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Alphabet-base systems

Zou—Komornik-Lu:
alphabet-base systems {(do, 50), (d1,51),---,(dm, Bm)}, di € R, 5 > 1,
expansions

oo
:Z - G 3 (iiz--- €{0,1,...,M}>)
/1 Ip I

Rényi '57, Parry '60, Pedicini '05, ...:
Bo = -+ = Bm = B, B-expansions with digit set {dp, d1,...,dn}

Neunhduserer '21, Y.-Q. Li '21: d; =i
Avanzi, Berthé, Doche, Imbert, Dimitrov, Krenn, Wagner, ... 06—

double base expansions of integers >, 1ycr +p?gh
applications to elliptic curve cryptosystems



Double base expansions
alphabet-base systems {(do, 50), (d1, 1)}, w.l.o.g., {(0, 5o), (1, 51)}:
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Unique expansions
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Critical constants for bases with unique expansions
Generalised golden ratio

G(Bo) :=inf{B1>1: Ugyp, #{00---,11---}}
=inf{B1 > 1 : Ug,p, is infinite}
Erdés—Jo6—Komornik '90, Glendinning—Sidorov '01:
inf {8 >1: Usp#{00---,11---}} = 115 ~ 1618034

Generalised Komornik—Loreti constant
L(Bo) :=inf{B1 > 1 : Ug, s, is uncountable}

=inf{81 > 1 : Ugs, s, has positive topological entropy}

=inf{f1 > 1 : mg, (U, p ) has positive Hausdorff dimension}
Glendinning—Sidorov '01:

min{3 > 1 : Ugg is uncountable} = fiki, ~ 1.78723165

b ey, (110100110010110 - - - ) = 1, Thue-Morse word 0110100110010110 - - -

Q(HT\@) = % L(PxL) = BKL



Generalised golden ratio and Komornik—Loreti constant

B |

Komornik=St-Zou:
G, L strictly decreasing, G(G(B0)) = Bo, L(L(5o)) = Bo
L max { g, m} < (Bo—1) (9(Bo)-1) < 3
1 < (Bo—1) (£(Bo)—1) < min { 32, 7)1
(Bo—1) (G(Bo) — 1) = 2 <= G(Bo) = L(fo)
(Bo — 1) (£(Bo) — 1) = 5 <= G(fo) = L(o)
(Bo—1)(B1—1)=1
(Bo—1)(B1—1)=PBo/(Bo+1)
(Bo—1)(B1—1)=p1/(P1+1)
L(o)
(Bo—1)(B1—1)=1/2
G(Bo)
. | . L = (Bo—1)(B1—1)=1/(B1+1)
1 2 3 Bo (Bo—1)(B1—1)=1/(Bo+1)



Generalised golden ratio and Komornik—Loreti constant
Komornik-St—Zou:
G, L strictly decreasing, G(G(Bo0)) = Bo, L(L(5o)) = Po

max { g1 grager ) < (B —1) (G(6o) — 1) < 3
§ < (fo— 1) (£(Bo) — 1) < min { 22, 7245
(Bo—1)(9(Bo) —1) = 3 = G(f) = L(fh)
(Bo—1) (£(Bo) — 1) = 3

<= G(Bo) = L(bo)
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Unique [B-expansions with 3 digits
Komornik—Lai—Pedicini '11, Baker-St '17, Komornik—Pedicini '17, St '20:
G(m) :=inf {B > 1 :set of unique S-expansions with

digit set {0,1, m} is non-trivial }
L(m) :=inf{B > 1 :uncountably many sequences in {0,1}>° , 3tv5

are unique S-expansions with digit set {0,1, m}}



Unique double base expansions and lexicographic world
assume % + % >1,ie, (bo—1)(B—-1)<1
Ugo,, = {u € {0,1}%° : 7, 5,(u) # mg,,,(v) for all v # u}
= {ii- €{0,13% ¢ gy 5, (inins1-+) ¢ [ 5 oa—ry) VN = 1}
={ih-€{0,1}*° : ipipy1--- < Oborla < ipipy1--- Vn>1}
Ob is the quasi-greedy (8o, 51)-expansion of 1 = 73,4 (10), 0:=00---
la is the quasi-lazy (B0, 51)-expansion of ( -y = = 7,5 (01), 1:=11---

UBOvBl = {I]_I2-.- (= {071}00 ‘a< /n/n—i—l"' <bvn2 1}
={ue{0,1}* : Ou € Usp, and lu € Ug g, }

Uy, = 0%Uj, 5, U1 Up 5, U{0,1}

Ug g = {ii---€{0,1}* : @ <ipipy1--- <bVn>1}

_ Oblab
o m56>50 Ué(’),ﬁl - ﬂﬂ{>,31 Ulli’o,ﬁ{ a a
G(Bo) < B1 & Ugyy #{0,1}vi>p & Up g # Bvsi>81 & Uy 5, # 0

L(fo) < p1 & Uso, ;. Uéoﬁ{’ Ulﬁ/o,ﬁi uncountable V3] > 31



Lexicographic world (Labarca—Moreira '06, ... )

Qap = {ii2--- €{0,1}* : ipipy1--- € [a,b] Vn > 1}

— {01,
Qa,
Qap =10
Qap € R({0,1}™)
Qap C L({0,1}>)

L:0+—0 M:0+01 R:0~ 01

110 1~ 10 11

a<00I,b>10 = 3k >0:{0(01)%,0(01)}>* C Q,
a<01,b>110 = 3k >0:{1(10)%,1(10)*"1}>* C Q.
a>001,b<110 = Q.p € M({0,1}*°) U {0,1}M({0,1}*)
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Thue—Morse-Sturmian words, partitions of {0, 1}>

L:0—0 M:0— 01 R:0~01
1—10 1—10 1—1

O'(U) = n“—>r200102 o -Un(l.l) (0’ = (Un)n21 S {L, /\/I, R}OO, uc {0, 1}00)

0{0,1}> =

U o= J Joo tfo,13°= | lb= |J 4

oc{L,M,R}> oc{L,M,R}> oc{L,M,R}> oc{L,M,R}>
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inf(iyhp -

{[inf( o(10)),inf(o(0))] if o € {L, RY*MLU {L, R}>*\{L, R}*{LR, RL}

otherwise

),sup(a(01))] if o € {L,R}*MRU {L, R}>*\{L, R}*{LR, RL}
otherwise
if o € {L,M,R}* {LR, RL}
),inf(a(01))] otherwise
if o € {L,M,R}* {LR, RL}
o(10)),sup(o(01))] otherwise
|nf({/nl,,+1 cn>1}), sup(iiz---) :=sup({inint1---:n>1})
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Jumt o L
ML(0) = 01
Jumr ME(OD = Olﬂﬁ
g ML(10) = 1001
M ML(1) = 1001
Jemyz  MR(0) = 0110
MR(01) = 0110
Jrmr  MR(10) = 100110
MR(1)=1
e (1)



Lexicographic world and unique expansions
Qap = {iir-++ € {0,1}* : ipinp1--- € [a,b] Vn > 1}
r:{0,1}* = {L,M,R}*, u—o when ueci,Ul,
s:{0,1}° = {L,M,R}*, u+— o when ueJ,UJ,
Labarca—Moreira '06, St '20, Komornik—St—Zou:
Qap #0 < r(a) < r(b)
Qap has positive entropy <= s(a) < s(b)

Qap uncountable with zero entropy < s(a) = s(b) ¢ {L, M, R}*{L, R}
(Qap is the S-adic shift given by the primitive sequence s(a) = s(b))

Ob quasi-greedy (3o, 51)-exp. of , la quasi-lazy (B, B1)-exp. of 3 ﬁ1 L

g(ﬂO)Sﬁl < Qa,b 50517&9 <~ r( )Sr(b)
L(Bo) < p1 < s(a) < s(b)



Critical constants

Ob quasi-greedy (o, 51)-exp. of i la quasi-lazy (8o, B1)-exp. of m
G(Bo) < B1 <= r(a) < r(b)
<= 3o € {L,R}Y*MLU{L,R¥*\{L,R}*{L,R} : a < inf(a(0)),b > sup(c(0))
(sup(o ML(0)) = sup(o(01)) = sup(c(10)) = sup(c MR(1)))
— 3o € {LRYMLU{LRY\(LRY (LR} : B1 2 max (&, (50): 8(0)(50))

gu(5Bo), &4(Bo) > 1 are defined by

1 . 1
T 30.2u(80) (0 SUP(U)) = (G0 T 6o,8u(50) (1 inf(u)) = Bo(Zu(Bo) — 1)

G(Bo) = _ min __ max (&,g)(6o), &) (o))
oe{L,R}*MLU{L,R}>=\{L,R}*{L,R}
L(Bo) = min max (&,(15)(50): & (o1) (Bo))

oe{L,M,R}* M{L,R}U{L,M,R}>>\{L,M,R}*{L,R}



Main theorem (Komornik-St—Zou)
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8-)(Bo) if Bo € [1y(10): Ho(m)]:
G(Bo) = . o c{L,R}*ML U {L,R}*>\ {L,R}*{L, R}
EU(I)(»BO) if Bo € [MG(I)»MG(OI)L
o€ {L,RY*MR U {L,R}*\ {L,R}*{L,R}
(8,(15)(B0)  if Bo € [1o 15y Ho(om):
L(Bo) = ?'E{L, M,R}*ML U {L,M,R}>*\ {L, M, R}*{L, R}
8-(01)(Bo)  if Bo € [1y(10)> Mo (o))
. oc{L,M,R}y*MR U {L,M,R}>\ {L,M,R}*{L, R}
- > 1 defined by gyu(pu) = &u(pu) (if unique solut) ,Boﬁ‘?‘l
1
/\/lﬁ(oi)2
m ‘ 1

1 ‘ (Bo—1)? 5 Bot1



Example: 0 =
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Bk+1(5 1) o(0) (0) (1) (0)
280 —1 k1 _
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oo- (3 Tl
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Bo+2++/B3+4

(Bo) = {

if Bo € [3,1.6823278]
if Bo € [1.8711568, 2]
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