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Regular Continued Fraction (RCF)
For dy € Z, d,, € N,

do +

dy +
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Regular Continued Fraction (RCF)
For dy € Z, d,, € N,

do +

1 ::[do;d17d27"'7dn7"']'
dy +

For x € R, 3{d,} such that

r = [d0§d17d27"‘ 7dTL7" ] (OI’ [d0§d17d27' te 7dn])

Partial quotients: d,(z) := d,
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Regular Continued Fraction (RCF)
For dy € Z, d,, € N,

do +

1 ::[do;d17d27"'7dn7"']'
dy +

For x € R, 3{d,} such that

T = [d0§d17d27"‘ 7dTL7" ] (OI’ [d0§d17d27' o 7dn])
1

Partial quotients: d,(z) := d,

xT

1 1
Gauss map: G(x) = — — {—J , x € (0,1]

do = [x], dn = [1/G" ! (z — do)]
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Regular Continued Fraction (RCF)

x = [do;di,da, -+ ,dy,---] (or [do;di,da, -+ ,dy]).

- I A C))
Principal convergents: ~% = —%—= = [do; d1,d2, -+ ,dn] € Q
a4 ()

p,]f = dnpg—l ‘1‘107}3—2 and %Ij = an§—1 + Cb]j—2

Properties and Examples
@ = € Q < x has exactly two finite RCF expansions

eg t=—lr=[0;1,4 = =[0:1,3,1]
3+T

@ [Euler, Lagrange] x quad. irr. <= its RCF is periodic
S8 — 151,00, 1,00 |

e.g. Golden ratio
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Best Approximations

A Diophantine question:

For a given = € Q and a bounded integer ¢,
which rational p/q minimizes |gx — p|?
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Best Approximations

A Diophantine question:

For a given x € Q and a bounded integer q,
which rational p/q minimizes |gx — p|?

Definition p/q is a best approximation of x if

a
lgz — p| < |bz — a foranyg;‘éZZ st. 0<b<gq.
q

Theorem

For x ¢ Q,

b is a best approximation of z <— P is a principal convergent of z.
q q
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Farey map

U=
N
W=
N[
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Farey map

2 fo<z<i
F 11—z — 2
(z) {I—Tx, ifl<z<i1 1 . 1
1 1
dy + 1 di — 1+ .
ds + do +
2Ty 2Tyt
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Farey map

2 ifo<z<i
F 11—z — 2
(z) {l—_w, ifl<z<1 1 1
@ >
di + ! di—1+ !
1 da + ! 1 dy + !
2Ty 2Tyt
1 1
—
1+ ! dy +
J 1 2Tyt
2+d3_|_...
Fa@)(z) = G(x), di(z) — 1 : the first hitting time of z to [3,1]
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Jump Transformation

Let 7: [0,1] — [0, 1] be a map and E be a subinterval of [0, 1].
The first hitting time of x to E:

ng(z) ;== min{i > 0: T'(x) € E}

Definition: Jump Transformation

We call a map J : [0,1] — [0, 1] the jump transformation associated to T’
w.rt. E if
J(z) = T=@+(g),

The Gauss map G is the jump transformation associated to F' w.r.t. [%, 1].
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2. Even-Integer Continued Fraction
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Even-Integer Continued Fractions (EICF)
For z € (0,1],

xr =

2k + n

2ko + e
2ks + .
where k, € N, n,, € {1, —-1}.

(2ky, ) : EICF partial quotient
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Even-Integer Continued Fractions (EICF)

For x € (0,1],
1
xr =
2k + n
2ko + e
2ks + .

111 1

where k, € N, 5, € {1,—1}. ° 513 2

(2kn,mn) @ EICF partial quotient Figure: Graph of Tgick

1
Teice(z) = ‘5 — 2]4:‘ , where 2k is the nearest even integer of -

1 Teicr 1

___;Ql____ j2k2 +
2ky + - 2k3 + -

2%y + 12
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EICF

odd even even odd
0= {(even odd) or (odd even> < SL2(Z)}
oo-rationals: ©(oo) = {even/odd or odd/even},

1-rationals: ©(1) = {odd/odd}
EICF principal convergent: (pf/qf = 0/1 and p¥/qF = 1/2k)

pE 1
E
qn 2k1+ T
2]{;2 + L
. Tin—1
- 2k,

Py =2knpl 1 +mapl o and ¢ =2kngl )+ mmal s
pE/ql € ©(0)
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Best oo-rational approximations

Definition An oo-rational p/q is a best co-rational approximation of z if

|gx — p| < |bx —a| for any oo-rational a/b # p/qs.t. 0 < b <gq.

Theorem [Short-Walker, 2014]
For x ¢ Q,

p/q is a best oo-rational approximation of x
<= p/q is an EICF principal convergent of x.
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Romik map

T 1
me 0<r<g,
— 1 1 1
1 1
1
0

W=
N[—=
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Romik map

1
ﬁa O§x§§7
Rlz)=q:-2 3i<z<j3,
21 l<gp<i
) 2
1 1
1 >
1 €1
2ky + 2k1 — 2+
Uyt 2 Py + o
2 2ksg + - - - 2 2ksg + - - -
0 % % 1
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Romik map

1
1—2z° O§x§§7
R@)={3;-2 3<z<j
2-1 <2<l
1 1
1 >
1 €1
2ky + 2k1 — 2+
Py + ——> Dy + oo
2 2ksg + - - - 2 2ksg + - - -
1 1
—
1 2+ o Uy + >
0 11 1 —_
3 2 e+ €9 2 2k + - - -
2 2k + - -
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Romik — EICF

Tkicr is the jump transformation associated to R w.r.t. E = [3,1].

Ty 1

[
=
ol
[SIE

Seul Bee Lee (Centro de Giorgi) 0Odd-Odd Continued Fraction February 23, 2021 16 /37



3. Odd-Odd Continued Fraction
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Odd-Odd Continued Fraction (OOCF)

Let E' = [0, 3.

The jump transformation associated to R w.r.t. E':

% z e [k, 2=
(kD oo oky1l
Toocr(r) = b (k4 1) - and Toocr(1) =1.
e s SRECASN b w e md £
(e 1

o
&3
=
N[ =
e
Wi
—
o
&3
=
DOt
ulw
Wl
w00
-
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Invariant measure of Toocr

Define f:[0,1] = [0,1] by f(z) := {72

foToocro f* = Teick.

Theorem [Schweiger, 1982]

dx

— 2

Teicr admits an ergodic absolutely continuous invariant measure

Denote by y = f(z). We have

dx _(1+x)2dy_(1+x)dy_@
1—22  2(1—22) 201—-2) 2y

Thus, Toocr preserves an infinite ergodic absolutely continuous invariant

T
measure —.
T
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OOCF

kxz(k—)l) rc [k—l 2k—1]

F—(htDz’ ko 2k¥1ls

Let T := ToockF. T(.CC) = b (k4 1) b1k and T(l) =1.
e gV DR b o el w U
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OOCF

xz(k—)l) v e [EL, 21
k—(k+1)x> » 2k+11
Let T := ToockF. T(.CC) i WA b1k and T(l) =
oGty 2 € [Bhrr el
I (k—i_l)_mv z €[5, 5
1—x 1 2% k
Tkt ey v € 351 o)
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OOCF

% z € [k, 2=
k—(k+1)z’ E o 2k+1ls
Let T := ToockF. T(.CC) = b (k4 1) b1k and
e s EECASR b el el
1 k=1 2k—1
I (k+1) = o=@y @ € 5% 5i1)
1—z 1 2% k
Tkt ey v € 351 o)
A corresponding continued fraction form is
1
z=1- = [[(alﬂsl)a (CLQ,EQ), """
+ o
a
! 1
9 _
€2
as +
9 _

T(1) =

where a,, € N, €, = +1,(an,en) # (1,—1). ((an,en); partial quotient)
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Partial quotients
Define B(a,e) by B(k+1,-1) := [52, 55=1] and B(k,1) := [5+1, 75].

1

0 1
3

(@ [ (k+1,-1), if T (x) € B(k+1,-1),
mE T (), if T"~1(z) € B(k, 1).

The procedure terminates when 7" (z) = 1.

Prop. Every irrational has a unique infinite OOCF expansion.
February 23, 2021
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Principal Convergents

A principal convergent: (% = _Tl, 2— =1 1 and Zi = Q%Ziﬁl(_:l?)
p 1
— =[(a1,21), (az,€2),+ , (an,en)] =1 —
Qn El
ay +
oy
1
Pn = (QQn +en — 1)pn—l + €n—1Pn—2, e
€
n = (2an +€n — 1)qn—1+ En—1¢n—2. a, + 7"

Then, we have p, /g, € ©(1).
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Principal Convergents

o . (P=1 _ =1 po _ P 2a1+€1—2
A principal convergent: (qTi =70 =1 1 and qi = %}115‘151 )
j2 1
—= = [(a1,e1), (az,€2), -+ , (an,en)] =1 —
qn €1
ai +
. . +
1
Pn = (2an +en — 1)pn—l + €n—1Pn—2, 22— —
€
n = (20% +en — 1)Qn—1 + En—1qn—2. a, + 771,
Then, we have p, /g, € ©(1).
P, 1
A sub-convergent : —*:=1— € O(0)
€
n aj + 1 :
P17 _ e oo L
0 07 qf a1 . En—1
/ ' 1
pn = anPn—1 — Pp—_1> 2 - —
= GpQdpn—1 — q/ -1 an
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f(an,en) = (T’B(an,sn))_l

f(an,sn)(t) =1-
ap +

En
1+¢

f(an,en) is @ linear fractional map corresponding to
A (1 -1 an €n 1 1\ [fapn—1 ap+e,—1
@e) = 1 0)\1 0/)\0 1)\ a an +en

detA(an,sn) ==1

(n p’n)
Adn Q;L

11 Pn-1 Dl
A(a1,€1)A(a2,62) ) ”A(an,sn) ( 1 0> - (q:—l qu)

February 23, 2021 23 /37
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OOCF of 1-rationals
For £ € ©(1), Ins.t. T"(%) = 1.

Prop. Each 1-rational has exactly two finite OOCF expansions which
differ only in the last partial quotient:

{H(a17€1)7 T (an—lagn—l); (k +1, —1)]]
[(a1,e1), -, (ap—1,en—1), (k,1)].

1

o
W=
N
ulee
win
Y

-
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OOCF of oco-rationals
For £ € ©(c0), In s.t. T™ (L) = 0.
1
1
1

—1
2+ —

0=1-

2+
9 _

0 1 1323
3 25314

1

Prop. Any non-zero oo-rational has exactly two infinite OOCF expansions
ending with (2, —1)*.
1 1 1

e.g. 52 1-— 1 =1- 1 = [[(171)7(27'1)00]]
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Finite and Periodic OOCFs

Theorem 1 [Dong Han Kim - L. - Lingmin Liao]

@ finite OOCF <= 1-rational
@ periodic OOCF <> quad. irr. or co-rational
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Finite and Periodic OOCFs

Theorem 1 [Dong Han Kim - L. - Lingmin Liao]

@ finite OOCF <= 1-rational
@ periodic OOCF <> quad. irr. or oco-rational

CF RCF EICF OOCF
_ ) oo-rationals ! _
finite rationals even odd 1-rationals
(S O aven)
periodic || quad. irr L-rationals (249) ! or | so-rationals or
quad. irr quad. irr.

1 [Short-Walker, 2014]
2 [Boca-Merriman, 2018]

Seul Bee Lee (Centro de Giorgi) Odd-Odd Continued Fraction February 23, 2021 26 /37



Finite and Periodic OOCFs

Theorem 1 [Dong Han Kim - L. - Lingmin Liao]

@ finite OOCF <> 1-rational
@ periodic OOCF <> quad. irr. or co-rational

G = Gi(x) == T"(x).

(pi—p;)+piCit1 (gi—q))z—(pi—p})
@—d) e Git1 )]
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Finite and Periodic OOCFs

Theorem 1 [Dong Han Kim - L. - Lingmin Liao]

@ finite OOCF <> 1-rational
@ periodic OOCF <> quad. irr. or oco-rational

G = Gi(x) == T"(x).

(pi—p;)+piCit1 (gi—gqj)z—(pi—p})
= —R—F — . — 2t A Y Tl
@—d) e Git1 )]

(=) x has a periodic OOCF = 3 i < j s.t. (i(x) = (j(x).
(<=) a1x2 +bx+c=0= aZCZZ + 0 +¢; =0
{ai, bs, c; for i > 1} C Z are bounded. Then, 37 < js.t. ¢; = (.

X
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Finite and Periodic OOCFs

Theorem 1 [Dong Han Kim - L. - Lingmin Liao]

@ finite OOCF <> 1-rational
@ periodic OOCF <> quad. irr. or oco-rational

G = Gi(x) == T"(x).

(pi—p;)+piCit1 (gi—gqj)z—(pi—p})
= —R—F — . — 2t A Y Tl
@—d) e Git1 )]

(=) x has a periodic OOCF = 3 i < j s.t. (i(x) = (j(x).
(<=) a1x2 +bx+c=0= aZCZZ + 0 +¢; =0
{ai, bs, c; for i > 1} C Z are bounded. Then, 37 < js.t. ¢; = (.

ce. ‘/52_1:[[(1,1)00]]=1— !

X

1
1+
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Best 1-rational approximations

Definition p/q € O(1) is a best 1-rational approximation of x if

|gz — p| < |bx —a| for any l-rational a/b # p/qs.t. 0 <b<gq.

Theorem [Dong Han Kim - L. - Lingmin Liao]
For z ¢ Q,

best 1-rational approximation <= OOCF principal convergent.
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Ford Circles

Def. A Ford circle C% :

A horocycle based at § € QU {oo}

with Euclidean radius #

Fact. C,/, is tangent to Cy /s

/
@det(p p/) =1
q g
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Ford Circles

Def. A Ford circle C% :

A horocycle based at § € QU {oo}
with Euclidean radius

2b2 -

Fact. C,/, is tangent to Cy /s
det (p pj)
qa g

Ry, /q(z) : the Euclidean radius of the horocycle

< =1

based at x tangent to C,,, //”— \}/q@)
reny
]. 2 \\ //
Rp/q(x) = §|qm — P = :L"

lgz — p| < |bx — a| <= Ry, () < Rypp()
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Theorem 2. [Dong Han Kim - L. - Lingmin Liao]

Best 1-rational approximation <= OOCF principal convergent

Sketch of proof

(<)

oz ¢Q

@ p/q : an OOCF principal
convergent of z

@ a/b: a l-rational s.t. b<gq

° ETS: R, /(7) < Ropp()

(=)

e a/be O(1) : not an OOCF plqg =«

principal convergent of x

@ dnst ¢, <b<quni1

e (' (dashed arc) : a horocycle
based at = tangent to Cy

° RCL/b(‘T) > an/‘]n(x)

a/b



Theorem 2. [Dong Han Kim - L. - Lingmin Liao]

Best 1-rational approximation <= OOCF principal convergent

Sketch of proof

(<)

oz ¢Q

@ p/q : an OOCF principal
convergent of z

@ a/b: a l-rational s.t. b<gq

e ETS: Rp/q(m) < Ra/b(m)

(=)

@ a/be€ O(1) : not an OOCF
principal convergent of x

@ dnst ¢, <b<quni1

e (' (dashed arc) : a horocycle
based at = tangent to Cy

° Ra/b(‘r) > an/‘]n(x)

(0

p/q

1
x

—=4

oo-rational

a/b



Theorem 2. [Dong Han Kim - L. - Lingmin Liao]

Best 1-rational approximation <= OOCF principal convergent

Sketch of proof

(<)

oz ¢Q

@ p/q : an OOCF principal
convergent of z

@ a/b: a l-rational s.t. b<gq

e ETS: Rp/q(m) < Ra/b(m)

(=)

@ a/be€ O(1) : not an OOCF
principal convergent of x

@ dnst ¢, <b<quni1

e (' (dashed arc) : a horocycle
based at = tangent to Cy

° Ra/b(‘r) > an/‘]n(x)

a/b

R /()



Theorem 2. [Dong Han Kim - L. - Lingmin Liao]
Best 1-rational approximation <= OOCF principal convergent

Sketch of proof

(<)

oz ¢Q

@ p/q : an OOCF principal
convergent of z

@ a/b: a l-rational s.t. b<gq

° ETS: R, /(7) < Ropp()

@ a/be€ O(1) : not an OOCF
principal convergent of x

@ dnst ¢, <b<quni1

e (' (dashed arc) : a horocycle
based at = tangent to Cy

b Ra/b(‘r) > an/qn(x)
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Theorem 2. [Dong Han Kim - L. - Lingmin Liao]

Best 1-rational approximation <= OOCF principal convergent

Sketch of proof

(<)

oz ¢Q

@ p/q : an OOCF principal
convergent of z

@ a/b: a l-rational s.t. b<gq

° ETS: R, /(7) < Ropp()

(:) + Q + LI

@ a/be€ O(1) : not an OOCF Pn a 1ol
principal convergent of x an b ‘qnﬂ

o dnst g, <b<gn1 iy

e (' (dashed arc) : a horocycle i

based at = tangent to Cy
° Ra/b(‘r) > an/‘]n(x)



Theorem 2. [Dong Han Kim - L. - Lingmin Liao]

Best 1-rational approximation <= OOCF principal convergent

Sketch of proof

(<)

oz ¢Q

@ p/q : an OOCF principal
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@ a/b: a l-rational s.t. b<gq
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Theorem 2. [Dong Han Kim - L. - Lingmin Liao]

Best 1-rational approximation <= OOCF principal convergent

Sketch of proof

(<)

oz ¢Q

@ p/q : an OOCF principal
convergent of z

@ a/b: a l-rational s.t. b<gq

e ETS: Rp/q(m) < Ra/b(m)

(=)

@ a/be€ O(1) : not an OOCF
principal convergent of x

@ dnst ¢, <b<quni1

e (' (dashed arc) : a horocycle 7
based at = tangent to Cy

b Ra/b(‘r) > an/qn(x)




Theorem 2. [Dong Han Kim - L. - Lingmin Liao]
Best 1-rational approximation <= OOCF principal convergent J

Sketch of proof

(<)

oz ¢Q

@ p/q : an OOCF principal
convergent of x

@ a/b: a l-rational s.t. b<gq

e ETS: Rp/q(:r) < Ra/b(:r)

(=)

@ a/be€ O(1) : not an OOCF
principal convergent of x

@ dnst ¢, <b<quni1

e (' (dashed arc) : a horocycle
based at = tangent to Cy

b Ra/b(x) > an/qn(x)

Seul Bee Lee (Centro de Giorgi) Odd-Odd Continued Fraction February 23, 2021



4. Relation between RCF and OOCF
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Relation between RCF and OOCF

_ 1
(T B(anen) " (2) = flapen) (@) =1— .
an + 1+
T = [O;dl,dQ,--- ,dj,-‘-] S [0,1]
Lemma
The RCF expansion of f(,)(z) is as follows:
[0;27d17d2)"'] if&Zl,azl,
From (@) [0;1,(a—1),1,dy,dg, -] if e=1, a>2,
(a.e)\ T [0; (d1 +2),da, -] if e=—1, a=2,
[0;1,(a—1),(dy +1),d2,---] if e=-1, a>3.
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Relation between RCF and OOCF

The intermediate convergents are the fractions

R .
Pnj pE o +ipk
R ' R - R
qn,j qn—2 + ]qn—l

for 0 <j<d,, n>1,

where pff/qf:2 is a principal convergent.

Theorem [Kim-L.-Liao]
The OOCEF principal convergents of x are intermediate convergents of z. J
Let z = [0;d1,d2, - - -] = [(a1,€1), (a2, €2), - ].

9= far,e1) © flas,ea) @ © Flap,en)
z=g(T"x)) and pp/g =g(1), (1=[0;1])

x and py/qx have the same prefix in their RCF expansions, except for the
last partial quotient of py/qr (by Lemma)

= pr/qx is an intermediate convergent of x.
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Relation between RCF and OOCF

If pft/qft € ©(1), then p?/qf is a best 1-rational approximation.
= pf/ql is an OOCF convergent.

[Keita, 2017] (1) qg,o =gl <qf, < CI?{L{J <-- < qﬁd,,, =qF,
(2) lana, = Pia,| = laie = py| < lgije—py|
<ldpa,-1% = P, -1] < lag12 = pral < lanor — prol
= ’qg—zﬂf —Pr}}—2|‘
o If p? /¢t | € ©(1), then pf’j/qf’j is not an OOCF principal
convergent forany j=1,--- ,d, — 1.

o If pf /gt | € ©(c0), then pﬁj/qﬁj is an OOCF principal
convergent whenever pﬁj/qﬁj €0(1)
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e.g.
x=[0:1,2,3,4,3,7,15,1,292, - -]
= [[(07_1)7 (4a_1)a (1? 1)7 (2a_1)a (1? 1)7 (2a_1)a (9?'1)a (27_1)5 (27_1)7 (2a_1)7"']]

RCF Principal convergents (red: 1-rationals, green: oc-rationals)

0 1 2 7 30 97 709 10732 11441
1010 3 10° 43> 139> 1016 15379 16395
Intermediate convergents

01 1 2 5 7 9 16 23 30 37 67 97 127 224 321 418 515 6

3
1» 1> 20 30 40 7> 100 132 23> 33 43> 532 96° 139> 1822 321’ 460’ 599’ 738> ¥
EICF

12 e 30 127 224 321 418 515
20 3 10° 43> 1827 321 4607 599 738 ¢
OOCF
1 5 9 23 37 97
1 7 13 33 53 139"

1515 2933 4351 5769 7187 8605 10023 11441
21717 42037 62357 82677 102997 123317 143637 16395’
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Thank you for your attention!
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dy—1

[(2,-1) 2 ,(dg +1,1), F(7)] if dyisoddand T € [3,1),
[05d1,da, 7] = S [(2,-1) "= ,(do +2,-1),F(r)] if dyisoddand 7€ [0,1),
51
[(2,-1)2 7', (1,1),G(z)] if dy is even.

dy—1
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