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Infinite ergodic theory and the Farey tree

The regular continued fraction expansion of x € R is

1
x = lag;ar, az, a3, . ..] = ay + ————
ap + T
“2+a3+...
with ao(x) = |x]| € Z, and a;(x) € Nfor k > 1.
Let G : [0,1] — [0, 1] be the Gauss map, G(x) =1 — |1], and G(0) =0
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Infinite ergodic theory and the Farey tree

Properties of the Gauss map
@ ifx =[ay,ar,as,a4,...] then G(x) = [ay, a3, a4, . . .];
@ x € QN 0, 1] implies G*(x) = 0 for some k > 0, and viceversa;

@ x is periodic or pre-periodic if and only if x is a quadratic irrational
(Lagrange);

@ du(x) = de is an ergodic G-invariant probability measure;
@ #{1 <k<n:ax)=M}/n—log(l1+1/M(M +2))/log2
forall M > 1 and a.e. x (Lévy);

@ (a;(x)ar(x)...a,(x))"/" — K for a.e. x (Khintchine);

@ (aij(x) +az(x) + -+ ay(x))/n — 400 for a.e. x.
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Infinite ergodic theory and the Farey tree

Let F: [0,1] — [0, 1] be the Farey map

[al_laa27a37a47“‘]7 X

=
m m

x = |ay,a,a3,a4,...] — F(x) =
[027613,04,-.-]7
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Infinite ergodic theory and the Farey tree

G is the jump transformation of F on C = (4, 1], that is
G(x) = FT9(x)

where 7(x) :== 1 + min{k > 0 : Fk(x) € C} = a;(x).
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Infinite ergodic theory and the Farey tree

G is the jump transformation of F on C = (4, 1], that is
G(x) = FT9(x)

where 7(x) :== 1 + min{k > 0 : F¥(x) € C} = a;(x). Then

a(®) +@mE) +-ta)  a@)+a(GE)+ - +a(G ()

T() +7(GH) + -
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Infinite ergodic theory and the Farey tree

Properties of the Farey map

@ dv(x) = 1/xdx is the unique F-invariant absolutely continuous measure, is
ergodic and v([0, 1]) = infinite;

¥ S h(Fi(x)) — 0 forae. xandall h € L (v);
@ using h = xc implies (a1 (x) + az(x) + - - - + au(x))/n — +o0 for a.e. x;

o P(|2Y S h(Fi(x)) — [hdv)| > €) =0
foralle > 0and aIIheLl( )

@ using h = x¢ implies (a;(x) + ax(x) + - - - + a,(x))/(nlog, n) — 1 in
probability (Khinchin weak law).
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Infinite ergodic theory and the Farey tree
The Farey tree is a complete binary tree of fractions in (0, 1) generated by

a b ._ atb.
o the Farey sum ¢ & § == &7,

En = fn\fnfl,VnZO

/ \ E‘j
N\ / N\, X
UNDIN NN E

Claudio Bonanno Infinite ergodic theory and a tree of rational pairs



Infinite ergodic theory and the Farey tree
The Farey tree is a complete binary tree of fractions in (0, 1) generated by

o the Farey sum ¢ @ & = &
@ the Farey map F;

é/ \ ﬁ‘l’
N\ / N\ .
VANVAVERVAN /\ E
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Infinite ergodic theory and the Farey tree
The Farey tree is a complete binary tree of fractions in (0, 1) generated by

o the Farey sum ¢ @ & := “t&;
@ the Farey map F;
@ matrices L and R.

10y 1 11
L_<1 1)“2’]&_(0 1)’

1
3 Lo

a b a b "
_C@d<—>(c d)eL{L,R}

ESSIN

VRN SN,
INDIN NN
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Infinite ergodic theory and the Farey tree

The Farey tree is a complete binary tree of fractions in (0, 1) generated by
o the Farey sum ¢ @ 4 = <2;
@ the Farey map F;
@ matrices L and R.

The Farey coding connects ’5’ =[a,...,a,], with a, > 1, to the tree and the
ways it is generated. In particular

p [ ] LLYT'R% ... L%~ R%—1 if nis even
- = |d1, .,a . .
! " LL4~'R% .. .R%— L%~ if nis odd
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2d continued fractions and infinite ergodic theory

Let A ={(x,y) eR?: 0<y<x<l}andT:A — A be the Triangle map
(Garrity, 2001) given by

T(x,y) = (y’ l_x_ky) where k = {1 _XJ

X X y

(0,0) (1,0

Npi={(x,y) €D ky <1 —x< (k+ 1)y} gives T(A;) = A.
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2d continued fractions and infinite ergodic theory

Let A={(x,y) eR?: 0<y<x<l1}andT:A — A be the Triangle map
(Garrity, 2001) given by

T(x,y) = (y, l—x—ry) where r = {1 ;XJ

X X

For (x,y) € A, its triangle sequence is {«;};>; in Ny for which

T"(x,y) € Aq,  »Vn=0

Then we write

(X,y) = [0617042,043,...] — T(xay) = [O(z,Oé},CY;;,...
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2d continued fractions and infinite ergodic theory

Properties of the Triangle map

@ (x,y) € Q>N A implies T*(x,y) € {y = 0} for some k > 1. The converse is
not true (Garrity, 2001);

@ if (x,y) has an eventually periodic triangle sequence, then x and y have
degree at most 3. If x is an irrational solution in (0,1) of # +r? +t—1=0
with r € Ny, then (x,x*) = [F] (Garrity, 2001);

@ the triangle sequence {c;(x,y)};>1 is weakly convergent for a.e. (x,y) € A
(Messaoudi-Nogueira-Schweiger, 2009) ;

@ du(x,y) = 12/(7*x(1 +y)) dxdy is an ergodic T-invariant probability
measure (Messaoudi-Nogueira-Schweiger, 2009).
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2d continued fractions and infinite ergodic theory
The Triangle map T has a “slow” version (B.-Del Vigna-Munday, 2021). Let
S: A — A be the Slow triangle map given by

(@, =), if (x,y) € Ty = A
S(x7y) = ( x %) , if (x,y) el = A\AO

-y’ 1—y

(1,1) (1,1)

(0,0 (1,0) (©.0) 1,0)
(a) (b)
then S(Ay) = Ay forallk > 1 and
[ — 1,a0,...], ifag >1

(6,y) = [en, 02, ] = S(x,y) :{ s, 5., if =0
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2d continued fractions and infinite ergodic theory

T is the jump transformation of S on 'y = Ay, that is
T(x,y) = ST (x,y)
where 7(x,y) == 1+ min{k >0 : S¥(x,y) € To} = a1(x,y) + 1.

(1,1) 1,1

(0,0) (1,0) (0,0) (1,0
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2d continued fractions and infinite ergodic theory
Properties of the Slow triangle map

@ dv(x,y) = 1/xydxdy is the unique S-invariant absolutely continuous measure, is
ergodic and v(A) = infinite;

@ {y =0} is a set of neutral fixed points for S, and S has intermittent behaviour.

Theorem (B.-Del Vigna-Munday, 2021)

There exists a sequence (ay)vxo Which satisfies ay < N/ log? N and such that, if it is
regularly varying of index 1, for alle > 0 and allh € L'(A, v)

N—1
. 1 ; B
Jim P (’aN > h(s(x,y))—/A hdu’ >e> —0.

Moreover, under the same assumption, there exists a sequence (bn),~, with
by =< nlog? n, such that for all ¢ > 0
> e) =0.

lim P (
n— oo
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Sketch of the proof.

Lemma (Nakada-Natsui, 2003)

LetA Cc RY andV : A — A measurable. If (A, V) is a fibred system then
it admits an invariant probability measure with respect to which the system is
continued fraction mixing

Lemma (see Aaronson, 1997)

If there exists A C A with v(A) € (0,00) such that the induced system
(A, S4,va) is continued fraction mixing, then (A, S,v) is pointwise dual ergodic
with sequence (ay)n>o given by

N
Yico VAN {p >k}

being o(x,y) = min{n > 1 : $"(x,y) € A}.

an =

Darling-Kac Theorem and the fact that the Mittag-Leffler distribution of order 1
is constant imply the result.
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A complete tree of rational pairs in A: the Triangle tree

The Farey sum for rational pairs (£, 2) & (%, %) = (&2, 2200, Let

S_1 ={vw =(0,0), v = (1,0), v, = (1, 1)}

and P, the partition of A with vertices in S_.
The level Sy is given by the Farey sums of pairs in S_; close along sides in P,

that is
= {0 (30).00.13). 00 (1)

and P, is the partition obtained by joining vy, vi, v, and vy & v, from S_; and by
relabelling.

A AL
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A complete tree of rational pairs in A: the Triangle tree

The Farey sum for rational pairs (¢,2) @ (%, %) = (¢ta biby | et

c’

and P, the partition of A with vertices in S_;.
The level Sy is given by the Farey sums of pairs in S_; close along sides in P,

that is
= {om (32).00 (1) 0. (33)

and P, is the partition obtained by joining vq, vi, v, and vy & v, from S_; and by
relabelling.
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Letting 7_; =S_1and 7, =S, \ S,— foralln >0

: points of 7_;
: points of 7
: points of T;
: points of 7,
: points of T3

® O * [> o

3 : < <
(0,0) (1,0)
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A complete tree of rational pairs in A: the Triangle tree

Consider a modified Slow triangle map §: A — A

(%, ?) s if (x7y) ely=2/y
S =9 (5. 15) ) en\{y=0}
(x’x)7 if (x7Y)€{y:0}

with local inverses

do: A\{x=y} =Ty, ¢1:A\{y=0} =T\ {y=0},

b : AN{x=y} - ANn{y=0}
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A complete tree of rational pairs in A: the Triangle tree

o ®n
ey — %2 (e - (1E
o (59 (3.9) (12)
R2 R3 R
/ \\
¢1 | R2 Gﬁlj// R4 \do
/ \
' é ) / \ é )
v o 2 el
PP (- . P P 9 _q (L . 7
Tosr (p\a’plq) (P\q’[]) (Lp-q) (plq’pw) (plq’plq) (plq‘ﬂ) (Lp-q)
R2 R3 R2 R3
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A complete tree of rational pairs in A: the Triangle tree

T (3.3) (3,0) - )
&y 5 $o
T 53 2 (40) Gy ) -2 @0 2y
& /\ o & & 3} oo
ToGHZE0Ren G GDZE0%e) @) G EZE020n 6 eHZe0®wy
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A complete tree of rational pairs in A: the Triangle tree
Theorem (B.-Del Vigna-Munday, 2021)

The two methods generates the same sets (7T,),>0-

The Triangle tree T = UT, contains all pairs (x,y) € Q>N A, and each pair
appears exactly once.

©0)
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Representation of pairs

We introduce a two-part representation (2d continued fraction expansion) of
(x,y) € A (B.-Del Vigna, 2021).

Infinite triangle sequence. (x,y) = [a1, aa,...], a; € Ny.

rep(x, y) = ([al,az,...], [z])

since: in the convergent case
: (e7] (6%) (o7 1 1
(6,y) = lim @ God* o - . 7" o2 ( )
in the non-convergent case (x,y) lies on a line [P, Q] of points for which
L a ey 11
P lim 6 ons6n .07 ou0n (5.3
. a, , o et 1 1
0= nlgrolo ¢1 ¢0¢1 Po .. ¢1 boP2 .

Claudio Bonanno Infinite ergodic theory and a tree of rational pairs



Representation of pairs

We introduce a two-part representation (2d continued fraction expansion) of

(x,y) € A (B.-Del Vigna, 2021).

Finite triangle sequence. (x,y) = a1, oz, . .., o], o € No.

If (x,y) is in the interior of A then there exists a unique & = [a;, as, . .

such that
(x,y) = 01" pod(*do - - - 91 o2 (€,€)
with ¢ € Q if and only if (x,y) € Q?, then

rep(x,y) = ([oq,ozg, oo o], ar, az, . ])

If (x,y) is in the boundary of A an analogous argument works.
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The Triangular coding for rational pairs on T

Let (x,y) € Q? be in the interior of A with

rep(x,y) = ([Oll,Oé27 e 7O‘k]7 [a17d27 e 7an]>
Then _
(x,¥) € ¢7" b o - . . 91" P2 ({X =y}N A) =L

How to reach (x,y) by motions on the Triangular tree on /\?
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The Triangular coding for rational pairs on T

How to reach (x,y) by motions on the Triangular tree on A\ ?

1) We start from (4, 1) and reach
«a (e%) Qe l l
(0, 8) = 6760070 .- 67000255 )

2) We move on L from («, 8) as in the Farey coding.
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The Triangular coding for rational pairs on T

Let us introduce the following motions:

@ Motion L. It means moving on an oriented line by taking the Farey sum of
a pair and its left parent.

@ Motion R. It means moving on an oriented line by taking the Farey sum of
a pair and its right parent.

@ Motion I. It means taking the Farey sum of a pair ¢.,(1, 1) and ¢.,(1,0) (it
means moving to another line).
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The Triangular coding for rational pairs on T

Theorem (B.-Del Vigna, 2021)
Let (x,y) € Q? be in the interior of A with

rep(x,y) = ([O[],Oéz,...7ak]7 [a17a27"'7an])

then

)LO“I- L LT LA TIR L L R , Ifniseven

B—

b

o
B —

(x’y) =

(5, %)Lall- LY L LA TIR  RY L% i is odd
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The Triangular coding for rational pairs on T

(5 4)m 1 Lo L Re LR s even
(%,%)Lo‘ll'--LakfIILaFIIL"'*lR”Z~--R“HL“F1, if n is odd

Ex. rep(2, 1) = ([2,0,1,1],[2,2]) then

19 14 —(1 1)LLIILIILR
sa'52) ~ \2'2
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The Triangular coding for rational pairs on T

19 14 11
(54,54> - <§,§)LL11L11 LR

(0,0) (1.0)
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The Triangular coding for rational pairs on T

2’2

19 14 11
(54,54)_< )LLIILIILR

(51054)
O110010(¢)
— - — — o
(5:3) (5.8) (35 15)
231 23
(31 31)
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The Triangular coding for rational pairs on T

Matrices in L, R, and 1.

1 0 0 L1 110 1 0 1
L::110<—>(§,§),R::010,I:100
0 0 1 0 0 1 010
Let rep(x,y) = ([a1, @2, ..., ], a1, a2, . .., a,]), then
1 00
1 1 ofLor L% La—1R% ... [%—1R%~!  if nis even
0 0 1
(x,y) =
1 00
1 1 0L L% L% [~ 1R% ... R% [%~  if nis odd
0 0 1
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The Triangular coding for rational pairs on T

1 00 23 31 11
(;27éj>: 1 1 OJLLITLITLR=|8 11 4
0 0 1 6 8 3

vy
(51:51)
O110010(¢)
¢ —ooo——0
237 23
(1 31)
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Approximation of non-rational pairs

The representation of (x,y) € A\ Q? induces the definition of an infinite word
LN - L% L% Lo~ 1Re L% . finite triangle seq.
Wi(x,y) =

LML L ... infinite triangle seq.

Approximations can be constructed by the finite sub-words of W(x, y).
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Approximation of non-rational pairs
Ex.: finite triangle sequence.

Let (x,y) = (1,v/2 = 1). Then rep(x,y) = ([1,1],[4,1]) and W(x,y) = LI LLL RL*.

Then
(3:2) W) =€ (1], [2])
(5:3) Way =L (12, 3)
(53 Wiy = L1 (121, [2)
(5:9) Wi = LI (11,11, [2])
(5:3) W =LIL ([1,11,3))
(5-16) W) = LILL (11, 1], [4)
(%5:%)  Wie = LULLL (11,1],[5])
(%.5) W = LILLLR ([1,1],4,2))
(5.%3) Wy = LIILLLRL ([1,1], 4, 1,2])
(2,%) Wy =LILLLRLL  ([1,1],[4,1,3])
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Approximation of non-rational pairs

Rem.: infinite non-convergent triangle sequence.

Let (x,y) € A with rep(x,y) = ([a1, a2, . ..],[2]) and (x,y) € [P, Q]. Let

(gjvnj) = Tj(x7y) € AOL,‘ = o 0

j—oo

Then using & = [a1(j), a2(j), . . . ] we construct the approximations (’}/{', %’) for
which

rep (ﬁ’%> B ([O‘haz,n-’aj]v[a10)7“2(i)""’aj(i)])

5
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Future directions of research

@ The Slow triangle map in higher dimensions;
@ properties of the Triangle tree and other trees (?);

@ connections with statistical properties of dynamical systems with two
parameters;

@ connections with other number theoretic problems (e..g. integer
partitions, see B.-Del Vigna-Garrity-Isola, arxiv).
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Thank you!
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A fibred systemV:A — A

(h1) There exists a finite or countable measurable partition C = {C;}icz of A such that
the restriction of V to C; is injective for all i € Z.

(h2) The map V is differentiable and non-singular.
(h3) There exists a sequence (o(n)).>o With o(n) — 0 as n — oo and such that

sup diamC;,, ...,i, < o(n).
(iyy ..nyin) EIN

(h4) There exist a finite number of measurable subsets Uy, ..., Uy of A such that for
any cylinder C;,, ..., ;, of positive measure, there exists U; with 1 < j < N such that
V*(Ci,...,i,) = U;j up to measure-zero sets.

(h5) There exists a constant A > 1 such that for v, ....;, = (V'|c,,, o)

sup |J¢117-» 1,,| <A inf |J"/}i1« -<-»in‘

e VI(Ciyo i)

iy eeesin

where Jv;, ...;, denotes the Jacobian determinant of v,
(h6) Forany 1 gj g N, U; contains a proper cylinder.

ceey
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A fibred systemV:A — A

(h7) There is a constant r; > 0 such that

[Tbiy, . (p1) = i, i (p2)] < rim(Ciy, i) Pt — 2]
for any pi,p» € U; and all .
(h8) There is a constant r, > 0 such that
i, i (1) = iy, i (P2)[| < 20 () [IP1 — 2]

for any pi,p» € U; and all ;.

(h9) Let F be a finite partition generated by Uy, ..., Uy and denote by F;, the
cylinders in C™ that are not contained in any element of 7. Then, as m — oo

~v(m) = Z m(C(i1, ..., in)) — 0.

C(iyy -ovyim) EF

m
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Continued fraction mixing

Let V:A — A and u be a V-invariant probability on the Borel o-algebra B. Let
C be a countable measurable generating partition for V. The system
(A, B, 1, V,C) is said to be continued fraction mixing if

Ccnv-mB) — u(C)u(B
’(/)n = sup ’,U,( ) ,u( )M( )’ N 0
ceck k>1,1(C)>0 M(C)/‘(B) n—00

BEB, pu(B)>0
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Pointwise dual ergodicity

The system (A, S, v) is pointwise dual ergodic if there exists a sequence

(CZN)N>0 such that
B N—1

1 .
im — > (Ph)(x,y) = [ hd
Jim == (Ph)(x.y) /A v

j=0

for v-almost every (x,y) € A andforall h € L'(A, v), where P is the transfer
operator of the system.

Claudio Bonanno Infinite ergodic theory and a tree of rational pairs



