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Analogies
Symbolic Geometric

Sequences (Words) Tilings

The product topology 
 on 𝒜ℕ

Tiling metric

Shift σ Translation by x ∈ ℝd

Subshift X = {σn(w) ∣ n ∈ ℕ} Continuous hull 
 X𝒯 = {𝒯 + x ∣ x ∈ ℝd}



The definition of tilings

<latexit sha1_base64="bIoabaUMu3tZUIDuWKDYKTQo8T4="></latexit>

a patch=a collection P of tiles such that

<latexit sha1_base64="JqhQPTdZHWKTQM9oxJlLxZnFIYQ="></latexit>

a tile: S ⇢ Rd, compact, non-empty, S�� = S

<latexit sha1_base64="mu6ztIE7GVlRJf80Rv9d2tW4eMk="></latexit>

sometimes with a label (S, l)

<latexit sha1_base64="eqe43RqHaP4nHKUNIPVpjeBZ3jE="></latexit>

S, T 2 P, S 6= T ) S� \ T � = ;



The definition of tiling

<latexit sha1_base64="7rwU8M7uTSPQs6jvQth/0V8ppkU="></latexit>

TB = ([0, 1]2, B) =

<latexit sha1_base64="xJgMK94U7+To8oo1pgr4AT4Wluw="></latexit>

TW = ([0, 1]2,W ) =

Example

<latexit sha1_base64="bIoabaUMu3tZUIDuWKDYKTQo8T4="></latexit>

a patch=a collection P of tiles such that

<latexit sha1_base64="JqhQPTdZHWKTQM9oxJlLxZnFIYQ="></latexit>

a tile: S ⇢ Rd, compact, non-empty, S�� = S
<latexit sha1_base64="mu6ztIE7GVlRJf80Rv9d2tW4eMk="></latexit>

sometimes with a label (S, l)
<latexit sha1_base64="eqe43RqHaP4nHKUNIPVpjeBZ3jE="></latexit>

S, T 2 P, S 6= T ) S� \ T � = ;



The definition of tilings
<latexit sha1_base64="5iXPvRk5ftaSMTC18j8syxPd77E="></latexit>

a tiling=a patch T such that the union of supports of the tiles in T is Rd

<latexit sha1_base64="IElxEBGba1rn4+1/4Bv+Q/Vw2FY="></latexit>

T = {TW + (n,m) | n+m odd} [ {TB + (n,m) | n+m even}
<latexit sha1_base64="wtm8qli+dKYd07PxZmy/bMYDNk0="></latexit>

crystallographic, i.e. T + (n,m) = T for n+m even



A construction of non-periodic tilings
<latexit sha1_base64="0SZHBxICsJ2ziigABSJuvE8vtdk="></latexit>

interest: non-periodic but “ordered” tiling

<latexit sha1_base64="g1QCxtHnGq3HaUd9VT+EiBWKoSU="></latexit>

T + x = T only for x = 0

<latexit sha1_base64="T9KjXYcfW3wIGxvmmRVT+HNUNqA="></latexit>

construction: via
<latexit sha1_base64="XK3kN3IZNoF574UpELqVf+yEejo="></latexit>

a substitution rule



≈

The tiling metric



Analogies
Symbolic Geometric

Sequences (Words) Tilings

The product topology 
 on 𝒜ℕ

Tiling metric

Shift σ Translation by x ∈ ℝd

Subshift X = {σn(w) ∣ n ∈ ℕ} Continuous hull 
 X𝒯 = {𝒯 + x ∣ x ∈ ℝd}



Tiling dynamical systems
Continuous hull 

 X𝒯 = {𝒯 + x ∣ x ∈ ℝd}

 acts on  via translation:ℝd X𝒯

X𝒯 × ℝd ∋ (𝒮, x) ↦ 𝒮 + x ∈ X𝒯

Often there is one and only one invariant Borel probability measure μ



Tiling dynamical systems
 acts on  via translation:ℝd X𝒯

X𝒯 × ℝd ∋ (𝒮, x) ↦ 𝒮 + x ∈ X𝒯

Often there is one and only one invariant Borel probability measure μ

We say  has pure discrete dynamical spectrum if there exists a complete 
orthonormal basis for  consisting of eigenfunctions for Koopman 
operators 

𝒯

L2(μ)

Ux : f ↦ f( ⋅ − x)



Main question
Decide which non-periodic tiling has pure discrete dynamical spectrum.



A construction of non-periodic tilings
<latexit sha1_base64="XK3kN3IZNoF574UpELqVf+yEejo="></latexit>

a substitution rule
<latexit sha1_base64="khiEDgTjZBfJiUX18PkA+AM/6e0="></latexit>

=a recipe for “expanding and subdividing”
<latexit sha1_base64="MhAB7VsaShYJ9379RS+ZgFwGZhk="></latexit>

A: a finite set of tiles (the alphabet)
<latexit sha1_base64="FSWgbrH5A+xjyUV/+rFjNwsvsHE="></latexit>

⇢: the rule of expanding P 2 A and then subdivide it

Example
<latexit sha1_base64="hqHrYY94xhBG1D3NW++TjOQYbjk="></latexit>

⌧ =
1 +

p
5

2

<latexit sha1_base64="KR/NpMpnM4EvkR/1BDZkafRTOLQ="></latexit>

:expansion factor
<latexit sha1_base64="gbac0WTSEGRmPIRcikttmyak0T4="></latexit>

(� = ⌧ ⇥ identity)
<latexit sha1_base64="9FYVXsuIaF+SmYr6FfztSZ3Bc8M="></latexit>

A = {[0, ⌧ ], [0, 1]}
<latexit sha1_base64="cOa1ET1oeDLEkF7ZdmwOxspeghs="></latexit>

⇢F (T1) = {T1, T2 + ⌧}
<latexit sha1_base64="RrUb+iA5MtA4f4pwUrwjUdVrzrU="></latexit>

⇢F (T2) = {T1}

<latexit sha1_base64="DeRBqz2+IMNLAzGuM37N4DjNAdQ="></latexit>=

<latexit sha1_base64="kncZ5fKQCGv6v1z9W1OgAdQG8nU="></latexit>

T1
<latexit sha1_base64="AgAEJvanDYR7pCDEc508alyWGGI="></latexit>

T2

<latexit sha1_base64="TA9MD4lmOwdUraTX5uf+egoXpC0="></latexit>

� : Rd ! Rd (the expansion map)
<latexit sha1_base64="Cxx2RBvdp4Yi3fZO2zhDbH2pM9Q="></latexit>

a linear map s.t. �: eigenvalue) |�| > 1



A construction of non-periodic tilings
Example

<latexit sha1_base64="hqHrYY94xhBG1D3NW++TjOQYbjk="></latexit>

⌧ =
1 +

p
5

2

<latexit sha1_base64="KR/NpMpnM4EvkR/1BDZkafRTOLQ="></latexit>

:expansion factor
<latexit sha1_base64="cOa1ET1oeDLEkF7ZdmwOxspeghs="></latexit>

⇢F (T1) = {T1, T2 + ⌧}
<latexit sha1_base64="RrUb+iA5MtA4f4pwUrwjUdVrzrU="></latexit>

⇢F (T2) = {T1}
<latexit sha1_base64="oJKlezqlTTXNWc5Ee/nO2n2pWDg="></latexit>

T1

<latexit sha1_base64="k4a4DZji0UTzXi5VO0yJd1HnMwU="></latexit>

0
<latexit sha1_base64="lYK5kXGTdnspR5ryNGIlZDuOF+U="></latexit>⌧

<latexit sha1_base64="3BDkfONNIeBG9h6Ne1fM0p1F518="></latexit>

expand by ⌧
<latexit sha1_base64="k4a4DZji0UTzXi5VO0yJd1HnMwU="></latexit>

0
<latexit sha1_base64="1Tmg09rs/3uBxxcK3NYOBBBt+k8="></latexit>

⌧2

<latexit sha1_base64="Yz1YKagNbaE5U3kihw1HXKTZrJU="></latexit>

subdivide

<latexit sha1_base64="k4a4DZji0UTzXi5VO0yJd1HnMwU="></latexit>

0
<latexit sha1_base64="lYK5kXGTdnspR5ryNGIlZDuOF+U="></latexit>⌧ <latexit sha1_base64="lTDf9j/Tbpsy5/xyIDsEMcN147Q="></latexit>

⌧ + 1

<latexit sha1_base64="oJKlezqlTTXNWc5Ee/nO2n2pWDg="></latexit>

T1
<latexit sha1_base64="3B27NwqjDVQMpxWYvjHnVUqbE/g="></latexit>

T2 + ⌧
<latexit sha1_base64="voHGAHaJbTgYEAPY5i4SUQYRLcQ="></latexit>

⇢F (T1)

<latexit sha1_base64="k4a4DZji0UTzXi5VO0yJd1HnMwU="></latexit>

0
<latexit sha1_base64="1xCJZR8ruti5nZmIpggtyTTirk8="></latexit>

1

<latexit sha1_base64="k5P+4PoiyjaRY6wFqhKOkCWDyco="></latexit>

T2
<latexit sha1_base64="3BDkfONNIeBG9h6Ne1fM0p1F518="></latexit>

expand by ⌧
<latexit sha1_base64="lYK5kXGTdnspR5ryNGIlZDuOF+U="></latexit>⌧<latexit sha1_base64="k4a4DZji0UTzXi5VO0yJd1HnMwU="></latexit>

0

<latexit sha1_base64="oJKlezqlTTXNWc5Ee/nO2n2pWDg="></latexit>

T1 <latexit sha1_base64="xyJ3lUdVyT763qXbMDjpKBq/f3A="></latexit>

⇢F (T2)

<latexit sha1_base64="9FYVXsuIaF+SmYr6FfztSZ3Bc8M="></latexit>

A = {[0, ⌧ ], [0, 1]}

<latexit sha1_base64="AgAEJvanDYR7pCDEc508alyWGGI="></latexit>

T2
<latexit sha1_base64="kncZ5fKQCGv6v1z9W1OgAdQG8nU="></latexit>

T1



A construction of non-periodic tilings
Example 2

<latexit sha1_base64="Ilv5GCzTwQ2c3LiGxh8aQynTX90="></latexit>

A = {([0, 1]2, B), ([0, 1]2,W )}
<latexit sha1_base64="ffpumzFB3oBaUZZLLq2gvH/5Jhw="></latexit>

� =

✓
4 0
0 3

◆



A construction of non-periodic tilings
Example 3

𝒜 = { }

ρ :



A construction of non-periodic tilings
In general,  is a map that sends a proto-tile  to a patch ρ P ∈ 𝒜 ρ(P)

We can iterate  to obtain ρ ρn(P), n = 1,2,…



A construction of non-periodic tilings

<latexit sha1_base64="oJKlezqlTTXNWc5Ee/nO2n2pWDg="></latexit>

T1

<latexit sha1_base64="b6f3kYjrZTvDq9S5hqAR0ft3rvE="></latexit>⇢F
<latexit sha1_base64="oJKlezqlTTXNWc5Ee/nO2n2pWDg="></latexit>

T1
<latexit sha1_base64="k5P+4PoiyjaRY6wFqhKOkCWDyco="></latexit>

T2
<latexit sha1_base64="oJKlezqlTTXNWc5Ee/nO2n2pWDg="></latexit>

T1

<latexit sha1_base64="b6f3kYjrZTvDq9S5hqAR0ft3rvE="></latexit>⇢F
<latexit sha1_base64="oJKlezqlTTXNWc5Ee/nO2n2pWDg="></latexit>

T1
<latexit sha1_base64="k5P+4PoiyjaRY6wFqhKOkCWDyco="></latexit>

T2
<latexit sha1_base64="oJKlezqlTTXNWc5Ee/nO2n2pWDg="></latexit>

T1
<latexit sha1_base64="oJKlezqlTTXNWc5Ee/nO2n2pWDg="></latexit>

T1
<latexit sha1_base64="k5P+4PoiyjaRY6wFqhKOkCWDyco="></latexit>

T2

<latexit sha1_base64="LiyPKZRf+4UV4J4Px8yunnXks+c="></latexit>

0

<latexit sha1_base64="b6f3kYjrZTvDq9S5hqAR0ft3rvE="></latexit>⇢F
<latexit sha1_base64="EEIa/YPZIawqH4JI9WZsj4bmBgY="></latexit>...

<latexit sha1_base64="Kkv1sdyUA8qdanRSRdSo8KB7YPI="></latexit>

limit:
<latexit sha1_base64="/l4bX5tjKvn/ftEzbBSnrpssnwE="></latexit>

a self-similar or self-a�ne tiling

<latexit sha1_base64="k5P+4PoiyjaRY6wFqhKOkCWDyco="></latexit>

T2

<latexit sha1_base64="oJKlezqlTTXNWc5Ee/nO2n2pWDg="></latexit>

T1

<latexit sha1_base64="oJKlezqlTTXNWc5Ee/nO2n2pWDg="></latexit>

T1

<latexit sha1_base64="siow3PafXsbey12Z9vjiwMcQtd8="></latexit>

given a substitution rule (A,�, ⇢), we can “iterate” ⇢ <latexit sha1_base64="cOa1ET1oeDLEkF7ZdmwOxspeghs="></latexit>

⇢F (T1) = {T1, T2 + ⌧}
<latexit sha1_base64="RrUb+iA5MtA4f4pwUrwjUdVrzrU="></latexit>

⇢F (T2) = {T1}



A construction of non-periodic tilings
<latexit sha1_base64="ZokDidb+xLtCTqP7rn2gaEDYzC8="></latexit>

T = lim
n!1

⇢kn(P)
<latexit sha1_base64="GoJkwyul2TV3vtdxj4PFM+2bJTA="></latexit>

a self-similar tiling

<latexit sha1_base64="LiuiynwSnnEGYokrh+InSNZOYGc="></latexit>

apply ⇢ “infinitely many times” self-similar or self-a�ne tiling

Q<latexit sha1_base64="CyI5KhIQiNCzfRHCKVRa4gInG1k="></latexit>

what if we pick two ⇢1, ⇢2, toss a coin each time and decide which of ⇢1 and
⇢2 we apply by head/tail?

<latexit sha1_base64="L56QGpF3e32PpGZ4Q0qA023qnSk="></latexit>

to make sense of ⇢1 � ⇢2, ⇢1 and ⇢2 must share a common alphabet

<latexit sha1_base64="kqN7tjutwP7u/OzLupcwptRmd3I="></latexit>

if so, for arbitrary i1, i2, . . . 2 {1, 2}, the limit

<latexit sha1_base64="e+2/Yaozi+pTNX5OD6Jws+Pqc2w="></latexit>

convergent?

lim
n→∞

ρi1ρi2⋯ρin(𝒫)



A construction of non-periodic tilings
<latexit sha1_base64="ZokDidb+xLtCTqP7rn2gaEDYzC8="></latexit>

T = lim
n!1

⇢kn(P)
<latexit sha1_base64="GoJkwyul2TV3vtdxj4PFM+2bJTA="></latexit>

a self-similar tiling

<latexit sha1_base64="LiuiynwSnnEGYokrh+InSNZOYGc="></latexit>

apply ⇢ “infinitely many times” self-similar or self-a�ne tiling

Q<latexit sha1_base64="CyI5KhIQiNCzfRHCKVRa4gInG1k="></latexit>

what if we pick two ⇢1, ⇢2, toss a coin each time and decide which of ⇢1 and
⇢2 we apply by head/tail?

<latexit sha1_base64="L56QGpF3e32PpGZ4Q0qA023qnSk="></latexit>

to make sense of ⇢1 � ⇢2, ⇢1 and ⇢2 must share a common alphabet

<latexit sha1_base64="kqN7tjutwP7u/OzLupcwptRmd3I="></latexit>

if so, for arbitrary i1, i2, . . . 2 {1, 2}, the limit

<latexit sha1_base64="e+2/Yaozi+pTNX5OD6Jws+Pqc2w="></latexit>

convergent?

<latexit sha1_base64="MtNzS9/x5RbvkTOY8E6p902t2iE="></latexit>

ikn <latexit sha1_base64="LkS/KPWVBN5Qdb5zoi2O1odlRGw="></latexit>

yes, under FLC

lim
n→∞

ρi1ρi2⋯ρin(𝒫)



A construction of non-periodic tilings
<latexit sha1_base64="ZokDidb+xLtCTqP7rn2gaEDYzC8="></latexit>

T = lim
n!1

⇢kn(P)
<latexit sha1_base64="GoJkwyul2TV3vtdxj4PFM+2bJTA="></latexit>

a self-similar tiling

<latexit sha1_base64="LiuiynwSnnEGYokrh+InSNZOYGc="></latexit>

apply ⇢ “infinitely many times” self-similar or self-a�ne tiling

Q<latexit sha1_base64="CyI5KhIQiNCzfRHCKVRa4gInG1k="></latexit>

what if we pick two ⇢1, ⇢2, toss a coin each time and decide which of ⇢1 and
⇢2 we apply by head/tail?

<latexit sha1_base64="L56QGpF3e32PpGZ4Q0qA023qnSk="></latexit>

to make sense of ⇢1 � ⇢2, ⇢1 and ⇢2 must share a common alphabet

<latexit sha1_base64="kqN7tjutwP7u/OzLupcwptRmd3I="></latexit>

if so, for arbitrary i1, i2, . . . 2 {1, 2}, the limit

<latexit sha1_base64="e+2/Yaozi+pTNX5OD6Jws+Pqc2w="></latexit>

convergent?

lim
n→∞

ρi1ρi2⋯ρikn−1
ρikn

(𝒫)

<latexit sha1_base64="LkS/KPWVBN5Qdb5zoi2O1odlRGw="></latexit>

yes, under FLC



A construction of non-periodic tilings

<latexit sha1_base64="GBwiNjzqsKEAVbselmyTu3OluXs="></latexit>

Is T non-periodic?  case-by-case

<latexit sha1_base64="EAYGK6kFgKLSoFA9fjS3gWUmtns="></latexit>

The spectral properties of T ? discuss this later

<latexit sha1_base64="kqN7tjutwP7u/OzLupcwptRmd3I="></latexit>

if so, for arbitrary i1, i2, . . . 2 {1, 2}, the limit

<latexit sha1_base64="e+2/Yaozi+pTNX5OD6Jws+Pqc2w="></latexit>

convergent?

lim
n→∞

ρi1ρi2⋯ρikn−1
ρikn

(𝒫)

<latexit sha1_base64="LkS/KPWVBN5Qdb5zoi2O1odlRGw="></latexit>

yes, under FLC



A construction of non-periodic tilings

<latexit sha1_base64="khFZkXM/N/leW+2l6P0Xqp7T6vU="></latexit>

T = lim
n!1

⇢i1 � ⇢i2 � · · · � ⇢ikn
(Pn)

<latexit sha1_base64="I5+lcXOiUfoxO2WDr6AE7OsJA+M="></latexit>

{⇢1, ⇢2, . . . , ⇢ma}: a finite family of substitutions

<latexit sha1_base64="RqZtiP5FkyGCm0xXdCMS74HQsgc="></latexit>

with a common alphabet A
<latexit sha1_base64="fkvgcQlgcGzSVoAYTaI2YLQS+ko="></latexit>

i1, i2, . . . 2 {1, 2, . . . ,ma}: a directive sequence

<latexit sha1_base64="a9GXOWx6HZFwpVMUHQD+ydVYOMU="></latexit>

S-adic tilings belonging to (in)n=1,2,...: tilings of the form

<latexit sha1_base64="kqN7tjutwP7u/OzLupcwptRmd3I="></latexit>

if so, for arbitrary i1, i2, . . . 2 {1, 2}, the limit

<latexit sha1_base64="e+2/Yaozi+pTNX5OD6Jws+Pqc2w="></latexit>

convergent?

lim
n→∞

ρi1ρi2⋯ρikn−1
ρikn

(𝒫)

<latexit sha1_base64="LkS/KPWVBN5Qdb5zoi2O1odlRGw="></latexit>

yes, under FLC



A construction of non-periodic tilings
<latexit sha1_base64="khFZkXM/N/leW+2l6P0Xqp7T6vU="></latexit>

T = lim
n!1

⇢i1 � ⇢i2 � · · · � ⇢ikn
(Pn)

<latexit sha1_base64="nhCz2r01PzPNrVCICv7zm4tV19g="></latexit>

S-adic tilings: tilings of the form

<latexit sha1_base64="I5+lcXOiUfoxO2WDr6AE7OsJA+M="></latexit>

{⇢1, ⇢2, . . . , ⇢ma}: a finite family of substitutions
<latexit sha1_base64="RqZtiP5FkyGCm0xXdCMS74HQsgc="></latexit>

with a common alphabet A
<latexit sha1_base64="fkvgcQlgcGzSVoAYTaI2YLQS+ko="></latexit>

i1, i2, . . . 2 {1, 2, . . . ,ma}: a directive sequence

<latexit sha1_base64="TXo38kc9ligxOYAMGNq8uSCEWuc="></latexit>

in other words:
<latexit sha1_base64="VNF6v2CihyYkPXz8kt8q14R/4/4="></latexit>

a tiling T = T (1) that admits “de-substituted tilings”

<latexit sha1_base64="d+Y7ZHLD6oKZPYD1Ug4/S0whpxg="></latexit>

T (2), T (3), T (4), . . .

<latexit sha1_base64="9244/Quxw4nt0q2HJZXD2lwYOCQ="></latexit>

⇢in(T (n+1)) = T (n), n = 1, 2, . . .

<latexit sha1_base64="rQRpY2H3M0PrC5nVxBzOqBNxK60="></latexit>

such that



A construction of non-periodic tilings
<latexit sha1_base64="9244/Quxw4nt0q2HJZXD2lwYOCQ="></latexit>

⇢in(T (n+1)) = T (n), n = 1, 2, . . .

<latexit sha1_base64="oJKlezqlTTXNWc5Ee/nO2n2pWDg="></latexit>

T1
<latexit sha1_base64="k5P+4PoiyjaRY6wFqhKOkCWDyco="></latexit>

T2
<latexit sha1_base64="oJKlezqlTTXNWc5Ee/nO2n2pWDg="></latexit>

T1
<latexit sha1_base64="oJKlezqlTTXNWc5Ee/nO2n2pWDg="></latexit>

T1
<latexit sha1_base64="k5P+4PoiyjaRY6wFqhKOkCWDyco="></latexit>

T2 <latexit sha1_base64="ZL/E5knJ8AYD8vNEBuxClxAyLNs="></latexit>

T (1)

<latexit sha1_base64="ECcEU1nRuOOlgLUzf2qcObrCo88="></latexit>· · ·<latexit sha1_base64="ECcEU1nRuOOlgLUzf2qcObrCo88="></latexit>· · ·

<latexit sha1_base64="oJKlezqlTTXNWc5Ee/nO2n2pWDg="></latexit>

T1
<latexit sha1_base64="oJKlezqlTTXNWc5Ee/nO2n2pWDg="></latexit>

T1
<latexit sha1_base64="k5P+4PoiyjaRY6wFqhKOkCWDyco="></latexit>

T2
<latexit sha1_base64="oJKlezqlTTXNWc5Ee/nO2n2pWDg="></latexit>

T1
<latexit sha1_base64="k5P+4PoiyjaRY6wFqhKOkCWDyco="></latexit>

T2 <latexit sha1_base64="ECcEU1nRuOOlgLUzf2qcObrCo88="></latexit>· · ·<latexit sha1_base64="ECcEU1nRuOOlgLUzf2qcObrCo88="></latexit>· · · <latexit sha1_base64="AC1fDs3KQERuYwbnXNA9PBfveYE="></latexit>

T (2)

<latexit sha1_base64="k5P+4PoiyjaRY6wFqhKOkCWDyco="></latexit>

T2
<latexit sha1_base64="oJKlezqlTTXNWc5Ee/nO2n2pWDg="></latexit>

T1
<latexit sha1_base64="k5P+4PoiyjaRY6wFqhKOkCWDyco="></latexit>

T2
<latexit sha1_base64="k5P+4PoiyjaRY6wFqhKOkCWDyco="></latexit>

T2
<latexit sha1_base64="oJKlezqlTTXNWc5Ee/nO2n2pWDg="></latexit>

T1
<latexit sha1_base64="ECcEU1nRuOOlgLUzf2qcObrCo88="></latexit>· · ·<latexit sha1_base64="ECcEU1nRuOOlgLUzf2qcObrCo88="></latexit>· · ·

<latexit sha1_base64="QIfIRvX4c+MJcvNjyLHkfISWOF0="></latexit>

T (3)

<latexit sha1_base64="gcGgnVwljhIrvKbQXmZg7ZKpaXo="></latexit>⇢i1

<latexit sha1_base64="/EIUWZcHX49k6HJI2IvgOqNBQxM="></latexit>⇢i2

<latexit sha1_base64="sPTuecgJwNIQdqa0QXxahWWdBl0="></latexit>⇢i3

<latexit sha1_base64="EEIa/YPZIawqH4JI9WZsj4bmBgY="></latexit>...

<latexit sha1_base64="RMrL587xOKDNL1eX6Sw1TL5NvzI="></latexit>

T (1) is an S-adic tiling belonging to a directive sequence (in)n=1,2,...



Main question
Decide which S-adic tiling has pure discrete dynamical spectrum.

Today’s result 
(1)Give a sufficient condition for a given S-adic tiling to be pure 
discrete 
(2)this condition is satisfied for almost all block S-adic tilings

Pisot Conjecture: 
Self-affine tilings by substitution rules with the Pisot condition 
have pure discrete spectrum



Contents
(1)Definitions (done) 
(2)The first main result (Overlap algorithm) 
(3)The Second main result (block substitutions)



The main idea
(1)Generalize Solomyak’s overlap algorithm [Solomyak 1997] to 
the S-adic setting 
(2)apply the overlap algorithm to a class of S-adic tiligs of 
interest

Goes back to the coincidence condition for constant-length 
symbolic substitution



Overlap algorithm
, 

where : a substitution rule with a fixed alphabet  and non-fixed 

expansion map  

𝒯1
ρ1← 𝒯2

ρ2← 𝒯3
ρ3← ⋯

ρn 𝒜

ϕn : ℝd → ℝd

Pick a relatively dense subset  for each  such that Λn ⊂ ℝd n ϕn(Λn+1) ⊂ Λn

An overlap @  = a triple  such that  and  with n (S, x, T) S, T ∈ 𝒯n x ∈ Λn

int(S + x) ∩ intT ≠ ∅



Overlap algorithm
An overlap @  = a triple  such that  and  with n (S, x, T) S, T ∈ 𝒯n x ∈ Λn

int(S + x) ∩ intT ≠ ∅

S + x

T

(S, x, T) ∼ (S′ , x′ , T′ )

S′ + x′ 

T′ 

y

y



Overlap algorithm
An overlap @  = a triple  such that  and  with n (S, x, T) S, T ∈ 𝒯n x ∈ Λn

int(S + x) ∩ intT ≠ ∅

(S, x, T) ∼ (S′ , x′ , T′ )

: the equivalence class[S, x, T]

Vn = {[S, x, T] ∣ (S, x, T) : an overlap @n}



Overlap algorithm
: the equivalence class[S, x, T]

Vn = {[S, x, T] ∣ (S, x, T) : an overlap @n}

  
if , and 
(S, x, T)@n + 1 → (S′ , x′ , T′ )@n

S′ ∈ ρn(S), T′ ∈ ρn(T) x′ = ϕn(x)

S + x

T

ρn

ρn(S + x)

ρn(T)



Overlap algorithm
: the equivalence class[S, x, T]

Vn = {[S, x, T] ∣ (S, x, T) : an overlap @n}

  
if , and 
(S, x, T)@n + 1 → (S′ , x′ , T′ )@n

S′ ∈ ρn(S), T′ ∈ ρn(T) x′ = ϕn(x)

S + x

T

ρn

ρn(S + x)

ρn(T)

 if there are 

  
such that 

Vn+1 ∋ v → w ∈ Vn

(S, x, T) ∈ v, (S′ , x′ , T′ ) ∈ w

(S, x, T) → (S′ , x′ , T′ )



Overlap algorithm
: the equivalence class[S, x, T]

Vn = {[S, x, T] ∣ (S, x, T) : an overlap @n}

  
if , and 
(S, x, T)@n + 1 → (S′ , x′ , T′ )@n

S′ ∈ ρn(S), T′ ∈ ρn(T) x′ = ϕn(x)

 if there are 

  
such that 

Vn+1 ∋ v → w ∈ Vn

(S, x, T) ∈ v, (S′ , x′ , T′ ) ∈ w

(S, x, T) → (S′ , x′ , T′ )

@n

@n + 1

@n − 1



Overlap algorithm
: the equivalence class[S, x, T]

Vn = {[S, x, T] ∣ (S, x, T) : an overlap @n}

@n

@n + 1

@n − 1

An overlap  is a coincidence if (S, x, T)

S + x = T



Theorem (N-Thuswaldner) 
If there are  such that, 
 for any  and , there is a path from  to a coincidence  

+ a technical condition, 
Then  has pure discrete dynamical spectrum

n1 < m1 < n2 < m2 < ⋯

j v ∈ Vmj
v w ∈ Vnj

𝒯1

The first main theorem

A combinatorial condition an analytic condition⇒



Contents
(1)Definitions (done) 
(2)The first main result (Overlap algorithm) (done) 
(3)The Second main result (block substitutions)



The block cases
: fix 

A substitution rule with alphabet  and a diagonal expansion map  

 

( ) is called a block substitution.

𝒜 = {Ti = ([0,1]d, i) ∣ i = 1,2,…, n0}

𝒜

ϕ =

k1

k2
⋱

kd

ki ∈ ℤ>1



The block cases
Example

d = 2,n0 = 3

ξ1 ξ2



The block cases
Example

d = 2,n0 = 3

ξ1 ξ2

Study the overlap graph for  
overlaps are

Λn = ℤ2

↝

( ,) ( ( ,, ) )
( ,) ( ( ,, ) )



The block cases
Example

d = 2,n0 = 3

(bijective)ξ1 (non-bijective)ξ2

 is bijective in the sense that, for 
any integer-coordinate point inside 
the patch, defines a bijection on 

ξ1

ξ1 𝒜

Lower-left Top-middle



The block cases
Example

d = 2,n0 = 3

(bijective)ξ1 (non-bijective)ξ2

 is not bijectiveξ2

Middle-left



The block cases
Example

d = 2,n0 = 3

(bijective)ξ1 (non-bijective)ξ2

Moreover, the graph for  is as 

follows. ( )

ξ1

Λn = ℤ2

( ,) ( (

( ( (,

,

,

,

,

) )

) ) )



The block cases
Example

d = 2,n0 = 3

(bijective)ξ1 (non-bijective)ξ2
( ,) ( ( ,, ) )

( ,) ( ( ,, ) )

( ,) ( ( ,, ) )



The block cases
Example

d = 2,n0 = 3

(bijective)ξ1 (non-bijective)ξ2
( ,) ( ( ,, ) )

( ,) ( ( ,, ) )

( ,) ( ( ,, ) )

 connects every non-coincidence 

overlap to every non-coincidence  
overlap

ξ2
1



A special case for the second main theorem

Assume in , both 11 and 2 appear infinitely often. 

Then the S-adic tilings belonging to the directive sequence  

have pure discrete spectrum.

(ij)j=1,2,… ∈ {1,2}ℕ

ξi1, ξi2, …



The second main theorem(N-Thuswaldner)
Let  be a family of all block substitutions in dimension  and the 
number of colors . 
Pick 
(1)  such that  connects every non-coincidence overlap 

to every non-coincidence overlap, 
(2)  such that  is not bijective

ξ1, ξ2, … d

n0

j1, j2, …, jk ξj1 ∘ ξj2 ∘ ⋯ ∘ ξjk

jc ξjc

Assume in , both  and  appear infinitely often. 

Then the S-adic tilings belonging to the directive sequence  

have pure discrete spectra.

(ij)j=1,2,… ∈ {1,2,…}ℕ j1j2⋯jk jc

ξi1, ξi2, …



The second main theorem
Corollary 
Let  be a product measure on  such that  and  

where  is bijective and the columns generate the whole permutation 

group, and is non-bijective. Then for -a.a. , the S-adic tilings 

belonging to it have pure discrete spectra.

μ {1,2,…}ℕ μ([ jb]) > 0 μ([ jc]) > 0

ξjb

ξjc μ (ij) ∈ {1,2,…}ℕ

 

 
 

ξ1

1 → 122

2 → 231

3 → 313

Example
 

 
 

ξ2

1 → 122

2 → 232

3 → 323

-a.a. μ (ij) ∈ {1,2…}ℕ



The second main theorem
Corollary 
Let  be the product measure on  such that  and 

 where  is bijective and the columns generate the whole 

permutation group, and is non-bijective. Then for -a.a. , the 

S-adic tilings belonging to it have pure discrete spectra.

μ {1,2,…}ℕ μ([ jb]) > 0

μ([ jc]) > 0 ξjb

ξjc μ (ij) ∈ {1,2,…}ℕ

 

 
 
 

ξ1

0 → 03

1 → 12

2 → 13

3 → 02

Example  

 
 
 

ξ2

0 → 02

1 → 32

2 → 01

3 → 31

If 12 appears infinitely often in the 
directive sequence pure discrete 

spectrum
→

Separately yield tilings 
 with non-zero ac part



A remark
[Bustos-Mañibo-Yassawi  23+]: similar criterion for one-dimensional S-adic 
words

For the 2-dimensional example  all the tilings generated by these are non-
periodic 

ξ1, ξ2

ξ2ξ1



Further questions
Non-block cases?

The converse: pure point spectrum overlap coincidence for return 
vectors?

⇒ Λn =

Gähler-Kwan-Maloney 2014



Thank you for your attention.



The second main theorem

Corollary 
Let  be an ergodic subshift of  such that 

 and . Then for -almost all , the S-adic 

tilings belonging to the directive sequence  have pure 

discrete spectrum.

(X, σ, μ) {1,2,…}ℕ

μ([ j1, j2, …, jk]) > 0 μ([ jc]) > 0 μ (ij) ∈ X

ξi1, ξi2, …

Assume in , both  and  appear infinitely often. 

Then the S-adic tilings belonging to the directive sequence  

have pure discrete spectrum.

(ij)j=1,2,… ∈ {1,2,…}ℕ j1j2⋯jk jc

ξi1, ξi2, …



The second main theorem
Corollary 
Let  be an ergodic subshift of  such that 

 and . Then for -almost all , the S-adic 

tilings belonging to the directive sequence  have pure 

discrete spectrum.

(X, σ, μ) {1,2,…}ℕ

μ([ j1, j2, …, jk]) > 0 μ([ jc]) > 0 μ (ij) ∈ X

ξi1, ξi2, …

Corollary 
Let  be the product measure on  such that  and 

 where  is bijective and the columns generate the whole 

permutation group, and is non-bijective. Then for -a.a. , the 

same conclusion holds.

μ {1,2,…}ℕ μ([ jb]) > 0

μ([ jc]) > 0 ξjb

ξjc μ (ij) ∈ {1,2,…}ℕ



The second main theorem(N-Thuswaldner)
Corollary 
Let  be an ergodic subshift of  such that 

 and . Then for -almost all , the S-adic 

tilings belonging to the directive sequence  have pure 

discrete spectrum.

(X, σ, μ) {1,2,…}ℕ

μ([ j1, j2, …, jk]) > 0 μ([ jc]) > 0 μ (ij) ∈ X

ξi1, ξi2, …


