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© the set up

© (extensive) list of things one could study
© natural extensions
@ admissibility

e entropy
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The set up

Let a1, s € Ryg and write them as a; = pz and ap = % such
1

that aiaz = p, note that p € (0,1] and z € (0, %) to assure

a1 < .
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The set up

Let a1, s € Ryg and write them as a; = pz and ap = % such
that ayao = p, note that p € (0,1] and z € (0, \/Aﬁ) to assure
a1 < ap. We make (aq, ap)-expansions of the form
1
X=———
1

d+ ——

dr + .

with dy, do, ... € {a1, a2}, For such x we write
x =1[0;dq,do,.. ]
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The set up

Let a1, s € Ryg and write them as a; = pz and ap = % such
that ayao = p, note that p € (0,1] and z € (0, \/Aﬁ) to assure
a1 < ap. We make (aq, ap)-expansions of the form

1

X= 1

bt L
dr + .

with dy, do, ... € {a1, a2}, For such x we write
x =[0;di,dy,...]. Let
Roror ={x €R:x=10;d1,do,...],d;i € {a1,az} for all i € N}
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Theorem (Dmytrenko, Kyurchev, Prats’ovytyi 2009)
e ifp< % there exists an interval on which (Lebesgue) almost
all points have uncountably many (au, ap)-expansions.

o if p= 1 there exists an interval on which (Lebesgue) almost
all points have a unique (a1, ap)-expansions.

o ifp> % there exists no interval on which (Lebesgue) almost
all points an (o, ap)-expansions.
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Let Q, = [a, b] with a = 3z(+/p2 + 4p — p) and
b=1z"1p7! ( p?+4p — p).
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Let Qz:[a b] with a = 3z(+/p? + 4p — p) and
b=1z"1p 1<\/p2+4 )Wedeﬁne sz Q, = Q, as

o 1 _apforxe[a(atz1)?
P Loy for x € ((b+ pz)~1, b]
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Let Q, = [a, b] with a = 3z(+/p2 + 4p — p) and
b= iz_lp_1 (x/p2 +4p ) .We define sz Q, = Q, as

o 1 _apforxe[a(atz1)?
P2 —agforxe ((b+pz)~b

[}

Let di(x) = az for x € [a,(a+z"1)7!] and di(x) = oy for
€ ((b+ pz)~1, b]. Furthermore, define d,(x) = di (T7~}(x))
for n > 2. Then for x € €, we have

~—

o ]
C di(x) + T2(x)
_ 1
dh(x) + 1

da(x) + TZ(x)

Ht T T
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Explanation using pictures

13(v7-1) 3(V7-1)

WIN

H(VI3 1) 3(VI3- 1)}

Figure: The three different cases where z=1 and p = %, %, % from left

to right.
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Things of what you could study

@ explore for which parameters you can make the natural
extension of the system
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extension of the system
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@ Diophantine approximation
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e for p < % set of unique expansions
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Things of what you could study

@ explore for which parameters you can make the natural
extension of the system

what about admissibility

Diophantine approximation

entropy

for p < % set of unique expansions

for p > % the Hausdorff dimension of Ry, a,
sums of such sets

are all systems ergodic

regions in parameterspace where the attractor of the
dynamical system is smaller than the interval its define on
for greedy expansions
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Things of what you could study

@ explore for which parameters you can make the natural
extension of the system

what about admissibility

Diophantine approximation

entropy

for p < % set of unique expansions

for p > % the Hausdorff dimension of Ry, a,
sums of such sets

are all systems ergodic

regions in parameterspace where the attractor of the
dynamical system is smaller than the interval its define on
for greedy expansions

@ relations with other expansions
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Natural extensions

Making a non-invertible system into an invertible one by adding
dimensions. Advantages
@ In many cases it is easier to guess the invariant density for
the natural extension (in our case we can show that
1 . . .
1(A) [ (g @xdy is invariant)
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Natural extensions

Making a non-invertible system into an invertible one by adding
dimensions. Advantages

@ In many cases it is easier to guess the invariant density for
the natural extension (in our case we can show that

1(A) [ mdxdy is invariant)

@ From this it is simple to find the invariant density for the
original system (by projecting down to the original
dimension)

@ One can get also other information from the natural
extension (often related to Diophantine approximation)

Challenge: to find the right domain for the system.In our case the
2-dimensional map is given by

7;7Z(Xay) = (TP,Z(X)a T
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Picture of parameterspace

0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5
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Picture of parameterspace
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Movietime

Continued fractions with two non integer digi May 30, 2020 11 /25



Picture of parameterspace

Continued fractions with two non integer digi

0.45 0.5

May 30, 2020

12 /25



p=1/5and z =

Tp.z(Bay)

(39 — V21)

Q=
N[

Ao, oz
Aal 77372(A042 )

VO +V2D \H(E7 - 17vaD)

Figure: The natural extension for p = % and z =4/2+ %
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similar expansions and admissibility

Solving (a+z71)™! = a+ z7! — pz gives that for p < v/5 — 2
we find z = L and ensures that ay is never followed

p+1—+/p?+4p

by a1 in any a1, ap-expansion on the corresponding interval
(note that the left hand side is the discontinuity point and the
right hand side its image under the branch % —ai).
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Solving (a+z71)™! = a+ z7! — pz gives that for p < v/5 — 2
we find z = L and ensures that ay is never followed

p+1—+/p?+4p

by a1 in any a1, ap-expansion on the corresponding interval
(note that the left hand side is the discontinuity point and the
right hand side its image under the branch % —ai).

In general one can show the following

Let O, ,(c) be the quasigreedy expansion of ¢ = (a+z71)~
The set of all possible sequences then is given by

1

{x € {a1,a2}" : 6"(x) < axazay or "(x) > Op,(c) for all € N}.
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similar expansions and admissibility

Solving (a+z71)™! = a+ z7! — pz gives that for p < v/5 — 2
we find z = L and ensures that ay is never followed

p+1—+/p?+4p

by a1 in any a1, ap-expansion on the corresponding interval
(note that the left hand side is the discontinuity point and the
right hand side its image under the branch % —ai).

In general one can show the following

Let O, ,(c) be the quasigreedy expansion of ¢ = (a+z71)71.
The set of all possible sequences then is given by

{x € {a1,a2}" : 6"(x) < axazay or "(x) > Op,(c) for all € N}.
The set of possible expansions for the discontinuity is given by

Q= {xe{0,1}": 0"(x) < axasay or 6"(x) > x for all n € N}.
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Picture of parameterspace
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Picture of parameterspace
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smaller attractors (p = ;)
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smaller attractors (p = Wlo)
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smaller attractors (z =2)

0.04
0.035
0.03
0.025
0.02
0.015

0.01

0.005
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smaller attractors (z = 3)

012
0.1

0.08 -

0.06

0.04

0.02
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entropy
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entropy

0.35 —
0.3 —|
0.25 —|
0.2 —
0.15 —
0.1 —|

0.05 —|
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entropy

=3
o

045 il

0.4 il

035 il

0.3 b
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some of the problems

o admissibility (are there more 'lines’ on which the symbolic
space remains the same)

@ the attractors
@ sums of cantor sets

@ unique expansions
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Thank you for your time
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