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IFS F = {f1, f2} obeys the OSC
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Use {Tn} to find sequences of isometries {Enk} such that
EnkTnk ⊂ Enk+1Tnk+1

Define unbounded tilings T ({Enk}) =
⋃

EnkTnk
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Rigid Fractal Tilings

When does T ({Enk}) = T
(
{E′n′k′ }

)
?

To answer this question we use the notion of rigidity.
Rigidity implies : if ETm meets FTn then either ETm ⊂ FTn
or vice versa:
DEFINITION: F is rigid w.r.t. a set of transformations U if
EskT0 meets T0 for E ∈ U , k ∈ Z implies E = I and k = 0.
Demonstrations:
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We redefine the tilings T({Ekn}) using the language of IFS. Each
example is associated with an IFS {f1, f2} such that there is a
fixed 0 < s < 1 so that, for all k ∈N ={1, 2, ...}, for all x ∈ R2,
for all (θ1, θ2, ...θk) ∈ {1, 2}k

f−1
θ1
◦ f−1

θ2
◦ ... ◦ f−1

θk
x = s−θ1+θ2+...+θkUx+ t

where U is unitary and t is a translation.
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Define partial tilings in terms of canonical tilings by

Π(θ1θ2...θk) = f−1
θ1
◦ f−1

θ2
◦ ... ◦ f−1

θk
sθ1+θ2+...+θkTθ1+θ2+...+θk

It is a remarkable and beautiful fact that

Π(θ1) ⊂ Π(θ1θ2) ⊂ .... ⊂ Π(θ1θ2...θk)

so that for all θ1θ2θ3...

Π(θ1θ2θ3...) :=
⋃

Π(θ1θ2...θk)

is a well-defined unbounded tiling of (possibly a subset of) R2.



Rigid Fractal Tilings

Rigidity implies that there is an equivalence, for rigid
systems, between representations of tilings in the form
T({Ekn}) and in the form Π(θ1θ2θ3...).

Our question "When does T({Ekn}) = ET({E′k′n})?”
becomes: "When does Π(θ1θ2θ3...) = EΠ(ψ1ψ2ψ3...)?".
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THEOREM:
Let F = {f1, f2} be as in Example 1.
(i) If θ = θ1θ2..., ψ = ψ1ψ2... ∈ {1, 2}∞, Spθ = Sqψ,
E = f−θ|p(f−ψ|q)

−1, and θ1 + θ2 + ...+ θp = θ1 + θ2 + ...+ θq, then
Π(θ) = EΠ(ψ) where E is an isometry.
(ii) If Π(θ) = EΠ(ψ) where E is an isometry, for some pair of
addresses θ, ψ ∈ {1, 2}∞. Then there are p, q ∈ N such that
Spθ = Sqψ, E = f−(θ|p)(f−(ψ|q))−1, and
θ1 + θ2 + ...+ θp = θ1 + θ2 + ...+ θq.
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PROOF:

If E is known: α and α−1 well defined by
α−1ETk = s−1EsTk+1 and αETk+1 = sEs−1Tk (inflation and
deflation)

Let ξ(θ|k) = θ1 + θ2 + ...+ θp, ξ(SPθ|k) =
θp+1 + θp+2 + ...+ θp+k, f−Spθ|k = f−1

θp+1
...f−1

θp+k
etc

Π(Spθ) = Π(Sqψ), i.e.
⋃

Π(Spθ|k) =
⋃

Π(Sqψ|k)⋃
f−Spθ|ksξ(SPθ|k)Tξ(SPθ|k) =

⋃
f−Sqψ|ksξ(Sqθ|k)Tξ(Sqθ|k)

apply α−ξ(θ|p) = α−ξ(ψ|q), justify term-by-term⋃
α−ξ(θ|p)f−Spθ|ksξ(SPθ|k)Tξ(SPθ|k) =⋃
α−ξ(ψ|q)f−Sqψ|ksξ(Sqθ|k)Tξ(Sqθ|k)

.......⋃ (
f−θ|p

)−1
Π(θ|k) =

⋃ (
f−ψ|q

)−1
Π(ψ|k)
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Rigid Fractal Tilings

CONVERSE:

Π(θ) = EΠ(ψ)

Choose any L so that Π(∅) = T0 ⊂ EΠ(ψ|L)
Choose K so that Π(θ|K) ⊂ EΠ(ψ|L) ⊂ Π(θ|K+ 1) by
rigidity
Apply αθ1+θ2+...+θK times:
f−θ|KT0 ⊂ Ef−ψ|Lsψ1+...+ψL−θ1+θ2+...+θK Tψ1+...+ψL−θ1+θ2+...+θK

=⇒ E = f−θ|Kf−σ1...σ|σ|(f−ψ|L)
−1 some σ

Similarly, apply αψ1+ψ2+...+ψL to second containment to
obtain E = f−θ|K+1f−σ̃1...σ̃|σ̃|(f−ψ|L)

−1

fθK+1 = fσ̃fσ which, by OSC, is only possible if either E =
f−θ|Kf−ψ|L or E = f−θ|K+1f−ψ|L
true for all large L implies the theorem
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f−θ|Kf−ψ|L or E = f−θ|K+1f−ψ|L

true for all large L implies the theorem
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CONVERSE:

Π(θ) = EΠ(ψ)
Choose any L so that Π(∅) = T0 ⊂ EΠ(ψ|L)
Choose K so that Π(θ|K) ⊂ EΠ(ψ|L) ⊂ Π(θ|K+ 1) by
rigidity
Apply αθ1+θ2+...+θK times:
f−θ|KT0 ⊂ Ef−ψ|Lsψ1+...+ψL−θ1+θ2+...+θK Tψ1+...+ψL−θ1+θ2+...+θK

=⇒ E = f−θ|Kf−σ1...σ|σ|(f−ψ|L)
−1 some σ

Similarly, apply αψ1+ψ2+...+ψL to second containment to
obtain E = f−θ|K+1f−σ̃1...σ̃|σ̃|(f−ψ|L)

−1

fθK+1 = fσ̃fσ which, by OSC, is only possible if either E =
f−θ|Kf−ψ|L or E = f−θ|K+1f−ψ|L
true for all large L implies the theorem
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Rigid Tiling Theorem Let (F ,G) be a tiling IFS.
(i) If θ, ψ ∈ Σ†

∞, Spθ = Sqψ, E = f−θ|p(f−ψ|q)
−1, (θ|p)+ = (ψ|q)+,

and ξ (θ|p) = ξ (ψ|q) , then Π(θ) = EΠ(ψ) where E is an isometry.
(ii) Let (F ,G) be rigid, and let Π(θ) = EΠ(ψ) where E ∈ U is an
isometry, for some pair of addresses θ, ψ ∈ Σ†

∞. Then there are
p, q ∈ N such that Spθ = Sqψ,
E = f−(θ|p)(f−(ψ|q))−1, (θ|p)+ = (ψ|q)+, and ξ (θ|p) = ξ (ψ|q) .
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Summary
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Thank you for your attention.


