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An irrational number x € (0,1) can be written in a unique way as
a continued fraction

X = = [a1a0a3...],

where a; € N.
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An irrational number x € (0,1) can be written in a unique way as
a continued fraction

X = = [a1a0a3...],

a+...
where a; € N. The Gauss map, T : (0,1] — [0, 1], is defined by

Note that T([aiaz...]) = [a2a3...].
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Figure: Gauss map
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Figure: Gauss map

The Gauss map has infinite entropy and preserves the measure

1 1
A) = d
He(A) Iog2/A1+xX
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Arithmetic Mean

It was essentially observed by Khinchine in 1935 that for Lebesgue
almost every x = [a1, a2, .. .| the arithmetic average of the digits is
infinity:

ap+---+ap

n—o0 n
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Arithmetic Mean

It was essentially observed by Khinchine in 1935 that for Lebesgue
almost every x = [a1, a2, .. .| the arithmetic average of the digits is
infinity:

ap+---+ap

n—o0 n

For o > 1 let

— 00 n

Ala) = {x € (0.1]: lim S L a}
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Arithmetic Mean

It was essentially observed by Khinchine in 1935 that for Lebesgue
almost every x = [a1, a2, .. .| the arithmetic average of the digits is

infinity:
. adi+ - +ap
lim — =00
n—o0 n
For o > 1 let
Ala) = {X € (0,1] : lim S L a}
n—oo n

Theorem (I-Jordan)

The function o — dimy A(a) in (1,00) is real analytic, strictly
increasing and limg,_,o dimy A(a) = 1.
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Power Mean

Let v € (0,1] and

e a\V
Ay (a) = {XE(O, 1]:n||_>n(1>o <1n) :a}
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Power Mean

Let v € (0,1] and
v v\ 1/
N o a; +---+ap _
Ay(a) = {X € (0,1]: n||_>n(1>O (n ) = oz}

Theorem (I-Jordan)

If v € (0,1) then there exists K(v) > 1 such that the function
a — dimy A, (o) is real analytic, strictly increasing in (1, K(7y))
and dimy Ay(a) =1 for a > K(7).
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Power Mean
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Figure: Arithmetic and Weighted Arithmetic means
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Power Mean

If o([a1, a2,...]) = a] then

n—1
al 4 tay i
im =——— = |lim — 0~ (T'x).
n—00 n n—oo N £ 0
1=
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Power Mean

If o([a1, a2,...]) = a] then

n—00 n n—o00 N 4

Y 4 g) R, :
lim At lim 72907(7—/)().
i=0

The shape of oo — dimy(A,(a)) depends on the behaviour of ¢
near zero. More precisely, it depends on whether [ ¢ duc = oo or

[ pyduc < 0.
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Geometric Mean

Khinchine observed in 1935 that for Lebesgue almost every
x = [a1, a2, ...] the geometric average of the digits is:

a+ 1) log a/ log 2
lim /aias- H < ) =K

n—o0 a+t+?2
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Geometric Mean

Khinchine observed in 1935 that for Lebesgue almost every
x = [a1, a2, ...] the geometric average of the digits is:

2+ 1) log a/ log 2
lim /aias- H < ) =K

n—o0 a+t+?2

For o > 1 let

G(a) = {XE (0,1] : nli)rgom:a}
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Geometric Mean

Theorem (Fan, Liao, Wang, Wu, 2009)

The function o — dimy G(«) in (1,00) is real analytic, it has a
unique maximum at K and lim,_,o dimy G(a) = 1/2.
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Geometric Mean

Theorem (Fan, Liao, Wang, Wu, 2009)

The function o — dimy G(«) in (1,00) is real analytic, it has a
unique maximum at K and lim,_,o dimy G(a) = 1/2.

Ok Gl

Figure: Geometric mean
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Geometric Mean

Theorem (I-Jordan)

Godofredo lommi Arithmetic averages and normality in continued fractions



Geometric Mean

Theorem (I-Jordan)

dliig Ecs) %

The above result is related to the Hausdorff dimension at infinity,

: : 1
sup {Ilm supdimgy pin @ pon € M1 and p, — 50} ==

n—o0

It is a measure theoretic version of Good's theorem (1941).
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Speed of approximation

For x =[a1a2...] let pp/qn = [a132...an]. Let

Pn
X — —

Gn

S(a) = {X €(0,1): — lim 1 log

n—oo n

:a},
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Speed of approximation

For x =[a1a2...] let pp/qn = [a132...an]. Let

Pn
x_Pn

Gn

S(a) = {X €(0,1): — lim 1 log

n—oo n

:a},

The function o+ dimy S(a) in (2log(1 + v/5)/2, 00) is real
analytic. It attains a maximum at o = 72 /(6 log 2).

Theorem (Pollicott-Weiss, Kessebohmer-Stratmann)
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Speed of approximation
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Figure: Speed of approximation by rationals

Godofredo lommi Arithmetic averages and normality in continued fractions



Sketch of proof Power Mean result

Recall that ¢, ([a1, a2,...]) = a]. To simplify, we remove the
power 1/7.

ST )
A(a) = {XE(O,l]: |i_>m M:a}

o) n
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Sketch of proof Power Mean result

Recall that ¢, ([a1, a2,...]) = a]. To simplify, we remove the
power 1/7.

T, Y
A(a) = {xe(O,l]: im M:a}

— 00 n
1n—1 ]
= {xe (0,1) : ng@onZ;@V(TX):a}'
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Sketch of proof Power Mean result

Recall that ¢, ([a1, a2,...]) = a]. To simplify, we remove the
power 1/7.

ST )
A(a) = {XE(O,l]: |i_>m M:a}

oo n
1 n—1
_ i & iy
= {x €(0,1): n||_>rrgo nz;gov(T X) a}.
=
Let u be an ergodic G-invariant probability measure and

A1) = | tog | T'ld.

Ol
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Sketch of proof Power Mean result

If u be an ergodic G-invariant probability measure then

Godofredo lommi Arithmetic averages and normality in continued fractions



Sketch of proof Power Mean result

If u be an ergodic G-invariant probability measure then

Q dimy(u) = h(p)/A(1).
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Sketch of proof Power Mean result

If u be an ergodic G-invariant probability measure then

Q dimy(u) = h(p)/A(1).
Q If [pydp = a then u(A,(a)) =1.
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Sketch of proof Power Mean result

If u be an ergodic G-invariant probability measure then

Q dimy(u) = h(p)/A(1).
Q If [pydp = a then u(A,(a)) =1.

dimpy A, (a) = ) :r:c?dic {dimy () : p(Ay(a)) =1, M(p) < oo}
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Sketch of proof Power Mean result

If u be an ergodic G-invariant probability measure then

Q dimy(u) = h(p)/A(1).
Q If [pydp = a then u(A,(a)) =1.

dimp A (a) = sup {dimy(p) : p(Ay(a)) =1, (1) < oo}

1 ergodic
h(p) }
= su —= du = a, AM(u) < ocop.
m ergc[?dic { )‘(M) i (M)
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Sketch of proof Power Mean result

If u be an ergodic G-invariant probability measure then

Q dimy(u) = h(p)/A(1).
Q If [pydp = a then u(A,(a)) =1.

dimp A (a) = sup {dimy(p) : p(Ay(a)) =1, (1) < oo}

1 ergodic
h(p)
= sup S —+: | edup=a,Ap) <oop.
w ergodic { )‘(M) !
Use thermodynamic formalism to find a measure attaining the
supremum. L]
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Sketch of proof Power Mean result

Recall that the pressure of a function v is defined by

P(w)zsup{h(u)+/¢du:u€Mr and /1/1du>oo}.
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Sketch of proof Power Mean result

Recall that the pressure of a function v is defined by

P(w)zsup{h(u)+/¢du:u€Mr and /1/1du>oo}.

Figure: Map t — P(—tlog|T’|)
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Sketch of proof Power Mean result

Study of the function on R? defined by

(9,9) = P(q(py —a) —dlog|T']).
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Sketch of proof Power Mean result

Study of the function on R? defined by

(9,9) = P(q(py —a) —dlog|T']).

Note that, if s1g is an equilibrium measure for the function
q(¢y —a) — dlog|T'| then,

0

(,TqP(q(sov —a) —dlog|T')) = [ pydug — a.
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Sketch of proof Power Mean result

Study of the function on R? defined by

(9,9) = P(q(py —a) —dlog|T']).

Note that, if s1g is an equilibrium measure for the function
q(¢y —a) — dlog|T'| then,

0

a—qP(q(go7 —a)—4log|T')) = [ pydug — .

RENEILS
If 2P(q(y — @) — §log | T'|) = 0 then

pq(Ay(a)) = 1.

A\
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Sketch of proof Power Mean result

If 6 =dimy A,(a) then

o \a‘%-a\\ ~ (Pimg M\N%Hﬂ

Figure: Map q — P(q(¢y — a) —dimy A, () log | T')

Ol
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Sketch of proof Power Mean result

Thus, at the point (gq,dimy A, («)) the pressure P(q,d) is zero
and its derivative w/r to q is also zero.
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Sketch of proof Power Mean result

Thus, at the point (gq,dimy A, («)) the pressure P(q,d) is zero
and its derivative w/r to g is also zero. Therefore,

Q 1g.(Ay(e)) =1
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Sketch of proof Power Mean result

Thus, at the point (gq,dimy A, («)) the pressure P(q,d) is zero
and its derivative w/r to g is also zero. Therefore,

Q 1iga(Ay(a)) =1
Q 0= P(qa,dimy Ay () = h(q,) — dimpy A, (a)A(1q, ) that is

dimpy Ay (a) = hltg.).
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Normal numbers

Definition

A number x € (0,1] is continued fraction normal if the frequency
of appearance of every string of digits (di,...,dn) € N7 in the
expansion x = [a1, a2, ...] is equal to pg([di, ... dnm]), where

[d1, ... dm] = {x € (0,1] : (a1(x), .- ., am(x)) = (d1,. .., dm)}.
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Normal numbers

Definition

A number x € (0,1] is continued fraction normal if the frequency
of appearance of every string of digits (di,...,dn) € N7 in the
expansion x = [a1, a2, ...] is equal to pg([di, ... dnm]), where

[d1, ... dm] = {x € (0,1] : (a1(x), .- ., am(x)) = (d1,. .., dm)}.

Lebesgue almost every point is continued fraction normal.
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Normal numbers

Theorem (Moshchevitin and Shkredov 2003, Airy and Mance 2019)

The number x € (0, 1] is continued normal if and only if the
sequence (Vp)n, With v, = %27:_01 O iy, Is tight in (0,1] and there

exists a constant B > 0 such that for every interval [a, c] C (0,1],

lim sup%# {ief{1,....n}: T(x) € [a, c]} < Bug([a, c]).

n—o0
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Normal numbers

Theorem (Moshchevitin and Shkredov 2003, Airy and Mance 2019)

The number x € (0, 1] is continued normal if and only if the
sequence (Vp)n, With v, = %27:_01 O iy, Is tight in (0,1] and there

exists a constant B > 0 such that for every interval [a, c] C (0,1],

lim sup%# {ief{1,....n}: T(x) € [a, c]} < Bug([a, c]).

n—o0

Example

If x=1[1,2,3,...,n,n+1,...] then (v,) has no convergent
sub-sequence in (0, 1] and the frequency of appearance of every
string is equal to zero.
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Normal numbers

Definition
Let @ € (0,1). A real number x € (0,1] is a—continued fraction
normal if for every string of digits (di, ..., dn) € N™ we have

Tim. %#{i €{L,...,n} (30X s aiim(X)) = (A -+ )}
= apug([di, ... dm])

We denote this set by G(aug)
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Normal numbers

Definition

Let @ € (0,1). A real number x € (0,1] is a—continued fraction
normal if for every string of digits (di, ..., dn) € N™ we have

Tim. %#{i €{L,...,n} (30X s aiim(X)) = (A -+ )}
= apug([di, ... dm])

We denote this set by G(aug)

Construction of such numbers: There exists a sequence of ergodic
measures supported on periodic orbits (v,), that converges to the
measure apg + (1 — a)do.
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Normal numbers

Definition

Let @ € (0,1). A real number x € (0,1] is a—continued fraction
normal if for every string of digits (di, ..., dn) € N™ we have

Tim. %#{i €{L,...,n} (30X s aiim(X)) = (A -+ )}
= apug([di, ... dm])

We denote this set by G(aug)

Construction of such numbers: There exists a sequence of ergodic
measures supported on periodic orbits (v,), that converges to the
measure apg + (1 — a)do.

Theorem (I-Velozo)

If a € (0,1) then dimy G(apcg) = 3.
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Normal numbers

Theorem (Good 1941)

dimp ({X: [a1,a2,...] € (0,1] nirr;oanzoo}) =3
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Theorem (Good 1941)

Mg ({X: [a1,a2,...] € (0,1] : nirr;oanzoo}) :%

Theorem (I-Jordan 2015)
1 n—1 1
i A ! i _ _
dimpy <{x €(0,1]: nhrgonglogﬁ (T'x)| = oo}> =5
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Theorem (Good 1941)

Mg ({X: [a1,a2,...] € (0,1] : nirrgoanzoo}) :%

Theorem (I-Jordan 2015)
1 n—1 1
i A ! i _ _
dimpy <{x €(0,1]: n[}ngonglog]T (T'x)| = oo}> =5

If (1in)n € Mg is such that limp_o [log|T'| dpun = oo then

limsup (dimy pn) <

n—o0 2

Moreover, there exists (vp) s.t. lim,_ oo dimyv, =1/2.

R RRSSS=~ESESSiEwZwww
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Normal numbers

The pressure of the geometric potential satisfies:

oo ift<1/2;

P(—tlog|T'|) =
( el T {finite ift>1/2.
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Normal numbers

Remark

The above results are related to the entropy at infinity. If ® is the
suspension flow over T with roof function log|T'| then Abramov'’s
formula yields,

. h
dlmH/,[/ = hq>(ILL X Leb) = j.log|(/_,{?|d/~1}
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