On a question of Douglass and Ono

Florian Luca

One World Numeration Seminar, November 12, 2024

On a question of Douglass and Ono



Kate Douglass Ken Ono

On a question of Douglass and Ono



Uniform distribution

Definition
A sequence (an)n>1 C [0, 1] is said to be uniformly distributed
(UD) if
< .
lim #n < X: an € (o, f)} =fB—a forall 0<a<p<.
X—o0 X

For a real number x write
x = |x] + {x}, where |x|] €Z and {x} €][0,1).

Definition

A sequence of real numbers is uniformly distributed modulo 1
(UD mod 1), if the sequence of fractional parts {a,} € [0,1) is
uD.

If 7 € R\Q, then nr is UD mod 1. \
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Example

What is the proportion of Fibonacci numbers that start with the
digit2?

Recall that the Fibonacci numbers (F)q>o form the sequence
starting with Fp = 0, F; = 1 and of recurrence

Frnio=Fni1+ F, foral n>0.

We write the Binet formula

F, = 1+\£71—\@>.

(6"~ v"), where (¢,w):z( S

il
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The condition is
2-10"< F,<3-10™.

We take logs and use the Binet formula to get
9" ¥\" m
0g(2-10™) < lo ((1 _() )) < log(3-10™).
8( ) <log N 5 8( )
This is
—1\"
log 2+mlog 10 < nlog ¢—log v/5+log (1 — <¢2> ) < log3+mlog10

Dividing by log 10 and rearranging we get

log2 logv/5 log ¢ log3 logv/5
< —-m< .
Iog10+ Iog10+o(1) =0 <Iog10> m= Iog10+ Iog10+o(1)
log2 log3 Iog\@__
og 10 0.30103..., 0g 10 0477121.. ., og 10 0.34948
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The above inequality means that
a+o0(1)<{nt} < B+ o0(1)
where

log 2 log v/5

o . log 3 log v/5 log ¢
~ log10  log10’

~ log10  log10’ 7—:Iog;10'

Since our 7 is irrational, the example shows that the proportion

IS
~ log3 log2 1
B == 10g10 log10 810 <1+2>‘
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Benford’s law

Definition

We say that a sequence of integers (a,),>1 satisfies the
Benford law in base b > 2 if for every string of digits f written in
base b, we have

. #{n < X : apin base b starts with f}
lim
X—00 X
= logp(f+ 1) —log,f mod 1,

where on the right we interpret f as an integer in base b (that is,
if f="1fi...fr_y has tdigitsin {0,1...,b— 1} with f, £ 0, then

f= fobt_1 aF f1bt_2 + o4 b

On a question of Douglass and Ono



A criterion of Anderson, Rolen, Stoehr

The following criterion appears in a paper of 2011.

Definition
We say that an integer sequence (an),>1 is good if

a(n) ~ b(ne™ as  n— oo,

where the following conditions are satisfied:
(i) There exists some integer h > 1 such that c(n) is
h-differentiable and ¢(")(n) — 0 monotonically for large n.

(i) We have that

lim n|c"(n)| = +oo.
n—-o00

(iii) We have that

(h)
m D" log b(n)

_ ) o
ntos () =0 (D" isthe hderivative).

V.

= = = = =
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Their main result is the following:

Theorem

Good integer sequences abide by Benford’s law in any integer
base b > 2.

Example
Let

pnN)=#{M>X>--- >N >1: M+ -+ X =n}

be the partition function of n. For example, p(3) = 3 since

3, 241, 14+1+4+1.
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It is known that

1 m+/2n/3
nN~——e as n— +oo.
p(n) a3 00
Then

b(n) := 4;\5 and c¢(n) :=m/2n/3.

We take h = 1 and observe that

d(n) =~
Vén
tends to zero monotonically, so (i). Also,
nc'(n) =m\/n/6 — +co0 as n— +oo,
so (ii). Furthermore,

Dlogb(n) _ ~1/n _ 1 (n— +o0)  so0, (iii).

c(n)  x/vén = /n/6




So, we proved the following result.

The partition function p(n) abides Benford’s law in any integer
base b > 2.

There are many other partition functions. One of them is the
plane partition function.

Example
We take

PL(n) = #{(mij) : mij €N, mij > mijyq, Wit j > mij, > mij = N}
i7j

For n = 3, we have

2 1 +1 !
3,2+1,1+1+1,1,1 ,1, so PL(3)=68.
1
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It is known that

(225A7)1/36gC ( s[27 A2

PL(n) ) as n— +oo,

Y A2nmesiEe o 4
where
A=((3) ~1.202056.. ., C:C'(—1):—0.16542...

Douglass, Ono proved in 2024 that (PL(n)),>1 abides Benford’s
law in any integer base b > 2 and set forward the following
effectivity question.

Find N(b, f) such that there is n < N(b, f) with PL(n) starting
with the string f in base b.

The rest of the talk is devoted to this task.
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The case of the partition function

Let t := [log f/log b| + 1 be the number of digits of the string f
in base b.

For the patrtition function p(n) one can take

N(b, f) = exp (2 -10%(t + 12)(log b)2) .

On a question of Douglass and Ono



What do we need?

We need three ingredients:

(i) An estimate with explicit error term for the partition
function.

(i) The Erdds, Koksma, Turan inequality which gives an upper
bound for the discrepancy of a sequence of real numbers
modulo 1.

(iii) A linear in logarithms of algebraic numbers with algebraic
coefficients due to Philippon, Waldschmidt.
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For (i) we use the following result of Lehmer.

Lemma

Let u(n) := §v24n —1. Then the inequality

\/§ w(n) \/§ /0
|p(n) 1 e 123/2 e

holds for all positive integers n.
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Discrepancy

For (ii), we need some further notation and terminology. The
discrepancy of a sequence (b,)N_. of real numbers (not
necessarily distinct) is defined as

Dy = sup #{m < N: {bn} <~} .,
0<y<1 N

From the above definition, we see that the inequality
#{M<N:a<{bm} <p}>(8—a)N—-2NDy (1)

holdsforall0 < a < 8 < 1.
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Lemma

We have

N .
3 g2t

n=1

)

6 4 1
< 4 _
DNS p+-n 2,
h<H

where | x|| is the distance to the nearest integer and H < N is
an arbitrary positive integer.
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The proof of the theorem

We write
f:=bob™ "+ bbby,

where by, ..., b1 € {0,1,...,b—1}, by # 0. We set

f+0.5 by bi_o b1 +0.5
A e R =

Any real number M such that for some integer m > t we have

bm

M= b\ < i )

has the property that its first ¢ digits in base b are
by, b1, ..., bi—1. So, we want to infer that we can take M = p(n)
for an n at most as large as N(b, f).
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By Lehmer’s lemma, the equation holds for M = p(n) provided
that the following two inequalities

‘p(n) - ;fveu(n) < 12n\/§f+5 e, ®)
and
1\576“(”) — b\ < 5:,, (4)
hold. For the first one it suffices that
n> p210 (5)

We look at the second one.
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This can be rewritten as

1

VB ) ) (pmyyt
‘(12” ("X —1 <)\bf+5' (6)
It is implied by
T V3 1

On a question of Douglass and Ono



We evaluate the above in n's of a certain form, namely

n::nj?, anbT—i-j, j:0717"'>N7 (8)

where
T is an integer such that b7 > N2.

We can take
T:=|2logN/logb| + 1.

We also assume that (5) is satisfied for n:= N.
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We put
f(x) :=v1—x.
By Taylor’s formula one gets

"
[o4n2 — \/24n: + n: ,
24n7 —1 =V24n;+1;, where || < S VTaNE'

By the triangular inequality, we then have

—m T Joan? v3

mj log b + 5 24n° — 1+ log (12nj2)\>‘
2 V3

< '—mjlogb—i— \/gﬂnj+log<12njg)\>‘

+

s
12V12N2°
One calculates that it is enough that

—m; < .
i+ log b bt+2
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So, we take the sequence of general term

log <1£{7§/\> Zm
bp, == cpnj+ ——-~ where c¢p:= ,
g b log b b log b

and we need to show that there is
n; € (b*1° N(b, f)),

such that {b,} € I, where

1
l:: <0, W) .

It turns out that the conditions
Dy <1/(4b'*7) and N > 2p3+17

are sufficient.
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So, it suffices that

1 1
< pt+9 < 4pt+7-
But
A N 2rihb,
Du< ZZEZ“' dE ©)
m=1 h<H j=1
Since

2log(n/mo) . [ 2 -
bn,—bn, = Cb(”/*no)*W = Cpf— <Iogb) log <1 + bjr> )

and the second term is small, so one estimates that

o A7 H 6mH
27ih(bn,—bp,) = 2mihCyj+Cpj,  Where !Cn,/|<(|ogb),\,< N
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Hence,

ezwfh(bnj—bno) — eZFithjeChJ — eZWIthj(1 + 77h ) 27thij + 7,]

where
, 127rH
Mkl = [nnjl < —5— N
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So, in the exponential sum we get

N .
Z eZthbnj

J=1

N .
Z 2 ih(bny —brg)

J=1

Il
NE

( g2mihcej | 77;7’/_)

j=1
N N
2mihcyf /
< Do+ >y
j=1 j=1
g2miNhc, _ 4
< m +127H. (1 0)

The first term on the right—hand side in the last line of (22) is in
absolute value at most

1 1 1
- = < .
|sin(mhep)| [ sin(r[hcp[]) = 2][hcp|
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We get

6 log H+ 1 48H(1 + log H)
Dy < 5+ — + )
N="H " mini<pen [ hcp| N

Denoting by ¢, the closest integer to hcy,, we get that
2rh
éh—\/; €h|0gb—\/§7rh

log b
Writing 7 = (—i?)r = —ilog(—1), where i2 = —1, we get that
the right—hand side above is

‘—Eh log b+ <—i\/§h) log(—1)].

The above expression is non-zero by the Gelfond—Schneider
theorem. It is a linear form in logarithms of algebraic numbers
with algebraic coefficients and we need a lower estimate on it.
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We use a linear form in logarithms of Phillipon, Waldschmidt of
1988.
After calculations, we choose

H .= _ logN
= |®P\ 47 10%%10gb ) |-

6N + Hexp(4.6-10**logblog H) 7

< —.
= AN “H
We need that Dy < 1/b™+°. So, we need that

1
bt+9 ’

Then

<

I/~

which gives
769 < H.

which implies that one has to choose N to be at least
exp(4.7 - 10%4(t + 12)(log b)?)
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Next our n; were of the form b” +j for j < N and b” > N2. So,
it suffices to take

| 2logN
7= { log b

J +1=1+9.4-10*(t+12)log b.
With this choice for T, and since our n’s were
”/'2 < (ZbT)2 < bZT—&—Z7
we can take
N(b, f) := exp(2 - 10%°(t + 12)(log b)?),

as promised.
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The plane partition function

One of the key elements from the previous proof fails so we get
a better result.

For the plane partition function PL(n) one can take

NPL(b7 f) _ b51 t+688.

This part will appear in Annals of Combinatorics.
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Let’s follow along the previous proof. The following result is
from a paper of Ono, Pujahari, Rollen of 2022.

Lemma

Let A= ((3) ~ 1.202056..., ¢ = ('(—1) ~ —0.16542.. . ,
u(n) =3 (A/4)'/3n?/3,

Then the inequality

B 1008
PL(n) _ Weu(n) < meﬂ(n)
holds for all n > 105, where

025/26 ¢ A7/26

V12w

v
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We set up the same machine. We write
f=bob"™" +bib' 24+ by,
where bg,...,b;—1 € {0,1,...,b—1}, by # 0. We set

f+05 by bi_> bi_1+05
A::ﬁ:b+b+ +bt—2 pt—1

Any real number M such that for some integer m > t we have

bm

M — b\ < b2

(13)
has the property that its first ¢ digits in base b are

bo, by, ..., bi(_1. So, we want to infer that we can take
M = PL(n) for an n at most as large as Np (b, f).
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For us, this happens if

B b™
n25/36 e " — b\l < pt+5 (14)
and

n> b0, (15)

The first relation above is implied by

Cma 3.272/3A1/3n2/3 _ (25/36) log n + log(B/\) 1
log b bt+7"

(16)
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Again we specialize in numbers of a certain form.
Namely, we take 1 < H < N with H an integer depending on N
to be determined later,

p € [2H, 3H]|
to be prime, q := q(p) to be the smallest prime g > p and
npj =g b +pjp’  for j=0,...,N, (17)

where T is an integer such that b’ > N2.

We can take again T := |2log N/logb| + 1.
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Notice that n, ; are distinct for distinct pairs (p, j). Indeed, if

an' = np/’j/,
then
q3b3T +pij — qISbST +p/j/bT-

If g = ¢, then also p = p’ and the above relation gives us j = J'.
So, we may assume that g # ¢’ and to fix ideas that g > q’. We
then get

(p2+p/2)b3T < (q2 +qq/+q/2)b3T
(qS - q/3)b3T — (p/j/ i ,Oj)bT < plj/bT < 3HNbT7

2. (2H)?P®T <
<

which is of course absurd since b’ > N2.
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We take

3.272BA13nEI% — (25/36) log np, + log(B/A)
log b

. (18)

ny; =

By (16), we need to find N such as to guarantee that there is
J € [1, N] such that
nj > b2t+20

and ]
{an,} < g (19)

On a question of Douglass and Ono



Lemma

The estimate
21 /3A1 /3jp 2
an,; — @nyy = W + Cpyj» where 1ol < A

holds forallj=1,...,N and p € [2H, 3H)] provided
N > max{H, 10}.

The proof follows from Taylor’s formula, as in the case of the
partition function.
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Lemma

Put ¢, := 21/3A1/3 /log b. We then have

87

eth(aan — ol
N

an, o) _ s2mihcy) 2
o) = 2RI -y, With |np | <

forallp € [2H,3H], h € [1,H] andj € [1, N] provided
N > max{H,30}.
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So, for fixed p € [2H, 3H], we take the sequence of general
term a,, ; given by (18) for j=1,..., N and we want to show
that for some p and j < N such that n, ; satisfies (15) we have

{an,;} € J, where
1

Doy < 1/(4b"7).

Then, by (1), the number of j < N for which {a,, ,} € Jis at
least

Assume that

N N N
pt+7  opt+7 =z opt+7”

#JN — 2ND, y > (20)
and this is large enough for

N > b32+38
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So, we go again to the estimate:

N
2rihan,
D,,,N_ ot Z ;e pi | . (21)
With our choices we manipulate the inner sum as
N N

Z errihaan — Z errih(anp,]. 7anp’0 )

j=1 1

~.
Il

Il
NE

( ?riheeio/a 4y h)
-

—.
I

N
21 hep)jj

g2mhevip/a| 4 an,j,h

1 j=1

-

J

eszhcbp/q —1

< “e2rhepla — 4 + 8. (22)
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The above argument assumes that cyhp/q is not an integer.
But if

Cohp/q = Mp,npq
is an integer, then my, 4 ,, 4 is smaller that

cph < (1.34/log b)p < 6H.

Thus,
Cb = Mp h.p,qq/(hP)
is a rational number whose numerator is a divisor of

Mp p.q.ng < 6Hq < BH(2p) < 36H? < (2H)®

for H > 5 and a multiple of g since g > p > 2H > h. In the
above, we used Bertrand’s postulate to conclude that

g < 2p < 6H. Thus, the unlikely case when c,hp/q ends up
being an integer, which in particular implies that ¢, is rational,
can happen for at most two values of g which must be prime
factors larger than 2H of the numerator of ¢, in reduced form.
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The inequality
6 32(logH+1)
Don< G+ ——F—+ h|lhcyp/ql|” 23
N S N ; h|lhcyp/q| &

holds for all p € [2H, 3H] with at most two exceptions provided
5<H< NandN > 30.

There are at most two values of p € [2H, 3H] such that there
exists h € [1, H] with the property that

1

On a question of Douglass and Ono



Assume my, # 0 and my, — cphp/q # 0. We then have
mp < cohp/q +1/(162H%) < 1.94H +1/162 < 2H
(since in fact ¢, < 1.94). Further,

B q L 1
hp | < T62mpre < 8THE ~ 3@RRE (20

Note that hp < 3H? so writing m,q/(hp) = P/Q the inequality

0<

0 P 1
= ’ Q "3
is satisfied. We show that there is at most one p for which the
above inequality is satisfied for some h. Indeed, assume that
p' # p € [2H,3H] is such that the above inequality is also
satisfied with P'/Q' = my q' /(W p') forsome ' € {1,... H}.
Noting that Q, @ € [2H,3H?], it follows that Q < Q2 and
Q@ < @ In particular 2QQ < min{ZQS,ZQ’S}. Thus, we get
PQ — P’Q 2
‘ QQ Q’ a Q‘ a Q 3QQ°

<

Cp| + —Cp| <




So, the last two lemmas show that with at most four exceptions
in p € [2H, 3H] such that inequality (24) holds for some
he{1,...,H}.

Next, note that there are 7(3H) — n(2H) primes in [2H, 3H].
Here, m(x) is the number of primes p < x. Using estimates
from Rosser, Schoenfeld 1962 we have that

3H 5H

m(3H) = m(2H) > {5 @H) T Ziog(2H)

(H > 60).

The above function exceeds 4 for all H > 73. Thus, if H > 73,
there are at least five primes in [2H, 3H] and in particular there
exists a prime p € [2H, 3H] such that inequality (23) holds and
additionally

llcohp/ql| =
holdsforallh=1,... H.

1
162H8
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This gives
6 12H’
Dp,N < ﬁ + N
for H > 73. We choose H := |[N'/8|, and we get

6N+12H8<18 19 19

DoNn="Ng  SH “Hi1 “NF

Of course, we want N > max{b8,738}. Since b > 2, it suffices
that N > b°0. We need that
19 < 1
N1/8 = pi+9°

This works when N > p8i+106
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Recall that our n’s are of the form
n=qgB*" +pb"  for  j=1,...,N.
We want b” > N?, so we take T = 16t + 213. Then
q< 2p <BH < 6N1/8 — 6bt+13.25 < bt+16,

and then

n< 2q3b3T < 2b3t+48+48t+639 < b51 t+688.
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