ON UPPER AND LOWER FAST KNINTCHINE SPECTRA OF
CONTINUED FRACTIONS

LULU FANG, LEI SHANG, AND MIN WU

ABSTRACT. Let v : N — RT be a function satisfying ¢(n)/n — o as n — .
We investigate from a multifractal analysis point of view the growth rate of the
sums Y54 logay(x) relative to ¢(n), where [a1(x), a2(x),a3(x) -] denotes
the continued fraction expansion of = € (0,1). The upper (resp. lower) fast
Khintchine spectrum is defined by the Hausdorff dimension of the set of all
points x for which the upper (resp. lower) limit of w(ln) Dhoqlogag(z) is 1.
The precise formulas of these two spectra are completely determined, which
strengthens a result of Liao and Rams (2016).

1. INTRODUCTION
Let G :[0,1) — [0,1) be the Gauss map, defined as G(0) := 0 and
G(z) :=1/z —|1/z|, Vze(0,1),

where |-| stands for the integer part of a number. For x € (0, 1), put ay(z) := |1/z|
and a,(x) = a;(G" !(z)) for n > 2, where G¥ denotes the kth iteration of G.
Then z admits a unique continued fraction expansion of the form

1
x = T (1.1)
al(x) + 1
a2 (CU) +
as (ZL’) + '
where a;(x),as(x),as(z), -+ are positive integers, and are called the partial quo-

tients of x. See [13, 16] for more information of continued fractions.
The Khintchine exponent of x is defined as the growth rate of the geometric
average of partial quotients, namely,

k(.’IJ) -— lim IOg a/l(x) ++ IOg an(x)
n— 00 n
if the limit exists. Khintchine [15] proved that for Lebesgue almost all x € (0,1),
k(z) = log ¢, where ¢ = 2.6854... is called the Khintchine constant, see [1] for details.
Furthermore, Fan et al. [7] studied from a multifractal analysis point of view the set
of points with a given Khintchine exponent that is different from log ¢, and showed
that the dimensional function (called the Khintchine spectrum)

[0,00] 3 a— K(a) := dimg {z € (0,1) : k(z) = o},
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is real analytic, strictly increasing in [0,log ¢) and strictly decreasing in [log ¢, o0);
while it is neither convex nor concave, see [6, 12] for general results. We point out
that K (o0) = 1/2, see for example [12, Theorem 7.1]. This means that there are
uncountably many points with infinite Khintchine exponent and then leads to the
question of detailed analyses of numbers with infinite Khintchine exponent.

For this purpose, let 1 : N — R* be a function satisfying ¢(n)/n — o as n — o
and write

E(”g/}) = {x e (07 1) : nlgrolo loga1(x) +w(n)+ logan(x) _ 1} .

The Hausdorff dimension of E(v) is called the fast Khintchine spectrum, and then
completely determined by Fan et al. [§].

Theorem 1.1 ([8, Theorem 1.1]). Assume that ¥ : N — R™ is non-decreasing.
Then

L, with (B := limsupM.

B+1 n—0o0 ¢(n)

We remark that the assumption on the monotonicity of ¥ is necessary. In fact,
E(v) is non-empty if and only if ¢ has a monotonicity in a certain sense, see [8,
Lemma 3.1] for precise statements. Indeed, the limit in E(t¢)) means that (n)
should keep pace with the sum loga;(x) + -+ + loga,(z) for sufficiently large n,
but the sum is non-decreasing, so 1(n) must be ultimately “increasing”.

In the present paper, we are concerned with the following sets:

E(y) := {$ €(0,1): 1inm_)s(}clp log a1 («) —:/}(n;— log an () _ 1}

dimy E(1h) =

and

E) = {x € (0,1): hnniig,}f log aq(x) +1/)(n)+ log ay,(x) _ 1} 7

where 1 is as defined above. Then E(¢) = E(¥)n E(¢). The Hausdorff dimensions
of E(v) and E(¢) are called upper and lower fast Khintchine spectra respectively.
Unlike the set E(v)), we will show below that F(1)) and E(z)) are always non-empty,
see Lemmas 2.5 and 2.8. These two spectra have been studied by Liao and Rams
[17, Theorem 1.2] under some restrictions on the growth rate of ¢ (i.e., b,B > 1,
see below for their definitions). Roughly speaking, their results can be applied to
functions with fast growth speed (e.g., exponential functions), but can not be used
to polynomial functions. However, for ¢(n) = n? (p > 1), it follows from Theorem
1.1 that the upper and lower fast Khintchine spectra are not less than 1/2; applying
standard covering arguments, we see that these two spectra not greater than 1/2,
see for example [10, 14, 20]. Hence the Hausdorff dimensions of E(v)) and E(v) are
1/2 for polynomial functions v, which indicates that the results of Liao and Rams
may be true for the cases b = 1 and B = 1. This is precisely what we are covering
in the present paper by giving the upper and lower fast Khintchine spectra without
any extra assumptions on .

Theorem 1.2. Let 1) : N — R* be defined above. Then

L= 1 ) 1
dlmH E(w) = m and dlmH E(QZ}) = TH7



where b, B € [1,0] are given by

1
log b := liminf M and log B := limsup

n—aoo n n—0o0

log ¢(n)
e

As mentioned above, Liao and Rams [17] dealt with the cases b, B > 1. However,
our approach works well for all cases of b and B instead of the remaining special
cases b = 1 and B = 1. Comparing with the methods of Liao and Rams, we no
longer treat logaq(x) + - - + log a,(x) as a sum, but as a logarithm of the product
of partial quotients, i.e., log(ai(x) - - ay,(x)). This is the difference between us and
Liao and Rams, and is also the main advantage of our method. The little change
helps to establish powerful results (see Lemmas 2.7 and 2.10) for calculating the
upper bounds of dimyg E(¢)) and dimg E(¢), which is slightly better than that of
Liao and Rams since their proofs of this part heavily rely on b, B > 1, see [17,
p.71& 75]. For the lower bounds of dimyg E(¢)) and dimg E(¢)), we also consider
the product of partial quotients as a whole, and then use Lemma 2.4 to obtain them
by constructing suitable sequences.

Liao and Rams [17] remarked that b < B < 8, and one can construct some
such that the values of b, B and ( are all different. Here we give a concrete example
to show this. For k > 1, let n := 1!+ 2!+ --- + k! and

5k—14n—(1!+3!+-~-+(2k—1)1)31!+3!+~-+(2k—1)!

Nok—1 < N < Nak;
¥(n) = { BEAZH U+ (2R)! gn— (2l (2K))

Nok <N < N2k41-

Then b =3, B =4 and 8 = 15 since

k . k .
(29! (25 + 1) 1

lim Zﬂgiﬁ - lim 27*121731) —1 and lim M - 15.

k=0 Zj:lj! k—a0 Z]‘=1 j' k—oo w(an)

In other words, these three fast Khintchine spectra can be all different, which is
a new phenomenon in continued fractions and in symbolic systems with countably
many symbols, since the multifractal spectra in symbolic systems with finitely many
symbols are always the same when limit is replaced by limsup or liminf, see [2, 3, 4, 9]
more information.

2. PROOF OF THEOREM 1.2

Before proving Theorem 1.2, we first give several useful lemmas. The first result
is due to Luczak [19], see also [14, 20] for general results.

Lemma 2.1 ([19]). Let a,c€ (1,00). Then

n

dimpy {x €(0,1): an(x) = a® ,Yn = 1}

1
c+1’

n

=dimpg {x €(0,1): an(z) = a",im. ne N} =

where “i.m.” denotes “infinitely many”.

Note that the sum log aq(x) +- - - +1og a, (x) is considered as log(a1(z) - - - an(2)),
so we need to study the product of partial quotients. Write I, (x) := a1 (z) - - - an(2).
The following result of II,,(x) is analogous to Lemma 2.1.
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Lemma 2.2. Let a,c€ (1,0). Then
dimy {1‘ € (0,1) : I, (z) = a®",¥n » 1}

1
c+1

=dimpg {x € (0,1) : M, (z) = a* ,im. n e N} =

where “Ym » 1”7 denotes “for sufficiently large n”.

Proof. 1t is sufficient to estimate the lower bound of the Hausdorff dimension of the
first set and the upper bound for the second set. Since II,,(z) = a,(x), by Lemma
2.1, we deduce that

1

c+1°

dimg {x € (0,1) : I, (z) = a*",Yn » 1} >

Let 0 < e < c—1 be fixed. We claim that
{x € (0,1) : I, (z) = a®",im. ne N} c {x € (0,1) :an(z) =a " im. ne N} .
(2.1)

In fact, if there exists N := N(z,¢) € N such that a,(z) < a(*=9)" for all n > N,
then

n c—e)ntl
I, (z) < HN(x)a(C_E)N+1+"'+(C—E) < HN(a:)a( — ,
and hence II,,(z) < a" for sufficiently large n. It follows from (2.1) and Lemma
2.1 that

1
c—e+1’
Letting € — 07, we obtain the desired upper bound. ([

We point out that K (o) = 1/2, see [7, Theorem 1.2] and [12, Theorem 7.1].
However, the following lemma shows that the set of points for which the limsup of
their geometric averages is infinity is also of Hausdorff dimension 1/2.

dimpg {x € (0,1): My(z) = a® ,im. ne N} <

Lemma 2.3. Write
log IT
Iy := {x €(0,1): limsupw = oo} .

n—00 n
Then 1

Proof. For the lower bound, since
I, o {x € (0,1): hy(2) = ", Vn » 1},

by Lemma 2.2, we see that dimy II,, > 1/(c + 1), and so dimy Iy, > 1/2.
For the upper bound, let 0 <& <1 and s := 1/2 + . Choose a sufficiently large
number K > 1 such that
K*® > 2M,
where M, is defined as M, := ijljf(”e). For (o1, ,0,) € N™, the set

I,(o1, - ,0p) = {x €(0,1):ap(z) =0y forall 1 <k < n}

is called a cylinder of order n associated to (o1, - ,0,). It was shown in [13, p. 18]
that I,,(o1,- -+ ,0p) is an interval and its length satisfies
1
(o1, s 00)] < (2.2)

(0—1.‘.0-”)2'
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Denote by H?(-) the s-dimensional Hausdorff measure. Remark that 1, is covered
by

ﬂ U U Iﬂ(ala"' 7Un)7

)t 7071)Ecn(K)

N 1n N(a’l
where C,, (K) is given by C,,(K) := {(01, - ,00) EN" : 01 --- 0, = K"}. By (2.2),

we conclude that

o8]
HS(HOO) < I%H_}O%f Z Z |In(017 T 70—774)‘8
n=N (U],"',O'n)ecn(K)
0 1
< liminf Z Z
1] 1+2
N=% N (v e (i) (T On) T2
0
1 1
< lim inf Z
1] - 1+
N=o =N Ke (171,~~,<7n)EN"( 1on)t
0 n
M,
< liminf =
N—>w neN Ke
S
< lim inf — =0,
N—o0 neN 2”

which implies that dimy II5, < s. Since ¢ is arbitrary, we obtain dimy IT,, < 1/2.
The proof is complete. O

The following result, given by Fan et al. [7, 8], provides a powerful method for
estimating the lower bound of the Hausdorff dimension of certain sets arising in
continued fraction expansions. See Liao and Rams [18] for a general result in the
setting of infinite iterated function systems.

Lemma 2.4 ([7, 8]). Let {s,} be a sequence of real numbers with s, = 1 for all
n=1 and

lim 2=t 1985k _ (2.3)
n—00 n
Write
E({sn}) == {z €(0,1): s, < an(x) < 2s,,Yn > 1}.
Then

_ , log 541 -
dimy E({s,}) = (2 +1 '
imp E({sn}) < TSP g o1 +~-~+log8n)

In what follows, we will calculate the Hausdorff dimensions of E (1) and E(v))
respectively.

2.1. Hausdorff dimension of E(1). Let ¢,¢’ : N — R* be functions. We say
that ¢ is limsup-equivalent to ¢’ if

/
lim sup ') = 1.
now  ©(n)

Similarly, ¢ is said to be liminf-equivalent to ¢’ if limsup is replaced by liminf.
Note that ¢ is liminf-equivalent to ¢’ if and only if ¢’ is limsup-equivalent to .
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Recall that ¢ : N — R* is a function satisfying ¢(n)/n — o0 as n — oo (without
any monotonicity). We will show that () is always non-empty. To this end, we
first give a necessary and sufficient condition for E(1, a) to be non-empty.

Lemma 2.5. E(v) is non-empty if and only if 1 is limsup-equivalent to a non-
decreasing function.

Proof. For the “only if” part, we assume that E(3)) is non-empty. Take x € E(1)),
namely,

1 .
i sup ogai(z)+ - +logay(x) _1,
n— P(n)
and define ¢ : N — R as ¢(n) := logay(z) +---+logan(z) + 1. Then ¢ : N — R*
is non-decreasing and
o 20
imsup ——=

=1,
which means that v is limsup-equivalent to the non-decreasing function ¢.
For the “if” part, we assume that v is limsup-equivalent to a non-decreasing
function ¢ : N — R*. Then
n
lim sup ——= ()

n—ow P(n)

Since ¥ (n)/n — 0 as n — o0, we can find a strictly increasing sequence {ny} such
that for each k£ > 1
M > kQ’ A4

n
Let ap, := k + 1 if ny < n < ngyq1 with the convention ng = 1. Then «,, — o as
n — o0 and

=1 (2.4)

n = ng.

lim logay + -+ + logay,
n—® P(n)
Now define a new function ¢ : N — R* as ¢(n) := @(n) +log(ay - - - ). Then ¢ is
non-decreasing and gg(n)/n — o0 as n — . Define a point z € (0, 1) as

7= [a1,az, - ,an, -] with a, = [e<$(n)*<$(nfl)J7

—0. (2.5)

with the convention qZ(O) = 0. Then a,(Z) = a,, and hence

logaq(z) + - -+ + log a,(z)

lim = =1

n—00 ¢(ﬂ)
sinciqz(n)/n — o0 as n — 0. Combining this with (2.4) and (2.5), we see that
Z € E(¢), and so E(1) is non-empty. O

Lemma 2.6. E(v) is always non-empty.

Proof. By Lemma 2.5, it is sufficient to show that ¢ is limsup-equivalent to a non-
decreasing function. Indeed, let ¢(n) := ming>,{¢’(k)}. Then ¢ is non-decreasing,
¢(n) — o0 as n — o0, ¢(n) < P(n) and so

llrrln_)s;lp Zin; < 1.

In addition, we also obtain a useful observation:

¢(n) #¢(n) = ¢(n) =min{y(k)} = min {(k)} = d(n +1).



We claim that

¢(n) =(n), im.neN.
In fact, if there exists N € N such that ¢(n) # (n), i.e., p(n) < ¢(n) foralln = N,
then

which is in contradiction with the fact that ¢(n) — o0 as n — co. Hence

lim sup :ZEZ; > 1.

Therefore, 1) is limsup-equivalent to the non-decreasing function ¢. O

Now we are ready to give the proof of Theorem 1.2 for the case F(@, which is
divided into two parts: the upper bound and the lower bound of dimyg F(¢)).
Upper bound: For any 0 < ¢ < 1, we have

E() {x € (0,1) : Mp(z) = =™ im ne N} . (2.6)
This leads to study the Hausdorff dimension of the limsup set.
Lemma 2.7. Let A€ (1,00). Write

F(y) = {x € (0,1) : I, (z) = A¥™ im.ne N} .

Then

where b € [1,00] is defined as in Theorem 1.2.

Proof. The proof is divided into three parts: b=1,1 < b < o0 and b = o0.
For the case b = 1, since ¢(n)/n — o0 as n — o0, we get that F() is a subset
of Il,. By Lemma 2.3,

—_

=31

dimyy F() < dimy L, = :
n) < (1 + €)™ for infinitely many

DO =

For any € > 0, by the definition of b, we obtain
n’s, and so

—~

{ac € (0,1): My (z) = A1+ v » 1} c F(3),

It follows from Lemma 2.2 that dimyg F (1)) = 1/(2 + ¢). Letting ¢ — 0%, we get
the desired lower bound.

For the case 1 < b < o0, let 0 < ¢ < b— 1. By the definition of b, we have: (i)
P(n) < (b+ &)™ for infinitely many n’s; (ii) ¥(n) = (b — &)™ for sufficiently large n.
Then

F(y) 2 {x € (0,1) : I, (z) = A" v » 1}

and
Fly) < {x € (0,1): Iy (z) = A®™9" im.ne N} .

Applying Lemma 2.2, we see that

1 1
- <dimgF(¢) < ———.
bret1 S o (¥) b—e+1

Since ¢ is arbitrary, we obtain dimg F(¢) = 1/(b+ 1).
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For the case b = o0, let C' > 1 be large, we have 1(n) = C™ for sufficiently large
n, and so

fx¢)g{ze(0J):Hnuo;=ACT UnJIEN}.

It follows from Lemma 2.2 that dimy F'(¢)) < 1/(C + 1). Letting C' — o0, we get
that dimy F'(¢) = 0. O

Combining (2.6) and Lemma 2.7, we deduce that

— 1
. <1
dimyg E() D1

Lower bound: For the lower bound of dimy E(), Liao and Rams [17, p. 71-74]
only write their proof for the case b > 1, but we remark that their method is indeed
valid for b > 1. We will list the outline of their proof, for the sake of completeness.
For the case b = 00, we have dimy E(¢)) > 0. So we assume that 1 < b < 0.

Let ¢(n) := mings,{t(k)}. As in the proof of Lemma 2.6, we have seen that
¢(n) < 1(n) and ¢ is non-decreasing. Moreover,

lim M

n—w N

Let € > 0 be fixed. Now we define a sequence {B,,},>1 as follows:
By :=e?@ and B, := min {e¢("), BZ’:EI} , Vn = 2.

Then: (i) B, < Bni1 < B2 for all n > 1; (i) B, < e? < %™ for all n > 1;
(iii) B,, = e¥™ for infinitely many n’s. See Liao and Rams [17, p. 72] for the proofs.
Hence

: g BTL-‘rl . log B'n,
limsup ——<b+¢ and limsu = 1. 2.7
e log By, e P(n) 27)
By the definition of B,,, we claim that
log B
lim 22" _ o, (2.8)

n—oo n

In fact, since lim, o ¢(n)/n = o, it follows from the definition of B,, that
log Bn—l

log B
liminf 22" — (b + ¢) - lim inf —2—~"=1

n—o0 n n—o0 n

which means that(2.8) holds. Write

by :=By and b, := Bn ,Vn = 2.
Bn—l
Then b, > 1 and B,, = by - - - b,. By the second equation of (2.7), we have E({b,}) <
E(3), and so dimy E(¢) > dimy E({b,}). Combining this with (2.7), (2.8) and
Lemma 2.4, we deduce that

log by, 41 _1> 1
T bh41+¢e

dimg E(y) = (2 + 1i
iy B(9) < * linj;p logby +--- +logb,

Therefore, dimy E() > 1/(b+ 1) as ¢ is arbitrary.
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2.2. Hausdorff dimension of E(). Being similar to Lemma 2.5, we obtain an
analogous result for E(v).

Lemma 2.8. E(v) is non-empty if and only if 1 is liminf-equivalent to a non-
decreasing function.

Proof. The proof is very similar to that of Lemma 2.5. For the “if” part, we remark
that if ¢ is liminf-equivalent to ¢, then

lim M:

n—ow n

So there is no need to make a modification in constructing the point Z as in the
proof of Lemma 2.5. O

The result of Lemma 2.8 helps to show that E(1)) is non-empty.
Lemma 2.9. E() is always non-empty.

Proof. Let p(n) := maxi<r<n{®(k)}. Then ¢ is non-decreasing and p(n) = ¥ (n),
where the latter implies that

(n)

linniicgf W > 1.
Note that
p(n) #p(n) = ¢n)= max {Y(k)} = max {Y(k)} =p(n—1),

1<k<n 1<k<n—1

so we see that ¢(n) = ¢(n) for infinitely many n’s and then

lim inf M < L

n—o (n)
Therefore, v is liminf-equivalent to the non-decreasing function ¢. By Lemma 2.8,
E(v) is non-empty. O

We are now in a position to calculate the Hausdorff dimension of E(1)). The proof
is divided into two parts: the upper bound and the lower bound of dimy E(¢))
Upper bound: For any 0 < € < 1, we obtain

E) < {a: € (0,1) : I, (z) = e1=%M) yn » 1}.
This leads to study the Hausdorff dimension of the latter set.
Lemma 2.10. Let A€ (1,00). Write

~

Fy) = {m € (0,1): I, (z) = A¥™, Wi » 1}.
Then

1

 B+1’

where B € [1, 0] is defined as in Theorem 1.2.

dimy F(v)

Proof. The proof is very similar to that of Lemma 2.7, so the details are left to
interested readers. See also the proof of Theorem 4.4 of [11]. O
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By Lemma 2.10, we deduce that

1
dimy E(¢) < .
i E() < 57y
Lower bound: For the lower bound of dimy E(v), we point out that the method
of Liao and Rams [17, p.75-78] does not work for the case B = 1. In particular,
they need the following key condition in their proof:
(1) + - v(n)

hnrri 1£f W < 0,
see Lemma 3.2 of [17]. However, it is impossible to be true for the power function
Y(n) = nP with p > 1. We will make a modification of their original proof to
overcome these difficulties.
For the case B = oo, it is easy to see that dimyg E(1)) = 0. Now we assume that
1 < B < o0. For any € > 0, since

log B = lim sup
n—o0
we have ¥(n) < (B + ¢/2)" for sufficiently large n. This implies that, for fixed
JEN,

)

log 1(n)
n

B+¢/2

Y(n)(B +e) " < (B+e/2"(B+ey™ = (B+e) ( e

) — 0 as n — oo.
(2.9)
Let T; = sup;> {cj,k} for all j > 1, where c;j, is defined as

ek 1<k<y;
€.k P (Be) ™ s i

By (2.9), the supremum in the definition of Tj is achieved. Moreover, ¢; 1 = ¢j11.x
for all 1 < k < j and (¢jx)B% = ¢ji1 for all k > j + 1, which yield that
Tj < Tjpr <T]* forall j > 1.

We claim that

o
lim inf = 1. 2.10
=0 1(f) (210
By the definition of T}, we get that T; > ¢; ; = e¥V) for all j > 1, and so
log T
liminf 2877 > 1.
i—o P(j)

For the opposite inequality, let ¢; := min{k > 1 : ¢, = Tj}; that is the smallest
number k for which c;j achieves the supremum in the definition of 7. Then
t; <tj41, and t; — 00 as j — c0. Moreover,

Cit; > Cik, Vi<k< t; and Cjt; = Cjk, Vk > t;. (2.11)
We will show that T, = e?(t3) in the following three cases.

o For t; < j, we see that ¢y, 1, = cj1;, ¢jp = ¢y p for all 1 < k < t; and
cjk > ct; 1 for all k > t;. Combining this with (2.11), we get that

Ct;t; > Ct; k> Vi<k< t] and Ct;t; > Ct; k> Vk > tj,

which gives Ty, = ¢, 4, = e?(t) by the definition of Ty,.
o Fort; =j,wehave T;, =Tj = cj, = ¢, 4, = e¥(ti)
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e For t; > j, we deduce that ¢, = cjp for all 1 < k < j, ¢ =
(cj’k)(BJ’E)H forall j <k <tj and ¢, = (cj,k)(BJ’E)tjﬂ for all k > t¢;.
Combining this with (2.11), we see that

_ B+e)ti—d _ .
Ct;t; = (Cj,tj)( ) > Cjt; > Cjk = Ctj k> Vi<k< Js

_ B+e)ti™d B+e)t=i _ .
Ctjt; = (Cj,tj)( ) = (Cj,k)( ) = Ct;.k> Vji<k<tj

and

Ate)ti™? B+e)ti™d
Ctjt; = (C]}tj)( ) = (Cj,k)( 9) = Ct; k> vk > tj,

which implies that T}, = ¢, ¢+, = e¥(ti),

Then logT, log T;
liminf ~2-J < liminf —o- =1
ime @(g) T ame (t)
and so (2.10) holds.
Define ¢; := T} and
T
n = “ ) Vn =2
c 7"
Thenc, > 1, T, =c¢---¢c, and
1 cee 1
lim inf 28G4T F OB (2.12)
)
by (2.10). Since t(n)/n — o0 as n — o0, we see that
1 ceet 1
lim 2B F OB (2.13)
n—0o0 n
Note that Ty, 1 < T.2*+¢, so we deduce that
1
lim sup 08 Cnt1 <B+e-1l. (2.14)

n—oow logecy +---+logey,

Applying the sequence {c,} to Lemma 2.4, (2.12) implies that E({c,}) is a subset
of E(). In view of (2.13) and (2.14), we conclude that

log ¢yt _1> 1
" B41+¢

dimyg E(¢) = dimpg E({¢,}) = <2 + li?jgp oger T - 4 loge,
Since € is arbitrary, we obtain the desired lower bound.
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