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Introduction
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Introduction

Let 5 > 1, a [5-representation of a real x € [0, 1] is an infinite
word a € (N)N such that

6+?+@+

z:: BI+1

The greedy [-representation of x € [0, 1] is called S-expansion of
x and denoted ds(x) = apa1 - - € [0, | B/]Y

e a9 =[x and rp = x5 — ap

e a,=|rm-18] and rp,=r,_18—a, VYn>1

1/33



Introduction
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On [0, 1), the S-expansion is generated by iterating the
transformation

Ts: [0,1) = [0,1), x — Bx mod 1.

We have a, = LﬁT?(X)J e [o,[8] —1].
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Introduction
ooe

Consider a probability space (X, F, ) and a map T: X — X.
» uis T-invariant : for all B € F, u(T1B) = u(B).
> 4 is equivalent to v : for all Be F, u(B) =0 < v(B) = 0.
» T is ergodic : forall Be F, T"!B=B= u(B)=0o0r1.
» T is non-singular : for all B€ F, u(B) =0« u(T71B) =0.

Theorem (Rényi, 1957)

There exists a unique Tg-invariant probability measure 1z
equivalent to Lebesgue. Moreover, the transformation Tg is
ergodic.

3/33



Cantor and alternate base
[ Jelelelolote}

Cantor real bases

A Cantor real base is a sequence 8 = (,)nen over R-1 such
that [],cn Bn = +00. A B-representation of x € [0,1] is a
sequence (a;)ien € (N)Y such that

40 dl a

% * Bob1 N BoS132 i
Z H, 05:
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Cantor and alternate base
[e] Telelolole}

The greedy B-representation of x € [0, 1], denoted
ds(x) = apar - -- € NV, is called the B-expansion of x.
We have

e a9 = LX“L‘?()J and rp = xf3p — ag
® a,=|r-1Bn] and r, = rp—18n —an, VYn>1
For all n € N, a, € [0, | 8n]]-
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Cantor and alternate base
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Example

Let o = 1+27‘/ﬁ and 8 = Hfﬁ/ﬁ. Consider 8 = (Bn)nen defined by

5, = {a if [repp(n)|1 =0 (mod 2)  VneN

[ otherwise

WegEtﬁ:(a767/67a7/87a7a7/87') and dﬁ(l):
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Cantor and alternate base
00®0000

Example

dg(x) = (an)nen
e a9 = [xBo] and rg = xBo — ag
® ap= [’n—lﬂnJ and rp = rp—18n — an

Let o = 1+‘ﬁ and 8 = 5*‘/> Consider 8 = (n)nen defined by

5, = a if ]rep2-(n)]1 =0 (mod?2)  VneN
[ otherwise

We get 8 = (o, 5,5, , B, v, 0, 5, ...) and dg(1) =
e ag=|a|]=2, n=a—-2~0.30
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Cantor and alternate base
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Example

dg(x) = (an)nen
e a9 = [xBo] and rg = xBo — ag
® ap= [’n—lﬂnJ and rp = rp—18n — an

Let o = 1+27‘/E and 8 = Hfﬁ/ﬁ. Consider 8 = (n)nen defined by

, VneN

a if [repy(n)[1 =0 (mod 2)
Bn = .
[ otherwise

We get 8 = (o, 5,6, , B, o, 0, 3, ...) and dg(1) = 20
e 3= |a]=2, n=a—-2~0.30
e a=[(e—2)3] =0, n=(a—2)F~043
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Cantor and alternate base
00®0000

Example

dg(x) = (an)nen
e ay = |xBp] and rp = xBy — ap
® ap= [’n—lﬂnJ and rp = rp—18n — an

Let o = 1+27‘/ﬁ and 8 = Hfﬁ/ﬁ. Consider 8 = (Bn)nen defined by

5, = {a if [repp(n)|1 =0 (mod 2)  VneN

[ otherwise

We get 8 = (a, 5,5, 8,0, 0, B, ...) and dg(1) = 200

e 3= |a]=2, n=a—-2~0.30
a=|(a=2)8] =0, n=(a—2)F~0.43
e = |(a—-2H)B =0, n=((0—2)p)8~ 062
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Cantor and alternate base
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Example

dg(x) = (an)nen
e ay = |xBp] and rp = xBy — ap
® ap= [’n—lﬂnJ and rp = rp—18n — an

Let o = 1+27‘/ﬁ and 8 = Hfﬁ/ﬁ. Consider 8 = (Bn)nen defined by

5, = {a if [repp(n)|1 =0 (mod 2)  VneN

[ otherwise

We get 8 = (o, 5,6, , B, o, a0, B, ...) and dg(1) = 2001
]

e 3= |a]=2, n=a—-2~0.30

e a1=|(a—=2)5] =0, n=(ax—2)F~0.43

e« m=[((a-2)8)8] =0, r=((a—2))B~062

e 3= |((a=2)p%a] =1, n=((a—-2)8*)a—1~043
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Cantor and alternate base
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Example

dg(x) = (an)nen
e ay = |xBp] and rp = xBy — ap
® ap= [’n—lﬂnJ and rp = rp—18n — an

Let o = 1+27‘/ﬁ and 8 = Hfﬁ/ﬁ. Consider 8 = (Bn)nen defined by

5, = {a if [repp(n)|1 =0 (mod 2)  VneN

[ otherwise

We get 8 = (o, 5,6, , 8,0, 0, 3, ...) and dg(1) = 20010110“.
e ag=|a]=2, n=a—-2~0.30

e a1=|(e—=2)5] =0, n=(a—2)F~0.43
e« m=[((a-2)8)8] =0, r=((a—2))B~062
o a3 =[((

a—2)f)a] =1, n=(a-2)5*a—-1~043
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Cantor and alternate base
[eleleY Yolole}

Generalization of the results about the S-representations to the
(B-representations:

e The [B-expansion of a real number x € [0, 1] is the greatest of
all the B-representations of x with respect to the
lexicographic order.

e The function dg is increasing.

e Definition of a quasi-greedy representation dj(1).
e Generalization of Parry’s theorem and its corollary.
e Characterization of the SB-shift.
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Cantor and alternate base
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Alternate bases

An alternate base is a periodic Cantor base:

6: (607"'76[3—17507"'7/8p—17"')

where p > 1 is called the length of 3.
We denote

ﬁ - (507"' 7/8p—1)

and we have
Bn:Bnmodp; VneZ.
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Cantor and alternate base
000000

Example

5
5

Let B = (213, 2 13). We have

dg(1) = 2010
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Cantor and alternate base
000000

Example

dg(x) = (an)nen
e ay = |xBp] and rp = xBy — ap
® a,=|rp_1Bn]and r, =r,_1B8n — a,

Let 8 = (HE/E, 5+%/ﬁ)_ We have

dg(1) = 2010

e a9 — Ll(”gﬁ” =2, n= 73%‘/@ ~ 0.30
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Cantor and alternate base
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Example

dB(X) = (an)nEN
e ay = |xBp] and rp = xBy — ap
o o= Lo and 10 = ry 1B — 20

Let 8 = (HE/E, 5+%/E). We have

dg(1) = 2010*.

In fact,
e a=[1(HyB)] =2, =254 ~030
*a= L(73+2\/E) (5+%/E)J =0, n= 71%‘/@ ~0.43
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Cantor and alternate base
000000

Example

dB(X) = (an)nEN
e ay = |xBp] and rp = xBy — ap
o o= Lo and 10 = ry 1B — 20

Let 8 = (HE/E, 5+%/ﬁ). We have

dg(1) = 2010*.

In fact,
o a=|1(2fB)| =2, r==2513~030
*a= L(73+2\/E) (5+%/E)J =0, n= 71%‘/@ ~0.43
¢ o |(255) (1) =1, =
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Cantor and alternate base
[elelelelolo) }

Consider B an alternate base:

The B-expansion of 1 can't be purely periodic.
Better generalization of Parry’s corollary.
Better characterization of the B-shift.

Generalization of Bertrand-Mathis’ theorem : The B-shift is
sofic if and only if all quasi-greedy B)_expansions of 1 are
ultimately periodic, where 8() = (Biy -y Bp-1,Pos -, Bi-1).
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Transformation
©000000000000

Transformation

Let B = (Bn)nen € (R>1)N. For all n € N, consider
Ts,: [0,1) = [0,1), x — Spx mod 1.
For all x € [0,1), we have

an = Lﬁn(Tﬁn—l 0--:0 TBO(X))J S IIO, (,Bn-l — 1]]

If B is an alternate base (fo,...,8p—1), we have p transformations

Tsoseos T,y
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Transformation
0@00000000000

Example

Consider 8 = (Bo, f1) = (1+§/ﬁ, 5+g/§). We have

ds(105) =
1
7730
7:31
0 1 1 21
Bo Br Bo
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Transformation
0@00000000000

Example

Consider 8 = (Bo, f1) = (1+§/ﬁ, 5+g/§). We have

dg(15) =1
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Transformation
0@00000000000

Example

Consider 8 = (Bo, f1) = (1+§/ﬁ, 5+g/§). We have

dg(12) = 10
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Transformation
0@00000000000

Example

Consider 8 = (Bo, f1) = (1+§/ﬁ, 5+g/§). We have

ds(1425) = 101
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Transformation
0@00000000000

Example

Consider 8 = (Bo, f1) = (1+§/ﬁ, 5+g/§). We have

ds(142/5) = 1010
0 1
! T,
7:31
0 * 1
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Transformation
0@00000000000

Example

Consider 8 = (Bo, f1) = (1+§/ﬁ, 5+g/§). We have

dg(1/5) = 10102 --
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Transformation
00®0000000000

B-expansions and (5of - - - fp—1)-expansions

Let B = (Bo,---,Pp—1) € (R>1)P. By definition of the dg(x), we

have
_ a a dp—1
X = 5?) + 30151 + + 50",'75;;71
T mGeAHD T BEGeBD T T Go B
+

That can be rewritten as follows

a0P1Bp—1+aifaBp—1+-+ap_1
BoB1Bp-1

+ apB1-Bp_1tapr1Be-Pp_1+-+axp_1

(BoB1+Bp—1)?

X =

4+
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Transformation
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Lemma

For all x € [0,1)

p—1
Tg,_ 100 Tg(x)=xBo Bo—1— Y CiBit1 " Bp-1
i=0
where (cg, ..., cp—1) is the lexicographically greatest p-tuple in

[0, [Bo] — 1] x - -+ x [0, [Bp—1] — 1] such that

p—1
E:ﬁﬂ C#%+1"'ﬁpfl < x

BO"'/Bpfl -
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Transformation
0000®00000000

Can we compare the maps Ty, , 0---0 Tg; and Tg,..5, | Dy
defined over the digit set

Dg ={aof1-- Bp—1+a1fa---Pp-1+ -+ ap_2Bp_1+ap_1:
aj€[0,[3;1 —11,j € [0,p — 1]}

p—1
= {Z aiBj+1- - Bp-1: 3 € [0, [B;] — 1], € [0,p — 1]]}

Jj=0

on [0,1)?
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Transformation
00000e0000000

Let
D={0=dy<di<---<dn}CR

be a digit set. The word a = aoal - over Dis a

(3, D)-representation of x € {Oﬁ 5 1) if

o0

2
X = Z 3;41'

i=0/

The greedy (-representation is built thanks to the greedy
algorithm:

e a9 = max{d; : di < xB} and rp = xf8 — ag
e a,=max{d;:di <rp_1f}and rp,=r,_16—a,, VYn>1
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Transformation
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The transformation that generates the expansions is

Bx—di ifxe % %) forie0,m—1]

Bx —dm ifx€ | dn).

Tsp(x) =
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Transformation
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Example

Consider 8 = %3 and

D={0<1<¢p<¢?

We have
Bx if x € [0% ,
OBx —1 ifxel|%, %),
Tsp(x) = . LD; 52)
Bx — ¢ |fx€[@,$),
2
bx— g ifxe |5 3)
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Transformation
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Example

Consider § = £ and

2
D={0<1<¢<¢?}.
0 1 ¢ ©?

| /

0 2 212 202
et i
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Transformation
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Define
fﬁ: IIOv HSOW - 1]] X X IIOv HSP*H - 1]] - Dﬁ;
p—1
(ao, ceey ap_l) — Z ajﬁj+1 e 'ﬁp—1~
j=0
We get

p—1
Dﬁ = {Z ajﬁjJrl .- -/3p712 aj € [[0, (3J-| — 1]],] S [[O,p - 1]]}
j=0

:{O:d0<d1<"-<dm}

with m < Hi;é [Bk]
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Transformation
0000000000800
Lemma

The function f3 is non decreasing if and only if for all j € [1, p—2],

p—1

> (181 = 1)Bis1- - Bp—1 < Bj++ Bo—1.

I
A

Theorem

The function f3 is non decreasing if and only if

Tﬁoﬁl”'ﬁpflyD[J’ - Tﬁpfl ©eoc@ TBo

on [0,1).

\

In particular, for all length-2 alternate bases 8 = (3o, 81), we get
Tﬂoﬂl,Dg = Tp, 0 Tg, on [0,1).
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Transformation
00000000000 e0

Example

Let B = (Bo, f1) = (2523, 513, We obtain
T0p1,05 = Ty © Tpg
on [0,1) where

Dg = {aof1 + a1: a0 € {0,1,2},a; € {0,1}}
={0<1<pf1<P1+1<208) <261 +1}.

1

0 1 B Bi+1 261
Bob1 Bob1 BoB1 Bobr 22/33




Transformation
0000000000008

Example

Let ﬁ - (607/61752) - (907907 \/B) We get

Dg = {305162 4+ a10> + ax: ap, a1 € {0, 1}, a € {0, 1,2}}

1 1

I I

0 . 0
T5061,.D1[0,1) Tg, 0 Tp 0T,

We have 3(0,1,2) = ¢ + 2 and f3(1,0,0) = ¢? = o + 1.

—
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Invariant measure and ergodicity
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Invariant measure and ergodicity

Let B8 = (Bo, .-, Bp—1) € (R>1)P. We define the transformation

Tg:[0,p—1] x[0,1) = [0,p — 1] x [0,1),
(i,x) = (i+1mod p, Tg(x)).

Iterating the map Tg, we get
T5(0,x) = (nmod p, Tg, , 0---0 Tgy(x)).

Then, the B-expansion of x € [0,1) is obtained by iterating the
transformation Tg on (0, x).
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Invariant measure and ergodicity
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Can we find a Tg-invariant probability measure ji3 equivalent to
"Lebesgue” and such that the transformation 7g is ergodic?

Steps :
e For all i € [0, p — 1], we consider the alternate base

([))iv s 75[3717507 s 76/*1)

and we find a (T/jH o---0TgoTg, 00 T/gi)—invariant
probability measure 1, equivalent to Lebesgue and such that
Tg_yo0---0Tg,0Tg, 00 Tg isergodic.

e With the probability measures 11; we construct a probability
measure fig.

e We show the properties of 3.
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Invariant measure and ergodicity
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Consider 8 = (Bo,---,Bp-1), themap Tz o---0 Ty is
piecewise linear with a slope 3o -+ Bp—1 > 1.

The map Tp, , o---0 Tg, admits a unique invariant probability
measure u equivalent to Lebesgue. Moreover, Tg , o---0 Tg, is
ergodic.

For all i € [0, p — 1], consider the alternate base
(Bi,- -+ Bp-1,Po,--.,Bi—1) and let u; be the measure given by the
theorem for

Tﬁi—lo"'o Bo © T@p—1o"'o Tﬂi'

Note that we use the convention

Hn = lnmodps VNELZL.
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Invariant measure and ergodicity
[eleleY Yololelele)

We define the o-algebra

p—1
F,= { i} x By): Vie[0,p—1], B € B([0, 1))}~

i=0

We define the probability measure ;153 on F}, as follows:
For all i € [0, p — 1] and B € B([0,1))

up({i} x B) = QZN/ ((Tgy 00 T) ' B)
and then for all By, ..., B,—1 € B([0,1)),
p—1 p—1
us (U Ui} x B)) = Y wa{i} x B).
i=0 i=0
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Invariant measure and ergodicity
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Example

Consider /3 = (/80751752) and
A= ({0} x Bp) U ({1} x B1) U ({2} x By) € F3. We get

np(A) =
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Invariant measure and ergodicity
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Example

Consider /3 = (/80751752) and
A= ({0} x Bp) U ({1} x B1) U ({2} x By) € F3. We get

pp(A) = ({0} x Bo) + pp({1} x Br) + up({2} x B2)
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Invariant measure and ergodicity
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Example

s} x B) = F >0 i (Tgy_y 00w 0 Tp, )7'B)

Consider 8 = (po, f1, 52) and
= ({0} x Bp) U({1} x By) U ({2} x By) € F3. We get

pp(A) = ({0} x Bo) + pp({1} x B1) + up({2} x B2)

= é (uo(Bo) + “2(7};2130) +u1((Tp, o 7_61)_130))
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Invariant measure and ergodicity
[eleleleY Yolelele)

Example

s} x B) = F >0 i (Tgy_y 00w 0 Tp, )7'B)

Consider 8 = (po, f1, 52) and
= ({0} x Bp) U({1} x By) U ({2} x By) € F3. We get

na(A) = pa({0} x Bo) + up({1} x Br) + ({2} x Ba)
(10(Bo) + p2(T5,"Bo) + 111 ((Ts, © Tp,) " Bo))

+ = (u1(Br) + no( T3 Br) + pa(( Ty © Ta,) " Br) )

O = O =
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Invariant measure and ergodicity
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Example

s} x B) = F >0 i (Tgy_y 00w 0 Tp, )7'B)

Consider 8 = (po, f1, 52) and
= ({0} x Bp) U({1} x By) U ({2} x By) € F3. We get

pp(A) = ({0} x Bo) + pp({1} x B1) + ({2} x B2)

10(Bo) + 112( T3 Bo) + (T, 0 Tp,) ' Bo))

_l’_

(
(1o
(Ml (Br) + 1o( T3, B1) + (T © Tp,) ™ 151))
(12

+
O|l—O|l—ROl=

H2(B2) + m1( T B2) + juo(Ts, © Ts) ' B2))
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Invariant measure and ergodicity
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Proposition

The measure p1g is Tg-invariant

Proof (with p =3 and i = 1): Let B € B([0,1)).

pe(Tg ({1} x B))

ﬁ({o} x T5'B)

1 _ _ _ _

=5 (10(T5, B) + 12 T3 (T3, B)) + ia((Ta, © Ta) (75,1 B)))

1 _ _

6(#0 )+ p2((Tao © Ta) ™B) + (T © Ty © T) ') )
=u1(B) by invariance of 1

w.r.t TSOOTBZOTSI
—up({1} x B).
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Invariant measure and ergodicity
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The B-transformation Tg is ergodic. l

Proof: Consider A= ({0} x Bp)U---U({p—1} x Bp_1) € Fp
s.t. TglA = A. We use the convention that B, = B,, (mod p) for
all n € Z. We thus have

T {iy x B)={i—1} x T;* Bi
and therefore
TB Bi = Bi—1 forall i€ [0,p—1].
Then, for all i € [0,p — 1] and n € N,
(T, _y0---0Ts_,) 'Bi=Bip.

With n = p it shows that B; is
(Ts,, 0 Tgy0Tg, ;00 Tg)-invariant, so by ergodicity we
have ,u,( ,) =0orl
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Invariant measure and ergodicity
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Proof (cont.): We obtain

p—1
ng(A) = ns({i} x Bi)
i=0

p—1p—1

1
= ? Z Z /’fifj<(T8,-,1 0---0 TB,-,j)ilB,')

i=0 j=0
1 p—1p—1

== > > ni-j(Bi))

P =0 i=o
1P

= E ; 1i(Bi)-

We show that 1j(B;) = 0 < pit1(Bi+1) = 0. By equivalence to
Lebesgue of the measures y; and pj11, we need to show that
A(Bi) =0 < A(Bj+1) = 0. We conclude by non-singularity of
Lebesgue w.r.t any [S-transformation since that B; = ngl(B,-H).
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Invariant measure and ergodicity
00000000e

We define an extended Lebesgue measure \, over F, as follows.
For all By,...,Bp,—1 € B([0,1)),

p—1 p—1

M (U 8)) = 3 A(B)

i=0 i=0

Proposition

The probability measure 15 is equivalent to Ap.
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Invariant measure and ergodicity
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Further work

e Frequencies of letters and block of letters.

e Can we compute an alternate lazy representation? If yes, can
we study in the same way the associated transformation?

For the real bases, ([0,1), Tg) is isomorphic to (Sg, o). Do we
have a similar result?

What is the entropy of our system?
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