N-continued fractions and S-adic sequences

Niels Langeveld
(joint work with Lucia Rossi and Jorg Thuswaldner)

One World Numeration Seminar

September 27, 2022

m

MONTAN
UNIVERSITAT
M LEOBEN B

N-continued fractions and S-adic sequences September 27, 2022



a Greedy NCF-expansions

@ S-adic sequences

© Relation with NCF-expansions
@ Balancedness

© Complexity

@ Non-greedy NCF sequences

N-continued fractions and S-adic sequences September 27, 2022 2/32



Greedy NCF-expansions

1
Let N € Ny>p and Ty : [0,1] —
[0,1] be defined as
N N
Tv(x) == — | =
n(x) ” {XJ
We define di(x) = L%J and 0 2 1 2 1
52 3

dn(x) = di(Tx 1(x)) for n > 2.
Figure: The map T,.

For x € (0,1) we find
N N N

X = dl(X) + TN(X) N dl(X) I N dl(X) n N
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Some basic properties

o Let ([0, 1], B, un, Tn) be a dyn. sys. where B is the Borel
o-algebra and 4 is given by uy(A) = @ Ja N+rx dx.
Then ([0, 1], B, un, Tn) is ergodic and upy is a Ty-invariant
probability measure.

@ The greedy N-continued fraction expansion of x is finite if
and only if x € Q.

@ A number has many NCF-expansions (found by maps such
as Ty, but only one with d;(x) > N when x € (0,1)\Q. For
rational numbers two.

@ A lot of research went into the direction of periodicity of
quadratic irrationals.

@ Another direction of research are other NCF-expansions
generated by different maps.

N-continued fractions and S-adic sequences September 27, 2022



Substitutions and S-adic sequences

o Consider a finite alphabet A and let A* be the set of all
finite words with letters in this alphabet.

@ Amapo: A— A" is called a substitution.

o Extending the domain of ¢ to A* by concatenating images
of each letter allows for iteration.

@ We can iterate over the same substitution or we can change
the substitution in every step (using a directive sequence)
taking them from a set S.

@ We might get a limiting word which we call an S-adic
sequence.
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Our directive sequences

Definition

Let N > 2 and let x = [0; dy, d,.. ]y € [0,1] \ Q.

@ For each n > 1, consider the substitutions

0 — 01N,
@
1—0.
We assign to x the directive sequence oy = (0p)n>1.

@ For each n > 1, consider the dual substitutions

~ {o 01,
Op -

1— oM,

We assign to x the directive sequence oy = (G)n>1.
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Our S-adic sequences
Definition

Let N >2and x =[0;d1, da,...]ny €[0,1] \ Q.
O We define the NCF sequence w(x, N) as the S-adic
sequence of the directive sequence ox = (0p)n>1. The finite

words (o1 0090 --00p(1))p>1 form a nested sequence of
prefixes of w(x, N) and they satisfy

w(x, N) = nILngool ogpo---0ay(l).

@ We define the dual NCF sequence &W(x, N) as the S-adic
sequence of the directive sequence &y = (Gp)n>1. The finite
words (g1 0602 0---00,(0))s>1 form a nested sequence of
prefixes of w(x, N) and they satisfy

w(x,N) = nli)ngo/a\l 0G0 ---00,(0).
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S-adic sequences ‘from above and

below’

A sequence w € A" is an S-adic sequence (or limit sequence) of
the directive sequence o = (0p)p>1 if there exist
w® W@ . e AN such that

W) =w, W =g (W) forall n>1.
Define the words
Yo:=1, X,:=010000---00,(1) forn>1.

the words X,, satisfy the recurrence

Y1 =3%¥N . forn>1. (1)
Analogously, let
fo =1, fl =0, fnﬂ :=010020---00,(0) forn>1.
Then we have that

i1 =0TV o forn>2. (2)
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dn1N
An example 5, 07 0L
1—0.

Let x =[0;7,5,2,4,.. ]>.
Y1=01(1)=0
Yo =01 002(1) = 01(0) = 0712
Y3 = 01 002 003(1) = 01 0 02(0) = 1(0°1%) = (071?)°0?
24 — ((0712)502)2(0712)2

Note that indeed they satisfy the recurrence ¥,11 = LN |
also note that |X4| = 108, these words grow fast. Let

0~ 0,
T {1 — 1N, (3)
Then
w(x, N) = 7(&(x, N)). (4)
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Incidence matrices
The substitutions

0 — 091N, [0 — o091,
On: On:
""l1—o0. "= o
give the following incidence matrices

dp 1 (dy N
() (5 )

They allow you to calculate the amount of zero’s and ones in the
image of a word. For example w = 0111, gives vector (1, 3) then

dy 1\ (1\ _ [dn+3

N 0)\3) N
gives the frequencies for o(w). This is easy to check
o(0111) = 091N 000.
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Incidence matrices and convergents

Let N > 2 and consider the expansion
x = [0;d1, do,...]n € [0,1] \ Q. Define the convergents ¢, = £

forn>1 as
Pn

n

[0 dlad27 . 7df7]N7

and choose p, and g, so that they satisfy the following
recurrence relations:

p-1=1, po=0, pn=dspn-1+ Npp2,

B B B (5)
g-1=0, qo=1, @qn=dngn-1+ Ngp—>.

Then we have x = lim,_o0 %. Set M) = Myy My, - -+ M,,. We

find that
dn dn-1
M1 = .
(.l (pn Pn—l)
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Incidence matrices and convergents

In particular
dn Gn-1) (O dn-1
M = =
L.l (pn pn—l) (1) (pn—1>
This gives us the following

1 0---00,(Ls

lim = lim Pt — & (6)
n—oo |gp0---0 o',,(l)|0 n—00 qp_1

as well as |[X,| = pp—1 + gn—1. We define the frequency of a
letter a € A in the sequence w € AN as

frim lim 1Pl
lpl—o0 [P
provided that the limit, which is taken over the prefixes p of w,
exists. Equation (6) implies that the N-continued fraction
sequence w(x, ) has letter frequencies and the frequency vector
is given by (fo, 1) = (X—Jlrl, XLJrl) .
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Growth rate

For the growth rate of the lengths of the words ¥, we obtain the
formula

im " log(IZ.]) = —2 (A(Tw) +log(M).  (7)

n—oo N
Here h(Tp) is the measure theoretic entropy of the map Ty and
is given by

= 4 2Lip(N + 1) + log(N + 1) log(N)
log (2F)

h(Tn) =

where Lip denotes the dilogarithm function defined by

Liz(X):/o I<1>g_(tt)
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Growth rate

Recall that |X,|1 = pp—1 and |X,]o = gn—1. Then

1 1
A, log(=al) = i, 7 tog(paa + 6na)
1 _
— lim -log (q,,_1 (p" ! +1))
n—00 n dn-1
1
= lim =log(qn).
n—oo n

Thus it remains to show that

Jim < og(an) = 5 (H(Tw) +log(M). (9
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Growth rate

Let
An(x) ={y €10,1] : y =[0; di(x), d2(x), ..., dn(x), .. .In}-

We have 1
Jim ——log (1w (An(x))) = h(Tw) 9)

by using the Shannon-McMillan-Breiman-Chung Theorem and a
Theorem of Kolmogorov and Sinai. Here upy is the absolutely
continuous invariant measure. Since the measure uy and the
Lebesgue measure A are equivalent we have

i~ log (jin(An(x))) = lim ~ log (A(An(x))).

n—oo N n—oo n
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Growth rate

Now, similar to the cylinders of the regular continued fraction, we

have
n —"_ n— n Nn
NBa(x) = BBt Pl 2
Gn+Gn-1  qn|  Gn(qn + Gn-1)
We find
1 1 N7

lim — log (AN(Ap(x = Ilm —log| ——
im0 (A(Bn(x)) = lim log (qn<qn+qn_1)>

1
= log(N) — lim —log(gn(gn + gn-1))

1 n—
= log(N)— lim =log (q% (1 + u))
n—oo N gn

= log(N)— lim glog(qn)

n—oo N

We conclude lim,_, L log(|Za|) = =2 (h(Tn) + log(N)).
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The NCF algorithm and the projective
space

Define P ={[1:x] : 0 <x < 1}. Let x=[1:x] € P and
consider the matrix

Cu(x) = (L%J ’3’) — M.

Then the map
Gy : Pe =P, x— "Cy(x)"1x
is called the linear multiplicative N-continued fraction algorithm.

0 3

Gullt ) = (7w ) 1

il b2
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The NCF algorithm and the projective

space
If x =1[0; d1,da,...]n ¢ Q then we have for each n > 1 that

{6l H00) = “Cu([L: TN = ({#J é)
(5

x = {Cn(x)Gu(x) = *Cn(x) FCn(Gn(X))Ga(x) = ...
= "Cu(x) - (G (%)) G (x)

Iteration yields

and therefore

X = M,, Gn(X) = My, My, Go(X) = --- = M1, G (x).-
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The NCF algorithm and the projective

space
Let x=[1:x] and y = [1 : y] be elements of P—. A natural
extension of the map Gy is given by Gy : P2< — P2<

12 =17

<§) - <tCN%‘)_1 CNO(X)> (;) - [1: - 1

w] . (10)

A natural extension of the map Ty : [0,1] — [0, 1] is given by

Ty :[0,1] x [0, H —[0,1] x [0, H

(x,y) = <TN(X) Ny+[§J> 7o
(0,0) x =0,

with as invariant measure.

(1+X )2

N-continued fractions and S-adic sequences September 27, 2022



Swapping labels?

0 — Q1N 0 — 091
We can relabel o On: N
1—0 1—0
d vet 0—1 N 0— 1N
an e On . Onp .
& "1 1deQN " )12 190

This would give

0 N Pn—1 pn)
M, = s M n] — .
" (1 d,,) (1,n] (qn—l n

0o N N
v, = (1 1) 0=t

Now the incidence matrices can be seen as Mobius
transformations acting like the inverse branches. We chose the
substitutions as it is so that the dual substitutions &, are a
particular instance of S-substitutions for simple Parry numbers.
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Balancedness

Definition (Balanced)

We say that a pair (u, v) of words over the alphabet A is
balanced if |u| = |v| and

—1<|ul;—|v]s <1 foreveryac A

We say that a sequence v € AN is balanced if every pair (u, v) of
factors of v with |u| = |v| is balanced.

Figure: The letter a weights 1 Kg. Other letters weigh nothing.
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C-Balancedness

Definition (Balance)

Given C > 0, we say that a pair (u, v) of words over the alphabet
A'is C-balanced if |u| = |v| and

—C<|uls— vl < C foreveryac A

We say that a sequence v € AY is C-balanced if every pair (u, v)
of factors of v with |u| = |v| is C-balanced. We say that v is
finitely balanced if it is C-balanced for some C > 0.

Figure: Now we are allowed any extra weight between 1 and C Kg.
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Results on Ballancedness upper bound
Theorem (L., Rossi, and Thuswaldner)

Let N > 2 be fixed and set K > N and C = |52y | + 1. If we
set
Wk.n = {[0;d1,db,...]Jn €[0,1]\Q : d, > K for all n > 1}
then the following assertions hold.
@ For all x € Wk y the dual NCF sequence W(x, N) is
C-balanced.
@ For all x € Wk y the NCF sequence w(x, N) is
N - C-balanced.

©
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Results on Ballancedness upper bound

Idea of proof
@ Prove the statement for &(x, N).
@ Prove by contradiction, take the smallest minimal pair (u, v)
of not C-balanced words among all sequences generated by
x € Wk n and find a smaller pair.
@ For the statement w(x, N) use that if &(x, N) is C-balanced
for some C > 0, then w(x, N) is N - C-balanced.

Corollary

Q For all x € [0,1] \ Q we have that &(x, N) is N-balanced.
Furthermore, for every N > 2 there are uncountable many
x € [0,1] \ Q such that @(x, N) is 2-balanced.

Q For all x € [0,1] \ Q we have that w(x, N) is N?-balanced.
Furthermore, for every N > 2 there are uncountable many
x € [0,1] \ Q such that w(x, N) is 2N-balanced.
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Results on Ballancedness lower bound

Theorem (L., Rossi, and Thuswaldner)

Let N > 2 and x € [0,1]\Q. Then the following assertions hold.
Q &(x, N) is not 1-balanced.
Q w(x, N) is not (2N — 1)-balanced.

Corollary
For N =2, for all x € [0,1] \ Q we have
@ W(x, N) is not 1-balanced but it is 2-balanced.
@ w(x, N) is not 3-balanced but it is 4-balanced.
With other words, the bounds are sharp for N = 2.
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Proof of (1)

Let x = [0; di, db, .. .]n and recall
o1 =2hEN (11)
On the one hand we have
T4 = f‘f fé\’
EEENEEENES 25
=3poNot1Te TN P yY

=3PV 2 oh 21y et sV e Yy

(12)

which gives us the factor u = 0972 of &(x, N). On the other
hand we have

,=335y
—yEsNydisy (13)
=0t 10t 1T 2EN TS 1T

giving us the factor v = 1091,
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Complexity
Definition (Factor complexity function)

Given a sequence v € AN over the finite alphabet A and n € N,
set
Ln(v) :={ue€ A" : |u] = n, uis a factor of v}.

Define the factor complexity function p, : N — N as
pu(n) = [La(v)].
Define, for each k > 1, the words

S = Shkgdhlgh T = FN1G,

S=TdEfrwh To=1Vt To=xN s

Define the numbers/tz)<§1<?1</s\2<?2<-~ as
Seo=IS, T=0, T:=|Td (k>1).
Define the numbers thp < s1 < t1 < s < trp < --- as
sk = |Sk| (k>1), tx == | Tkl (k>0).
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Result on complexity
Theorem (L., Rossi, and Thuswaldner)
The factor complexity functions of w = w(x, N) and @ = &(x, N)

satisfy p,(n) < 2n and  pg(n) <2n (n>1).
In particular, they are given by

1, n=20,
(n) 2n, 1<n<N-1,
n)j—
; n+1+ 30 (p+ q)(N—1), te < n < ki1,
2”+1+Z:—1(Pj+qj)( —1)—s, sk<n<t
(14)
and
1, n =20,
pa(n): n—+ 1 + Zk—Z(Pj + qJ)(N - 1)7 /t\kfl <n S g\ka

2n—|—1+2 (pf—i—qj)(N—l)—?k, S < n < t.

(15) |
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Corollaries

Corollary

The topological dynamical systems (X,,,X) and (Xg,X) are
uniquely ergodic.

Definition (Uniform word and letter frequency)

Consider a sequence v = vguy - - - € AN with v; € A. We say that
v has uniform word frequency if for each u € A* there exists
f,(u) € R which does not depend on k such that

q Vi Viktl—1
fim PSR — 1),

and this limit is uniform on k.

Corollary
w(x, N) and &(x, N) have uniform word frequency. Moreover,
this holds for all the elements of X, and X.
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Non-greedy NCF'’s

12

FNNWPHOTOoO N0 O

012345678 9101112

Figure: All possible maps in case N = 12.

N

N .
Td(X) = ; — d gives X = d—|-—7_d(x)
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Remarks

For general NCF sequences we have the following.

@ Suppose (d,) = (d) for some d < N. Then the associated
substitution o is not Pisot, and hence the sequence w(x, N)
is imbalanced, that is, it is not C-balanced for any C > 0.

@ S-adic sequences corresponding to eventually greedy NCF
expansions are finitely balanced.

© For general NCF sequences we also have

o1 o---00n(1)|1

. BT Pn—1 o
nII—)rT;o ‘0’1 0O--+0 O‘n(l)lo o nII—)ngo qn—l =X (16)

but convergence will be slower.

N-continued fractions and S-adic sequences September 27, 2022

31/32



Thank you for your attention!
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