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A dynamical interpretation

For any θ ∈ Qc , let Rθ : x 7→ x + θ be the irrational rotation on the
unit circle. Then the set

{θ ∈ Qc : ‖nθ‖ < ϕ(n) for infinitely many n ∈ N}

can be viewed as a set of parameters {θ : θ ∈ Qc} of the family of
dynamical systems Rθ:

{θ ∈ Qc : ‖Rn
θ (0)‖ < ϕ(n) for infinitely many n ∈ N},

where ϕ : N→ (0, 1] is a positive function.
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Multiplicative case

The set studied in classic multiplicative Diophantine approximation
can be rewritten as the following set{
(θ, ϑ) ∈ Qc × Qc : ‖Rn

θ (0)‖ · ‖Rn
ϑ(0)‖ < ϕ(n) for infinitely many n ∈ N

}
.
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Beta-transformation

Given β > 1, the β-transformation Tβ : [0, 1]→ [0, 1] is defined by

Tβ(x) = βx − bβxc, x ∈ [0, 1].

Rényi (1957): integer base −→ non-integer base.

Every x ∈ [0, 1] can be represented as

x =
ε1(x, β)

β
+
ε2(x, β)

β2 + · · ·+
εn(x, β)

βn + · · · ,

where εn(x, β) = bβTn−1
β xc ∈ {0, 1, · · · , bβc}.
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Parry measure

Tβ(x) = βx − bβxc, x ∈ [0, 1].

Rényi (1957): There exists a unique probability measure νβ on
[0, 1] satisfying

1 νβ is Tβ-invariant;

2 νβ is equivalent to the Lebesgue measure L.

Moreover, Tβ is ergodic with respect to νβ and

1 −
1
β
≤

dνβ
dL
≤

1

1 − 1
β

.
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Parry measure

Gelfond (1959), Parry (1960): Its density is the jump function

hβ(x) = Θ(β)
∑

x<Tn
β 1

1
βn , x ∈ [0, 1],

where

Θ(β) =

∫ 1

0

 ∑
x<Tn

β 1

1
βn

 dx

is the normalizing factor.

Hofbauer (1978): νβ is the unique measure of maximal entropy.
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Orbits under different β-transformations

Given a point x ∈ (0, 1], its orbits under β-transformations may
have completely different distributions on [0, 1] when β varies.

Blanchard (1989): There is a kind of classification of β’s according
to the distribution of Oβ = {Tn

β 1 : n ∈ N}:

1 Oβ is ultimately zero;

2 Oβ is ultimately non-zero periodic;

3 Oβ is an infinite set but 0 is not an accumulation point of Oβ;

4 0 is an accumulation point of Oβ but Oβ is not dense in [0, 1];

5 Oβ is dense in [0, 1].
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Corresponding β-shifts

Information of beta-transformation can be determined by the orbit
of the critical point 1.

Blanchard (1989): the corresponding symbolic dynamical systems
are as follows:

1 subshift of finite type;

2 sofic system;

3 specified system;

4 synchronizing system;

5 none of the above.
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Diophantine analysis in the parameter space

Schmeling (1997): For any x ∈ (0, 1],

lim inf
n→∞

‖Tn
β x‖ = 0 for L-a.e. β > 1. (1)

Question. What are the quantitative properties of the convergence
speed in (1)?

Let ϕ : N→ (0, 1] be a positive function. For any x ∈ (0, 1], define

Dx(ϕ) =
{
β ∈ (1,+∞) : ‖Tn

β (x)‖ < ϕ(n), i.o. n ∈ N
}
.
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Metric theoretic results

Persson & Schmeling (2008), Li, Persson, Wang & Wu (2014), etc.

Lü & Wu (2016): Dx(ϕ) is of zero or full Hausdorff dimension
according to

lim sup
n→∞

logϕ(n)

n
= −∞ or not.

Lü & Wu (2020): D1(ϕ) is of zero or full Lebesgue measure in
(1,+∞) according to the series

∑
ϕ(n) is convergent or not.

Lü, Wang & Wu (arXiv): Dx(ϕ) is of zero or full Lebesgue measure
in (1,+∞) according to the series

∑
ϕ(n) is convergent or not.

Fan Lü ( lvfan1123@163.com ) Multiplicative Diophantine approximation in the parameter space



Outline
Introduction
Main results

Sketch of the proof

Classic Diophantine approximation
Beta-dynamical system
Diophantine analysis for beta-transformation
Multiplicative Diophantine approximation

Multiplicative Diophantine approximation
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Multiplicative case

W(ϕ) :=
{
(θ, ϑ) ∈ Qc × Qc : ‖Rn

θ (0)‖ · ‖Rn
ϑ(0)‖ < ϕ(n), i.o. n ∈ N

}
.

Theorem (Gallagher-type theorem)

Let ϕ : N→ R+ be a positive decreasing function. Then

L2(W(ϕ)) =


0, if

∞∑
n=1

ϕ(n)log n < ∞,

Full, if
∞∑

n=1

ϕ(n)log n = ∞.
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Multiplicative case

Theorem (Jarnı́k-type theory)

Let ϕ : N→ R+ be a positive decreasing function. For any
1 < s < 2,

Hs(W(ϕ)) =


0, if

∞∑
n=1

n
(
ϕ(n)

n

)s−1

< ∞,

∞, if
∞∑

n=1

n
(
ϕ(n)

n

)s−1

= ∞.
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Multiplicative case

Let Bad be the set of badly approximable points and let{
(θ, ϑ) ∈ Bad × Bad : lim inf

n→∞
n‖Rn

θ (0)‖ · ‖Rn
ϑ(0)‖ = 0

}
.

Theorem (Pollington & Velani, Einsiedler, Katok & Lindenstrauss)

For any θ ∈ Bad, there is a subset A of Bad such that for any
ϑ ∈ A, the pair (θ, ϑ) satisfies Littlewood’s conjecture.

The exceptional set of Littlewood’s conjecture is of zero
Hausdorff dimension.
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Lebesgue measure

Let ϕ : N→ (0, e−1) be a positive function. For any x ∈ (0, 1], let

Mx(ϕ) =
{
(α, β) ∈ (1,+∞)2 : ‖Tn

α(x)‖ · ‖Tn
β (x)‖ < ϕ(n), i.o. n ∈ N

}
.

Theorem 1 (Gallagher-type result)

For any x ∈ (0, 1],

L2(Mx(ϕ)) =


0, if

∞∑
n=1

ϕ(n) log
1

ϕ(n)
< ∞,

Full, if
∞∑

n=1

ϕ(n) log
1

ϕ(n)
= ∞.
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Hausdorff measure

Theorem 2 (Jarnı́k-type result)

Let 1 ≤ s < 2 be a real number. For any x ∈ (0, 1],

Hs(Mx(ϕ)) =

 0, if βs = ∞,

∞, if βs < ∞,

where

βs = sup

β > 1 :
∞∑

n=1

βn
(
ϕ(n)

βn

)s−1

< ∞

 .
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“Bad” set

For any x ∈ (0, 1] and ε ≥ 0, let

Badεx =
{
β > 1 : lim inf

n→∞
nε‖Tn

β (x)‖ > 0
}
.

For any ε > 0, let

Madx(ε) :=
{
(α, β) ∈

(
Badεx\Bad0

x

)2
: lim inf

n→∞
nε‖Tn

α(x)‖·‖Tn
β (x)‖ = 0

}
.
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“Bad” set

Theorem 3

Let x ∈ (0, 1] and ε > 0.

For any β ∈ Badεx\Bad0
x , there is a subset A(β) of Badεx\Bad0

x
with Hausdorff dimension 1 such that for any α ∈ A(β),

lim inf
n→∞

nε‖Tn
α(x)‖ · ‖Tn

β (x)‖ = 0.

For any β ∈ Badεx\Bad0
x , there is a subset A ′(β) of

Badεx\Bad0
x with Hausdorff dimension 1 such that for any

α ∈ A ′(β),
lim inf
n→∞

nε‖Tn
α(x)‖ · ‖Tn

β (x)‖ > 0.
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Lebesgue measure

Mx(ϕ) =
{
(α, β) ∈ (1,+∞)2 : ‖Tn

α(x)‖ · ‖Tn
β (x)‖ < ϕ(n), i.o. n ∈ N

}
.

Theorem 1 (Gallagher-type result)

For any x ∈ (0, 1],

L2(Mx(ϕ)) =


0, if

∞∑
n=1

ϕ(n) log
1

ϕ(n)
< ∞,

Full, if
∞∑

n=1

ϕ(n) log
1

ϕ(n)
= ∞.

Fan Lü ( lvfan1123@163.com ) Multiplicative Diophantine approximation in the parameter space



Outline
Introduction
Main results

Sketch of the proof

Lebesgue measure
Hausdorff measure
“Bad” set

Decomposition

x =
ε1(x, β)

β
+
ε2(x, β)

β2 + · · ·+
εn(x, β)

βn + · · · .

Let
ε(x, β) := ε1(x, β)ε2(x, β) · · · .

For any n ∈ N, let

Ωn(x) =
{
ε1(x, β) · · · εn(x, β) : β > 1

}
.

For any u, v ∈ Ωn(x), let

I(u) =
{
β > 1 : ε1(x, β) · · · εn(x, β) = u

}
and I(u, v) = I(u) × I(v).
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Decomposition

For any N ∈ N, let βN be the unique positive solution of the
equation

x =
δx

β
+

1
βN+2

,

where

δx =

{
0, if x ∈ (0, 1);
1, if x = 1.

It is clear that βN ↘ 1 as N → ∞ and

ε(x, βN) = δx0N10∞.
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Decomposition

Let aN be a positive integer large enough. Let

UaN = {u ∈ ΩaN (x) : u � δx0N10aN−N−2}.

It is easy to check that

(1,+∞)2 =
∞⋃

N=1

[βN ,+∞)2 =
∞⋃

N=1

⋃
u,v∈UaN

I(u, v).

Fix N ∈ N and u, v ∈ UaN . We will estimate the measure

L2(I(u, v) ∩Mx(ϕ)).

Fan Lü ( lvfan1123@163.com ) Multiplicative Diophantine approximation in the parameter space



Outline
Introduction
Main results

Sketch of the proof

Lebesgue measure
Hausdorff measure
“Bad” set

Convergent part

For any n ∈ N, let

Mn(ϕ) =
{
(α, β) ∈ (1,+∞)2 : ‖Tn

α(x)‖ · ‖Tn
β (x)‖ < ϕ(n)

}
Then

Mx(ϕ) ∩ I(u, v) =
∞⋂

m=1

∞⋃
n=m

(Mn(ϕ) ∩ I(u, v)).

Lemma 1

Let N ∈ N and u, v ∈ UaN . For any n ∈ N large enough, we have

L2(Mn(ϕ) ∩ I(u, v)) �

(
ϕ(n) log

1
ϕ(n)

+
18
n2

)
· L2(I(u, v)).
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Convergent part

Lemma 2

For any n ≥ aN and %, ς ∈ Ωn(x) with %|aN = u, ς|aN = v, the
measure of the set

I(%, ς;ϕ) =
{
(α, β) ∈ I(%, ς) : ‖Tn

α(x)‖ · ‖Tn
β (x)‖ < ϕ(n)

}
satisfies

L2(I(%, ς;ϕ)) � ϕ(n) log
1

ϕ(n)
·

(
β(%)

)−n(
β(ς)

)−n
,

where β(%) is the left end point of I(%).
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Divergent part

Let

M̃x(ϕ) =
{
(α, β) ∈ (1,+∞)2 : Tn

α(x) · Tn
β (x) < ϕ(n), i.o. n ∈ N

}
.

It suffices to show that for any u, v ∈ UaN with N large,

L2
(
M̃x(ϕ) ∩ I(u, v)

)
= L2(I(u, v)).

This will be achieved by Knopp’s lemma if for any m ≥ aN and
w, τ ∈ Ωm(x) with w |aN = u, τ|aN = v,

L2
(
M̃x(ϕ) ∩ I(w, τ)

)
≥ ρL2(I(w, τ)),

where ρ is an absolute constant depending only on u, v and x.
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Divergent part

Fix m ≥ aN and w, τ ∈ Ωm(x) with w |aN = u, τ|aN = v.

For every large l, let

Bl(w, τ) =
{
(%, ς) ∈ Λl(x)×Λl(x) : %|m = w, ς|m = τ,←−% |K , 0K ,←−ς |K , 0K

}
,

and

F̃l(w, τ;ϕ) =
⋃

(%,ς)∈Bl(w,τ)

{
(α, β) ∈ I(%, ς) : T l

α(x) · T l
β(x) < ϕ(l)

}
,

where
Λl(x) =

{
% ∈ Ωl(x) :

{
T l
βx : β ∈ I(%)

}
= [0, 1)

}
.
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Divergent part

Proposition 1

For every large l, we have

L2
(
F̃l(w, τ;ϕ)

)
� ϕ(l) log

1
ϕ(l)

· L2(I(w, τ)),

Proposition 2

For every large n and l ≥ n + K, we have

L2
(
F̃n(w, τ;ϕ) ∩ F̃l(w, τ;ϕ)

)
�

1
L2(I(w, τ))

L2
(
F̃n(w, τ;ϕ)

)
L2

(
F̃l(w, τ;ϕ)

)
,
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Divergent part

Lemma 3 (Chung-Erdös inequality)

Let (X ,F , µ) be a probability space and {En}n≥1 be a sequence of
measurable sets. If

∑
n≥1 µ(En) = +∞, then

µ(lim sup
n→∞

En) ≥ lim sup
n→∞

(
∑

1≤i≤n µ(Ei))2∑
1≤i,j≤n µ(Ei ∩ Ej)

.

L2
(
M̃x(ϕ) ∩ I(w, τ)

)
≥ L2

(
lim sup

l→∞
F̃l(w, τ;ϕ)

)
≥ ρL2(I(w, τ)).
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Hausdorff measure
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Hausdorff measure

Theorem 2 (Jarnı́k-type result)

Let 1 ≤ s < 2 be a real number. For any x ∈ (0, 1],

Hs(Mx(ϕ)) =

 0, if βs = ∞,

∞, if βs < ∞,

where

βs = sup

β > 1 :
∞∑

n=1

βn
(
ϕ(n)

βn

)s−1

< ∞

 .
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The first part: βs = +∞

We show that for any N large and u, v ∈ UaN ,

Hs(Mx(ϕ) ∩ I(u, v)) = 0.

Note that

Mx(ϕ) ∩ I(u, v) =
∞⋂

m=aN

∞⋃
n=m

⋃
w∈Ωn(x),w |aN =u

⋃
τ∈Ωn(x),τ|aN =v

I(w, τ;ϕ).

We only consider the cover of one of its subset

Ĩ(w, τ;ϕ) =
{
(α, β) ∈ I(w, τ) : Tn

α(x) · Tn
β (x) < ϕ(n)

}
.
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The first part: βs = +∞

Denote
Υn �

√
ϕ(n)(β(u))−n/2(β(v))−n/2.

Divide the set Ĩ(w, τ;ϕ) into several parts as follows:

I0 =
{
(α, β) ∈ Ĩ(w, τ;ϕ) : α − β(w) ≤ Υn, β − β(τ) ≤ Υn

}
,

Ii =
{
(α, β) ∈ Ĩ(w, τ;ϕ) : 2i−1Υn < α − β(w) ≤ 2iΥn

}
,

I′j =
{
(α, β) ∈ Ĩ(w, τ;ϕ) : 2j−1Υn < β − β(τ) ≤ 2jΥn

}
.

Ii can be covered by 22(i−1) squares with side length 21−iΥn.
I′j can be covered by 22(j−1) squares with side length 21−jΥn.
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The second part: βs < +∞

Proposition 3

If βs < ∞, then Hs−1
(
Ẽx(ϕ)

)
= ∞, where

Ẽx(ϕ) =
{
β ∈ (1,+∞) : Tn

β (x) < ϕ(n) for infinitely many n ∈ N
}
.

(1,∞) × Ẽx(ϕ) ⊂ Mx(ϕ).
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Hausdorff dimension

Corollary 1

Let ϕ : N→ (0, e−1) be a positive function. For any x ∈ (0, 1],

dimH Mx(ϕ) =

 1, if κ(ϕ) = −∞,

2, if κ(ϕ) > −∞,

where dimH denotes the Hausdorff dimension and

κ(ϕ) = lim sup
n→∞

n−1 logϕ(n).
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“Bad” set

Theorem 3

Let x ∈ (0, 1] and ε > 0.

For any β ∈ Badεx\Bad0
x , there is a subset A(β) of Badεx\Bad0

x
with Hausdorff dimension 1 such that for any α ∈ A(β),

lim inf
n→∞

nε‖Tn
α(x)‖ · ‖Tn

β (x)‖ = 0.

For any β ∈ Badεx\Bad0
x , there is a subset A ′(β) of

Badεx\Bad0
x with Hausdorff dimension 1 such that for any

α ∈ A ′(β),
lim inf
n→∞

nε‖Tn
α(x)‖ · ‖Tn

β (x)‖ > 0.
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Characterization of “Bad” set

Let x ∈ (0, 1] be fixed. For any β > 1 and n ∈ N, let

ln(x, β) = max
{
k ≥ 0 : εn+1(x, β) = 0, · · · , εn+k (x, β) = 0

}
,

and

l∗n(x, β) = max
{
k ≥ 0 : εn+1(x, β) = ε∗1(1, β), · · · , εn+k (x, β) = ε∗k (1, β)

}
,

where ε∗(1, β) := ε∗1(1, β)ε∗2(1, β) · · · is the quasi-greedy expansion
of 1 in base β. It is clear that

β−ln(x,β)−1 ≤ Tn
β (x) < β−ln(x,β) and 0 < 1 − Tn

β (x) ≤ β−l∗n(x,β).
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Characterization of “Bad” set
Proposition 4

Let ε ≥ 0 be a real number. For any β ∈ (1,+∞),

lim inf
n→∞

nεTn
β (x) > 0⇐⇒ lim sup

n→∞
(ln(x, β) − ε logβ n) < +∞;

lim inf
n→∞

(
1 − Tn

β (x)
)
> 0⇐⇒ lim sup

n→∞
l∗n(x, β) < +∞.

As a direct consequence, we have

(1) β ∈ Bad0
x if and only if

lim sup
n→∞

ln(x, β) < +∞ and lim sup
n→∞

l∗n(x, β) < +∞;

(2) β ∈ Badεx if

lim sup
n→∞

(ln(x, β) − ε logβ n) < +∞ and lim sup
n→∞

l∗n(x, β) < +∞.

Fan Lü ( lvfan1123@163.com ) Multiplicative Diophantine approximation in the parameter space



Outline
Introduction
Main results

Sketch of the proof

Lebesgue measure
Hausdorff measure
“Bad” set

Strategy for the first part

Since β < Bad0
x , we can choose a largely sparse sequence of

positive integers {mj}j≥0 such that

lim
j→∞
‖Tmj

β (x)‖ = 0.

Then, we collect those parameters α > 1 such that among the
digit sequence ε(x, α), a zero block of length ε logα mj follows
at the position mj for all j ≥ 0, which implies that

mε
j · T

mj
α (x) � 1.

If furthermore, ε∗(1, α) can be avoided for a long run in
ε(x, α), we will have

α ∈ Badεx \ Bad0
x and lim inf

n→∞
nε‖Tn

α(x)‖ · ‖Tn
β (x)‖ = 0.
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Strategy for the second part
Choose a largely sparse sequence of positive integers {mj}j≥0

satisfying for all j ≥ 1 and mj ≤ n < mj + j

max
{
ln(x, β), l∗n(x, β)

}
≤
ε

2
logβ mj

so that
nε/2‖Tn

β (x)‖ � 1.

Collect those parameters α > 1 such that among ε(x, α), a
zero block of length j (≤ ε

2 logα mj) follows at the position mj for
all j ≥ 1, which implies that for all mj ≤ n < mj + j,

nε · Tn
α(x) · ‖Tn

β (x)‖ = nε/2Tn
α(x) · nε/2‖Tn

β (x)‖ � 1.

If furthermore, Tn
α(x) is large for all other integers n ∈ N and

ε∗(1, α) can be avoided for a long run in ε(x, α), we will have

α ∈ Badεx \ Bad0
x and lim inf

n→∞
nε‖Tn

α(x)‖ · ‖Tn
β (x)‖ > 0.
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Thanks for your attention!
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