outm(vk+1 � � � vp)to the redex wk. Now, we claim that outm(wk � h � vk+2 � � � vp) = wk. First of all, itfollows from axioms ancestor and irreversibility and from vk � vk+1 I wk � h thatthe redex wk is the only redex extractible from the path wk � h. So, there only remainsto prove that the redex outm(wk � h � vk+2 � � � vp) is extractible from the path wk � h.Suppose that it is not. In that case, the path wk � h drags the redex outm(vk+2 � � � vp)to the redex outm(wk � h � vk+2 � � � vp). By Lemma 10 (preservation of drag) the pathvk �vk+1 which is L�evy equivalent to the path wk �h, drags the redex outm(vk+2 � � � vp) tothe same redex outm(vk � � � vp) = outm(wk �h �vk+2 � � � vp). This contradicts the equalitywk = outm(vk � � � vp) = vk+1. We conclude that outm(vk � � � vp) = wk = outm(wk � h �vk+2 � � � vp) and thus that outm(fm) = outm(fm+1).
Step 5. We deduce from Step 4 that the redex u1 drags the redex outm(gm) to theredex outm(fm). We have just proved that outm(fm) = outm(fm+1). From this followsthat the redex outm(fm) is extractible from the path fm+1. Since by construction of thepath fm+1, the redex u1 is not extractible from that path, the two redexes u1 and outm(fm)are necessarily di�erent. We may thus apply Lemma 22 on the extraction fm &u1 gm. Thisestablishes our claim: the redex u1 drags the redex outm(gm) to the redex outm(fm).Step 6. We prove that the redex outm(gm) is extractible from the path g1 = u2 � � �un. Byinduction hypothesis, each path ui � � �un is more standard than any of its L�evy equivalentpaths, for 2 � i � n. We may thus apply Lemma 24 to the paths g1 and u2 � � �un, anddeduce that there exists a series of extractions

g1 &u2 � � � &un idMn+1 :
By Lemma 23, the series implies that the redex outm(gm) is extractible from the pathu2 � � �un.Step 7. We deduce from Step 6 that the redex outm(gm) is extractible from all the pathsg1; :::; gm. We have already noted at the end of Step 2 that all the paths g1 = u2 � � �un,g2, : : :, gm are L�evy equivalent. By induction hypothesis, the standard path g1 = u2 � � �unis more standard than every path gi, for every index 1 � i � m. We also know that theredex outm(gm) is extractible from the path g1. By Lemma 12 (preservation of extraction),the redex outm(gm) is thus extractible from the path gi, for every index 1 � i � m.Step 8. We deduce from Steps 4, 5 and 7 that the redex outm(fm) is extractible from thepaths f1; :::; fm; fm+1. By Step 4, the redex outm(fm) is extractible from the path fm+1.So, there remains to show that the redex outm(fm) is extractible from the paths f1; :::; fm.By Step 5, the redex u1 drags the redex outm(gm) to the redex outm(fm). By Step 7,the redex outm(gm) is extractible from all the paths g1, : : :, gm. From this follows that theredex gm is extractible from the paths u1 �g1, : : :, u1 �gm. Now, for every index 1 � i � m, thepath u1 �gi is more standard than the path fi because fi &u1 gi. We conclude by Lemma 12(preservation of extraction) that the redex outm(fm) is extractible from the paths f1; :::; fm.Step 9. By Step 8, we may de�ne for every index 1 � i � m+1 the path f 0i as an (arbitrary)projection of the path fi by extraction of outm(fm). We thus have fi &outm(fm) f 0i . ByLemma 12 (preservation of extraction) applied m times, the rewriting paths f 01 ,..., f 0m+1 areL�evy equivalent.Step 10. In order to reach a contradiction with our hypothesis, we prove that the re-dex u1 is extractible from the rewriting path fm+1. We have already noted in Step 9 that



the paths f 01; :::; f 0m+1 are L�evy equivalent. The path f 01 is standard of length n � 1 sinceit is de�ned as the projection of the standard path f1 = u1 � � �un by extraction of the re-dex outm(fm). By induction hypothesis, the path f 01 is more standard than all the pathsf 01; :::; f 0m+1. Besides, the rewriting path f 01 is not empty. We have proved indeed in Step 5that the redexes u1 and outm(fm) are di�erent redexes, and more precisely, that the redex u1drags the redex outm(gm) to the redex outm(fm). From this follows that the extraction ofthe redex outm(fm) from the standard path f1 = u1 � � �un induces a reversible permutationu1 �outm(gm) } outm(fm) �u01. The redex u01 is the �rst redex of the path f 01, and the path f 01is more standard than all the paths f 01; :::; f 0m+1. By Lemma 12 (preservation of extraction),the redex u01 is extractible from all the paths f 01; :::; f 0m+1. The diagram below summarizesthe situation: f 0i //

u01

��

Mn+1

}
M1

outm(fm)^^======== fi //
u1 ��

Mn+1
M2

outm(gm)~~}}}}}}
}} gi // Mn+1

All this has the remarkable consequence that the redex u01 is extractible from the rewritingpath f 0m+1. From this follows that the redex u1 is extractible from the rewriting path outm(fm)�f 0m+1. Now, the path outm(fm) � f 0m+1 is more standard than the path fm+1 by de�nitionof fm+1 &outm(fm) f 0m+1. We conclude by Lemma 12 (preservation of extraction) that theredex u1 is extractible from the rewriting path fm+1.Step 11. This is the concluding step. We deduce from the contradiction reached in Step 10that the redex u1 is extractible from every path L�evy equivalent to the rewriting path f . Bythe preliminary discussion of Step 1, this concludes our proof by induction of Lemma 25.
4.3 Existence
Lemma 26 (towards existence) Suppose that f : M1 �!�! Mn+1 is a non-empty pathwhose projection by extraction of the redex outm(f) : M1 �! M2 is L�evy equivalent to astandard path M2 u2�!M3 u3�! � � � un�1�! Mn un�!Mn+1:Then, the rewriting path

M1 outm(f)�! M2 u2�!M3 u3�! � � � un�1�! Mn un�!Mn+1
is standard.
Proof. By induction on n. The lemma is immediate when n = 1 because the path outm(f)is standard, like every path of length 1. Suppose that the property is established for everystandard path of length n� 2, and consider a standard path

M2 u2�!M3 u3�! � � � un�1�! Mn un�!Mn+1



of length n � 1. Consider moreover a nonempty path f : M1 �!�! Mn+1, and suppose that(one of) its projection g by extraction of the redex outm(f) :M1 �!M2 is L�evy equivalentto the standard path u2 � � �un. We write u1 for the redex outm(f).
We want to prove that the path u1 � u2 � � �un is standard. We proceed by contradiction,and suppose that the path u1 � u2 � � �un is not standard. By Lemma 19 (characterizationlemma) there exists an anti-standard path inside the rewriting path u1 � u2 � � �un. Since thepath u2 � � �un is standard, this anti-standard path is necessarily of the form u1 � � �uk+1 forsome index 1 � k � n� 1.
By de�nition of an anti-standard path, and whatever the value of the index k, thereexists a redex u02 and a path hu01 forming a permutation u1 � u2 B u02 � hu01 . The situation issummarized in the the diagram below:

Mn+1 ) Mn+1
M1 u1 //
u02�� (

fFFF
ccFFF

M2u2��

gxxxx
;;xxxx

hu01 // M3 u3���unFFF ##FFF
+

Mn+1

(20)

We show in Steps 2, 3, 4, 5 and 6 that the permutation u1 � u2 B u02 � hu01 is reversible, orequivalently, that k � 2.
Step 2. We show that the redex u02 is extractible from the path f . By Lemma 25 (unique-ness), the path u2 � � �un is more standard than every L�evy equivalent path. In particular, thepath u2 � � �un is more standard than the path g. It follows from Lemma 12 (preservation ofextraction) that the redex u2 which is extractible from the path u2 � � �un is also extractiblefrom the path g. This and the existence of the permutation u1 � u2 B u02 � hu01 implies thatthe redex u02 is extractible from the path u1 � g. The path u1 � g is more standard than thepath f by de�nition of extraction f &u1 g. Thus, by applying Lemma 12 (preservation ofextraction) again, the redex u02 is extractible from the path f .
Step 3. Let the path f 0 denote an arbitrary projection of the path f by extraction ofthe redex u02. By construction, and Axiom shape, the redex u02 does not coincide with theredex outm(f) = u1. By Lemma 22, the path f 0 is non-empty and the redex u02 drags theredex outm(f 0) (denoted u01 from now) to the redex u1 = outm(f). More explicitly, the tworedexes u01 and u02 are involved in a permutation u02 � u01 B u1 � hu2 for some path hu2 . Letthe path g0 denote an arbitrary projection of the path f 0 by extraction of the redex u01. The



situation is summarized in the diagram below:

Mn+1
M1 u1 //
u02�� *+

fFFF
ccFFF

M2hu2��u01 //f 0uuuuzzuuuu g0IIII
$$IIIIMn+1

)
Mn+1

(21)

In the next Steps 4{7, we analyze the relationship between the two diagrams (20) and (21).We establish in Steps 4{6 that the paths hu01 and hu2 coincide respectively with the redexes u01and u2, and thus, that the permutation u1 � u2 B u02 � hu01 is reversible. We establish in Step7 that the path g0 is L�evy equivalent to the path u3 � � �un. This enables to combine the twodiagrams (20) and (21) in a larger diagram.
Step 4. Here, we deduce from Lemma 25 (uniqueness) that the redex u2 is extractible fromthe path hu2 �g0. By construction, the path u1 �hu2 �g0 is more standard than the path f . Thepaths hu2 � g0 and g are the projections of the paths u1 � hu2 � g0 and f by extraction of theredex u1, respectively. By Lemma 12 (preservation of extraction), the two paths hu2 �g0 and gare L�evy equivalent. Now, the path g is also L�evy equivalent to the standard path u2 � � �un.From this and Lemma 25 (uniqueness) follows that the path u2 � � �un is more standard thanthe path hu2 � g0. By Lemma 12 (preservation of extraction), we conclude that the redex u2is extractible from the path hu2 � g0.
Step 5. We deduce from Step 4 that the redex u2 is extractible from the path hu2 . Weproceed by contradiction, and suppose that it is not. The redex u2 is extractible fromthe path hu2 � g0. By de�nition of extraction, there exists a redex v extractible from thepath g0 such that the path hu2 drags the redex v to the redex u2. From this follows that thepath u1 � hu2 drags the redex v to the redex u02. Now, the path u1 � hu2 is L�evy equivalentto the path u02 � u01. By Lemma 10 (preservation of drag), the path u02 � u01 drags the redex vto the redex u02. More explicitly, there exists a redex w such that: (a) the redex u01 dragsthe redex v to the redex w; and (b) the redex u02 drags the redex w to the redex u02. Thisvery last statement (b) contradicts the Axiom shape since it implies that there exists apath h and permutation u02 � w B u02 � h. We conclude that the redex u2 is extractible fromthe path hu2 .
Step 6. We deduce from Step 5 that the paths hu01 and hu2 coincide respectively with theredexes u01 and u2, and that the permutation u1 � u2 B u02 � hu01 is reversible. By de�nition ofextraction, there exists a path h such that hu2 =) u2 � h. From this follows that u02 � u01 B



u1 � hu2 and u1 � hu2 =) u02 � hu01 � h. Diagrammatically,
M1
u1
��

u02
��

u02
��

hu01
��

( (
u01




M2
u2||||

|
}}||||| hu2>>>>>

��>>>>>(���(M3 h 44

Suppose that the permutation u02 � u01 B u1 � hu2 is irreversible. In that case, it follows fromAxiom irreversibility that u02 � u01 B u02 � hu01 � h. This last statement contradicts Axiomshape, and we thus conclude that the permutation u02 �u01 B u1 �hu2 is reversible. From thisfollows that the path hu2 is a redex. The equality hu2 = u2 follows immediately from thefact that the redex u2 is extractible from the path hu2 . We conclude that u02 �u01 B u1 �u2. Atthis point, there only remains to apply Axiom reversibility on the permutations u02 � u01 Bu1 � u2. u1 � u2 B u02 � hu01 , from which we deduce that hu01 = u01 and that the permutationu1 � u2 B u02 � hu01 is reversible.Step 7. We have just established that the permutation u1 � u2 } u02 � u01 is reversible. InStep 4, we have also proved that u2 � � �un is more standard than the path hu2 � g0. We knownow that the path hu2 � g0 is equal to the path u2 � g0. The two paths u3 � � �un and g0 arerespectively the projections of the paths u2 � � �un and u2 �g0 by extraction of the redex u2. ByLemma 12 (preservation of extraction), the path g0 is L�evy equivalent to the path u3 � � �un.Step 8. We have just established in Step 7 that the projection g0 of the path f 0 by extractionof the redex u01 = outm(f 0) is L�evy equivalent to the path u3 � � �un. This enables to apply ourinduction hypothesis on the standard path u3 � � �un. We deduce that the path u01 � u3 � � �unis standard. In particular, the path u01 � u3 � � �uk+1 is not anti-standard. From this followsthat the path u1 � u2 � � �uk+1 is not anti-standard. This contradicts our original hypothesis.The path u1 � u2 � � �un is thus standard. This concludes the reasoning by induction, and theproof of Lemma 4.3.
Lemma 27 (existence) For every path f : M �!�! N there exists a standard path g :M �!�! N such that f =) g.
Proof. First, we show that every rewriting path u1 � � �un :M �!�! N is standard when it isobtained as a sequence of extractions from a path f1 :M �!�! N :

f1 &u1 f2 &u2 f3 � � � fn &un idN (22)
where ui = outm(fi) for every index 1 � k � n. The proof is nearly immediate, by inductionon the length n. Suppose that the property is established for every path of length n�1, andconsider a path u1 � � �un obtained as a series of extractions (22). By induction hypothesis,the path f2 &u2 f3 &u3 f4 � � � fn &un idN



is standard. By Lemma 26, the path u1 �u2 � � �un = outm(f1) �u2 � � �un is also standard. Weconclude.Now, suppose that f :M �!�! N is an arbitrary rewriting path. By Axiom termination,every sequence of extractions
f = f1 &outm(f1) f2 &outm(f2) f3 � � � fn &outm(fn) � � �

is �nite. Thus, there exists an index n such that
f1 &u1 f2 &u2 f3 � � � fn &un idN

where ui = outm(fi), for all 1 � i � n. By construction, the path u1 � � �un : M �!�! N ismore standard than the path f , and it is standard by the previous argument. We conclude.

4.4 Standardization theorem
Theorem 2 (standardization) Suppose that (G;B) is an axiomatic rewriting system andthat f :M �!�! N is a path in the transition system G. Then:
{ there exists a standard path g :M �!�! N more standard than f ,{ every standard path L�evy equivalent to f is equal to g modulo reversible permutationequivalence '.

The standard path of any path f : M �!�! N may be computed by extracting recursivelythe outermost redex outm(fi) in a sequence of rewriting paths
f = f1 &outm(f1) f2 &outm(f2) f3 &outm(f3) � � � fn &outm(fn) idN :

We call this algorithm STD as in [Gonthier, L�evy, Melli�es, 1992]. Note that the algorithmis non deterministic because it depends at each step fi on the choice of the next rewritingpath fi+1.
Corollary 28 The relation =) on paths is conuent modulo '. The =)-normal form ofa path is computed by the algorithm STD.
5 Standardization from the 2-categorical point of view
In Sections 1|4. we interpret standardization as a 2-dimensional rewriting procedure on 1-dimensional paths, and establish a conuence and normalization property for that procedure.However, we say nothing there about the 2-dimensional reductions f =) g themselves.Intuitively, each such reduction f =) g describes a possible way to tile the 2-dimensionalsurface lying between the two rewriting paths f and g. In this section is to show that alltilings f =) g from a path f to its standard path g, are equivalent in an intuitive sense.We refer the reader to the last chapter of [Mac Lane, 1998] (second edition) for a nice andmotivated introduction to 2-categories.



5.1 Tiling graph, tiling paths, and partial injections
To every 2-dimensional transition system (G;B) we associate a tiling graph in the followingway:
De�nition 29 (tiling graph, path, step) The graph tiling-graph(G;B) has the paths ofG as vertices, and the standardization steps (e; f B g; h) as edges e�f �h =) e�g �h. The pathsin tiling-graph(G;B) are called tiling paths to avoid confusion with the rewriting paths ofthe transition system G. According to that spirit, we often call tiling step a standardizationstep. In the graph tiling-graph(G;B), we write idf : f =) f for the identity of f , and� � � : f =) h for the composite of two paths � : f =) g and � : g =) h.
De�nition 30 (canonical equivalence on tiling path) To every tiling path � : f =)g, we associate a partial injection [�] : [g]+ [f ] as follows.
{ to every vertex of tiling-graph(G;B) we associate the �nite set [f ] = f1; :::; ng of car-dinal n the length of f as 1-dimensional path,{ to every edge � = (e; f B g; h) of tiling-graph(G;B) where e; f; g and h decompose as:

e = u1 � � �um f = v � u0 g = v1 � � � vn h = w1 � � �wp
we associate the partial injection [�] : [e � g � h]+ [e � f � h] de�ned as� when f}g: 8>><

>>:
k 7! k for every 1 � k � mm+ 1 7! m+ 2m+ 2 7! m+ 1m+ 2 + k 7! m+ 2 + k for every 1 � k � p

� when f I g: 8<
:

k 7! k for every 1 � k � mm+ 1 7! m+ 2m+ n+ k 7! m+ 2 + k for every 1 � k � p
The partial injection [�] : f1; :::; ng+ f1; :::;mg associated to a tiling path

� : u1 � � �um =) v1 � � � vn
is de�ned by composing the partial injections [�i]'s:

[�] = [�n] � � � � � [�1]
Intuitively, the function [�] traces every redex vk back to its unique \ancestor" u[�](k) in the1-dimensional path u1 � � �um, when this redex exists.
The main result of the section states that
Theorem 3 Suppose that g is a standard rewriting path in an axiomatic rewriting system(G;B). Then, every two tiling paths �; � : f =) g from a rewriting path f to the rewritingpath g de�ne the same partial injection [�] = [�].



Reformulated 2-categorically, the theorem states that in the 2-category 2-cat(G;B) de�nedat the beginning of Section 5.3, the standard path g :M �!�! N is terminal in its connectedcomponent in the hom-category 2-cat(G;B)(M;N). The standard path g is in fact stronglyterminal, in the sense that in every cell g =) h, the path h is also standard, and thusterminal.We proceed methodologically, and prove the theorem in two steps. In Section 5.2, wegive a series of conditions on an equivalence relation �= on the paths of tiling-graph(G;B)to ensure that every two tiling paths �; � : f =) g from a path f to a standard path g, areequal modulo �=. In Section 5.3, we prove that the equivalence relation � �= � induced bythe equality [�] = [�] of partial injections, satis�es the formal conditions of Section 5.2.
Remark: Theorem 3 repeats in dimension 2 the observation by J.-J. L�evy in the �-calculus, orin any conict-free (term) rewriting system, that there exists a unique path from a term to itsnormal form, modulo permutation. Here, objects are 1-dimensional, paths are 2-dimensional,permutations are 3-dimensional | and the concept of a conict-free 2-dimensional systemremains to be clari�ed.
5.2 Standard=strong terminal
De�nition 31 (horizontal composition) The horizontal composite � � h of a tiling step(=standardization step)

� = (e; f B g; h) : e � f � h =) e � g � h :M �!�! N
and of a 1-dimensional path h0 : N �!�! P is de�ned as the tiling step:

� � h = (e; f B g; h � h0) : e � f � h � h0 =) e � g � h :M �!�! P
The horizontal composite � � h of a tiling path

� = �1 � � � � � �n : f =) g :M �!�! N
and a 1-dimensional path h : N �!�! P is de�ned as the tiling path

� � h = (�1 � h) � � � � � (�n � h) :M �!�! P
The horizontal composite e � � of a 1-dimensional path e : L �!�! M and a tiling path� : f � g :M �!�! N is de�ned symmetrically.
Now, consider an equivalence relation �= between the tiling paths of tiling-graph(G;B),such that:
1. for all tiling paths � : f =) f 0 and � : g =) g0,

� �= � ) f = g and f 0 = g0
2. for all tiling paths �; �0 : f =) g and �; �0 : g =) h,

� �= �0 and � �= �0 ) � � � �= �0 � �0



3. for all tiling paths �; � : g =) g0 : M �!�! N and all 1-dimensional paths f : L �!�! Mand h : N �!�! P ,
� �= � ) f � � � h �= f � � � h

4. for all of tiling paths � : f =) f 0 :M �!�! N and � : g =) g0 : N �!�! P ,
(� � g) � (f 0 � �) �= (f � �) � (� � g0)

Lemma 32 The equivalence relation �= de�nes a 2-category 2-cat�=(G;B).
Proof. The 2-category 2-cat�=(G;B) has vertices and paths of G as objects and morphisms,and equivalence classes modulo �= of tiling paths as cells. Conditions 1{3. ensure the nec-essary compositionality properties of 2-cat�=(G;B), while condition 4. ensures the so-calledinterchange law of 2-categories, see [Mac Lane, 1998].
Suppose moreover that:
5. for every path f = u � v where u drags the redex v to a redex v0, and for every standardpath g,

8�; �; �; � : f =) g ) � �= �
6. for every path f = u � v �w where the redex u drags the redex v to a redex v0, and wherethe path u � v drags the redex w to a redex w0, and for every standard path g,

8�; �; �; � : f =) g ) � �= �
These two additional conditions 5 and 6 regulate the potential critical pairs occurring duringthe 2-dimensional transitions implementing standardization. The lemma below establishesthat the two assumptions are su�cient to the purpose.
Lemma 33 Suppose that the equivalence relation �= satis�es Conditions 1{6. Then, everystandard path h : M �!�! N is strongly terminal in its connected component in the hom-category 2-cat�=(G;B)(M;N).
Proof. By induction on the length of h :M �!�! N . Suppose that the property is establishedfor every standard path of length n, and that the path u � h is standard of length 1 + n.Suppose that f is a path L�evy equivalent to u � h. We claim that for every tiling path : f =) u � g resulting of an extraction f &u g, and for every tiling path � : f =) f 0starting from f , there exists a tiling path 0 : f 0 =) u �g0 resulting of an extraction f 0 &u g0,such that

 � (u � �g) �= � � 0 � (u � �g0) : f =) u � h (23)
where �g : g =) h and �g0 : g0 =) h are arbitrary tiling paths to the terminal object h. Toprove the claim, it is su�cient to consider the case when � is a tiling step (f1; f2 B f 02; f3).The general case follows by a straightforward induction on the length of �. So, we want toestablish that the diagram below commutes modulo �= for a tiling step � = (f1; f2 B f 02; f3) :



f =) f 0 and a tiling path  : f =) u � g resulting of an extraction f &u g.
f � +3

��

f 0
0
��u � g

u��g �'GGGG
GG GGGGGG

�=
u � g0

u��g0w� wwwwwwwwwwwwu � h
By de�nition of �, the paths f and f 0 factor as

f = f1 � f2 � f3 f 0 = f1 � f 02 � f3:
The redex u is extractible from the path f = f1 �f2 �f3. One of the three following situationsoccurs. We say that the redex u is
1. extractible from the component f1 when the redex u is extractible from the path f1,2. extractible from the component f2 when the redex u is extractible from the path f1 � f2but not from the path f1,3. extractible from the component f3 when the redex u is extractible from the path f1 �f2 �f3but not from the path f1 � f2.
By de�nition of  as the tiling path produced by the extraction f &u g, the rewriting pathsg and the tiling path  factor as g = g1 � g2 � g3 = (f1 � f2 � 3) � (f1 � 2 � g3) � (1 � g2 � g3)where the de�nitions of g1; g2; g3 and 1; 2; 3 depend on the component f1 or f2 or f3 fromwhich the redex u is extractible:
1. The redex u is extractible from the component f1: in that case, g3 = f3 and 3 = idf3 ,g2 = f2 and 2 = idf2 , and 1 : f1 =) u � g1 is the result of an extraction f1 &u g1,2. The redex u is extractible from the component f2: in that case, g3 = f3 and 3 = idf3 ,2 : f2 =) u0 � g2 is the result of an extraction f2 &u0 g2, the path f1 drags u0 to u and1 : f1 � u0 =) u � g1 is the result of the extraction f1 � u0 &u g1,3. The redex u is extractible from the component f3: in that case, 3 : f3 =) u00 � g3 is theresult of an extraction f3 &u00 g3, the path f2 drags u00 to u0 and 2 : f2 �u00 =) u0 �g2 isthe result of the extraction f2�u00 &u0 g2, the path f1 drags u0 to u and 1 : f1�u0 =) u�g1is the result of the extraction f1 � u0 &u g1.
The tiling path 0 is de�ned as

0 = (f1 � f 02 � 3) � (f1 � 02 � g3) � (1 � g02 � g3)
where the de�nition of the tiling path 02 is by case analysis.
1. The redex u is extractible from the component f1: in that case, g02 = f 02 and 02 : f 02 =) g02is de�ned as idf 02 . Equivalence (23) follows from induction hypothesis on h, as well asconditions 2, 3 and 4 on the equivalence relation �=.



2. The redex u is extractible from the component f2: in that case, the path g02 and 02 :f 02 =) u0 �g02 are the result of an arbitrary extraction f 02 &u0 g02. Equivalence (23) followsfrom the series of equivalence:
 � (u � �g)�=  � (u � g1 � (g2 =) g002 ) � g3) � (u � �g1�g002 �g3) by ind. hyp.�= (f1 � (2 � �2) � g3) � (1 � g002 � g3) � (u � �g1�g002 �g3) by cond. 2, 3, 4.�= (f1 � ((f2 B f 02) � 02 � �02) � g3) � (1 � g002 � g3) � (u � �g1�g002 �g3) by cond. 5.�= (f1 � (f2 B f 02) � f3) � (f1 � (02 � �02) � g3) � (1 � g002 � g3) � (u � �g1�g002 �g3) by cond. 2, 3, 4.�= � � (f1 � 02 � g3) � (1 � g02 � g3) � (u � g1 � �02 � g3) � (u � �g1�g002 �g3) by cond. 2, 3, 4.�= � � 0 � (u � �g1�g02�g3) by ind. hyp.�= � � 0 � (u � �g0)

where g002 is a standard path L�evy equivalent to the paths g2 and g02, and where
�2 : u � g2 =) u � g002 and �02 : u � g02 =) u � g002�g1�g02�g3 : g1 � g02 � g3 =) h and �g1�g002 �g3 : g1 � g002 � g3 =) h

are arbitrary tiling paths.3. The redex u is extractible from the component f3: in that third case, g02 and 02 : f 02 �u00 =) u0 � g02 are the result of an arbitrary extraction f 02 � u00 &u0 g02. Equivalence (23)follows from the series of equivalence:
 � (u � �g)�=  � (u � g1 � (g2 =) g002 ) � g3) � (u � �g1�g002 �g3) by ind. hyp.�= (f1 � f2 � 3) � (f1 � (2 � �2) � g3) � (1 � g002 � g3) � (u � �g1�g002 �g3) by cond. 2, 3, 4.�= (f1 � f2 � 3) � (f1 � (((f2 B f 02) � u00) � 02 � �02) � g3) � (1 � g002 � g3) � (u � �g1�g002 �g3) by cond. 6.�= (f1 � (f2 B f 02) � f3) � (f1 � f 02 � 3) � (f1 � (02 � �02) � g3) � (1 � g002 � g3) � (u � �g1�g002 �g3) by cond. 2, 3, 4.�= � � (f1 � f 02 � 3) � (f1 � 02 � g3) � (1 � g02 � g3) � (u � g1 � �02 � g3) � (u � �g1�g002 �g3) by cond. 2, 3, 4.�= � � 0 � (u � �g1�g02�g3) by ind. hyp.�= � � 0 � (u � �g0)

where g002 is a standard path L�evy equivalent to g2 and g02, and where
�2 : u � g2 =) u � g002 and �02 : u � g02 =) u � g002�g1�g02�g3 : g1 � g02 � g3 =) h and �g1�g002 �g3 : g1 � g002 � g3 =) h

are arbitrary tiling paths.
This proves our introductory claim. Now, we prove the lemma as follows. Let  : f =) u � gbe the result of an arbitrary extraction f &u g. Consider any tiling path � from f to u � h.By property (23) proved above, there exists a tiling path 0 such that:

 � (u � �g) �= � � 0 � (u � �h) : f =) u � h
In that particular case, as the result of the \empty" extraction u �h&u h, the tiling path 0is the identity idu�h : u �h =) u �h. Moreover, the tiling path �h is the identity idh : h =) hby induction hypothesis. It follows that

� �=  � (u � �g)
This concludes the proof.



5.3 The 2-category 2-cat(G;B)
De�nition 34 (2-cat(G;B)) The 2-category 2-cat(G;B) is the 2-category 2-cat�=(G;B)associated to the following equivalence relation on tiling paths:

� �= � () [�] = [�]
The main goal of the section is to prove Theorem 4.
Lemma 35 Suppose that � : f =) g :M �!�! N is a tiling path between the 1-dimensionalpaths f = u1 � � �um and g = v1 � � � vn. Suppose that w is a redex outgoing from M . The twofollowing assertions are equivalent:
1. the path v1 � � � vi�1 drags the redex vi to the redex w,2. the index [�](i) = j is de�ned and the path u1 � � �uj�1 drags the redex uj to the redex w.
Proof. By induction on the length of �.
Theorem 4 In the 2-category 2-cat(G;B), every standard path is strongly terminal in itsL�evy equivalence class.
Proof. By Lemma 33, we only need to check conditions 5 and 6 on the equivalence relation�= on tiling paths �; � : f =) g induced by the equality [�] = [�]. Consider
{ a path f = u � v0 such that u drags v0 to a redex v{ or a path f = u � v0 � w00 such that u drags v0 to a redex v, and u � v0 drags w00 to aredex w.

Consider two tiling paths �; � : f =) g standardizing f into a standard path g = v1 � � � vn.Suppose that [�](i) = j for some i 2 [n]. By Lemma 35(1 ) 2), the path v1 � � � vi�1 dragsthe redex vi to the redex t = u when j = 1, to redex t = v when j = 2, or to the redex t = wwhen j = 3. Thus, by Lemma 35(1 ) 2), the index [�](i) = k is de�ned and such thatthe path u1 � � �uk�1 drags the redex uk to the redex t. This implies that j = k. Applyingthe argument to every i 2 [n], and by symmetry, we deduce that [�] = [�]. This provesconditions 5 and 6, and we conclude.
Remark. In the case of the �-calculus, and more generally in any axiomatic rewriting systemderived from an axiomatic nesting system, see Section 6, the partial injection [�] : [g]+ [f ]may be replaced by a total function [�] : [g] �!�! [f ] without breaking Theorem 4. The ideais to replace the partial function [�] associated to an irreversible standardization step � inDe�nition 30 by the following total function [�]:

[�] :
8>><
>>:

k 7! k for every 1 � k � mm+ 1 7! m+ 2m+ 1 + k 7! m+ 1 for every 1 � k � n� 1m+ n+ k 7! m+ 2 + k for every 1 � k � p
It is not di�cult to show that conditions 5 and 6 of Section 5.2 still hold with the newde�nition | in the case of the �-calculus or any axiomatic nesting systems. Theorem 4



follows. However, Theorem 4 does not generally hold with the alternative de�nition. Theaxiomatic rewriting system
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and tiling paths
�1 : u�v0�w00 1=) v�u0�w00 1=) v�w2�u00 1=) w�u00 �2 : u�v0�w00 1=) u�w1�v00 1=) w�v00 = w�u00
illustrate this point, since both �1 and �2 transform the path u �v0 �w00 to the standard pathw � u00 = w � v00, but do not de�ne the same total functions [�1] and [�2], since [�1](2) = 1and [�2](2) = 2.
6 An alternative axiomatics based on residuals and nesting
The 2-dimensional axiomatics formulated in Section 2 is particularly adapted to reason andprove diagrammatically... but it is also far away from common practice, and may be di�cultto understand for someone simply interested in checking that the axioms are satis�ed byhis or her favorite rewriting system. For that reason, we step back (in this section only) tothe axiomatics developed in [Gonthier, L�evy, Melli�es, 1992] and [Melli�es, 1996] and basedon the trinity of residuals, critical pairs and nesting order. Since the formulation is nearlyindependent of the remainder of the article, the reader may very well jump this section at a�rst reading.The section is organised as follows. Axiomatic nesting system are de�ned in Section 6.1,and their axioms are formulated in Sections 6.2{6.5. We establish in Section 6.6 that ev-ery axiomatic nesting system (G; [[�]];�; ") de�nes a 2-dimensional transition system (G;B)which satis�es the 2-dimensional axioms of Section 2.
Remark: we provide two examples in Section 8
{ the argument-nesting �-calculus,{ the graph of sequentializations of an ordered set X.

which demonstrate that the axiomatics presented in this section is at the same time strictlymore general than the axiomatics of [Gonthier, L�evy, Melli�es, 1992] which inspired it, andstrictly less general than the 2-dimensional axiomatics formulated in Section 2.
6.1 Axiomatic Nesting Systems
The main de�nition of the section follows.



De�nition 36 An Axiomatic Nesting System (AxNS) is a quadruple (G; [[�]];�; ") consist-ing of:
1. a transition system (or oriented graph) G = (terms; redexes; source; target),2. for every redex u :M �! N , a binary relation [[u]] relating the redexes outgoing from Mto the redexes outgoing from N ,3. for every vertex M of G, a transitive reexive antisymmetric relation �M between theredexes outgoing from M ,4. for every vertex M of G, a reexive relation "M between the redexes outgoing from M .
Every nesting system is supposed to satisfy a series of ten (4+2+4) axioms. The �rst four ax-ioms Finite,Compat,Ancestor, Self state elementary properties of residuals and compat-ibility. The two next axioms FinDev, Perm enforce the well-known property of �nite devel-opments, appearing for instance in [Newman, 1942,Huet, L�evy, 1979,Klop, 1980,Barendregt, 1985,Melli�es, 1996].The four last axioms I, II, III, IV regulate the properties of the nesting relation vs. the com-patibility and residual relations. The ten axioms are called N-axioms (N stands for nesting)to distinguish them from the 2-dimensional axioms of Section 2.
6.2 The �rst N-axioms: Finite, Compat, Ancestor, Self
N-axiom Finite (�nite residuals). We ask that a redex v : M �! Q has at most a�nite number of residuals after a coinitial redex u :M �! P .

8u; v 2 redexes; the set fv0 j v[[u]]v0g is �nite.
N-axiom Compat (forth compatibility). We ask that two compatible redexes u :M �! P and v : M �! Q have compatible residuals u0 and v0 after a coinitial redex w :M �! N .
8u; v; w; u0; v0 2 redexes; u[[w]]u0 and v[[w]]v0 and u " v ) u0 " v0

N-axiom Ancestor (unique ancestor). We ask that two di�erent coinitial redexesu : M �! P and v : M �! Q do not have any residual in common after a coinitialredex w :M �! N .
8u; v; w; u0; v0 2 redexes; u[[w]]u0 and v[[w]]v0 and u0 = v0 ) u = v

N-axiom Self (self-destruction). We ask that a redex v : M �! Q has no residualafter itself, or after an incompatible coinitial redex u :M �! P .
8u; v 2 redexes; (u = v or :(u " v)) ) fv0 j v[[u]]v0g = ;



6.3 A few preliminary de�nitions: multi-redex, development
We need a few preliminary de�nitions to formulate the N-axioms FinDev and Perm.
De�nition 37 (residual through path) Given a path f : M �!�! N , the relation [[f ]]between the redexes outgoing from M and the redexes outgoing from N , is de�ned as follows:
{ [[f ]] is the identity relation when f = idM ,{ [[f ]] is the composite relation [[v1]] � � � [[vn]] when f = v1 � � � vn.

Explicitly, for every two redexes u and u0,
u[[idM ]]u0 () u = u0

u[[v1 � � � vn]]u0 () 9u2; :::; un�1 2 redexes; u[[v1]]u2[[v2]]u3 � � �un�2[[vn�1]]un�1[[vn]]u0
De�nition 38 (multi-redex) A multi-redex in (G; [[�]];�; ") is a pair (M;U) consistingof a term M and a �nite set U of pairwise compatible redexes of source M .
Remark: every redex u :M �! N may be identi�ed to the multi-redex (M; fug).
De�nition 39 (multi-residual) Suppose that (M;U) is a multi-redex and that v is a redexcompatible with every redex in U . The multi-residual of (M;U) after v, notation (M;U)[[v]],is the multi-redex (N;W ) where W = fw j u[[v]]wg.
Remark: De�nition 39 de�nes a multi-redex (N;W ) thanks to the N-axioms Finite andCom-pat.
De�nition 40 (development) A complete development of a multi-redex (M;U) is a pathf such that:
{ f = idM when U is empty,{ f = u � g when u : M �! N is a redex in U , and the path g is a complete developmentof the multi-redex (M;U)[[u]].

A development of (M;U) is a path f :M �!�! P which is pre�x of a complete developmentg :M �!�! N of (M;U). Here, we call f a pre�x of g when there exists a path h : P �!�! Nsuch that g = f � h.
We de�ne two notions mentioned informally in Sections 1 and 2, and which appear in theN-axioms III and IV.
De�nition 41 (created redex) A redex u : M �! P creates a redex v : P �! N , whenthere does not exist any redex w outgoing from M , such that v is a residual of w after u.
De�nition 42 (disjoint) Two redexes u and v are disjoint when :(u � v) and :(v � u).



6.4 The N-axioms related to �nite developement: FinDev and Perm
N-axiom FinDev (�nite developments). Let (M;U) be a multi-redex. Then, theredoes not exist any in�nite sequence of redexes

M1 u1�!M2 u2�! � � � un�1�! Mn un�!Mn+1 un+1�! � � �
such that, for every index n, the path u1 � � �un is a development of (M;U).N-axiom Perm (compatible permutation). For every two coinitial, compatible anddi�erent redexes u : M �! P and v : M �! Q, there exists a complete development hu ofu[[v]], and a complete development hv of v[[u]], such that:
1. the paths hu and hv are co�nal,2. the residual relations [[u � hv]] and [[v � hu]] are equal.
6.5 The fundamental N-axioms: I, II, III, IV
N-axiom I (unique residual). We ask that

u " v and :(v � u) ) 9!u0; u[[v]]u0
when u and v are coinitial redexes.N-axiom II (context-free). Suppose that u; v; w are pairwise compatible redexes, thatthe redex u0 is residual of u after w, and the redex v0 residual of v after w. We ask that,

a. (u � v ) u0 � v0) or (w � u and w � v)b. (u0 � v0 ) u � v) or w � v
N-axiom III (enclave). Suppose that u and v are two compatible redexes, and thatu � v. Call u0 the residual of u after v. We ask that for every redex v0 created by v,

u0 � v0 or :(u0 " v0)
N-axiom IV (stability). Suppose that u and v are two compatible disjoint redexes. Callu0 the residual of u after v, and v0 the residual of v after u. We ask that there exists no tripleof redexes (w1; w2; w) such that w1 is a redex created by u, w2 is a redex created by v, and

w1[[v0]]w and w2[[u0]]w

6.6 Every axiomatic nesting system de�nes an axiomatic rewriting system
De�nition 43 Every axiomatic nesting system (G; [[�]];�; ") de�nes a 2-dimensional tran-sition system (G;B) as follows:

B is the least relation between paths of G such that v � hu B u � hv when{ the paths u � hv and v � hu are co�nal, and satisfy [[u � hv]] = [[v � hu]],{ u and v are two coinitial redexes outgoing from a term M ,{ u " v and :(v � u),{ the path hu is a complete development of (M; fug)[[v]],{ the path hv is a complete development of (M; fvg)[[u]].



Observe that the 2-dimensional transition system (G�;Btree) of Section 1.9 is the result ofapplying De�nition 43 to the axiomatic nesting system (G�; [[�]]�;�tree; "�) below:
{ [[�]]� is the usual residual relation between �-redexes in the �-calculus, as de�ned in[Curry, Feys, 1958,L�evy, 1978,Klop, 1980,Barendregt, 1985],{ "� is the compatibility relation between �-redexes, in that case the total relation, indi-cating that every two coinitial �-redexes are compatible,{ �tree is the tree-nesting relation between �-redexes, de�ned in Section 1.9.

The main result of the section (Theorem 5) states that the 2-dimensional transition system(G;B) of De�nition 43 satis�es the 2-dimensional axiomatics of Section 2. Before provingthat theorem, we start with �ve preliminary lemmas.
Lemma 44 The 2-dimensional transition system (G;B) of De�nition 43 satis�es Axiomshape.
Proof. Suppose that f B g is a permutation in (G;B). By de�nition, the two �rst steps of fand g are di�erent. By the N-axioms I and Self , the length of the rewriting path f is 2.Axiom shape follows.De�nition 43 exports from axiomatic rewriting systems to axiomatic nesting systems thede�nitions of standardization preorder =) and L�evy equivalence relation � in Section 1.5,as well as (thanks to Lemma 44) the de�nitions of extraction and projection in Section 2.5.We prove
Lemma 45 (cube lemma) Suppose that (M;U) is a multi-redex in an AxNS (G; [[�]];�; "). Then, every two complete developments f and g of (M;U) are L�evy equivalent.
Proof. By the N-axioms Finite and Compat, the complete developments of (M;U) orderedby pre�x, de�ne a �nitely branching tree. The tree is thus �nite by K�onig's lemma and N-axiom FinDev. We proceed by induction on the length of the longest path of that tree,called the \depth" of (M;U). Suppose that the lemma is established for every multi-redexof depth less than n, and let (M;U) be a multi-redex of depth n + 1. Let f and g be twocomplete developments of (M;U). If one of the two paths f or g is empty, then the set U isempty, and thus the two complete developments f and g are empty: it follows that f � g.Otherwise, the two paths f and g factor as f = u �f 0 and g = v �g0 where the redexes u and vare elements of the multi-redex (M;U), the path f 0 is a complete development of (M;U)[[u]],and the path g0 is a complete development of (M;U)[[v]]. We proceed by case analysis. Eitheru = v or u 6= v. In the �rst case, both paths f 0 and g0 are complete developments of the multi-redex (M;U)[[u]] = (M;U)[[v]]; the equivalence f 0 � g0 follows from our induction hypothesisapplied to the multi-redex (M;U)[[u]], and we conclude that f � g. In the second case,when u 6= v, it follows from N-axiom Perm that there exist two complete developments huof u[[v]] and hv of v[[u]], such that the paths v � hu and u � hv are coinitial and co�nal, andinduce the same residual relation [[u � hv]] = [[v � hu]]. Let h be any complete development ofthe multi-redex (M;U)[[u � hv]] = (M;U)[[v � hu]]. By de�nition of a complete development,the path hv � h is a complete development of (M;U)[[u]], and the path hu � h is a completedevelopment of (M;U)[[v]]. The two equivalence relations hv � h � f 0 and hu � h � g0 followfrom our induction hypothesis applied to the multi-redexes (M;U)[[u]] and (M;U)[[v]]. Weconclude that f � g by the series of equivalence:

f = u � f 0 � u � hv � h � v � hu � h � v � g0 = g



Lemma 46 Suppose that the path f is a complete development of a multi-redex (M;U) inan AxNS (G; [[�]];�; "). Suppose that a redex u is element of U , and satis�es :(v � u) forevery redex v in the set U � fug. Then, the redex u is extractible from the path f .
Proof. By induction on the length of the complete development f . The path f is not empty.It thus factors as f = w � g, where w : M �! P is a redex of U , and g is a completedevelopment of (M;U)[[w]]. The lemma is obvious when u = w. Otherwise, by hypothesis,u " w and :(w � u). By N-axiom I, the redex u has a unique residual residual after reductionof the redex w. Let us call this redex u0. Let v0 denote any redex in (N;U 0) = (M;U)[[w]]di�erent from the redex u0. We prove that :(v0 � u0). By de�nition of the redex v0, thereexists a redex v in U , such that v[[w]]v0. Obviously, the redex v is di�erent from the redex ubecause u0 is the unique residual of the redex u after w. It follows from hypothesis on u that:(v � u). We apply the N-axiom IIb. to :(v � u) and :(w � u) to deduce that :(v0 � u0).We have just proved that :(v0 � u0) for any redex v0 in U 0�fu0g. Our induction hypothesisimplies then that the redex u0 is extractible from the complete development g of (N;U 0).To summarize, we know that u " w, that :(w � u), and that the unique residual of uafter w, denoted u0, is extractible from the path g. We claim that it follows from this thatthe redex u is extractible from the path w � g. Indeed, by N-axiom Perm, there exists acomplete development hu of the multi-redex (M; fug)[[v]] and a complete development hwof the multi-redex (M; fwg)[[u]], such that the paths u � hw and v � hu are coinitial, co�nal,and induce the same residual relation [[u � hw]] = [[v � hu]]. Moreover, hu = u0 by N-axioms Iand Self . By de�nition, w � u0 B u � hw. It follows that the redex u is extractible from thepath f = w � g. This concludes our proof by induction.
Lemma 47 Suppose that f : M �!�! N is a complete development of a multi-redex (M;U)in an AxNS (G; [[�]];�; "). Then, every path more standard than f is a complete developmentof (M;U).
Proof. Suppose that a complete development of (M;U) factors as

M f1�!�! P f�!�! Q f2�!�! N
and that f B g. We show that the path f1 � g � f2 is also a complete development of (M;U).By de�nition of a complete development, we may suppose without loss of generality that thepath f1 is empty. By de�nition of B, the paths f and g are two co�nal complete developmentof a multi-redex (M; fu; vg), and factor as f = v � u0 and g = u � hv where :(v � u), theredex u0 is the unique residual of u after v and hv is a complete development of the residualsof v after u. By de�nition of a complete development of (M;U), one ancestor of v0 beforeu is element of U . By the N-axiom Ancestor, this ancestor is unique, and we already haveone candidate: the redex v. We conclude that the redex v is element of U . By de�nitionof B, the rewriting paths f and g induce the same residual relation [[f ]] = [[g]]. We concludethat f1 � g � f2 is a complete development of the multi-redex (M;U).
Lemma 48 Suppose that the rewriting path f : M �!�! N is a complete development of amulti-redex (M;U) in the axiomatic nesting system (G; [[�]];�; "). Then,
{ every redex u extractible from the path f is element of U ,



{ every projection of the path f by extraction of a redex u is a complete development ofthe multi-redex (M;U)[[u]].
Proof. Immediate consequence of Lemma 47.
Theorem 5 By De�nition 43, every axiomatic nesting system (G; [[�]];�; ") de�nes an ax-iomatic rewriting system (G;B).
Proof. We establish that the 2-dimensional transition system (G;B) satisgies the nine axiomsof Section 2.Axiom 1. Axiom shape is established in Lemma 44,Axiom 2. Axiom ancestor follows from N-axiom Ancestor and Lemma 45,Axiom 3. We prove Axiom reversibility. Suppose that f B g B h. By de�nition of B,there exists �ve redexes u; v; w; u0; v0 and a path h0 such that f = u � v0 and g = v � u0 andh = w � h0, and u " v and v " w and :(u � v) and :(v � w). By de�nition of f B g, theredex u0 is the complete development of the residuals of u after v, thus a fortiori a residualof u after v. By de�nition of g B h, the redex u0 is a residual of w after v. The equalityu = w follows from N-axiom Ancestor. Thus, h0 is a complete development of the residualsof v after u = w. But, by de�nition of f B g and N-axiom I, the redex v0 is the uniqueresidual of v after u. Thus, h0 = v0 and we conclude Axiom reversibility with the equalityh = u � h0 = u � v0 = f .Axiom 4. We prove Axiom irreversibility. Suppose that f I g and g =) h. By de�nitionof f B g, the paths f and g are complete developments of a multi-redex (M; fu; vg) with,say, the paths f and g starting by reducing v and u respectively. The nesting relation u � vfollows easily from f I g. By Lemma 47, and our hypothesis that g B h, the path h is acomplete development of (M; fu; vg). We prove that h starts by reducing the redex u. Byde�nition of g =) h, there exists a sequence

g = h1 1=) h2 1=) � � �hn 1=) hn+1 = h
of complete development of (M; fu; vg) and an index 1 � i � n such that hi starts byreducing the redex u, and hi+1 starts by reducing the redex v. This means that hi and hi+1factor as hi = u � w � h0 and hi+1 = v � hu � h0, where u � w B v � hu. This contradicts u � v.We conclude that the path h starts by reducing u. Obviously, the complete developments fand h are co�nal and induce the same residual relation [[f ]] = [[h]]. The relation f I h followsfrom that and u � v. This proves Axiom irreversibility.Axiom 5. We prove Axiom cube. Among its hypothesis, we have that v � u0 B u � v1 � � � vnand that the redex wn+1 is residual of the redex w after the path u �v1 � � � vn. By de�nition ofv �u0 B u�v1 � � � vn, the redex wn+1 is also residual of w after the path v �u0. By N-axiom Self ,the redexes u; v; w are pairwise compatible and di�erent. Thus, the pair (M; fu; v; wg) de�nesa multi-redex.We prove that :(u � w) and :(v � w). The �rst relation follows from the hypothesisthat u � w1 B w � hu. The second relation is established by case analysis, depending onwhether u � v or :(u � v). In the �rst case, the relation :(v � w) holds by transitivityof �, because :(u � w). In the second case, observe that the permutation v �u0 B u �v1 � � � vnis reversible. We write it v � u0 B u � v1. The relation :(v1 � w1) follows from the hypothesisthat v1 � w2 B w1 � h1. By :(u � v) and :(u � w), and N-axiom IIa. the relation :(v � w)follows from :(v1 � w1).



We have just proved that :(u � w) and :(v � w). By Lemma 46, the redex w isextractible from the two complete developments v � u0 � wn+1 and u � v1 � � � vn � wn+1 of(M; fu; v; wg). In particular, there exists a redex w0 and two paths hv and hu0 formingpermutations u0 � wn+1 B w0 � hu0 and v � w0 B w � hv. This proves half of Axiom cube.There remains to prove that the paths hv � hu0 and hu � h1 � � �hn are L�evy equivalent.The two paths are projections by extraction of w of the complete developments v � u0 �wn+1and u � v1 � � � vn �wn+1 of (M; fu; v; wg). The L�evy equivalence follows from Lemma 48. Thisconcludes the proof of Axiom cube.Axiom 6. We prove Axiom enclave. We recall its hypothesis: the irreversible permutationv � u0 I u � v1 � � � vn and the permutation u0 � wn+1 B w0 � hu0 . The relations u " v and u � vand u0 " w0 and :(u0 � w0) follow from this. By N-axiom III, the redex u : M �! N doesnot create the redex w0. Thus, there exists a redex outgoing from M with residual w0 afteru. This redex is unique by N-axiom Ancestor. We call it w.By de�nition of v � u0 B u � v1 � � � vn, the residual relation w[[v � u0]]wn+1 implies thatw[[v �v1 � � � vn]]wn+1. It follows from N-axiom Self that the three redexes u; v; w are pairwisedi�erent and compatible, thus de�ne a multi-redex (M; fu; v; wg).We prove that :(u � w) and :(v � w). The �rst relation follows from N-axiom IIa. ap-plied to the relations :(v � u) and :(u0 � w0). The second relation follows from transitivityof � and :(u � w) and u � v.By Lemma 46, it follows that the redex w is extractible from the complete developmentsv �u0 �wn+1 and u �v1 � � � vn �wn+1 of the multi-redex (M; fu; v; wg). Equivalently, both pathsv �u0 and u �v1 � � � vn drag the redex wn+1 to the redex w. This concludes the proof of Axiomenclave.Axiom 7. We prove Axiom stability. By de�nition of u �v0 B v �u0 B u �v0, the two redexesu : M �! P and v : M �! Q are compatible, and disjoint. By N-axiom IV, either theredex w1 is not created by u, or the redex w1 is not created by v.Suppose for instance that w2 is not created by v. In that case, there exists a redex wsuch that w[[v]]w2. Consequently, the redex w12 is residual of w after the path v � u0. Byde�nition of u � v0 B v �u0, the redex w12 is also residual of w after u � v0. Thus, there exists aresidual w01 of w after u, such that w01[[v0]]w12. The equality w1 = w01 follows from w1[[v0]]w12and N-axiom Ancestor. We conclude that w1 is not created by v, and residual of w afteru. The case when w1 is not created by u, is symmetric.By N-axiom IIa. and v[[u]]v0, w[[u]]w1, the relation :(v � w) follows from :(v0 � w1)and :(u � v). The relation :(u � w) holds for symmetric reasons. Axiom stability followseasily.Axiom 8. We prove Axiom reversible-stability. By Axiom stability, which was es-tablished above, applied to the hypothesis of Axiom reversible-stability, there exists aredex w such that
{ u " w, :(u � w), and w1 is the unique residual of w after v,{ v " w, :(v � w), and w2 is the unique residual of w after u.

We prove that :(w � u) and :(w � v). Suppose for instance that w � u. By N-axiom IIa.and u[[v]]u1 and w[[v]]w2, the relation w2 � u1 follows from this and :(v � w). This contra-dicts de�nition of w2 � u12 B u1 �w12. Thus, :(w � u), and symmetrically :(w � v). Axiomreversible-stability follows from Lemma 46 applied alternatively to extract the redex ufrom the complete development w � v2 � u12, and the redex v from the complete developmentw � u2 � v12.



Axiom 9. We prove Axiom termination using an argument found in [Klop, 1980]. Sup-pose that h1 is a complete development of a multi-redex (M;U). By N-axiom FinDev andLemma 48, there does not exist any in�nite sequence of extraction:
h1 &u1 h2 &u2 :::&ui�1 hi &ui hi+1:::

where, for every i � 1, the path hi+1 is a projection of the path hi by extraction of theredex ui. Now, we prove that there does not exist any in�nite sequence
f1 &u1 f2 &u2 :::&ui�1 fi &ui fi+1::: (24)

starting from a path f1 :M1 �!�! N . We proceed by induction on the length of f1. Clearly,the property holds when f1 = idM1 . From now on, we suppose that the path f1 factors asf1 = u � g1 composed of a redex u and a path g1 < of length strictly smaller than the lengthof f1. Consider any in�nite sequence of the form (24). We prove that, for every index i � 1,the path fi factors as fi = hi � g�(i) where
{ hi is a complete development of the multi-redex (Mi; Ui) de�ned as:

(Mi; Ui) = (Mi; u[[u1 � � �ui�1]]) = (M1; fug)[[u1]] � � � [[ui�1]]
{ �(i) is an index 1 � �(i) � i de�ning a sequence of extraction starting from g1:

g1 &v1 g2 &v2 : : :&v�(i)�2 g�(i)�1 &v�(i)�1 g�(i)
for a series of redexes v1; :::; v�(i)�1.

Suppose that the property holds for a given index i � 1, and let us prove it for the nextindex i + 1. Consider the path fi = hi � g�(i) and the redex ui. Either the redex ui isextractible from hi, or there exists a redex v�(i) extractible from gi and dragged to ui bythe path hi. In the �rst case, we de�ne �(i + 1) as �(i), and conclude that the path fi+1factors as fi+1 = hi+1 � g�(i+1), where hi+1 is a projection of hi by extraction of ui; here, byLemma 48, the path hi+1 is a complete development of (Mi; Ui)[[ui]] = (Mi+1; Ui+1) becausehi is a complete development of (Mi; Ui). In the second case, we de�ne �(i+ 1) as �(i) + 1,and observe that the path fi+1 factors as fi+1 = hi+1 � g�(i+1), where hi � v�(i) &ui hi+1and g�(i) &v�(i) g�(i+1); here, by Lemma 48, the path hi+1 is a complete development of themulti-redex (Mi; fuig [ Ui)[[ui]] = (Mi+1; Ui+1) because hi � v�(i) is a complete developmentof the multi-redex (Mi; fuig [ Ui). We conclude that the factorization property holds, forevery index i � 1.The end of the proof follows easily. By induction hypothesis applied to g, there exists anindex j � 1 such that �(j+ i) = �(j), for every index i � j. Thus, the in�nite sequence (24)induces an in�nite sequence
hj &uj hj+1 &uj+1 : : :&uj+i�1 hj+i &uj+i hj+i+1 : : :

from the complete development hj of (Mj ; Uj). This contradicts a preliminary result deducedfrom N-axiom FinDev. It follows that there exists no in�nite sequence of the form (24) start-ing from f . This concludes our reasoning by induction, and establishes Axiom termination.



7 Optional hypothesis on standardization
7.1 Epimorphisms wrt. �
In Lemma 17 of Section 3.1, we establish that every path is epi (=left-cancellable) in thequotient category 2-cat(G;B)='. The same epiness property modulo � instead of ' hasbeen established in [L�evy, 1978,Huet, L�evy, 1979,Boudol, 1985] for the �-calculus and any(left-linear) term rewriting system. Quite interestingly, the redex v and L�evy equivalence

M v�! N u1�! P � M v�! N u2�! P
in the axiomatic rewriting system

P
M v //

u 11

u --

J
J N

u1mm

u2qqP

v � u1 I uv � u2 I u

illustrate that the epiness property modulo � does not generalize to axiomatic rewritingsystems. However, an additional hypothesis may be added on (G;B) to ensure epiness ofmorphisms in the category 2-cat(G;B)=�.
Optional hypothesis (descendant). Two redexes u0 and u00 are equal when they areinvolved in permutations v � u0 B u � f and v � u00 B u � g, where u; v are redexes and f; g arepaths.
Diagrammatically,

M
v ��

u
��Q

u0 ��
) P

fssN

and

M
v ��

u
��Q0

u00 ��
) P

gssN 0

) u0 = u00

Obviously, hypothesis descendant holds in every axiomatic rewriting system derived froman axiomatic nesting system, see De�nition 43. Thus, Lemma 49 generalizes the propertyof epiness modulo � established in [L�evy, 1978,Huet, L�evy, 1979,Boudol, 1985] for the �-calculus and term rewriting systems.
Lemma 49 (epi wrt. �) Suppose that f :M �!�! P and g1; g2 : P �!�! N are three pathsin an axiomatic rewriting system (G;B) and that (G;B) satis�es hypothesis descendant.Then, f � g1 � f � g2 ) g1 � g2



Proof. By induction on the length of the standard path h of f � g1 (and of f � g2.) Let u bethe �rst redex computed in h. We conclude by induction hypothesis when u is extractiblefrom f . Otherwise, there exist a redex v1 extractible from g1 and a redex v2 extractiblefrom g2, such that f drags v1 and v2 to the redex u. By hypothesis descendant, the tworedexes v1 and v2 are the same redex v. We write f 0, h1 and h2 for arbitrary results of theextractions f �v &u f 0 and g1 &v h1 and g2 &v h2. Equivalence f 0 �h1 � f 0 �h2 follows fromLemma 12 (preservation of extraction), and de�nition of u as the �rst redex of a standardpath of f �g1 and f �g2. Equivalence h1 � h2 follows from this equivalence and our inductionhypothesis. The series of equivalence
g1 � v � h1 � v � h2 � g2

concludes the proof by induction.
7.2 Monomorphisms wrt. '
A well-known example in [L�evy, 1978] shows that �-rewriting paths are not necessarily mono(=right-cancellable) modulo L�evy equivalence �. The example is the �-redex w in the L�evypermutation equivalence

I(Ia) u�! Ia w�! a � I(Ia) v�! Ia w�! a
The example may be adapted to show that �-rewriting paths are not necessarily monomodulo '-equivalence in the �-calculus equipped with the argument-order on �-redexes, inthe following way:

(�x:(�y:y)x)a u�! (�y:y)a w�! a } (�x:(�y:y)x)a v�! (�x:x)a w�! a
In contrast, we show that rewriting paths are mono modulo ' in every axiomatic rewritingsystem satisfying the additional property reversible-shape. It follows that monoicity mod-ulo ' holds in almost every rewriting system, in particular in the �-calculus equipped withthe tree-order or the left-order on �-redexes, as well as on Petri nets and term rewritingsystems.
Optional hypothesis (reversible shape). Two redexes v and v0 are di�erent when theyare involved in a reversible permutation u � v } u0 � v0.
Lemma 50 (epi-mono wrt. ') Suppose that f : M �!�! P and g1; g2 : P �!�! Q andh : Q �!�! N are four paths in an axiomatic rewriting system (G;B) satisfying hypothesisreversible-shape. Then,

f � g1 � h ' f � g2 � h ) g1 ' g2
Proof. Immediate consequence of Lemma 15 for right-cancellation and Lemma 17 for left-cancellation.



7.3 A simpler structure of starts
The structure of starts described in Lemma 16 (Section 3.1) appears to be surprisingly morecomplicated than the structure of stops described in Lemma 15. However, a much simplercharacterization of starts is possible in any axiomatic rewriting system (G;B) satisfyingthe additional hypothesis reversible-cube formulated below. The new characterization ofstarts appears in Lemma 51. Note that the property is satis�ed by the �-calculus and moregenerally by any axiomatic rewriting system derived from an axiomatic nesting system.On the other hand, it is not satis�ed by the axiomatic rewriting system de�ned on ordersequentializations, and de�ned at the endof Section 8.
Optional hypothesis (reversible cube). We ask that every diagram

u2

��

v //
u�� }}

w???
__???

u1��v1 //
w1�������� w12???

��???v12 //}

where u; v; u1; v1 and w;w1; w12; u2; v12 are redexes forming the reversible permutations
v � u1 } u � v1 u � w1 } w � u2 v1 � w12 } w1 � v12

may be completed as a diagram

u2

��

v2 //
}

u12

��

v //
u�� }}

w???
__???

u1��

w2���
??���

v1 //
w1�������� w12???

��???
}

v12 //}

v2 //

u2

��

} u12

��v12 //
where w2; v2; u12 are three redexes forming reversible permutations

v � w2 } w � v2 u1 � w12 } w2 � u12 v2 � u12 } u2 � v12

Lemma 51 (simpler structure of starts) Suppose that u1 � � �un : M �!�! N is a pathin an axiomatic rewriting system (G;B) satisfying hypothesis reversible-cube. Then, aredex u : M �! P starts the path u1 � � �un : M �!�! N if and only there exists an index1 � i � n and a path v1 � � � vi�1 such that the path u1 � � �ui�1 followed by the redex uipermutes reversibly to the redex u followed by the path v1 � � � vi�1.



Proof. Suppose that a path f followed by a redex v permutes reversibly to a redex u followedby a path g. Hypothesis reversible-cube implies that for every path f 0 ' f , there exists apath g0 ' g such that the path f 0 followed by the redex v permutes reversibly to the redex ufollowed by the path g0. The lemma follows immediately from this, and Lemma 16.
8 Examples and open problems
Asynchronous transition systems. Asynchronous transition systems extend both non-deterministic transition systems, and Mazurkiewicz trace languages. They were introducedindependently in [Bednarczyck, 1988] and [Shields, 1985], see also [Nielsen, Winskel, 1995].An asynchronous transition system T is a quintuple T = (S; i; E; I;Tran) where
{ S is a set of states with initial state i,{ E is a set of events,{ Tran � S � L� S is the transition relation,{ I � E � E is an irreexive, symmetric relation called the independence relation.

Every asynchronous transition system is supposed to satisfy four axioms:1. parsimony: 8e 2 E; 9(s; s0) 2 S � S; (s; e; s0) 2 Tran,2. determinacy: 8(s; e; s0); (s; e; s00) 2 Tran; s0 = s00,3. independence: 8(s; e1; s1); (s; e2; s2) 2 Tran,
e1Ie2 ) 9s0; (s1; e2; s0) 2 Tran and (s2; e1; s0) 2 Tran

4. together: 8(s; e2; s2); (s2; e1; s0) 2 Tran,
e1Ie2 ) 9s1; (s; e1; s1) 2 Tran and (s1; e2; s0) 2 Tran

Every asynchronous transition system T de�nes an axiomatic rewriting system (GT ;BT ), asfollows:
{ the graph GT has states as vertices and transitions (s; e; s0) as arrows,{ two paths f and g are related as f BT g, precisely when there exist four transitions(s; e1; s1), (s; e2; s2), (s1; e2; s0), (s2; e1; s0) in Tran, such that� f = (s; e2; s2) � (s2; e1; s0),� g = (s; e1; s1) � (s1; e2; s0),� the two events e1 and e2 are independent: e1Ie2.We check that the standardization axioms hold in (GT ;BT ). Axiom shape follows from anti-reexivity of the independence relation. Observe that every permutation f BT g is reversible:it coexists with a permutation g BT f . The three axioms irreversibility, enclave andtermination follow from this, as well as the equivalence between Axiom stability andAxiom reversible-stability. We establish now the four axioms ancestor, reversibility,cube and reversible-stability. The property (2) of determinacy has two remarkableconsequences in every asynchronous transition system T :

f }T g and f }T h ) g = h:
f }T g}T h ) f = h:The two axioms ancestor and reversibility follow from the �rst and second assertions,respectively. By de�nition of the permutation relation BT , the three events e1; e2; e3 arepairwise independent:



e1Ie2 e2Ie3 e1Ie3:
in every diagram
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So, it follows from the properties (2) and (4) of determinacy together with the propertiesof the asynchronous transition system T , that the two diagrams above may be completedas:
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Axioms cube and reversible-stability follow immediately. It is also nearly immediate that(GT ;BT ) enjoys the additional hypothesis descendant, reversible-shape and reversible-cube formulated in Section 7.
Remark: we have just proved the axiomatics (and the additional hypothesis) without everusing properties (1) and (3) of the asynchronous transition system T .
Remark: the standardization theorem is not really informative in (GT ;BT ) because everypermutation being reversible, all paths are standard. However, the axiomatics itself ensuresthat every asynchronous system satis�es the stability theorem stated in [Melli�es, 1998]. Thisstructure theorem may be extremely useful.
Petri Nets. The theory of Petri nets illustrate nicely the notion of asynchronous transitionsystem. A Petri net is a quintuple N = (C; j; F;pre;post) where
{ C is a set of conditions,{ j is a particular marking of N , called the initial marking, where a marking of N isde�ned as a multi-set of conditions,{ F is a set of �rings,{ pre;post are two functions associating to every �ring e 2 F the nonempty markingspre(e) and post(e), called respectively the pre-condition and post-condition of e.



An asynchronous transition system TN = (S; i; E; I;Tran) is associated to every Petri net Nin the following way, see [Nielsen, Winskel, 1995]:
{ S is the set of markings of N ,{ i is the marking j 2 S,{ E is the set F of �rings,{ Tran is the set of triples (p; e; q) such that p = p0 ] pre(e) and q = p0 ] post(e) for amarking p0, where ] is the multi-set addition.{ I relates two �rings e1; e2 2 F precisely when pre(e1)\pre(e2) and post(e1)\post(e2)are empty multi-sets.

The axiomatic rewriting system (GN ;BN ) associated to the asynchronous transition sys-tem TN may be described directly, as follows. Its transition system GN has the markingsof N as vertices, and the triples
(p0 ] pre(e); e; p0 ] post(e)) = (p; e; q)

as edges p �! q. The permutation relation BN relates two paths u � v0 B v � u0 preciselywhen:
1. u and v are edges u = (p; e1; p1) and v = (p; e2; p2),2. u0 and v0 are edges u0 = (p2; e1; p0) and v0 = (p1; e2; p0),3. pre(e1) \ pre(e2) and post(e1) \ post(e2) are empty multi-sets.
Bubble sort. The standardization procedure may be viewed as a generalization of thebubble sort algorithm, in which the order is not given globally but locally. De�ne G as thegraph with a unique vertex M and, for every natural number i 2 N, an edge [i] :M �!M .Let B be the least relation on paths such that

[j] � [i] B [i] � [j]
when i < j. All the standardization axioms of Section 2 are immediate on (G;B) | exceptAxiom enclave which follows from the transitivity of the order on natural numbers. Thestandardization theorem of (G;B) states that every sequence of natural numbers [j1] � � � [jk]may be reordered by local permutations into an increasing sequence [i1] � � � [ik] | and thatthis reordering is unique, since all the permutations of (G;B) are irreversible.
Hierarchical transition systems. Here, we subsume the two previous examples ofasynchronous transition systems, and of bubble sort on natural numbers, into what we calla hierarchical transition system. The idea is to order events in an asynchronous transitionsystem (typically �rings in a Petri net) with a precedence relation � satisfying a weaktransitivity condition.A hierarchical transition system is a quintuple T = (S; i; E;�;Tran) where
{ S is a set of states with initial state i,{ E is a set of events,{ Tran � S � L� S is a transition relation,{ � � E � E is a reexive relation called the precedence relation.



The independence relation I is de�ned as
eIe0 () :(e � e0) and :(e0 � e) (25)

The strict precedence relation � is de�ned as
e � e0 () e � e0 and :(e0 � e)

Every hierarchical transition system is supposed to satisfy three axioms:
1. determinacy: 8(s; e; s0); (s; e; s00) 2 Tran; s0 = s00,2. independence: 8(s; e2; s2); (s2; e1; s0) 2 Tran,

:(e2 � e1) ) 9s1; (s; e1; s1) 2 Tran and (s1; e2; s0) 2 Tran
3. weak transitivity: 8(e; e0; e00) 2 E � E � E,

e � e0 � e00 ) e � e00:
Hierarchical transition systems extend usual asynchronous transition systems, since everyasynchronous transition system T = (S; i; E; I;Tran) may be seen as the hierarchical tran-sition system V (T ) = (S; i; E;�V (T );Tran) with precedence relation �V (T ) de�ned as:

8(e; e0) 2 E � E; e �V (T ) e0 () :(eIe0)
Here, weak transitivity of �V (T ) follows from symmetricity. Now, we associate to everyhierarchical transition system T = (S; i; E;�;Tran) the following AxRS (GT ;BT ):
{ whose transition system GT has states as vertices and transitions (s; e; s0) as arrows,{ whose permutation relation BT relates two paths f and g as f BT g, precisely whenf = (s; e2; s2) � (s2; e1; s0), g = (s; e1; s1) � (s1; e2; s0) and the two events e1 and e2 satisfy:(e2 � e1).

In particular: the permutation f BT g is reversible i� e1Ie2 and irreversible i� e1 � e2. Weclaim that (GT ;BT ) is an axiomatic rewriting system. All the standardization axioms holdin (GT ;BT ) for the same reasons as in the case of asynchronous transition systems | exceptfor Axiom enclave, which follows from the weak transitivity of the precedence relation �.This enables to state a standardization theorem for every hierarchical transition sys-tem T . A particularly interesting case is when the precedence relation � is a partial order.In that case, the standard paths of (GT ;BT ) may be characterized as the sequences of tran-sition: s1 e1�! e2�! � � � en�1�! sn
in which there exists no pair of indices 1 � i < j � n such that ej � ei (Hint: use thecharacterization lemma, Lemma 19). Thus, the standardization theorem states that everysequence of transitions in T s1 e1�! e2�! � � � en�1�! sn
may be reorganised, after a series of permutations BT , into such an ordered sequence, andthat this sequence is unique, modulo permutation of independent events.



We illustrate our point that weak transitivity of � is necessary to establish standard-ization. Consider the pseudo hierarchical transition system T with one state s, three eventsa; b; c, and the following precedence relation �
a � b b � c c � a

The relation � is not weakly transitive, and consequently, the uniqueness property fails: thesequence s c�! s b�! s a�! s
may be standardized as any of the two transition paths

s b�! s c�! s a�! s and s c�! s a�! s b�! s
which are not equal modulo permutation of independent events (the independence relationis empty in T .)
Erasing transition systems.We mention only briey that it is possible to enrich hierar-chical transition systems with a notion of erasure between events. Start from a hierarchicaltransition system (S; i; E;�;Tran) and equip it with a binary relation K on events, calledthe erasing relation, chosen among the subrelations of �. Then, replace property (2) ofhierarchical transition systems, by the two axioms:
1. K-erasure: 8(s; e2; s2); (s2; e1; s0) 2 Tran,

e1Ke2 and :(e2 � e1) ) (s; e1; s0) 2 Tran
2. K-permutation: 8(s; e2; s2); (s2; e1; s0) 2 Tran,

:(e1Ke2) and :(e2 � e1) ) 9s1; (s; e1; s1) 2 Tran and (s1; e2; s0) 2 Tran
This de�nes what we call an erasing transition system T = (S; i; E;�;K;Tran). The de�ni-tion of the AxRS (GT ;BT ) associated to T proceeds as in the case of hierarchical transitionsystem, except that permutations of the form

p
(Te1 ��

e2 // p1
e1��p0 idp0 p0

are considered when e1Ke2. The standardization axioms hold in (GT ;BT ) for the samereasons as in the hierarchical case.
Term Rewriting Systems. The reader interested in term rewriting systems will �nd an in-troduction in [Klop, 1992,Jouannaud, 1995,Baader Nipkow, 1998,Dershowitz, Jouannaud, 1990]and a comprehensive study of standardization in [van Oostrom, de Vrijer, 2003]. Here, werecall only that
1. a term rewriting system is a pair � = (F ; f�1; :::; �ng) where F is the signature of analgebra and every �i is a rewriting rule on this algebra.



2. a rewriting rule � : L! R is a pair of open terms of the algebra such that every variablein R also occurs in L,3. a redex in � is a quadruple (M; o; �; �) where M is a term, o is an occurrence of M , �is a rewriting rule L! R of the system and � is a valuation of the variables appearingin L, such the term M decomposes as M = C[L�]o for some context C[�]o with uniquehole [�] at occurrence o. Notation: we write u :M �! N for N = C[R�]o.4. If the variable x occurs k � 1 times in L, every redex v in a term �(x) corresponds to kredexes v1; :::; vk in the term M = C[L�]o. We say that u = (M; o; �; �) nests each ofthe redexes vi; and that it nests the redex v linearly when k = 1,5. We say that two redexes u : M �! P and v : M �! Q are disjoint when theiroccurrences in M are non comparable w.r.t the pre�x order.6. a rewriting rule L ! R is left-linear when L does not contain two occurrences of thesame variable. In that case, the only possibility for a redex to nest another redex, is tonest it linearly.
The transition system G� of the rewriting system � has the terms M of the algebra asvertices and the redexes u : M �! N induced by the system as edges. The relation B onpath in G� is the least relation such that:
1. v � u0 B� u � v0 when the redexes u = (M; o1; �1; �1) :M �! P and v = (M; o2; �2; �2) :M �! Q are disjoint and u0 = (Q; o1; �1; �1) and v0 = (P; o2; �2; �2),2. v �u0 B� u�f whenever u = (M; o1; �1; �1) :M �! P nests v = (M; o1; o; �2; �2) :M �!Q linearly, u0 = (Q; o1; �1; �1) : Q �! N and f : P �! N is the complete development ofthe copies of v through u (see [Klop, 1992,Huet, L�evy, 1979,Melli�es, 1996,Klop, van Oostrom, de Vrijer, 2003]for a formal de�nition of complete developments and copies).
In order to prove that (G� ;B�) satis�es the standardization axioms, we mediate throughan axiomatic nesting system (G� ; [[�]]� ;�� ; "�) and the ten N-axioms of Section 6. Our dia-grammatic standardization theorem 2 will generalize the results of [Huet, L�evy, 1979,Boudol, 1985]to possibly non-left-linear term rewriting systems.The main point to clarify is: how shall the usual compatibility, nesting and residualrelations be extended from left-linear to general term rewriting systems? There is a con-straint: that the resulting axiomatic nesting system (G� ; [[�]]� ;�� ; "�) generates the ax-iomatic rewriting system (G� ;B�) de�ned hereabove. The de�nition follows immediately.Two coinitial redexes u and v are compatible, what we write u "� v, when
{ the redexes u and v are disjoint,{ or when the redex u nests the redex v linearly,{ or when the redex v nests the redex u linearly.

We de�ne the relation [[�]]� . When u and v are not compatible, the redex u has simply noresidual after v (in particular, u[[u]]� is empty). When u and v are compatible, the de�nitionof the residuals of u after v proceeds as in left-linear rewriting systems:
{ when the redexes u and v : M �! N are disjoint, or when u nests v linearly, thenu = (M; o1; �1; �1) has the redex u0 = (N; o1; �1; �01) with same occurrence in N asresidual.{ when the redex v = (M;o2; �2 = L �! R; �2) nests the redex u linearly, then the redex uhas a residual u0 after v for each occurrence of the variable x in R | where x is thevariable substituted in L by the term �2(x) containing the redex u.



Finally, we write u �� v when the redex u nests the redex v linearly. Obviously, the ax-iomatic rewriting system (G� ;B�) derives from the resulting axiomatic rewriting system, byDe�nition 43. Moreover, each of the ten N-axioms are nearly immediate: N-axioms Finite,Compat, Ancestor, Self are obvious, while N-axioms FinDev and Perm generalize thewell-known �nite development lemma for left-linear term rewriting systems, established in[Huet, L�evy, 1979,Klop, 1980,Barendregt, 1985,Melli�es, 1996]. The four remaining N-axiomsI, II, III and IV are also immediate.
Remark: consider the term F (A;A) in the non left-linear rewriting system �:

F (x; x) �! G(x) A �! B
Intuitively, there should be a permutation:

F (A;A) A1 //
F ��

F (B;A) A2 // F (B;B)
F��G(A) A // G(B)

(26)

oriented as follows: A1 � A2 � F =) F � A. However, in our presentation, we replace thepermutation by a critical pair (= a hole) between the two redexes F (A;A) �! G(A) andF (A;A) �! F (B;A). This is one limit of our current axiomatic theory: we do not knowhow to integrate permutations like (26) in our standardization framework. The 2-categoricalapproach of Section 5 is likely to provide a solution, at least because it replaces the Axiomshape by the more exible notion of partial injection [�].
�-calculus [tree-nesting order]. We have already proved in Section 2, at least in-formally, that the nine standardization axioms hold for this �-calculus, and its associated2-dimensional transition system (G�;Btree). It is worth observing that the axiomatic nestingsystem (G�; [[�]]�;�tree; "�) satis�es the ten N-axioms of Section 6. This follows on one partfrom traditional results on �-redexes and residuals appearing in [L�evy, 1978,Barendregt, 1985],and on the other part, from elementary arguments on the dynamics of �-reduction whichestablish together the N-axioms I, II, III and IV. By Theorem 5, this provides another wayto prove that (G�;Btree) satis�es the 2-dimensional axiomatics of Section 2.
�-calculus [left order]. It is interesting to understand why the axiomatic nesting systemassociated to the �-calculus and its left-order �left satis�es the N-axioms formulated inSection 6. Six of the ten N-axioms do not mention the nesting order. So, they were alreadydiscussed for the axiomatic nesting system associated to the tree-order �tree. The fourremaining axioms are the N-axioms I, II, III and IV. The two N-axiom I and IV areimmediately satis�ed. Note in particular that N-axiom IV follows from the fact that theorder �left is total, and thus, that there exists no reversible permutations in the system. Thetwo remaining N-axioms II and III are less obvious to establish. However, both of themhold inherently for the fundamental reason that in a �-term PQ, no computation in Q mayinduce (by creation or residual) a �-redex above the �-term P . This property is preciselythe reason for the left-orientation of the �-calculus mentioned in the introduction of thisarticle.In that speci�c case, the diagrammatic standardization theorem repeats the traditionalleftmost-outermost standardization theorem established in [L�evy, 1978,Klop, 1980,Barendregt, 1985].



Since there exists no reversible permutation, the equivalence relation ' modulo reversiblepermutation coincides with the equality. This explains why the standard path g of a path fis unique in that case | and not just unique modulo.
�-calculus [argument order]. In contrast to the two orders �tree and �left, this partic-ular order on �-redexes does not fall into the scope of [Gonthier, L�evy, Melli�es, 1992]. Thereason is that an axiom requires there that whenever two �-redexes u and v have respectiveresiduals u0 and v0 after �-reduction of a coinitial �-redex w, then:

(u0 �arg v0 ) u �arg v) or (w �arg u and w �arg u): (27)
The argument-order �arg does not satisfy this property in general, typically when the �-redex w : (�x:M)P substitutes its argument P containing the �-redex v inside the argumentof a �-redex u in the function (�x:M). This is illustrated by the three coinitial �-redexes u,v and w: (�w:w)((�v:v)a) (�v:v)a

(�w:(�u:u)w)((�v:v)a) w //
v ��

u OO
(�u:u)((�v:v)a)

v0��

u0OO

(�w:(�u:u)w)a (�u:u)a
Obviously,
{ the �-redexes u does not appear in the argument of the �-redex w: thus, :(w �arg u).{ the �-redex v does not appear in the argument of the �-redex u: thus, :(u �arg v),{ after �-contraction of the �-redex w, the residual v0 of the �-redex v appears in theargument of the residual u0 of the �-redex u: thus, u0 �arg v0.

This contradicts property (27). Quite fortunately, property (27) is weakened in Section 6 tothe following N-axiom IIb.
(u0 �arg v0 ) u �arg v) or w �arg v

This weaker property and the nine other N-axioms are satis�ed by the axiomatic nesting sys-tem (G�;�arg; [[�]]�; "�). Thus, contrary to what happened in [Gonthier, L�evy, Melli�es, 1992],our axiomatics does not discriminate between the three di�erent partial orders �tree, �leftand �arg on the �-redexes in �-terms. Thus, the argument-order �arg induces a well-behavedstandardization theorem on the �-calculus | just like the tree-order �tree and the left-order �left.
�-calculus [call-by-value]. A value of the �-calculus is de�ned either as a variable oras a �-term of the form �x:M . G. Plotkin introduces in [Plotkin 1975] the call-by-value�-calculus, whose unique �v-reduction (�x:M)V !M [V=x] is the �-rule restricted to valuearguments V . It is not di�cult to show that the �v-calculus | interpreted as an axiomaticnesting system | satis�es the ten N-axioms formulated in Section 6. The resulting stan-dardization theorem, which is non-trivial to prove directly on the syntax, leads to Plotkin'sformalization of Landin's SECD machine, see [Felleisen, Hieb, 1992] for instance.



Beta (�a)b! a[b � id]
App (ab)[s]! a[s]b[s] V arId 1[id]! 1Abs (�a)[s]! �(a[1 � (s � ")]) V arCons 1[a:s]! aClos a[s][t]! a[s � t] IdL id � s! sMap (a � s) � t! a[t] � (s � t) ShiftId " � id! "Ass (s1 � s2) � s3 ! s1 � (s2 � s3) ShiftCons " � (a � s)! s

Fig. 6. The 11 rules of the ��-calculus

Explicit substitutions. The usual �-reduction (�x:M)P �!M [P=x] copies its argumentP as many times as the variable x occurs in M . This is �ne theoretically, but ine�cient ifone wants to implement �-reduction in a computer. Thus, in most implementations of the�-calculus, the argument P is not substituted, but stored in a closure and applied onlywhen necessary. Unfortunately, the alternative evaluation mechanism complicates the taskof checking the correctness of the implementation, by translating it back to the �-calculus.So, the ��-calculus was introduced in [Abadi, Cardelli, Curien, L�evy, 1990] to bridge the�-calculus and its implementations. In the ��-calculus, substitutions are explicit, they canbe delayed and stored just like closures. This enables to factorize many translations fromabstract machines to the �-calculus, see [Hardin, Maranget, Pagano 1996].
Abstract Machine translation // ��-calculus interpretation // �-calculus

Formally, the ��-calculus contains two classes of objects: terms and substitutions. Termsare written in the de Bruijn notation.
terms a ::= 1 j ab j �a j a[s]substitutions s ::= id j " j a � s j s � t

Ten rules (called the �-rules) describe how substitutions should be delayed, propagated,composed and performed. An eleventh rule of the calculus, the Beta rule, mimicks the�-rule of the �-calculus, see Figure 6.This makes the ��-calculus a �bered rewriting system with underlying basis the �-calculus. The �-calculus is strongly normalizing and conuent. Thus, every (closed) ��-termmay be interpreted as the �-term �(a) obtained by �-normalization. The �ber FM indexed bythe �-termM contains all ��-terms a interpreted as �(a) =M . It is possible to extend the in-terpretation from terms to computations, and to project every ��-rewriting path a �! b to a�-rewriting path �(a) �! �(b) (modulo equivalence ' though). Properties of the interpreta-tion are studied thoroughly in [Hardin, 1989,Curien, Hardin, Rios, 1992,Zantema, 1993,Melli�es, 2000].The ��-calculus is kind of hybrid between deterministic and non-deterministic rewritingsystems. As a �bered system over the �-calculus, it satis�es many properties of conict-freerewriting systems, like conuence. At the same time, with eleven rules and eleven criticalpairs (see Figure 7) the ��-calculus is an elaborate instance of a calculus with conicts.Besides, to add some spice, its evaluation mechanism may behave counter-intuitively, aswitnessed by the author's non-termination example of a simply-typed ��-term, presentedin [Melli�es, 1995].



App+Beta (�a)[s](b[s]) App ((�a)b)[s] Beta�! a[b � id][s]Clos+App (ab)[s � t] Clos (ab)[s][t] App�! (a[s](b[s]))[t]Clos+Abs (�a)[s � t] Clos (�a)[s][t] Abs�! (�(a[1 � s � "]))[t]Clos+ V arId 1[id � s] Clos 1[id][s] V arId�! 1[s]Clos+ V arCons 1[(a � s) � t] Clos 1[a � s][t] V arCons�! a[t]Clos+ Clos a[s][t � t0] Clos a[s][t][t0] Clos�! a[s � t][t0]Ass+Map (a � s) � (t � t0) Ass ((a � s) � t) � t0 Map�! (a[t] � s � t) � t0Ass+ IdL id � (s � t) Ass (id � s) � t IdL�! s � tAss+ ShiftId " � (id � s) Ass (" � id) � s ShiftId�! " � sAss+ ShiftCons " � ((a � s) � t) Ass (" � (a � s)) � t ShiftCons�! s � tAss+Ass (s � s0) � (t � t0) Ass ((s � s0) � t) � t0 Ass�! (s � (s0 � t)) � t0
Fig. 7. The 11 critical pairs of the ��-calculus

For all these reasons, the ��-calculus has been our training partner since the early daysof the axiomatic theory. Many fundamental ideas of the theory (e.g. factorization, stability)originate from the meticulous analysis of its evaluation mechanism. Of course, like everyterm rewriting system, the ��-calculus de�nes an axiomatic rewriting system. As such, itsatis�es the standardization theorem established in the article, as well as the factorizationand stability theorems established in later articles [Melli�es, 1997,Melli�es, 1998]. We believethat this series of structure theorems play the same regulating role for the ��-calculus as theChurch-Rosser property plays traditionnaly for the �-calculus. For instance, we were ableto formulate and establish in this way a normalization theorem for the needed strategies ofthe ��-calculus, see [Melli�es, 2000].
Dags. The de�nition of a rewriting system � on directed acyclic graphs (dags) may befound in [Clark, Kennaway, 1996]. We interpret any dag rewriting system � as the followingaxiomatic rewriting system (G� ;B�). The graph G� has dags and redexes of � as verticesand edges. Two paths f and g are related as f B� g in two cases only:
{ the reversible case: f = v � u0 and g = u � v0, when u and v are di�erent compatibleredexes, u0 is the unique residual of u after v, and v0 is the unique residual of v after u.{ the irreversible case: f = v � u0 and g = u, when u and v are di�erent compatibleredexes, u0 is the unique residual of u after v, and v does not have any residual after v,or equivalently, v is erased by u.

The nine standardization axioms are not too di�cult to establish on (G� ;B�) in the sameway as for erasing transition systems, considered a few paragraphs above.
Remark: in the case of a non-erasing dag rewriting system �, every rewriting path is stan-dard. This indicates that our current axiomatic description of dag rewriting systems is notreally satisfactory. Obviously, standardization should consider redex occurrence instead ofsimply redex erasure. We still do not know how to integrate such considerations in ourstandardization theory, see the discussion [Melli�es, 1996]. One solution may be to relax thenotion of 2-dimensional normal form (=standard path) in a way similar to B. Hilken when



he relaxes the de�nition of 1-dimensional normal form, in order to characterize the ��-longnormal forms of simply-typed �-calculus, see [Hilken 1996,Melli�es, 2000] and the paragraphbelow.
�-calculus [Eta-expansion]. B. Hilken considers the following permutation in simply-typed �-calculus with �-reduction and �-expansion, see [Hilken 1996]:

(�xA:fA!BxA)yA
�

&&LLLLLL
LLLLLLL

LLLLLLL
LL

fA!ByA
�

99rrrrrrrrrrrrrrrrrrrrrr fA!ByA

(28)

In this way, B. Hilken characterizes the ��-long normal forms as the �-terms M such that,for every rewriting path f : M �!�! N , there exists a path g : N �!�! M such thatf � g : M �!�! M is equivalent to idM : M �!�! M modulo permutation. This is one of themost interesting open problems of our Axiomatic Rewriting Theory: despite much e�ort,we do not know yet how permutations like (28) should be integrated in our diagrammatictheory.
Order sequentialization. Here, we illustrate the fact that axiomatic rewriting systemsstrictly generalize axiomatic nesting systems. We �x a set X, and construct the transitionsystem GX as follows:
{ its vertices are the partial orders on the set X,{ its edges �1�!�2 are the quadruples (�1; a; b;�2) where (a; b) is a pair of incomparableelements in the partial order (X;�1), and the partial order �2 is de�ned as:

�2 = �1 [ f(x; y) 2 X �X j x �1 a and b �1 yg
The 2-dimensional transition system (GX ;BX) is then de�ned as follows. Its irreversiblepermutations f IX g relate two paths

�1
IX
(a;b) //

(c;d) ��
�2

(c;d)���3 id �3
when c �1 a and b �1 d. The reversible permutation relation }X relates two paths

�1
}X
(a;b) //

(c;d) ��
�2

(c;d)���3 (c;d) // �4
when neither (c �1 a and b �1 d) nor (d �1 a and b �1 c).



It is easy to prove that the 2-dimensional transition system (GX ;BX) de�nes an axiomaticrewriting system, for every set X. The normal forms of this system are the total orders onX. The interesting point is that the axiomatic rewriting system (GX ;BX) associated toX = fa; b; cg does not satisfy Axiom reversible-cube formulated in Section 7.3 | andthus, cannot be expressed as an axiomatic nesting system. Indeed, (GX ;BX) contains thediagram (b < c)

(a;c)

��

(�) (a;b) //
(a;c)��

(b;c)KKKK
eeKKKK

}X}X
(a < b)
(a;c)��(a < c) (a;b) //

(b;c)ssssyyssss }X
(a < b; c)

(b;c)NNNN
&&NNNN(a; b < c) (a;b) // (a < b < c)

By Lemma 45 and 46 any such diagram may be completed as a reversible cube in anaxiomatic rewriting system associated to an axiomatic nesting system. However, this diagramcannot be completed in (GX ;BX).
9 Conclusion
Axiomatic Rewriting Theory is the latest attempt since Abstract Rewriting Theory [Newman, 1942,Huet, 1980,Klop, 1992]to describe uniformly all existing rewriting systems | from Petri nets to higher-order rewrit-ing systems. The theory uncovers a series of diagrammatic principles underlying the syntac-tic mechanisms of computation, and reduces in this way the endemic variety of syntax to auniform geometry of causality. In about a decade, the theory has bridged the gap with cat-egory theory and denotational semantics, and solved several di�cult problems of RewritingTheory:
{ a normalization theorem for needed strategies in the ��-calculus, a �-calculus withexplicit substitutions, has been formulated and established in [Melli�es, 2000],{ a factorization theorem separating functorially the useful part of a rewriting path fromthe junk has been established in [Melli�es, 1997],{ an algebraic characterization of head-reductions in rewriting systems with critical pairshas been formulated in [Melli�es, 1998]. A syntactic characterization of head-reductionshas been also formulated in the case of the ��-calculus [Melli�es, 2000].

This series of results demonstrates that a purely diagrammatic approach to Rewriting Theoryis possible and fruitful. It also opens a series of interesting research directions, at the frontierof Rewriting Theory and Higher-Dimensional Categories, see for instance [Leinster, 2003]and [Melli�es, 2002]. More speci�cally, we would like to capture properly the causal principlesunderlying Rewriting Systems like the �-calculus with �-reduction and �-expansion, the nonleft-linear term rewriting systems, or the directed acyclic graph rewriting systems. We areinclined to think that the diagrammatic language has something singular and innovative toarticulate on these traditional topics of Rewriting Theory.
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