Asymptotic behaviour of the sums of the digits for
continued fraction algorithms

Claudio Bonanno

joint work with Tanja I. Schindler

One World Numeration Seminar
November 28, 2023

Claudio Bonanno (University of Pisa), claudio.bonanno@unipi.it Asymptotic behaviour of the sums of the digits for continued fractions 1/9



Regular continued fractions and the Gauss map

For each x € (0, 1] there exists a unique sequence of digits {a;}«>1 C N such
that
x=lim ———— = lim [a,a2,a3,...,a]

k—oo ay + ﬁ k— 00

fagp L
+“k

Given the Gauss map G : [0,1] — [0,1], G(x) := 1 — | 1] and G(0) =0,

1
= | — > 1
ay {le(x)J’ Vk>1,

or,given A, := (- 1 n>1,

ay=n ifandonlyif G '(x) €A, Vk>1.
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Regular continued fractions and the Gauss map

For each x € (0, 1] there exists a unique sequence of digits {a}«>1 C N such
that
x=lim ———— = lim [a,a,a3,...,a
—_— k—00
a+

tagp L
+“k

Given the Gauss map G : [0,1] — [0,1], G(x) := 1 — | 1] and G(0) = 0, let

f:(0,1] =Rt givenby f(x):= LICJ or f

A, =n,

then
a =f(G(x)), Vk>1.
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Regular continued fractions and the Gauss map

Theorem (cfr. Khintchine)

The Gauss map preserves the probability measure du(x) =
is ergodic. Since fol fdu = oo, by Birkhoff Ergodic Theorem

de and It

N
: 1 _ 1 k—1 _
Wi, 2 o= fim, y 2 AT oo as

Question: there exists (N) such that v(N)/N — oo and

N N
N~>oo Z Nﬁmfy Zf G*'(x)) = const(f) € (0,400) a.s.?
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Regular continued fractions and the Gauss map

Theorem (Khintchine weak law)

N

1 , e
NTom N kz:; ar — 1 in probability

Proposition (cfr. Aaronson ’81)
For all v(N) such that v(N)/N — oo either

N
1
lim sup ar =00 a.s
or N
liminf —— a=0 a.s
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Regular continued fractions and the Gauss map

Theorem (Diamond-Vaaler ’86)

N
1

i L (Y - max ) =1 as.

N1—>H;o N log, N — < 1Iélka§XN B as
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Trimmed sums in ergodic theory

Y = (Y;) r.v. on a probability space (Q2,P). Forw € Qand N € Nlet = be a
permutation of {1,2,...,N} such that

Yoy (w) > Yeoy(w) > - > Yoy (w).

For a given r € Ny the lightly trimmed sum of Y is defined by

N

SVw) = Y Ya(w).

k=r+1

The intermediately trimmed sum of (Y;) is defined by

N
S:,N(Yaw) = Z Y‘n’(k)(w)
k=ry+1

where ry — oo and ry /N — 0.
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Trimmed sums in ergodic theory

Theorem (Diamond-Vaaler ’86)

Let A = (a;) be r.v. on ([0, 1], Leb). Then
Sn(A,x)

im ———— =1 a.s.
N—oo N log, N
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Trimmed sums in ergodic theory

Let T : X — X be a measurable transformation of (X, 5) and p a T-invariant
probability. For a measurable observable f : X — R define the Birkhoff sums

N

Swf) = 7 AT (x)

k=1

and the lightly (intermediately) trimmed Birkhoff sum Syf for r € N (ry — o0
with ry/N — 0) as the lightly (intermediately) trimmed sum of F = (f o T*~1).

Theorem (Diamond-Vaaler ’86)

Let ([0, 1], G, ) be the ergodic probability-preserving dynamical system with G
the Gauss map and letf(x) = |1 ]. Then Syf(x)/N — oo a.s. and

Sl
im 7Nf(x) =1 as
N—oo N log, N
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Trimmed sums in ergodic theory

Let T : X — X be a measurable transformation of (X, B) and u a T-invariant
probability. For a measurable observable f : X — RT define the Birkhoff sums

N

Snf(x) =Y f(T' (%)

k=1

and the lightly (intermediately) trimmed Birkhoff sum Syf for r e N (ry — oo
with ry/N — 0) as the lightly (intermediately) timmed sum of F = (f o T*~1).

Pointwise behaviour of trimmed Birkhoff sums for non-summable observables
have been studied by Aaronson, Kessebéhmer, Nakada, Natsui, Schindler
and many others for stochastic processes and deterministic systems with
invariant finite distributions, in particular for the sums of the digits of
a-continued fractions.
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Backward continued fractions

For each x € [0, 1] there exists a unique sequence of digits {b; }x>1 C N>,

such that |
x=liml - —————
k—o00 bl —

Let Tycr : [0,1) = [0,1) given by Tyer(x) = 1 — | ]

1
Tper(v)
0.8
0.6
0.4
0.2
€T
0.2 04 0.6 0.8 1

.6
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Backward continued fractions

For each x € [0, 1] there exists a unique sequence of digits {b; }x>1 C N>,

such that .
x= lim 1—
k—o00 by —

Let Tper : [0,1) — [0, 1) given by Tser(x) == - — L%J then

1
by = {]_IJ +1, Vk>1,
1_TBCF(X)

or,given B, :=[1 — 11— ﬁ), n>1,

by=n+1 ifandonlyif Thep(x) €B,, Vk>1.
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Backward continued fractions

For each x € [0, 1] there exists a unique sequence of digits {b; }x>1 C N>,

such that |
x= lim 1 —

k— 00 1

bl - by— T

.bk

Let Tper < [0, 1) — [0, 1) given by Taer(x) = - — L%J let

1
1—x

g:[0,1) —» Rt givenby g(x):= \‘

| I

+1 or glg=n+1,

then
b = 8(Thep(x)), Vk>1.
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Backward continued fractions
Theorem (weak law - Aaronson '86)

N
% > by — 3 in probability

k=1

Theorem (Aaronson-Nakada '03)
For almost all x € [0, 1)

hm 1nf Z by =2

and

lim sup — Z by =

N— oo

More statistical results in Takahasi '22.
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Backward continued fractions

The map Tscr : [0,1) — [0, 1) preserves the ergodic measure dv(x) = 1dx,
which is infinite, and the observable g(x) := {ﬁJ + 1 satisfies

g>2, g&L'(v), g&L>®U).

Tper(x)
0.8
0.6
0.4
0.2
T
02 04 06 08 1
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Trimmed sums in infinite ergodic theory

LetT: (X,u) — (X, ) be a conservative ergodic measure-preserving
transformation with 1(X) = co and o-finite.

Let E C X measurable with (E) = 1 and ¢, : E — N the first return time
function with level sets {F,} and super-level sets F~; = U, Fpand T, : E — E
the induced map. Let

n—1
wa(E) :== w(Fss) the wandering rate, «(n) :=

§

wp(E)’

Il
<

Let R, , (x) be the number of visits to E up to time N along the orbit of a point x

N+1

R, (x) = (x, o T" (),
k=1
and
m(N, E,x) = max {(ng o T’f_l)(x) ck=1,... ,RE’N(x)}

E

the longest excursion out of E beginning in the first N-steps.
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Trimmed sums in infinite ergodic theory

Definition (¢-mixing)

Let Y = (Y,) be r.v. on (Q,P), and let 7, for 0 < i < k < oo, be the o-field
generated by (Y,)r<n<k- The sequence (Y,) is 1-mixing if

() = {‘PB“?) 1‘:Be]—'é,Ce.?—'jOfn,IP’(B)>0,IP’(C)>0,jeN}

satisfies ¢(n) — 0 as n — oc.

Definition

Let's assume that 7, (F;) = E a.s. for all s € N. We say that E induces rapid
¥-mixing if for any sequence (¢,).en Of functions from E to R such that each
¢y is piecewise constant on the partition P, of E induced by T, i.e. the finest
partition such that for each element P € P, we have T, (P) = E a.s., the
sequence (¢, o T"!),> is 1-mixing with coefficient v (n) fulfilling

ZnZl Y(n)/n < oco.
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Trimmed sums in infinite ergodic theory

Theorem (B.-Schindler '23)

Let E induce rapid 1-mixing and g : X — R, be a measurable observable.
Assume that:

(i) wn(E) is slowly varying and

S(u(F>s))?

< .
w(E?

s>1

(i) There exists a constant k > 0 such that (g > s) ~ ku(Fsy).

(iii) The function g is locally constant on the partition P, of E, and g ¢ L' (E, j1).
(iv) There exists ¢ € R such that g = c on X\E.
Then, for u-a.e. x € X we have

. Sll\’-i-m(N,E,x)g(x) - Cm(Na E, X)
lim
N—oo N

=cCc+K.
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Trimmed sums in infinite ergodic theory

In B.-Schindler '22 we have considered the cases:
@ g c LY(X, u) for which

Swim(y.£.08(x) ~ a(N) / gdy, w—as.
X

@ g L'(X,u), g >0, and some more specific assumptions (e.g. g locally
constant on the level sets of the hitting time function) but g € L>°(E, 11), for
which there exists G(n) s.t.

Svg(x) ~G(N), u—a.s.
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Trimmed sums of digits of backward cf

———dx.

E = [4,1) has measure 1 and 7, has full branches wrt P, = {F, N B,} for s > 1
and n > 2. The set E induces rapid -mixing.

Tger : ([0,1],v) — ([0, 1], v) is conservative and ergodic with dv(x) = 10g2

2:10,1) = N>, g(x) = {ﬁJ + 1 is locally constant on {B,}, hence on P,.

V(Fsy) ~ sazz and w,(E) ~ 125 is slowly varying. Then
s(v(Fxy))* 1
; w;(E)? ; s (log s)? =0

@ v(g>s)=> ., V(By)~ @ ~ v(Fss), hence k = 1.
© [0,1)\ E=[0,3) and g|j, 1) = 2, hence ¢ = 2.
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Trimmed sums of digits of backward cf

Tger : ([0,1],v) — ([0, 1], v) is conservative and ergodic with dv(x) = ——dx.

log 2

E = [,1) has measure 1 and 7, has full branches wrt P, = {F, N B, } for s > 1
and n > 2. The set E induces rapid -mixing.

g2:[0,1) = N>o, g(x) = {ﬁJ + L is locally constant on {B,}, hence on P,.

Corollary (B.-Schindler "23)

S]1v+m(N7E’x)g('x) - 2m(N7 ny)

lim
N—oo N
N+m(N.E
lim D e +m( b — MaX| <k<N4+m(N,Ex) bk —2m(N, E, x)
N—oo N B
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Trimmed sums of digits of backward cf

We can extend our main result to different asymptotics for v(g > s) wrt v(Fsy).
In particular for the sums of b7.

Proposition
Ifp € (0,1) then
lim T B =2.
N— o0 N
Ifp > 1 then foru > 1 )
i SNeaER ) _
W=vee W
where ) )
R
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Proof of the main result

Theorem (B.-Schindler '23)
Let E induce rapid 1-mixing and g : X — R, be a measurable observable.
Assume that:

(i) wn(E) is slowly varying and

S(u(F>y))?

< .
w(E?

s>1

(i) There exists a constant k > 0 such that (g > s) ~ ku(Fsy).
(iii) The function g is locally constant on the partition P, of E, and g ¢ L' (E, j1).
(iv) There exists ¢ € R such that g = c on X\E.
Then, for u-a.e. x € X we have
S]1V+m(N7E7x)g(x) - Cm(Na E7 'x)

i N B
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Proof of the main result

Use the induced map. Write

R, S(x)—1

N
Sng(x (&% o T~ (x) + > (go T ") (x)
n=1 k:TEM (RE’N (x)—1)+1

=

where 7, (R, ,(x) — 1) is the time of the last visit to £ up to N and

oy (x)
Z (go T
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Proof of the main result

Divide and conquer (case g|x\r bounded and non-constant).

Let ¢ := supy,p g and wlog ¢ < infg g (USING Ry 4 (v £.x) ~ a(N) = o(N)). Let

x), ifxeX\E,
gc(x)_{g() if x € X\

= . for which g, € L(X, p)
c, if x e E.

(gc = c under assumption (iv)), and

h:=g—g.>0, forwhich ]’1|X\E =0, h¢ L (E, ).

Then

RE,N(x)—l
Sng(x) = Sngc(x) + Snh(x) = Snge(x) + Z (hF o T' 1) (x).

n=1
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Proof of the main result

Control the infinitude of the invariant measure.

If g. = c then
Snge(x) =c¢N.

If g. € L> is non-constant then we apply Theorem 2.7 from B.-Schindler 22 to
obtain

SNgc(x) ~ ch‘|FN
under suitable assumptions.
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Proof of the main result

Control the unboundedness of the observable.

Lemma (Aaronson-Nakada ’03)

LetY = (Yy) i.d. ¢»-mixing r.v. (0, P) withY, > 0and ", ., ¥ (n)/n < co. Let
P(y) = P(Y, <y), and let for some y, > 1 a

r+1
o 1-P 1
W := min reN:/ ;(—(y)) —dy < oo p. (1)
w \JL(—P@)dt) v
Then there exists a sequence (b(n)) such that

w
lim M =1, P—a.e.
If we seta(y) :==y/ y)[; (1 — P(zr))dt, then b(n) is the asymptotic inverse function
ofa(n).
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Proof of the main result

H = (hF o TF) satisfies the lemma with

1= P(y) = p(h* >y) = p(h > y) ~ p(g >y) ~ kp(Fsy),

S(p(F>5))*

wo(E)? <o = W=l1

s>1

and b(N) is the asymptotic inverse of

_ y N y Y a(y)
fly(l — P(1))dt fl) ki(Fs,)dt  Kwy(E) K

a(y)

Then, by Lemma 4.4 in B.-Schindler '22 and since w,(E) is slowly varying,

b(Rg N m(x)) ~ b(a(N)) ~ b(ka(N)) ~ KkN.
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Proof of the main result

Hence we apply the lemma to get p-a.e.

RE,N,m(x)—l
E _an—1 E _ mk—1
> (FTe - e (BT ~ b)) ~ N,
Since
REYN,m(x)fl
SN+m(N,E,X)g(x) =c (N + m(N7 E,)C)) + Z (hE © Tgil)(x%
n=1
hE o Th1 — Tk1 —
Xy BT = e e80T W e
then
SN4+m(N,Ex)&8(X) — max (go Tk_l)(x) —cm(N,E,x) ~ (c+ K)N.

1<k<N+m(N,E,x)

O
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Other results from B.-Schindler '23

Corollary
If additionally we have that

p({g>Nn{p, >M}) < pu(g>N)p(p, >M)

forM,N € N, then for y-a.e. x € X

SN+m(N,E,x)&(X) — max {qu{}}rarifm&x)(g o kal)(x), cm(N, E,x)} ~ (c+ K)N.
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Other results from B.-Schindler '23

Theorem
Under the same assumptions on (X, T, v) and E with the sets F~, and the
wandering rate w,(E) satisfying assumptions (i), (iii) and (iv) of the main
result, if we furthermore assume
(@) p(g > n) = o(u(F>n)),
then, for u-a.e. x € X we have

Sng(x) — maxi<k<n (g0 T ") (x)

lim =@
N—oo N

If additionally we assume
(iid) (g >n) =o(u(Fsy)) and > 2, u(g > eB(n)) < oo foralle >0
where ((n) be the asymptotic inverse of a(n), then, for u-a.e. x € X we have

lim Sng(x)
N—oo N
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Other results from B.-Schindler '23

Theorem

Under the same assumptions on (X, T, ) and E with the sets F~ and the
wandering rate w,(E) satisfying assumptions (i), (iii) and (iv) of the main
result, if we furthermore assume

(i) u(g >n)/w(F>n) — oo,

and for P(y) = 1 — u(g > y) assume that the quantity W defined in the lemma
is finite, then, we have for u-a.e. x € X

T SI‘<’V+m(N7E,x)g(x) - Cm(Na E, X)
N=ro0 b(a(N))

=1

3

where b(n) is the asymptotic inverse function of a(y) :=y/ yyo wu(g > 1)dr.

If W = oo, we need intermediate trimming.
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Other results from B.-Schindler 23
Let us consider the Even-Integer Continued Fraction expansion

1
x= € [0,1]
2h1 +

2h, +

&2
2h3 + ...

with i; € Nand ¢; € {—1,+1}. The main result applies and
Corollary

For a.e. x € [0, 1], the digits {h;(x)} satisfy

N-+m(N,E,x)

lim — 2h;(x) — 2m(N,E 2 =3,
Jim ; hj(x) maX{ m(N, ,X),lgkglgﬁg]vm) hk(X)}] 3

The same result holds with 2h;(x) + 1 (e;(x) — 1) instead of 2h;(x).
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