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Distribution and Discrepancy
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First Definitions

o Let d € N and define uy(B) as the d-dimensional Lebesgue measure
of the measurable set B.
@ Let S be a finite set and let #S denote the cardinality of S.

Definition:

For a sequence z = (z,)p>1 in R and B C RY,
#(B,z,N)=#{neN:n< N, z, € B}

Definition:
A d-dimensional sequence z = (z,),>1 is uniformly distributed
if for every box B € [0,1]¢

HEZN _ L 8)

N—oo N
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Discrepancy

Definition:
The discrepancy of the sequence (z,)nen is defined as

#(87 Z'/ N)
N

Dn(z) = sup
Bclo,1)

where the supremum is taken over all axis-parallel boxes B C
[0,1).

— 11d(B)

)

Definition:

The star discrepancy of the sequence (z,)nen, denoted Dy (z),
is defined with the additional condition that 3 must have one
corner at the origin.

Theorem (Kuipers, Niederreiter, 1974):

For every N € N and every sequence (z,)ncn, one has
Dn(z) < Dn(z) < 2dD,’(,(z).
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Bounds on Discrepancy
Theorem (Roth, 1954):

For every N € N and every sequence (z,)pen in the d-
dimensional unit cube, one has

log“Z (N)

Dy(z) >4 N

Conjecture:

|

For every N € N and every sequence (z,)nen in the d-
dimensional unit cube, one has

log?(N
Di(2) >4 log®(N)
N
Definition:
Let (z,)nen be a sequence in the d-dimensional unit cube. If
log? (N
Diy(z) <4 ogN()

for every N € N, then (z,)nen is called low discrepancy.
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Low Discrepancy Sequences
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Van der Corput Sequences

Let b > 1 be a natural number and let n € N such that
Y 2onib'. The Base-b Van Der Corput sequence, denoted

(Va(b))p>1. is defined as:

Let b =5 and let n = 1432. Note that

=2.504+1.504+2.524+1.534+2.5%
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Van der Corput Sequences

Let b > 1 be a natural number and let n € N such that
Y 2onib'. The Base-b Van Der Corput sequence, denoted

(Va(b))p>1. is defined as:
o0 ni
va(b) = Z b+l
i=0

Let b =5 and let n = 1432. Note that

n=2-50+1.514+2.524+1.5542.5%
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Van der Corput Sequences

Let b > 1 be a natural number and let n € N such that
Y Zonib'. The Base-b Van Der Corput sequence, denoted
(Va(b))p>1. is defined as:

w(b) =3 iy

i=0

Let b =5 and let n = 1432. Note that

1
vn(5):5(2-5*°+1-5*1+2-5*2+1-5f3+2-5*4).

Steven Robertson (Manchester University) | Low Discrepancy Digital Hybrid Sequences October 11, 2024 7/34



Van der Corput Sequences

Let b > 1 be a natural number and let n € N such that
Y Zonib'. The Base-b Van Der Corput sequence, denoted
(Va(b))p>1. is defined as:

Let b =5 and let n = 1432. Note that

1
vn(5):5(2-5*°+1-5*1+2-5*2+1-5*3+2-5*4).

Theorem (Halton, 1950):

The base-b Van der Corput sequence is Low Discrepancy.
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Kronecker Sequences

Let « € (0,1) be a real number. The Kronecker sequence asso-

ciated to v, denoted ky = (kn()),>1. is defined as:

kn(ar) = nac mod 1.

\.

Theorem (Weyl, 1916):

The Kronecker sequence associated to o € R is uniformly dis-
tributed if and only if a & Q.
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Diophantine Approximation and Kronecker Sequences

Definition: Bad

The set of badly approximable numbers, denoted Bad, con-
tains all the o € R for which there exists a constant ¢, > 0
such that for all reduced fractions 7 € Q

m Ca
o — —

n n?’

Theorem: (Niederreiter, 1974)

Let « € R. Then k, is low discrepancy if and only if & € Bad.

’ ais in... ‘ (kn(@))nen is...
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Theorem: (Niederreiter, 1974)
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Diophantine Approximation and Kronecker Sequences

Definition: Bad
The set of badly approximable numbers, denoted Bad, con-
tains all the o € R for which there exists a constant ¢, > 0
such that for all reduced fractions 7 € Q

‘ m Ca

o — — =
n n>

Theorem: (Niederreiter, 1974)

Let « € R. Then k, is low discrepancy if and only if & € Bad.

’ ais in... ‘ (kn(@))nen is...
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R\Q Uniformly Distributed
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Diophantine Approximation and Kronecker Sequences

Definition: Bad
The set of badly approximable numbers, denoted Bad, con-
tains all the o € R for which there exists a constant ¢, > 0
such that for all reduced fractions 7 € Q

‘ m Ca

o — — =
n n>

Theorem: (Niederreiter, 1974)

Let « € R. Then k, is low discrepancy if and only if & € Bad.

’ o isin... ‘ (kn(@))nen is...
Q Periodic
R\Q Uniformly Distributed
Bad Low Discrepancy
?7?7CBad | Very Low Discrepancy?
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From Bad to Worse

Definition: Bad (again)

Let ||| denote the distance from a € R to the nearest integer.
Then

Bad = {QGRZ inf n|na|| = co >O}.
neN\{0}

@ Let p be a prime and let « € Bad. Then pa € Bad.

| How does c,n, behave as n — oo? |

Definition:

Define the p-adic Badly Approximable Numbers as

Bad,={acR: inf H "H:Ca >0
P=1“ nemyop IIMP P
k>0

Key Question:

If « € Badp, what can see say about Dy ((kn(c))nen)?
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Two Problems Occur...

Problem 1
The p-adic Littlewood Conjecture, de Mathan and Teulié,

2004

The set Bad, is empty for every prime p.

Problem 2
Theorem (Schmidt, 1972):

Every one-dimensional sequence z satisfies

Dn(z) > logIElN)
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Problem 1:

Diophantine Approximation over
Function Fields
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Positive Characteristic Dictionary
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Positive Characteristic Dictionary

@ Let g € N be a positive power of a prime and let I, denote the finite
field of cardinality q.

@ For this talk, let p be a prime and let g = p.

Steven Robertson (Manchester University) | Low Discrepancy Digital Hybrid Sequences October 11, 2024 13 /34



Positive Characteristic Dictionary

@ Let g € N be a positive power of a prime and let I, denote the finite
field of cardinality q.

@ For this talk, let p be a prime and let g = p.

Real numbers Function Field over [V,
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Positive Characteristic Dictionary

@ Let g € N be a positive power of a prime and let I, denote the finite
field of cardinality q.

@ For this talk, let p be a prime and let g = p.

Real numbers Function Field over [V,

Z Folt] = {0 ait’ :he Z, a € Fp
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Positive Characteristic Dictionary

@ Let g € N be a positive power of a prime and let I, denote the finite
field of cardinality q.

@ For this talk, let p be a prime and let g = p.

Real numbers Function Field over [V,
Z Folt] = {0 ait’ :he Z, a € Fp
Q Fo(t) = {p(t)/a(t) : p(t), q(t) € Fp[t], a(t) # O}
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field of cardinality q.
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Positive Characteristic Dictionary

@ Let g € N be a positive power of a prime and let I, denote the finite
field of cardinality q.

@ For this talk, let p be a prime and let g = p.

Real numbers Function Field over [V,
Z Folt] = {0 ait’ :he Z, a € Fp
Q Fp(t) = {p(t)/a(t) : p(t), a(t) € Fp[t], q(t) # O}
R Fo((t™1)={>% _,ait " :heZa €Fp,}
Prime numbers Irreducible polynomials in Fp[t]
x|, x e R O(t)] = ™=, O(t) € Fp((t ™))
x mod 1 (X pait™)y =3 gt
Ix[l, x € R [(©(1), ©(t) € Fp((t™1)).
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Digital Van der Corput Sequences

Let b > 1 be a natural number and let n € N such that
Y 2onib'. The Base-b Van Der Corput sequence, denoted

(Va(b))p>1. is defined as:

w(b) =3 iy

\ i=0
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Digital Van der Corput Sequences

Let b > 1 be a natural number and let n € N such that
Y 2onib'. The Base-b Van Der Corput sequence, denoted

(Va(b)) ;51 is defined as:
0 ni
vn(b) = Z pitL
i=0
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Digital Van der Corput Sequences

Let B(t) € Fp[t] be a polynomial and let n € N such
that 377, nib’. The Base-b Van Der Corput sequence, denoted

(Va(b))p>1: is defined as:

va(b) =

o0
n;
pi+l-
i=0
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Digital Van der Corput Sequences

Let B(t) € Fp[t] be a polynomial and let 1 & I such that
> Zonib'. The Base-b Van Der Corput sequence, denoted

(Va(b))p>1. is defined as:

va(b) =

o0
n;
pi+1"
i=0
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Digital Van der Corput Sequences

Let B(t) € Fp[t] be a polynomial and let N(t) < [F,[t] such
that N(t) = > 2, Ni(t)B(t)" and define n = N(p). The Base-
b Van Der Corput sequence, denoted (v,(b)),> ;. is defined as:
Vn(b) = W
i=0

Steven Robertson (Manchester University) | Low Discrepancy Digital Hybrid Sequences October 11, 2024 14 /34



Digital Van der Corput Sequences

Let B(t) € Fp[t] be a polynomial and let N(t) € F,[t] such

that N(t) = 322, Ni(t)B(t)" and define n = N(p). The Base-

b Van Der Corput sequence, denoted (v,(b)),~. is defined as:
Vn(b) == W

i=0
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Digital Van der Corput Sequences

Let B(t) € Fp[t] be a polynomial and let N(t) € F,[t] such
that N(t) = >, N;(t)B(t)" and define n = N(p). The Base-
B(t) Digital Van Der Corput sequence, denoted (v,(b)),~, is

defined as: n;
va(b) = sy
i=0
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Digital Van der Corput Sequences

Let B(t) € Fp[t] be a polynomial and let N(t) € F,[t] such
that N(t) = >, N;(t)B(t)" and define n = N(p). The Base-
B(t) Digital Van Der Corput sequence, denoted (v,(b)), -4, is

defined as: n;
va(b) = sy
i=0
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Digital Van der Corput Sequences

Let B(t) € Fp[t] be a polynomial and let N(t) € F,[t] such
that N(t) = >, N;(t)B(t)" and define n = N(p). The Base-
B(t) Digital Van Der Corput sequence, denoted (V,(B(t))), -,

is defined as: = n;
va(b) = sy
i=0

Steven Robertson (Manchester University) | Low Discrepancy Digital Hybrid Sequences October 11, 2024 14 /34



Digital Van der Corput Sequences

Let B(t) € Fp[t] be a polynomial and let N(t) € F,[t] such
that N(t) = >, N;(t)B(t)" and define n = N(p). The Base-
B(t) Digital Van Der Corput sequence, denoted (V,(B(t))),~1.

is defined as: =, n
Va(b) = e
i=0
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Digital Van der Corput Sequences

Let B(t) € Fp[t] be a polynomial and let N(t) € F,[t] such
that N(t) = >, N;(t)B(t)" and define n = N(p). The Base-
B(t) Digital Van Der Corput sequence, denoted (V,(B(t))),~1.

is defined as: Va(B(t)) = Z B/E/l/)()lr’)H
i—0
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Digital Van der Corput Sequences

Let B(t) € Fp[t] be a polynomial and let N(t) € F,[t] such
that N(t) = >, N;(t)B(t)" and define n = N(p). The Base-
B(t) Digital Van Der Corput sequence, denoted (V,(B(t))),~1.

is defined as: Vo(B(t)) = Z ’BIEI[;()TLI
i—0
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Digital Van der Corput Sequences

Let B(t) € Fp[t] be a polynomial and let N(t) € Fp[t] such
that N(t) = >, N;(t)B(t)" and define n = N(p). The Base-
B(t) Digital Van Der Corput sequence, denoted (V,(B(t))),~1.

is defined as: B = Ni(p)
Vn(B(t)) - ; ’B(p)|i+1‘

Theorem (Hofer, 2018):

The base-B(t) Digital Van der Corput sequence is Low Discrep-
ancy.
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Digital Van der Corput Example

Let p =3 and let n = 194.
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Digital Van der Corput Example

Let p = 3 and let n = 194. Note that

n=2-p°+1-pt4+0-p>+1-p3+2.p"
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Digital Van der Corput Example

Let p = 3 and let n = 194. Note that
n=2.p4+1.p14+0.-p2+1-p>+2.p%
Therefore,

N(t)y=2-t+1-t+0- 2 +1 - +2-t%
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Digital Van der Corput Example

Let p =3 and let n = 194. Note that
n=2-pP+1-p*+0-p>+1-p>+2-p*
Therefore,
N(t)y=2-t+1-t+0-2+1-£2+2-t%
In Base t2 + 1, this is

N(t) = 1(£2 +1)° + (t +2)(£ + 1) +2(1 + 7).
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Digital Van der Corput Example

Let p = 3 and let n = 194. Note that
n=2-pP+1-p*+0-p>+1-p>+2-p*
Therefore,
N(t)y=2-t"+1-t4+0-2+1-£2+2-t%
In Base t2 + 1, this is
N(t) = 1(t2 + 1) + (t + 2)(t2 + 1)* + 2(1 + t?)2.

Hence, Viga(1+t) =
1

(U2 + 10+ (p+2) [ + 1| T+ 2L+ 2 2)

|1+ t|
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Digital Kronecker Sequences

Definition:
Let @ € R be a real number. The Kronecker sequence associ-

ated to @, denoted ko = (kn()),>1, is defined as:
kn(a) = na mod 1.
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Digital Kronecker Sequences

Definition:
Let @ € R be a real number. The Kronecker sequence associ-

ated to @, denoted ko = (kn()),>1, is defined as:
kn(a) = na mod 1.
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Digital Kronecker Sequences

Definition:
Let ©(t) € F,((t7')) be a Laurent series. The Kronecker

sequence associated to «, denoted ko = (kn(@t)),>;. is defined

as: kn(a) = nav mod 1.
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Digital Kronecker Sequences

Definition:
Let ©(t) € Fp((t71)) be a Laurent series. The Kronecker

sequence associated to «, denoted k, = (k,(«)),-, is defined

as: kn(a) = nav mod 1.
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Digital Kronecker Sequences

Definition:

Let ©(t) € Fp((t7!)) be a Laurent series. The Digital
Kronecker sequence associated to O(t), denoted Kg(;) =
(Kn(©(t))),>1, is defined as:

kn(ar) = nae mod 1.
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Digital Kronecker Sequences

Definition:

Let ©(t) € Fp((t7!)) be a Laurent series. The Digital
Kronecker sequence associated to ©(t), denoted Kg(;y) =
(Kn(©(t))),>1, is defined as:

kn(ar) = nac mod 1.
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Digital Kronecker Sequences

Let ©(t) € Fy((t7 1)) be a Laurent series. The Digital
Kronecker sequence associated to ©O(t), denoted Kgy) =

(Kn(©(t))),>1. is defined as:
Kn(©(1)) = (O(1) - N(t))

t:p'

where N(t) € Fp[t] is such that N(p) = n.
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Digital Kronecker Sequences

Let ©(t) € F,((t7!)) be a Laurent series. The Digital
Kronecker sequence associated to ©O(t), denoted Kgy) =

(Kn(©(t))),>1. is defined as:

where N(t) € Fp[t] is such that N(p) = n.

Theorem (Niederreiter, Larcher, 1993):

The Digital Kronecker sequence associated to ©(t) € F,((t71))
is uniformly distributed if and only if ©(t) & Fp(t).
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Digital Kronecker Sequences

Let ©(t) € F,((t7!)) be a Laurent series. The Digital
Kronecker sequence associated to ©O(t), denoted Kg(y) =

(Kn(©(t)))>1. is defined as:

Kn(©(1)) = (O(1) - N(1)) |,
where N(t) € Fp[t] is such that N(p) = n.

Theorem (Niederreiter, Larcher, 1993):

The Digital Kronecker sequence associated to ©(t) € F((t™1))
is uniformly distributed if and only if ©(t) & Fp(t).
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The analogue of Bad

Bad, = {a cR: inf H K H:Ca >0
P= nemopIIMP P
k>0

o Let P(t) € Fp[t] be an irreducible polynomial.

Definition, The analogue of Bad,:
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The analogue of Bad

Bad, = {a cR: inf H K H:Ca >0
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k>0

o Let P(t) € Fp[t] be an irreducible polynomial.

Definition, The analogue of Bad,:
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The analogue of Bad

Bad,={acR: inf H k H:Ca >0
S nemopIIMP P
k>0

o Let P(t) € Fp[t] be an irreducible polynomial.

Definition, The analogue of Bad,:

Define Bad(P(t), p)
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The analogue of Bad

Bad, = o c 2 inf H kH:c,, >0
P o neg\\{o}n np“a P
k>0

o Let P(t) € Fp[t] be an irreducible polynomial.

Definition, The analogue of Bad,:

Define Bad(P(t), p) as all the ©(t) € F,((t 1))
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The analogue of Bad

Bad, = Ja€R: inf n ankaH =Cup>0
ntH\{O}
k>0

o Let P(t) € Fp[t] be an irreducible polynomial.

Definition, The analogue of Bad,:

Define Bad(P(t), p) as all the ©(t) € Fy((t~1)) satisfying

inf
N(t)€F,[t]\{0)
k>0
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The analogue of Bad

Bad, = {a cR: inf H K H:Ca >0
P= nemop IIMP P
k>0

o Let P(t) € Fp[t] be an irreducible polynomial.

Definition, The analogue of Bad,:

Define Bad(P(t), p) as all the ©(t) € Fy((t~1)) satisfying
[N(2)]

inf
N(t)eF,[t]\{0}
k>0
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The analogue of Bad

Bad, = {acR: inf ’ kH:Ca >0
ad, « neg\\{o}n‘npa P
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Define Bad(P(t), p) as all the ©(t) € Fy((t~1)) satisfying
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The analogue of Bad

Bad, = {a cR: inf H “oll=c,, >0
p o neg\\{o}n np“o P

k>0

o Let P(t) € Fp[t] be an irreducible polynomial.

Definition, The analogue of Bad,:

Define Bad(P( ), p) as all the ©(t) € Fy((t™1)) satisfying

(t)e]Fp[t]\{O} NI ‘< ) P(O)*- @(t)> ‘
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The analogue of Bad

Bad, = {a cR: inf H K H:Ca >0
2l nemopIIMP P
k>0

o Let P(t) € Fp[t] be an irreducible polynomial.

Definition, The analogue of Bad,:

Define Bad(P(t), p) as all the @( ) € Fp((t71)) satisfying

(t)e&[t]\{o}"v ‘K P(t)k-@(t)ﬂ > 0.

Definition:
The set Bad(p) is defined identically but with k = 0.

Theorem, Niederreiter, 1992:

The sequence Kg(y) is low discrepancy if and only if ©(t) €
Bad(p).

.
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What is known about Bad(P(t), q)
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What is known about Bad(P(t), q)

P(t)-adic Littlewood Conjecture, de Mathan, Teulié, 2004:

For any choice of finite field IF, and any irreducible polynomial
P(t) € Fplt],

Bad(P(t),q) = @

Theorem, Adiceam, Nesharim, Lunnon, 2020:

Let n € N. Then

Bad(t,3") # @

Theorem, R., 2022:

For every irreducible polynomial P(t) € F,[t], there is an injec-
tion from Bad(t, q) into Bad(P(t), q).

Theorem, Garrett, R., 2024

The set Bad(P(t), g) is non-empty for any choice of irreducible
polynomial P(t) € F,[t] when g is a power of 5, 7 or 11.
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Problem 2:

Hybrid Sequences
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Definition of Hybrid Sequence
Theorem (Schmidt, 1972):

Every one-dimensional sequence z satisfies

log(NV)
N

Dn(z) >

Definition (Spanier, 1995):

Let d € N. A d-dimensional Hybrid sequence is a concatenation
of d different one dimensional low discrepancy sequences.

. J

Theorem (Hofer, 2018):

Let ©(t) € Bad(q) and let B(t) € Fp[t]. Then, the 2-
dimensional hybrid sequence
(Ha(©(2), B(t))n>0 = (Kn(©(2)), Va(B(t)))n>0
satisfies log2(N)
\ ’ VN _
October 11, 2024 20/34




Main Result

Theorem, R., 2022:
For every irreducible polynomial P(t) € F,[t], there is an injec-
tion from Bad(t, q) into Bad(P(t), q).

Conjecture: Levin, 2022. Theorem: R. 2024.
Let ©(t) € Bad(t,q). Additionally, let P(t) € Fp[t] be an
irreducible polynomial and let ®(t) € Bad(P(t),q) be induced
from ©(t). Then, the 2-dimensional hybrid sequence
(Ha(®(2), P(t))nz0 = (Kn(®(t)), Va(P(2)))n>0
satisfies 2
I N
Dyp < Ogl\§ )
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Proof of Main Result
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Main Idea

@ Recall:

#(B,z, N)

Dn(z) = sup N

Bc[0,1)d

oo . o0 .
vi= Z’y;p_' and \:= Z Aip~'.
i=1 i=1

- ﬂd(B)'-

o Let

@ Define the box B = (0,~] x (0, A].
@ The plan is to cover B in < log?(/N) disjoint boxes B;, and show that
for any N € N,

[#(Bi,z, N) = N - ug(Bi)| < 1,

where the implicit constant is independent to v and .
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Splitting B into Boxes
@ For j € N, define j

J
M= Z’}/,’p_i and Aj:= Z)\,’p_i.

=1 i=1
o For j, k € N, define /i, = [[}.Tj41) % [Aes Air1)-

o Clearly,
B= ||
Jj,kEN
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Splitting B into Boxes

o For j € N, define

M= v

J

=1 i=1
o For j, k € N, define /i, = [[}.Tj41) % [Aes Air1)-

B= || lx

o Clearly,

J
and Aj:= Z)\,’p_i.

Jj,keN
) | % 4 = [ T Tox
A'3 Ty; Iin Tz |laal
I 3,1 I 32 I 33 34
Az
12’1 12,2 12’3 Ien
Aq
Il/]- 11,2 11,3 Lq
0,0

I’
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Covering B in Finitely Many Boxes
o Let M :=log,(N) and define

= || lxcs.
Jik<M

@ Recall, if ©(t) € Bad(t, p) then there exists D(O(t)) € N such that

IN(E)| - [(O(t) - - N(t))| > p~PO®)

for every N(t) € Fp[t]\{0} and every k € N.
@ Define the sets

5= |_| li k S = |_| li k
J k<M J,k<M
j+k+2<M—D(©) j+k+2>M-D(O)

o Clearly, S’ =5, U S,.
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Covering B in Finitely Many Boxes

@ Recall
Jik<M k<M
j+k+2<M—D(©) j+k+2>M—D(©)
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Covering B in Finitely Many Boxes

@ Recall
S= | e 2= [
Jik<M k<M
j+k+2<M-D(©) j+k+2>M-D(O)
Inm—om-5 T2 M4 Imom-s  |IM2m-)
Im-3m-5 Im-3,m-4 In-sm-s  [tusu-s
Ip-apis Iv-s -4 IMeam-3  |Ineape
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Covering B in Finitely Many Boxes

@ Recall

S5 = |_| li K S = |_| ik

Jk<M J k<M
j+k+2<M-D(©) j+k+2>M—-D(©)

53 = |_| M, Tjy1) {/\MH,/\M+1 + )\M+1P7(M+1)> .
j<M
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Covering B in Finitely Many Boxes

S3 = |_| [I—j, rj+1) X [ Ap+1, Ave1 + /\M+1pf(l\/1+1)) )

j<Mm

s

Ivoms Ip-o,M-4 Ivoaomes  |Iw2med
Im-3m-5 In-3,m-4 In-sm-s  [tusu-s
yyva Iv-4 -4 IMeam—3  |Ivame
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Covering B in Finitely Many Boxes

@ Recall

S5 = |_| Ij,k S = |_| Ij,k

k<M Jk<M
j+k+2<M-D(©) j+k+2>M—-D(©)

S35 = |_| M, Tjg1) {/\M_s_l,/\,\/,+1 + /\M+1pf(M+1)) .

j<M

Sy = |_| {rl\/l-q—l-, Y] +“/M+1P_(M+l)> X [Nk, Ney1).
k<M
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Covering B in Finitely Many Boxes

5S4 = |_| {FMHﬁ VES] +“/’M+1P7(M+1)) X [Nk, Niy1).

k<M
—F
IM—2,M—5 IM—Z,M—4 Ipn  M-3 Im-2,m-)
In-3m-5 In-3,m-4 In-sm-s  [tusu-s
Yy va -4 -4 Ivcam—s  |Imame
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Covering B in Finitely Many Boxes

@ Recall
S = |_| li K S = |_| li K
j k<M k<M
j+k+2<M—D(®) j+k+2>M—D(©)

S5 = |_| [, Tj1) % {/\MH,/\M+1 + /\M+1p7(M+1)) .
Jj<M

S4 = |_| {rl\/l+17 M m+1 +”/M+1P7(MH)> X A Met)-
k<M

S5 = [FM+1, Mhvig1 + ’7M+1P_(M+1)) X [/\M+1, Amy1 + )\M+1P_(M+1)> .
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Covering B in Finitely Many Boxes

S5 = [FM+1, M1+ ’7M+1P_(M+1)) X [/\M+1, Amy1 + /\M+1P_(M+1)> .

Imom-5 jyayyan Inmoms  |vame
I M-3,M-5 I M-3,M-4 I M-3,M-3 IM-3,m-2]
Inapis Iv-am-4 IMcam-s  |Incamee
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Counting Points in /;
o The box B has been covered by < log?(N) sub-boxes, /; k.

for j € N, define

J J
;= ny;p_i and A;:= Z)\;p_i.

i=1 i=1
For j, k € N, define /j,k = [Fj, rj+1) X [/\ka/\k+1)~

o Sub-box /; 4 has width 7;,1p~U*1) and height A,y qp~ (K1),
@ Trivially, Yji+1; A1 < q.
@ Therefore, /; i is the disjoint union of at most p? boxes of the form

Lo e |2 a+1 b b+1
LXR= D T | | R kel

for some a < p/t1 and b < pkti.
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Main Lemma

@ Recall that up is 2-dimensional Lebesgue measure.

o Clearly, po(lh x k) = pf(j+k+2)_

For every choice of box /1 x hand for every N € N

[#(h % b, H(©(t), 1), N) — Nua(h x )| < pPeE®),

)

e Goal: Calculate #(h x L, H(©(t), t), N).
@ This amounts to counting how many n < N satisfy both

a a+1
F’F

@ Assume 1 x L C 5;.
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Proof of Main Lemma: Part 1

Let j, a € N such that a < p/. Then every choice of n € N such
that .
a a-+
Valt) € [ . )
(1) € |5 =5
has the same first j coefficients in its base p expansion.

An n x m matrix B = (bjj)o<i<no<j<m is Hankel if b;; =
biy1j-1forall0<i<n—-1,0<;,<m-1

a b c d
b ¢ d e
o Example: c d e f
d e f g
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Hankel Matrix from a Sequence
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Hankel Matrix from a Sequence

@ Let A= (aj)icz be an infinite sequence, k € Z and m,n € N.
o Let O(t) =32, at .

VIZ.

Ho(n, m) :=

ak Ak+1 Ak+2
Ak+1 ak+42 ak+3
ak+42 ak+3
ak+m—1

Ak+m  dk+m+1

Define the Hankel matrix Ho(k, m, n) := (aj1it+k)o<i<m,0<j<n

Ak+n—1 Ak+n
ak+n+1

Ak+n+m—1
Ak+n+m—1 Ak4n+m
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Proof of Main lemma: Part 2

Let ©(t) = Y. Xyait' € Fp((t71)) be a Laurent series.
Furthermore, let n € N, define m = |log,(n)] and expand
n=>",nip". Then,
b b+1
K,(©(t)) € [./ }
(©(t)) € | % %
if and only if there exists some fixed z € IF/,; such that
no
Ho(1,/ =1,m)| : | =z
Nm

Above, the precise value of z depends only on k.

Steven Robertson (Manchester University) October 11, 2024 31/34



Proof of Main Lemma: Part 3

o Let © =352 a;t~" and let n € N be such that

(KON ValPOD) € | 2 20 ) | 2 250 )

pitl’ pitl

@ By Lemma 2, the base-p coefficients of n satisfy

no
ar ... dk+1 ak+2 - AM+1
. . . ng
= Z.
Nk41
dj+1 -or djtk+l Fjtk+2 o AMHj .
nm

@ By Lemma 1, the coefficients in red are fixed.
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Proof of Main Lemma: Part 3

o Let © =" a;t~" and let n € N be such that

(Ko@) ValP(O) € |25 T2 ) [0 220,

o By Lemma 2, the base-p coefficients of n satisfy

ak42 ... AM41 Nk41 ar ... dk+41 no

Ajfk4+2 oo AM4j nwv aj+1 -+ djtk+l Ny

@ By Lemma 1, the coefficients in red are fixed.
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Proof of Main Lemma: Part 4

Lemma 3 (Adiceam, Nesharim, Lunnon, 2020):

Let ©(t) € Fy((t™1)). Then O(t) € Bad(t, p) with deficiency
D(©) if and only if for any positive k, | € N, the Hankel matrix
Ho(k,!,!+ D(©)) has full rank over F,,.

() |f/1></2C51,

ak+2 ... dM+1 Ni41 a ... ak+1 no

Ajtk4+2 ---  AM4j nm dj+1 - djtk+1 s

full rank

o Let N=3"" N;p' and recall n =7 nip’ < N.
@ Hence, n; < N,;.
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Open Problems and Conjectures
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Open Problems and Conjectures

Conjecture 1:

For any choice of irreducible polynomial P(t) € F,[t], the set
Bad(P(t), q) is non-empty unless g = 2.

Conjecture 2:

Let P(t) € [Fp[t] be an irreducible polynomial. Then the hy-
brid sequence (K,(©), V,,(P(t))) generated from some O(t) €
Bad(P(t), q) is low discrepancy.

Conjecture 3:

Let ©(t) € F,((t!)) be a Laurent series, let k € N and let
Pi(t), ..., Pk(t) € Fp[t] be coprime irreducible polynomials.
Assume that ©(t) € Bad(P;(t),q) for all 1 < i < k. Then the
(k + 1)-dimensional digital Kronecker-Halton sequence defined
by ©(t) and the polynomials P;(t) is low discrepancy.
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