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Regular Continued Fraction
Regular continued fraction of x € R

1
T = ag+ T , ag €Z, a; €N, i > 1.
al + 1
as + 1
o
Gy +
Principal convergents
P, 1
n(z) = ap + i , n € Ny
Qn(z) a4+ —
. 1
az + -+ —
Gn,

P,/Qn — x asn — oo,
P, /Q,’s are the best approximation of x.
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Analytic Small Divisor Problem
Question: When is a holomorphic germ an analytic perturbation of its
linear part?

f(2) = Az + O(2?), where \ = e¥™® 1 € R.
Definition (linearizability)

f s linearizable if 3 a holomorphic germ H(z) = z + O(z?) such that
Hf(0) =0, H;(0) =1and H; ' o f o Hy(z) = Az. We call Hy a
linearization of f.

[Siegel, 1942]
log Qn+1(z) = O(log Qn(z)) = f(2) = €™z 4+ O(2?) is linearizable.

[Brjuno 1965, Yoccoz 1988, 1995]

(e.9]

Z log Qpn+1(x) ~ Every holomorphic germs
Qn(z) f(z) = €™z 4+ O(2?) is linearizable.

n=1

log Qn+1(z)
O < 00

z is said to be a Brjuno number if "> ,



Brjuno Function

®: R\ Q— RU{co} is an even and Z-periodic function satisfying

1 1 1
q)(x):log+z<1><>, 0<z<—.
T T 2

®(x) < co <= x is a Brjuno number.

R; := the radius of convergence of the linearization Hy
R(x) :=infyeg, Ry,

S, = {f(z) = 2™z 4+ O(2?), univalent on the unit disk }
[Yoccoz, 1988, 1995]

If ®(z) = 400, then 3 non-linearizable germ f € S,.

If ®(z) < o0, then R(z) > 0, and

|log R(z) + ®(x)| < C, uniformly.
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Nearest-Integer CF

x €R
r=by+ 5081 ,boEZ,Si:il,biENzg, b +¢e >2
bt o
+ n—1
b +
NICF Principal convergent p"é g bo + =0 =
b1 +
+ En—1
bn
NICF Gauss map A »(z) = || ||, = infrez |2 — 7

= ||zl|z, zi = Af j5(o0)
®(z) = @(x0) = log(1/x0) + 20P(1/20) = log(1/x0) + 2P (21) =

= Y20 @021 - Tno1108(1/20) = ¥,y [gn-120 —pn1 | log gtz hecl

(z) — 3,50 % < C, uniformly.
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Brjuno Function
B :R\ Q — RU{o0} is a Z-periodic function
satisfying

1 1
B(x) =log—+zB (—), 0<z<l.
x x

Gauss map of the regular CF
G(x)=—— —1 € (0,1]
T) = , T ,

ro = — [z], z; = G*(20),
B(z) = B(zg) = Y o001 - - Tn—1 log(1/zy,)
= 350 |Qn- 1200 — Poy| log 15120 =Tonl
B(x) = Y50 % < C, uniformly
B(z) — ®(z) € L™
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T :=log R(z) + ®(x)

Marmi, Moussa and Yoccoz conjectured that T is 1/2-Hélder
continuous.

[Buff-Chéritat, 2006] T has a continuous extension to R.

[Chéritat, 2008] For > % T cannot be n-Hbélder continuous.
[Cheraghi-Chéritat, 2015] T is %—H(‘jlder continuous on the high type
numbers, i.e {x : b,(z) > N for all n} for some N, where b,, is a partial
quotient of NICF.

[Marmi-Moussa-Yoccoz, 1997]

B — @ has a 1/2-Hélder continuous extension to R. J
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Operator and Hélder continuity

O(x) =log(l/x) + x®(1/x) for0 < z < 1/2.

Forv >0,T,f(z) = 2" f(1/z),

{f : measurable, even, Z-periodic function, flio,) € LP((0, ). dp)}
(1 —T1)®(z) = log(1/x) € LP((0, 3), dp)

The spectral radius of T, w.r.t. p-norm < 1 for p > 1.

® is a unique solution of the functional equation.

n-Hélder norm: || f||,, = sup | f| + SUP)<pcy<l W

CE{M/Z} = {f : continuous, ||f, < o}
[Marmi-Moussa-Yoccoz, 1997]

ffeChyforv/2<n<lthen}y’ .,T7f¢€ Cfé{fm
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«a-Continued Fractions
a-CF Gauss map, «a € [0, 1],

, »€(0,a],

where @ = max{a, 1 — a}.

Bule) = 3 avAa(ro)- A1 o) o o
where o = |z — [z + 1 —@]|.
Then & = By3, B = By.
[Marmi-Moussa-Yoccoz, 1997] B — B, € L for a € [1/2,1].
[Luzzi-Marmi-Nakada-Natsui, 2010]
(1) B— B, € L™ for a € (0,1/2).
(2) B(x) — [Bo(x) + Bo(—x)] € L™,
i.e. B(z) < oo iff By(z) < oo and By(—z) < oo.
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By-excess CF

Figure: B(x) — [Bo(z) + Bo(—x)]

Theorem 1 [L.-Marmi]
B(x) — [Bo(z) + Bo(—z)] has a 1/2-Holder continuous extension to R. J

A := By3(x) — [Bo(w) + Bo(—x)] even, Z-periodic,
F(z) = A(z) — 2A(1/z) € C}

[0,1/2]
11/z]—1
=(1—|1/z|x)log(l — [1/z]z) + zlogx + k2=:1 xlog(l — kx)
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Even CF

r €R,
T =dy+ 770771
di + P
dy+ "o+ ———
dp + -
Acven(z) = |2 = 2|5 + 1], z € (0,1].

2|5 + 1] is the nearest even integer of 1/

dme(z) = 125 it has infinite total mass

ECF-Brjuno function
Beyen : R\ Q = RU {0}, even, 2Z-periodic
Beven(x) = IOg% + xBeven (%), O<z<l.
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Even CF

Beven(l') = ano Ierven(QTO) e A’g’v_ml@(i'o) log m, Whel’e
2o = ||z||2z.

Theorem 2 [L.-Marmi]

B() = [ Beuen(z) + 15 B (52 )| € £

Beven,l/(x) = log% + 2" Beven,v (%)

[Rivoal-Seuret "15] F(x, ) = 350 | SRlimket2nikt) oonyerges if

Beyen,1/2(7) < ooand 3 ((zAc(z) - LA 2)Y? < oo
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Best Approximation

p/q is a best approximation of x if
lgz — p| < |bz — al for all % # g, b<gq.

circle rotation:

[Lagrange]
52((3 = ap + —————— is a best approximation of z.
“ur T
L
%9

Any best approximation is one of g:—((‘;)).
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oo-,1-rationals

(3 (4 D)o
é:@u<01 0>®<GL2( )

Each branch of A.,e, is an element of PO as a Mdbius transformation.
H/© has two cusps corresponding to ©.co and 6.1

OH=RU{c0} =0.00U06.1
O.00 = {&uen oddy g — fodd

odd ’ even J? odd

Z 10an+1(95)_|_ Z log Qn+1()

@n(x) Qn(z)
Pp(z) €O0.00 Pn(ic) co.1
Qn(z) Qn(o) €
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Best co-rational Approximation

Definition. p/q € .00 is a best co-rational approximation if
lgz — p| < |bx — a| for all a/b € ©.00, a/b# p/q, b <q.

[Short-Walker °14]
ECF principal convergent 2 "é’”i =by+ —=>——is a best
b+ e nd

bn

oo-rational approximation.
Every best co-rational approximation is zﬂ

Lemma [L.-Marmi]

‘an(w) — Ym0 % < C, uniformly

< C, uniformly

logQni1(z) _ log ge,n+1()
‘Z Pn, (z)) €O.00 Qn (ZL‘) Zn>0 e, n(z)
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Odd-Odd CF

Definition. p/q € ©.1 is a best 1-rational approximation if

lgz — p| < |bx —a| foralla/b € ©.1, a/b# p/q, b<q.

Aoo(l‘) =1"1o Aeven © L(Hf), L(:L') = %_Ti

€2

2— .
¢ €N,e; ==x1, ¢ +e; > 2.

[Kim-L.-Liao ’22]

c2 +

__ Poo,n _ I
- doo,n 1 Cl+€71 for some n.

ESESES RS

_.'. fn
2 +2
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Odd-Odd CF

Boo(x) = ZnZO |QOo,n—1-T0 _poo,n—1| log (\qoo,n—lwo—poo,n_ﬂ

|qO0,n1‘0_poo,n| )’ CL’O ||£L'||22
lo
00(517) 2 Zn>1 gqq::: ;51)( )

Lemma [L.-Marmi] | % - % < C, unif.

Pn (x) n>1
On (x)EG 1

LApo = Aepent, thus

BOO(CU) = (1+H$H2Z)Beven(b(||x”22) M

Theorem 2 [L.-Marmi]

B(z) ~ [Bawen(e) + k2 B,,.., (3fez)] € L.
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e il

m1 +

fn—l

My +

Apa(z) = E _ (2 &J +1)', z € (0,1]

mo+ "+

! ! + ! dx
3logG\G—-14+2 G+1-=
Boiq : R\ Q = RU{o0}, even, 2Z-periodic,

dmegqq =

1 1 :
Byga(x) =log (E) +2Bodd (1 — E) ,0<or<1.?
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Odd CF
Theorem 3 [L.-Marmi]

Byiq — B € L™ and B,qq — B has an 1/2-Hélder continuous extension

to R.
Podd,n __ 1 H
Py e—— ,n > 0is a subsequence of
T .+f"7_1
P Rh+P P P+ P P, P,+ P11 Py

Qo Qo+Q1 QU Qi +Q2  "Qn QutQuit Qi

containing all P, /Q,.

Bodad(z) = X n>0 % < C, uniformly

Todaf(x) = xf(1 —1/z), f: even, 2Z-periodic, LP([0, 1], dmodqd)-
Proposition. [L.-Marmi]
- The spectral radius of T,4q < 1.

-lf f e CEZLH forn >1/2,then 3= - Toad" f € C[lo/’%.
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Thank you for your attention!
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