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A dynamical interpretation

For any 6 € Q°, let Ry: x — x + 6 be the irrational rotation on the
unit circle. Then the set

{6 € Q°: |Ind| < ¢(n) for infinitely many n € N}

can be viewed as a set of parameters {0 : 6 € Q°} of the family of
dynamical systems Ry:

{6 € Q°: ||IR7(0)Il < ¢(n) for infinitely many n € N},
0

where ¢: N — (0, 1] is a positive function.
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Multiplicative case

The set studied in classic multiplicative Diophantine approximation
can be rewritten as the following set

{(0, #) € Q° x Q°: [IRF (0)Il - IIR3(0)Il < ¢(n) for infinitely many n € N}.
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Beta-transformation

Given B > 1, the S-transformation Tg: [0, 1] — [0, 1] is defined by
Ts(x) =pBx —Bx], xe€][0,1].
Rényi (1957): integer base — non-integer base.

Every x € [0, 1] can be represented as

_&(xp)  elxB) elxB)
X = B + ﬁz + + B + ’

where g,(x,8) = [ﬂTéHXJ €{0,1,---, (8]}
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Parry measure

Ts(x) =pBx —Bx), xe][0,1].

Reényi (1957): There exists a unique probability measure vz on
[0, 1] satisfying
vg is Tg-invariant;
vg is equivalent to the Lebesgue measure L.
Moreover, Ty is ergodic with respect to vz and
1- 1 < % < 1

B-dL 1=

T
B
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Parry measure

Gelfond (1959), Parry (1960): Its density is the jump function

where

is the normalizing factor.

Hofbauer (1978): v is the unique measure of maximal entropy.
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Orbits under different g-transformations

Given a point x € (0, 1], its orbits under B-transformations may
have completely different distributions on [0, 1] when g varies.

Blanchard (1989): There is a kind of classification of 8’s according
to the distribution of Og = {TB”1 :neN}):

Og is ultimately zero;

Op is ultimately non-zero periodic;

Og is an infinite set but 0 is not an accumulation point of Og;
0 is an accumulation point of Og but O is not dense in [0, 1];
Ogis dense in [0, 1].
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Corresponding 3-shifts

Information of beta-transformation can be determined by the orbit
of the critical point 1.

Blanchard (1989): the corresponding symbolic dynamical systems
are as follows:

subshift of finite type;
sofic system;
specified system;
synchronizing system;
none of the above.
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Schmeling (1997): For any x € (0, 1],

lim inf||Tﬁ”x|| =0 forL-ae.B>1. (1)
n—oo

Question. What are the quantitative properties of the convergence
speed in (1)?

Let ¢: N — (0, 1] be a positive function. For any x € (0, 1], define

Dx(¢) = {,3 € (1,+00): ITF(X)Nl < ¢(n), i.0. n € N}.
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Metric theoretic results

Persson & Schmeling (2008), Li, Persson, Wang & Wu (2014), etc.

LG & Wu (2016): Dx(¢) is of zero or full Hausdorff dimension
according to

M = —o0 Or not
n

limsup

n—oo

LG & Wu (2020): D1(¢) is of zero or full Lebesgue measure in
(1, 40) according to the series Y’ ¢(n) is convergent or not.

LG, Wang & Wu (arXiv): Dx(¢) is of zero or full Lebesgue measure
in (1, +c0) according to the series ) ¢(n) is convergent or not.
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Multiplicative case

W(e) == {(6.9) € Q° x Q°: IR{(0)II - IRF(O)II < ¢(n). i.0. n € NJ.

Theorem (Gallagher-type theorem)

Let p: N — R™ be a positive decreasing function. Then

0, if  ¢(n)logn < co,

LY(W(e)) = -
Full, if > ¢(n)logn = co.

n=1
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Multiplicative case

Theorem (Jarnik-type theory)

Let p: N — R™ be a positive decreasing function. For any

1<s<2,
I G
H(W(g)) = &
oo, f ;H(T) =00
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Multiplicative case

Let Bad be the set of badly approximable points and let

{(e, #) € Bad x Bad : liminf nl|R}(0)I| - IR}(0)]l = o}.

Theorem (Pollington & Velani, Einsiedler, Katok & Lindenstrauss)

m For any 6 € Bad, there is a subset A of Bad such that for any
¥ € A, the pair (6,9) satisfies Littlewood’s conjecture.

m The exceptional set of Littlewood’s conjecture is of zero
Hausdorff dimension.
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Main results

Lebesgue measure

Let o: N — (0,e™") be a positive function. For any x € (0, 1], let

Mi(¢) = {(a. ) € (1,402 ITZ(X)II- ITF(X)Il < ¢(n), i.0. n € N}.

Theorem 1 (Gallagher-type result)

For any x € (0,1],

¢ 1
) 0, Z:: n)log — 207) < 00,
L5 (My()) = o 1
Full, Z )log — Ol
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Hausdorff measure

Theorem 2 (Jarnik-type result)

Let1 < s < 2 be a real number. For any x € (0, 1],

H*(Mx(¢)) =

oo, If Bs < oo,

{0’ If ﬁszoo,

Bs :sup{ﬁ> 1: i:ﬁ’(%)s_1 < oo}.
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“Bad” set

For any x € (0,1] and € > 0, let
Bad; = {[3 > 1 liminf || T (x)Il > 0}.
n—oo
For any € > 0, let

Mad,(e) := {(a,ﬁ) c (Bad;\Baelg)2 dimint I T2)IMITE (0l = 0}.
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“Bad” set

Let x € (0,1] and € > 0.

m For any 8 € BadS\Bad®, there is a subset A(B) of Bad<\Bad’®
with Hausdorff dimension 1 such that for any @ € A(B),

lim inf n|| 77 ()11 - [ITZ ()1l = 0.
n—.oo

m For any 8 € BadS\Bad®, there is a subset A’(B) of
Bad\Bad’® with Hausdorff dimension 1 such that for any

a e A(B),

lim inf A€ T3 Gl - T3 (x)1| > 0.
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Lebesgue measure

Mi(¢) = {(a.8) € (1,402 ITZ(X)II - ITF(X)Il < ¢(n), i.0. n € N}.

Theorem 1 (Gallagher-type result)

For any x € (0,1],

- 1
: 0, Z:: n)log — 207) < oo,
L5 (My(¢)) = o 1
Full, Z )log — Ol
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Decomposition

ga1(x.B)  &(x.B) | &)
g T e

X =

Let
e(x,B) :=e1(x,.B)e2(x,B) - .

Forany n e N, let

Qn(x) ={e1(x.8) - &n(x.B): B> 1}.

For any u, v € Qn(x), let

(u) =1{B>1:e1(x,B)--en(x,8) = u} and I(u,v) = I(u) x I(v).
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Decomposition

Forany N € NN, let 8y be the unique positive solution of the

equation
6x 1

E—F’W,

where
5 — 0, ifxe(0,1);
X1, ifx=1.
Itis clearthat Sy \y 1 as N — oo and

e(x,Bn) = 6,0N10%,
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Decomposition

Let ay be a positive integer large enough. Let
Uay = {u € Qqy(x): ux 5,0N10av N2y,

It is easy to check that

(o = Utpcsor = ) U
N=1 U

Fix N € N and u, v € Ug,. We will estimate the measure

L2(I(u, v) N My(p)).
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Convergent part

Forany n e N, let

Mo (¢) = {(@.8) € (1, +00): ITZCI - ITF()N < ()]
Then

My (¢) N I(u, v) ﬁO @) N l(u,v)).

m=1n=m

Let N e N and u,v € U,,. Forany n € N large enough, we have

L2(Mo() N I(uv)) <<( (n)log —os + =2 ) £2(1(u.v)).
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Sketch of the proof

Convergent part

Lemma 2

For any n > ay and o, € Qn(x) with olay = U, ¢lay = v, the
measure of the set

I(o: 51 ¢) = {(.B) € I(0.6): ITZCI - ITF (Il < (n))

satisfies
£2((e.5:4) < vln)log s - (8te)) " (E(<))

where f3(o) is the left end point of (o).
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Divergent part

Let
My(¢) = {(a. ) € (1,+00)?: TI(x) - TH(x) < @(n), i.0. n € NJ.
It suffices to show that for any u, v € U, with N large,
L2 (Mx() 0 I(u, v)) = L3(I(u, v)).

This will be achieved by Knopp’s lemma if for any m > ay and
w, T € Qm(x) with wlg, = U, Tlgy =V,

L2 (My(p) N I(w. 7)) 2 pL2(I(w, 7)),

where p is an absolute constant depending only on u, v and x.
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Divergent part

Fix m > ay and w, 7 € Qm(x) with wia, = u, 7la, = Vv.

For every large I, let
Bi(w,7) = {(0:6) € MX)XN(X): el = Wyl =7, Bl # 0%, S # 0},

and

Fwre) = | {@peles): Tx) - Thx) <l

(0.5)€B(w,T)

where
N(x) = o e Qu(x): {Tix: pelo)} =1[0.1)}.
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Divergent part

Proposition 1

For every large I, we have

22 (Fiw i) = e(Dlog =z - L(1(w,))

Proposition 2

For every large n and | > n + K, we have

12 (I?n(W’ 7, 0) N Fi(W, 7; <p))

1 o (= 5 (=
< m.ﬁ (Fn(W,T; SD))-E (F[(W,T; ()0))’
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Divergent part

Lemma 3 (Chung-Erdés inequality)

Let (X, ¥ ,u) be a probability space and {E,}n>1 be a sequence of
measurable sets. If 3,51 u(En) = +oo, then

. . (Z1<i<nﬂ(Ei))2
limsup E,) > limsu == .
2 e ) e L1<ijen H(Ei N Ej)

L2 (mx(go) N I(w, T)) > L2 (Iim sup Fi(w, 7; go)) > pL2(I(w, 7).

|—00
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Hausdorff measure

Theorem 2 (Jarnik-type result)

Let1 < s < 2 be a real number. For any x € (0, 1],

HE (Mi(p)) =

oo, If Bs < oo,

{o, if Bs= oo,

Bs :sup{ﬁ> 1: i:ﬁ’(%)s_1 < oo}.
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The first part: B = +o0

We show that for any N large and u, v € U,,,
HE(My(o) N I(u, v)) =

Note that

My(¢) N I(u,v) = ﬂU | L wrg).

m=an n=m weQn(x),WIaN:U TEQn(X)»ﬂaN:V

We only consider the cover of one of its subset

Tw.7i9) = {(a.8) € (W, 1) : TI(x) - T(x) < ¢(n)}.
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The first part: B = +o0

Denote
Th = (Je(n)(B(u)"2(B(v)) 2.

Divide the set I(w, 7; ¢) into several parts as follows:

I; can be covered by 220=1) squares with side length 2'~/T),.
I! can be covered by 22(-1) squares with side length 217 ,.
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The second part: 85 < o0

Proposition 3

If Bs < oo, then HS~" (EX(¢)) = oo, Where

Ex(¢) = {,8 € (1,+00): T (x) < ¢(n) for infinitely many n € N}.

(1,00) x Ex(¢) € My(g).
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Hausdorff dimension

Corollary 1

Letyp: N — (0,e™") be a positive function. For any x € (0, 1],

1, if k() = —oo,

dim; My () = { 2, if k(p)>-c0

where dimy denotes the Hausdorff dimension and

(¢) = limsup n™" log ¢(n).

n—oo
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“Bad” set

Let x € (0,1] and € > 0.

m For any 8 € BadS\Bad®, there is a subset A(B) of Bad<\Bad’®
with Hausdorff dimension 1 such that for any @ € A(B),

lim inf n|| 77 ()11 - [ITZ ()1l = 0.
n—.oo

m For any 8 € BadS\Bad®, there is a subset A’(B) of
Bad\Bad’® with Hausdorff dimension 1 such that for any

a e A(B),

lim inf A€ T3 Gl - T3 (x)1| > 0.
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Characterization of “Bad” set

Let x € (0, 1] be fixed. For any 8> 1 and n € N, let

In(x.B) = max{k >0: enp1(X,8) =0, ,enik(x,8) = 0}’
and
In(x,8) = max {k >0: ent1(x,B8) = g?‘(tﬂ)’... censk(X.B8) = 8Z(1’ﬁ)}’

where £*(1,8) := £](1,8)&,(1.8) - - - is the quasi-greedy expansion
of 1in base 8. It is clear that

AT < T3 (x) <A and 0 <1 - T3 (x) < h0h),
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Characterization of “Bad” set

Proposition 4

Let e > 0 be a real number. For any 8 € (1, +0),

Iimiorolf nTg(x) > 0 &= limsup(ln(x, ) — €logg n) < +o0;

n—oo

liminf(1 - T7(x)) > 0 & limsup ;(x. ) < +oo.
n—oo

n—oo
As a direct consequence, we have
(1) B € Bad® if and only if
limsup In(x,8) < +c0 and limsup I5(x,8) < +oo;

n—oo n—oo
(2) B < Bad, if
lim sup(ln(x,ﬁ) = elogﬁ n) < 4o and limsup I:(X,ﬁ) < +o00.

n—oo n—oo
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Strategy for the first part

m Since 8 ¢ BadS, we can choose a largely sparse sequence of
positive integers {mj};~o such that

lim [T (x)ll = 0.
]—)00
m Then, we collect those parameters a > 1 such that among the

digit sequence &(x, @), a zero block of length e log,, m; follows
at the position m for all j > 0, which implies that

ms- Ty (x) < 1.

If furthermore, £*(1, @) can be avoided for a long run in
e(x, @), we will have

a € Bad¢ \ Bad? and liminf n 77 ()1l - 15 (Il = O
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Strategy for the second part

m Choose a largely sparse sequence of positive integers {mj}»o
satisfying forall j>1and mj<n<m;+j

" €
max {In(x. ). y(x. B)} < = logs m;
so that
nPITE(x)I > 1.

m Collect those parameters a > 1 such that among &(x, @), a
zero block of length j (< 5 log,, mj) follows at the position m; for
all j > 1, which implies that for all m; < n < m; +j,

n®- T2(x) - IT0ON = n2T2(x) - "I TR (x|l > 1.
If furthermore, T7(x) is large for all other integers n € N and
£*(1, @) can be avoided for a long run in &(x, a), we will have

a € BadS \ Bad® and liminfn€||T?(x)||- IT?(x)|| > O.
X X N— 00 @ B
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Sketch of the proof

Thanks for your attention!
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