(Logarithmic) Densities for Automatic Sequences along
Primes and Squares

Michael Drmota
joint work with Boris Adamczewski and Clemens Mdllner

supported by the Austrian Science Foundation FWF, project F5502

Institut fiir Diskrete Mathematik und Geometrie
Technische Universitat Wien

One World Numeration Seminar
March 30, 2021

Michael Drmota Automatic Sequences along Primes and Squares 1/32



Summary

% Thue-Morse and Rudin-Shapiro sequence
* Thue-Morse sequence along subsequences
% Automatic sequences

* Logarithmic densities along subsequences
% Automatic sequences along primes

% Automatic sequences along squares
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* Thue-Morse sequence

Thue-Morse sequence (t(n))n=o:
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* Thue-Morse sequence
Thue-Morse sequence (t(n))n=o:

0
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* Thue-Morse sequence
Thue-Morse sequence (t(n))n=o:

01
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* Thue-Morse sequence
Thue-Morse sequence (t(n))n=o:

0110
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* Thue-Morse sequence
Thue-Morse sequence (t(n))n=o:

01101001
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* Thue-Morse sequence
Thue-Morse sequence (t(n))n=o:

0110100110010110
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* Thue-Morse sequence
Thue-Morse sequence (t(n))n=o:

01101001100101101001011001101001
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* Thue-Morse sequence
Thue-Morse sequence (t(n))n=o:

011010011001011010010110011010011001011001101 - - -

Ip =0, brig=1-t (0<k< 2”)
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* Thue-Morse sequence
Thue-Morse sequence (t(n))n=o:

011010011001011010010110011010011001011001101 - - -

Ip =0, brig=1-t (0<k< 2”)

‘ t(n) = sz(n) mod 2‘

=
n=> e(ng e(ne{01,...,g-1},  sq(n)=> ei(n)
i=0 '
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* Thue-Morse sequence
Thue-Morse sequence (t(n))n=o:

011010011001011010010110011010011001011001101 - - -

Ip =0, brig=1-t (0<k< 2”) or ok = g, toxi1 = 1—1

‘ t(n) = sz(n) mod 2‘

=
n=> e(ng e(ne{01,...,g-1},  sq(n)=> ei(n)
i=0 '
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* Thue-Morse sequence
Thue-Morse sequence (t(n))n=o:

011010011001011010010110011010011001011001101 - - -
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* Thue-Morse sequence
Thue-Morse sequence (t(n))n=o:

01
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* Thue-Morse sequence
Thue-Morse sequence (t(n))n=o:

10

Michael Drmota Automatic Sequences along Primes and Squares



* Thue-Morse sequence
Thue-Morse sequence (t(n))n=o:

10
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* Thue-Morse sequence
Thue-Morse sequence (t(n))n=o:

011010011001011010010110011010011001011001101 - - -

#{O<n<N:t(n):0}~g
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* Thue-Morse sequence
Thue-Morse sequence (t(n))n=o:

011010011001011010010110011010011001011001101 - - -

#{O<n<N:t(n):0}~g

The letters 0 and 1 appear with asymptotic frequency %:

dens(t(n), 0) = dens((n), 1) = %
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% Thue-Morse sequence

@ TM sequence is not periodic and cubeless.

@ TM sequence is almost periodic:
Every appearing consecutive block appears infinitely many times
with bounded gaps.

@ Subword complexity is linear: p, < 2k
Pk -.. subword complexity (number of different consecutive blocks
of length k that appear in the TM sequence).

@ Zero topological entropy of the corresponding dynamical
system:
h=1limy_, #logpx =0
@ Linear subsequences (t;,15)n>0 have the same properties.

@ The TM sequence and its linear subsequences are automatic
sequences.
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* Thue-Morse sequence
Automaton that generates the Thue-Morse sequence:

t(n) = > j>0€j(n) mod 2

0 0

&y oy
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% Rudin-Shapiro sequence

Rudin-Shapiro sequence (r(n))n=o:
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% Rudin-Shapiro sequence

Rudin-Shapiro sequence (r(n))n=o:

000100100001110100010010111000100001001000011101111 - - -
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% Rudin-Shapiro sequence

Rudin-Shapiro sequence (r(n))n=o:

000100100001110100010010111000100001001000011101111 - - -

Ik if kK is even,
r =0, ok = Ik, fokq1 =3 4 _ r. if k is odd.
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% Rudin-Shapiro sequence

Rudin-Shapiro sequence (r(n))n=o:

000100100001110100010010111000100001001000011101111 - - -

Ik if kK is even,
r =0, ok = Ik, fokq1 =3 4 _ r. if k is odd.

r(n) = 3" ei(n)eiss(n) mod 2

i=0

£—1

n:ZEj(n)qi 6,’(”)6{0,1,...,q—1}

i=0
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% Rudin-Shapiro sequence

Automaton that generates the Rudin-Shapiro sequence:
r(n) =3 >0 €j(N)gjr1(n) mod 2

0
1 1 0 0

W w Wy

0 1
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% Thue-Morse sequence along primes
Thue-Morse sequence (t(n))n=o:

011010011001011010010110011010011001011001101 - - -
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% Thue-Morse sequence along primes
Thue-Morse sequence (t(n))n=o:

101001 101 001 0 001 1 110
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% Thue-Morse sequence along primes
Thue-Morse sequence (t(n))n=o:

10 0 1 11 01 O 01 i 10 ---
Mauduit and Rivat (2010):

#{0<n<N:t(py) =0} ~ g or  dens(t(pn), 0) = %
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% Thue-Morse sequence along primes
Thue-Morse sequence (t(n))n=o:

1001 11 01 0 01 1 10 .-

Mauduit and Rivat (2010):
N 1
#{0<n<N:tpn) =0}~ 5 or dens(t(pn),0) = 5

Solution of a Conjecture of Gelfond (1968)
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% Thue-Morse sequence along primes
Thue-Morse sequence (t(n))n=o:
10 0 1 11 01 0 01 i 10 -

Mauduit and Rivat (2010):

#{0<n<N:t(py) =0} ~ g or  dens(t(pn), 0) = %

Solution of a Conjecture of Gelfond (1968)

The same property holds for the Rudin-Shapiro sequence r(n)
(Mauduit and Rivat (2015)).
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% Thue-Morse sequence along squares
Thue-Morse sequence (t(n))n=o:

011010011001011010010110011010011001011001101 - - -
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% Thue-Morse sequence along squares
Thue-Morse sequence (t(n))n=o:

01101 0 1 1 0
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% Thue-Morse sequence along squares
Thue-Morse sequence (t(n))n=o:

01 1 0 1 1 0
Mauduit and Rivat (2009):

#{0<n< N:t(n?) =0} ~ g or dens(t(n?),0) = %
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% Thue-Morse sequence along squares
Thue-Morse sequence (t(n))n=o:

01 1 0 1 1 0
Mauduit and Rivat (2009):

#{0<n< N:t(n?) =0} ~ g or dens(t(n?),0) = %

Solution of a Conjecture of Gelfond (1968)
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% Thue-Morse sequence along squares

Thue-Morse sequence (t(n))n=o:

01 1 0 1 1 0
Mauduit and Rivat (2009):

1

#{0<n<N:t(nP)=0}~ g or dens(t(n?),0) = 5

Solution of a Conjecture of Gelfond (1968)

The same property holds for the Rudin-Shapiro sequence r(n)
(Mauduit and Rivat (2018)).
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% Automatic sequences

Definition
A sequence (a(n))=o is called a g-automatic sequence, if a(n) is the
output of an automaton when the input is the g-ary expansion of n.
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% Automatic sequences

Definition
A sequence (a(n))=o is called a g-automatic sequence, if a(n) is the
output of an automaton when the input is the g-ary expansion of n.
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% Automatic sequences

Definition
A sequence (a(n))=o is called a g-automatic sequence, if a(n) is the
output of an automaton when the input is the g-ary expansion of n.
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% Automatic sequences

Definition
A sequence (a(n))=o is called a g-automatic sequence, if a(n) is the
output of an automaton when the input is the g-ary expansion of n.
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% Automatic sequences

Definition
A sequence (a(n))=o is called a g-automatic sequence, if a(n) is the
output of an automaton when the input is the g-ary expansion of n.
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% Automatic sequences

Definition
A sequence (a(n))=o is called a g-automatic sequence, if a(n) is the
output of an automaton when the input is the g-ary expansion of n.

32 = (1012)3 Uzp = a4,
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% Automatic sequences

Definition
A sequence (a(n))=o is called a g-automatic sequence, if a(n) is the
output of an automaton when the input is the g-ary expansion of n.

32 = (1012)3 Uzp = a4, 61 = (2021)3
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% Automatic sequences

Definition
A sequence (a(n))=o is called a g-automatic sequence, if a(n) is the
output of an automaton when the input is the g-ary expansion of n.

32 = (1012)3 Uzp = a4, 61 = (2021)3
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% Automatic sequences

Definition
A sequence (a(n))=o is called a g-automatic sequence, if a(n) is the
output of an automaton when the input is the g-ary expansion of n.

32 = (1012)3 Uzp = a4, 61 = (2021)3
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% Automatic sequences

Definition
A sequence (a(n))=o is called a g-automatic sequence, if a(n) is the
output of an automaton when the input is the g-ary expansion of n.

32 = (1012)3 Uzp = a4, 61 = (2021)3
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% Automatic sequences

Definition
A sequence (a(n))=o is called a g-automatic sequence, if a(n) is the
output of an automaton when the input is the g-ary expansion of n.

32=(1012)3 us> = a, 61 =(2021); ug; = b
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% Automatic sequences

Definition
A sequence (a(n))=o is called a g-automatic sequence, if a(n) is the
output of an automaton when the input is the g-ary expansion of n.

32=(1012)3 us> = a, 61 =(2021); ug; = b

(a(n))n=o0 : aaaaabaabaabaaabbaaabaaabbaaabaaabbaaaaaaba. . .
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1
32 = (1012); : (o)
0
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1 0
32 = (1012); : M1(0)(1)
0 0
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1 0
32 = (1012); : Moo, [ 0] =11
0 0
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100 010 00 1
My=1[0 1 0 Mi=1|1 00 Mo=([1 00
00 1 00 1 010

1 1

32 = (1012) : MyoMeoM; | O] =1|0

0 0
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100 010 00 i1
My=0 1 0 M=|100 M= (1 0 0
00 1 00 1 010

1 0

32=(1012)3: MeoMyoMeoM; [ 0| = [ 1

0 0
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5(n) .= Mey)Mey(n) - M

€¢—1(n)

T
la(n) =1(S(n)e1)| er=(1 0 0)
Automatic Sequences along Primes and Squares




% Automatic sequences

@ For every g-automatic sequence a(n) (on an alphabet A) there
exists the logarithmic density (for every Ietter a € A)

logdens(a(n), a) = N—><>o IogN Z Nan)=a]

1<n<N

which is also computable.
@ If the densities

dens(a(n), o) = I|m —#{n N :a(n) = a}

exist then they coincide W|th the logarithmic densities.
@ It can be effectively decided whether densities exist (as for the
Thue-Morse sequence t(n) and the Rudin-Shapiro sequence

r(n)).
@ The matrix M = My + - - - + My_4 plays an important role:
Z S(n Z M€0 81(” ’Mfe 1(n (MO +--t Mq—1)>\
n<g? n<g*
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% Automatic sequences

We will say that an automatic sequence is primitive and prolongable
if the directed graph of the corresponding minimal automaton is
strongly connected and the initial state has a 0-labeled loop.

Lemma

For every primitive and prolongable automatic sequence a(n) the
densities

dens(a(n),a) = NITOO lN#{n <N:a(n) =a}

exist

Proof with matrix product representation and Perron-Frobenius theory.
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% Automatic sequences

Proof
b(n) = S(n)e1. The j-component of b(n) equals 1 if we stop in state ;.

M = My + - - - + Mg_1 is primitive matrix;
g is dominant eigenvalue;
P projection to dominant eigen-direction.

> b(n) = Me; = g*Pey + O(g*'~9))

n<g?

= Pe; is vector of (rational) frequencies.
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% Automatic sequences

Example. Leading digit, ¢ > 3

a(n) ... leading digits of nin the g-ary expansion.

a(nj=¢ < (g"<n<(+1)g" forsomek >0

1 . 1 g1 o
W#{ndq 'a(n)_g}_éqkq—1 q-1)
_(€+1)qk#{n<(£+1)q 'a(n)_g}_(g_i_‘])qk q_1 (g+1)(q_

Hence, no densities exist!!

Z qk% ~ log <1 + %) = logdens(a(n), ) = log, <1 + %)

gk<n<(¢+1)
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% Automatic sequences

@gly\ a7
an connected "

final
initial state componey

(O
\\ strongly
— connected a‘f’"

| final |

(1) and 2@

Suppose that a;,’ and a,;,’ are produced by the two final components.
@ If the densities for ag) and a%z) exist and are equal then a, has the
same densities.
@ If the densities for ag) and af,z) exist but are not equal then a, has

logarithmic densities.
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% Automatic sequences

Theorem

For every automatic sequence a(n) the logarithmic densities
logdens(a(n), ) exist and are computable.

Furthermore, if the densities of those automatic sequences that
correspond to the final strongly connected components coincide then
the densities dens(a(n), o) exist and are computable rational numbers.
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* Automatic sequences along primes

Theorem (Adamczewski+D.+Mullner 2020+)

For every automatic sequence a(n) the logarithmic densities
logdens(a(pn), «) of the subsequence along prime numbers exist and
are computable.

Furthermore, if the densities along primes on those automatic
sequences that correspond to the final strongly connected components
coincide then the densities dens(a(p), «) exist and are computable
rational numbers.

Theorem (Adamczewski+D.+Mullner 2020+)

For any automatic sequence a(n) there exists a computable positive
integer m such that, for all o, logdens(a(pn), ) is equal to the
logarithmic density of a(n) along the integers n satisfying (n,m) = 1.

Michael Drmota Automatic Sequences along Primes and Squares




% Automatic sequences along squares

Theorem (Adamczewski+D.+Mullner 2020+)

For every automatic sequence a(n) the logarithmic densities
logdens(a(n?), a) of the subsequence along squares exist and are
computable.

Furthermore, if the densities along squares on those automatic
sequences that correspond to the final strongly connected components
coincide then the densities dens(a(n?), ) exist and are also
computable. If the input base q is prime, then these densities are
rational numbers.
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% Automatic sequences along primes squares

Equivalently one can say that for all automatic sequences a(n) the
following two limits exist:

) 1 1 ) 1 1 >
WM, iog iy 2 WA and - lim oo D alm)

And it can be decided when the logarithmic means can be replaced by
the usual means:

lim 1N > a(nA(n) and Jim 1N Z,:Va(nz).

N—
o n<N

A(n) denotes the von Mangoldt A-function
(A(n) = log p for prime powers n = pk and A(n) = 0 else.)
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% Paper folding sequence
(a(n)) = 1|1|0J1/100|1|1100100] - - -

@ primes: m = 2 (it suffices to consider odd numbers)

1
dens(a(pn),0) = dens(a(pp), 1) = 5
@ squares.

dens(a(n?),1) = 1, dens(a(n?),0) = 0.
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% Automatic sequences along subsequences

We call a strictly increasing subsequences (ny),=o of the positive
integers regularly varying sequences, if

=)

where v > 1 and L(n) is slowly varying in the sense that

zILrQo L(L[(CZ)D =1 (forall0 <d < 1)

The sequence of primes, polynomial sequences, and
Piatetski-Shapiro sequences (i.e., | n°|, where ¢ > 1) are regularly
varying sequences.
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% Automatic sequences along subsequences

Theorem (Adamczewski+D.+Mullner 2020+)

Suppose that (ny)e>o is a regularly varying sequence and suppose that
for any primitive and prolongable automatic sequence a(n) the
densities along the subsequence (ny) exit:

dens(a(ny), «) := Nllnoo {E<N: il(”z) =aj

Then the two following properties hold.

(i) Then for every automatic sequence a(n) the logarithmic densities
logdens(a(ny), «) exist and can be explicitly computed.

(ii) Furthermore, if the densities along the subsequence ny
corresponding to those automatic sequences that are generated
by the final strongly connected components of the directed graph

are all equal then the densities dens(a(ny), o) exist and are equal
to them.
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% Automatic sequences along subsequences

Proposition (Mullner 2017)

Let a(n) be a prolongable and primitive automatic sequence.
Then the density of a(n) = « exist along the subsequence of primes.

o

Proposition

Let a(n) be a prolongable and primitive automatic sequence.
Then the density of a(n) = « exist along the subsequence of squares.
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% Reduction of automatic sequences

Lemma (Mullner 2017)

Let a(n) be a primitive and prolongable q-automatic sequences. Then
it can be represented in the form

a(n) = f(s(n), T(),

where s(n) is a pure synchronizing q-automatic sequence and T(n)
takes values in a finite group G with the following property. For every
J < q and every q there exists g; ; € G such that

T(n-q+j)=T(n) - gjsn)

holds for all n € N.

The synchronizing part can be handled with the help of residue class
considerations, however, for the group structure we need a
representation theoretic analysis.
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% Carry propery

Uy ... set of unitrary d x d matrices, f,(n) = f(n mod g*)
Definition
A function f : N — Uy has the Carry property if there exists n > 0 such

that uniformly for (\, a, p) € N3 with p < ), the number of integers
0 < ¢ < k* such that there exists (ny, np) € {0,..., g% — 1}2 with

f(eq® + ny + m)1(0q* + ny) # furp(LG” + 1y + M), (0G* + 1)

is at most O(g*~"*) where the implied constant may depend only on g
and f.

~
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% Fourier propery

Definition

Given a non-decreasing function v : R — R satisfying

limy— o Y(X) = 400 and ¢ > 0 we let F, . denote the set of functions
f: N — Uy such that for (o, \) € N? with o < cA and t € R:

q > f(ug®)e(—ut)|| <q ™.
u<qA =

We say in this case that f has the Fourier property.
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* Automatic sequences along primes

Theorem (Mullner 2017, generalization of Mauduit+Rivat 2015)

Let~ : R — R be a non-decreasing function satisfying
limy— o Y(X) = 400, and f € F, ¢ be a function satisfying the Carry

property for some n € (0, 1] and the Fourier property for some ¢ > 10.
Then for any 6 € R we have

Z/\ e(6n)

n<x

< C1 (q)(log X)C2(q)xq_n7(2L(IOg X)/(SO log q)J )/20
2
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% Automatic sequences along squares

Theorem (Generalization of Mauduit+Rivat 2018)

Let~ : R — R be a nondecreasing function satisfying
limy— Y(X) = o0, and letf € F, . be a function satisfying the Carry

property for some n € (0, 1] and the Fourier property for some ¢ > 18.
Then for any 0 € R, we have

Z F(r2)e(nb)|| <q1q (logx)~(@+2 (xq‘ m(zuslogxgémomogqu))

0<n<x

)

2

where the absolute implied constant only depends on d, f and q.
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% Automatic sequences along primes and squares

Application for
f(n) = D(T(n)),

where D : G — Uy is a unitary and irreducible representation of the
group G.

By Fourier analysis on G and by considering residue classes (for s(n))
leads to the (limiting) distributional behavior of

a(n) = f(s(n), T(n))

along primes and squares.
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Thank you!

ael Drmota Automatic Sequences along Primes and Squares



(Logarithmic) Densities for Automatic Sequences along
Primes and Squares

Michael Drmota
joint work with Boris Adamczewski and Clemens Mdllner

supported by the Austrian Science Foundation FWF, project F5502

Institut fiir Diskrete Mathematik und Geometrie
Technische Universitat Wien

One World Numeration Seminar
March 30, 2021

Michael Drmota Automatic Sequences along Primes and Squares

1/1



