
From Catalan numbers to

integrable dynamics :

Continued fractions &Hankel determinants

for a-numbers

( joint Work/w Emmanuel Pedon)
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1) Hankel determinants
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Classical theorems :
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What is... a g-analogue ?S
quantum groups

9 - analogues : S↳notinvariansans
quantisation

a-analogues of real numbers

(Sophie Morier-Geroud =
V
.

O
.

-2020).



9 - integers : ne /

(Euler = 1760 (n)q2 + 9 + q4 ... +4->

q- binomials : (r)=Enma !
(Gauss = 1808) 9 a

where (n] = (17
,
[2]
,
[3]
: [n]

Polynomials in 9 Ex . (*)= 1 + 9 +2++



Counting better !
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(m) n -m

Thm
·

Im)= P Pu= #NE path
with kboxes
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under path

Ex
.

(2)= 1+ q +2+9+g



Other properties
() = #points in G(

Thm (x + y)"_ )es de= qxy
Than Sylvester (= 1878)

are unimodal
immPolynomies(en ar..

/



3) a rationals Q
,

what is[] !
Geometric idea : group ofsymmetry !

PSL(
.
4) (29) ,

ad-be = 2
,

ab
,

cd-

ax +8
acts on Qu503

,

0 =5198) .=

cx +d

Want a map <J : Quoy -> [ (a)
9

commuting [PSLk() - action rational func-s
in 9



PSL (2
.

4) - action on (9) :

T = Poi) .

S = (12) - generators

T. x = x + 1 S . x =-

Def .
T . X = 9X + 1

, SiX = -T9

where X = X19) (rational) function

T+ (i) , S9-(94)
Lemma Sa = (TSa)"= Id.



Thm Unige map [) : Quol-((9)
9

(Movier-Genoud)
V
.
O
.

- commuting/w PSL(2. 2) - action

- [0]a = 0
.

uniqueness< transitivity of PSLR ,

L)-act.

existenceE expl . formula



Explicit formula =a
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Remark : reason why we choose

Ta = (2) . S = (954).
Euler/Gauss (n] = 1 + 9 + g2 ...+

9

(n +2] = q(n) , + 2 -Tj(n]a

Sg-unique
linear-fractional transformation

55 = (T, S9)" = Id.
Another reason : relationtorepr of Bs.



Examples & properties [2] = i
↑

11 ++gi
. (5) = 1 + 9 +29+ 93

91 +a +92

Thm (a monest
unimodal
me

9 polynomials

(conjectured (M-GO]
,
proved Oguz-Ravichandran 2023)



"Total positivity" >

(
Thm (M . G

.

0) UalM(a) - m()n()
polynomial / positive integer coeffs.

Stopological nature ! (



counting on snake graphs (2
.

27 [1
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1
,
11]
/

-> au - Ex s-d

m
D

·
11

[1 ,
92

, ...9: I
Thm (Propp -2000) n = # NEpaths in snake graph

Tha loyer house[=(MGO)
Uf = # NEpaths/w re boxes under path



Examples (5) =
1 ++ +93=1 + 9 1 + 9 +q2

Thm (Ovenhouse'22)

Letq = ph then N(9) in (]=l
i A points in Gr s (#q) ,

where

r = a
,
+ 9y + ag 1.

5 = a , + dz + 9z + ay . -



My q - irrationals

x R - Q what is (x]- ?
9

Take an sequence of rationals-x

[xn]
9
- 0 . 0 ??

Thm v Taylor series (C] = Zen,
stabilizes asn

grows

111) The result (stabilized series)
Zse p q depends onao only.



Example .

L Fibonacci - 1a
↑

2

18] =
1 + 29 + 29 +a 1 + 92

- 93+29- 495=

1 + 29 + 92 + 93 + 796 - 1297 ...

( = 1 + 39 + 19+59+49+39 19
=

- + q- 93+29- y95
6

9
1 + 39 +392 +39+294+ 95 + 89 - 1797-3698 ...

234
10

[4]
p
= 1 + 9 - 9 +29 - 495+892 1797+ 3798- 8299+1859
A004748 "Generalized Catalan numbers"



Generating f - n

(4] = 92+ 9 - 1 + V(qz +39 + y(979 +1)
9

29

Another example :

(c + 1) =
92+29 - 2 + 1/(q +9+49+ 9 +1)(92- 9 +1)

9 29

9 = 1
-n



Quadratic irrationals

Thm (Movier-Genoud- Leclere21)

a + 8 then
(C), =

Als) +1 polindromic
x =

c

((9)

x-fixed point of A-PSL(2 ,
4)

a)= (e)



5 Hankel determinants

Thm (Pedon ,

V
.

O
.
'24) First 4 Hanket seg,

4-antiperiodic

Du (4) = 1
,

2
,
1
,
0
,
-1

,

-d-1
,

0..

A (4) = 1 , 0 , 1 , 1 ,1 , 0 ,
1, 1

...

Al(4) = 1 , 2 , 1 , 0, -1, 1,1 ,0

Al (4) = 1 ,-1 , 0, 0, -1, -1, 0, 0,

143a is uniquely determined by this



Similar properties for 1 + 12 = [2
,

2
,
2, ... ]

= (3 ,
3
,
3, ... J

" yv = (k ,
k
,

k, . .. 3
More and more

sequences -(r)
,
A"(ya) ....

(2)
(yx)

consist only of 5-2 , 0 , 14 and (anti) periodic
Conjectured (Pedon - V .

0.)

Proved (Pedon-G .

Han'25)



6) Somos & Gale-Robinson recurrences

Observation : First 3 seg. D(4)
,
D (4)

,
Die)

satisfy Anth Dn = Xn +34n+1 -Ai

Somos - 4 "

Similarly
,

for (1 +E]
,

2

An + 6 Dn = An +5 Dn + 1 - An+3

-d



Somos-4 :
2

an + yan = (an + 39n + 2 + pan +2

Discrete integrable dynamical system !
E

(9 , 91 ,
92

, 93) an as ... (Fordy-Hone C
2014

- initial conditions"

Relation to clusteralgebras (Fomin , Zelevinsky
Marsh ... (

same for other Gale-Robinson sea .



1) A nive question

Are Catalan & Motskin-q-numbers ?

((a) = 1-Vera
M(a) =

1 - 9 - Va +a)( - 39)
292 = C(9)

# : (1)
,
M19) are not fixed points

But...
of Age PSLE, 1) .



Ta = (1) , S = (g) : Tag = (2)
Fait

TaSa((())= (19)

S
, (M()) = 9 M(9) + 91

9 = 1

2(1) =
1

+
i

,
M() = : - complex !

Fixed TS S

q- complex Ambers?
I

-


