
Finite β-expansions of natural numbers

Fumichika Takamizo

(Osaka Metropolitan University)

Finite beta-expansions of natural numbers, F.Takamizo (arXiv:2306.01770)



Contents

1. Notation

2. What is β-expansion?

3. Main Theorem

4. Key Lemma

5. Sufficient condition for (F1)

6. Proof of Main Theorem



Notation

• β > 1

• N = {1, 2, 3, · · · } and Z = {· · · ,−2,−1, 0, 1, 2, · · · }.

• N0 = N ∪ {0}

• ⌊x⌋ is the integer part of x, and {x} := x− ⌊x⌋.

• T (x) := {βx} for x ∈ [0, 1], T is called the β-transformation.

• [[a, b]] = [a, b] ∩ Z where a, b ∈ Z and a < b

• ν(c1c2 · · · ) =
∑

n≥1 cnβ
−n where c1c2 · · · ∈ ZN satisfies∑

n≥1 |cn|β−n < ∞.



What is β-expansion?

Let xn = T (xn−1) and cn = ⌊βxn−1⌋ for x0 = x ∈ [0, 1]. Then

cn ∈ [[0, ⌊β⌋]]. Moreover,

x1 = βx0 − c1 i.e., x0 = c1β
−1 + x1β

−1

x2 = βx1 − c2 i.e., x1 = c2β
−1 + x2β

−1

· · · .

So we have the expansion of x, that is,

x = x0 = c1β
−1 + x1β

−1 = c1β
−1 + c2β

−2 + x2β
−2 = · · · =

∞∑
n=1

cnβ
−n

and write

dβ(x) = c1c2 · · · cn · · · .



The β-expansion of x is given by

x = c1β
L(x)−1 + · · · cL(x)−1β + cL(x) +

cL(x)+1

β
+ · · · =

∞∑
n=1

cnβ
L(x)−n

where

L(x) := min{n ∈ N0 | xβ−n < 1} & dβ(β
−L(x)x) = c1c2 · · · .

Symbolically, we write

x = c1 · · · cL(x).cL(x)+1 · · · .

Example:

(1) dβ(1) = ⌊β⌋dβ({β}) (2) the β-expansion of 1 = 1.0∞



Main Theorem

Def� �
x has the finite β-expansion if Tn(β−L(x)x) = 0 for some n ∈ N.� �
Let Fin(β) = {x ∈ [0,∞) | x has the finite β-expansion}.

Def (Frougny-Solomyak)� �
(F1) N0 ⊂ Fin(β)

(PF) N0[1/β] ⊂ Fin(β) where

N0[1/β] := {
∑n

k=0 ckβ
−k | ck ∈ N0, n ∈ N0}.

(F) Z[1/β]≥0 ⊂ Fin(β) where

Z[1/β]≥0 := {x =
∑n

k=0 ckβ
−k | x ≥ 0, n ∈ N0, ck ∈ Z}.� �



Def� �
An algebraic integer β is a Pisot number if

(i) β > 1 (ii) γ ( ̸= β) is a conjugetes of β ⇒ |γ| < 1� �
Note: β is a Pisot number with degree 1 ⇒ β ∈ Z≥2 and so β has (F).

Thm (Frougny-Solomyak & Akiyama)� �
β has (F1) ⇒ β is a Pisot number� �
Thm (Frougny-Solomyak)� �
β is a Pisot number with degree 2 ⇒ β has (PF)� �



Example (Frougny-Solomyak & Hollander): Let β be an alge-

braic intger with minimal polynomial xd − ad−1x
d−1 − · · · − a1x− a0.

Suppose that aj (j ∈ [[0, d− 1]]) satisfy one of the following:

(FS) ad−1 ≥ · · · a1 ≥ a0 ≥ 1. (H) ad−1 >
∑d−2

j=0 aj , aj ≥ 0.

Then β has (F).

Example: Let β be a Pisot number with minimal polynomial x2 −

3x+ 1. Then β has (PF) without (F). For example,

dβ(1− β−1) = 1∞.

Example (Frougny-Solomyak): Let β be a Pisot number with min-

imal polynomial x3−3x2+2x−2. Then β does not have (F1). Indeed,

the β-expansion of 3 = 10.111(00012)∞.



Main Theorem� �
Let β > 1 be an algebraic integer with minimal polnomial

x3 − 2tx2 + 2tx− t (t ∈ Z≥2). Then β has (F1) without (PF).� �
By using the following theorem, we can show that above β does not

have (PF).

Thm (Akiyama)� �
Let β > 1. β has (PF) without (F) if and only if β is a Pisot

number whose minimal polynomial is of the form:

xd − (⌊β⌋+ 1)xd−1 +
∑d

j=2 ajx
d−j

with aj ≥ 0 and
∑d

j=2 aj < ⌊β⌋.� �



Key Lemma

Let x ∈ [0,∞) and the β-expansion of x be

x = c1 · · · cL(x).cL(x)+1 · · · .

We define

{x}β =
∑

n≥L(x)+1

cnβ
L(x)−n = .cL(x)+1cL(x)+2 · · ·

and call it β-fractional part of x.

Key Lemma� �
∀x ∈ [0,∞), ∃θ ∈ {0, 1}, ωn ∈ N0 (n ∈ [[0, r]]) s.t.

{x+ 1}β − {x}β = θ −
r∑

n=0

ωnT
n(1).

� �



Now <lex means the lexicographic order and ≤lex means <lex or =.

Remark: For x, y ∈ [0, 1], x < y ⇔ dβ(x) <lex dβ(y).

Define ρ on NN
0 by ρ(c1c2 · · · , c′1c′2 · · · ) := (inf{n | cn ̸= c′n})−1. We

can define

d∗β(x) := lim
y↑x

dβ(y) for each x ∈ (0, 1].

Since ν is continuous on [[0, ⌊β⌋]]N, we get x = ν(d∗β(x)).

Thm (Parry)� �
c1c2 · · · ∈ dβ([0, 1)) ⇔ 0∞ ≤lex cncn+1 · · · <lex d∗β(1) (∀n ∈ N0)� �

Moreover we have

d∗β(1) =

{
(d1 · · · dq)∞ if dβ(1) = d1 · · · dq−1(dq + 1)0∞

dβ(1) otherwise



Def: For c = c1c2 · · · , let

c[i, j] :=


cici+1 · · · cj if i ≤ j < ∞
cici+1 · · · if j = ∞
empty word if i > j

Note: ∀n ∈ N, ∃p ∈ N0 s.t. T p(1) = ν(d∗β(1)[n,∞])

For c, c′ ∈ NN
0 , define

c
ν
= c′

def⇐⇒ ν(c) = ν(c′)

c⊖ c′ := (c1 − c′1)(c2 − c′2) · · · .

Then we have the carry formula.

Obs: Let ℓ ∈ N and c := c1c2 · · · ∈ [[0, ⌊β⌋]]N. Then

c
ν
= c[1, ℓ− 1](cℓ + 1)(c[ℓ+ 1,∞]⊖ d∗β(1)).



Def� �
Let c = c1c2 · · · ∈ dβ([0, 1)). {ki}i≥1 ⊂ N gives a block decompo-

sition (BD for short) of c if {ki}i≥1 satisfies cki+1 < dki+1−ki and

c = d∗β(1)[1, k1 − 1]ck1
d∗β(1)[1, k2 − k1 − 1]ck2

· · · .� �
Remark 1: Let c = c1c2 · · · and ℓ ∈ N satisfy ν(c+0 ) < 1 where

c+0 = c[1, ℓ− 1](cℓ + 1)c[ℓ+ 1,∞].

Let {kj} give the BD of c and ki < ℓ ≤ ki+1. Then

c+0
ν
= ccarry0 := c[1, ki − 1](cki

+ 1)0ℓ−ki−1θc′1

where

θ := cℓ + 1− dℓ−ki & c′1 := c[ℓ+ 1,∞]⊖ d∗β(1)[ℓ− ki + 1,∞].

Proof: Note c[ki + 1, ℓ− 1] = d∗β(1)[1, ℓ− ki − 1].



The following example explains how to use Remark 1.

Example: Let β > 1 be the algebraic integer with minimal polynomial

x3 − x2 − x− 1. Then d∗β(1) = (110)∞. Let

c = c1c2 · · · := 10(110)210∞ and ℓ = 9.

Then the BD of c is {kj}j≥1 = {2, 10, 11, 12, · · · }. So by Remark 1,

c+0 := 10(110)220∞
ν
= 11061c′1 where c′1 := 0∞ ⊖ d∗β(1)[8,∞].

Moreover, since 1 + ν(c′1) = 1− β−1 − β−2 ∈ [0, 1), we have

c+0
ν
= c+1 := 1107dβ(1 + ν(c′1)).

In order to prove Key Lemma, we need the repeated use of the carry

formula.



Lemma: Let c′ ∈ dβ([0, 1)) and c = c1c2 · · · ∈ dβ([0, 1)) with its BD

{kj}j . Suppose that i ∈ N and ℓ ∈ N with ℓ > ki. Define

c̃ =

{
c[1, ℓ− 1](cℓ + 1)c′ if ki < ℓ < ki+1

c[1, ki+1 − 1](cki+1 + 1)0ℓ−ki+1c′ if ℓ ≥ ki+1

& c̃carry = c[1, ki − 1](cki + 1)0ℓ−ki−1θ(c′ ⊖ d∗β(1)[ℓ− ki + 1,∞])

where 00 is empty and

θ =

{
1 if ki < ℓ < ki+1

0 if ℓ ≥ ki+1.

Then

c̃ /∈ dβ([0, 1)) ⇒ c̃
ν
= c̃carry

where θ + ν(c′)− ν(d∗β(1)[ℓ− ki + 1]) ≥ 0.



Example: Let β > 1 be the algebraic integer with minimal polynomial

x3 − x− 1. Then d∗β(1) = (10000)∞. Let

c = c1c2 · · · := 00010∞ and ℓ = 5.

Then the BD of c is {kj}j≥1 = {1, 2, 3, 9, 10, · · · }. So by Remark 1,

c+0 := 000110∞
ν
= 00101c′1 where c′1 := 0∞ ⊖ d∗β(1)[3,∞].

Moreover, since 1 + ν(c′1) = 1− β−3 = β−2 ∈ [0, 1), we have

c+0
ν
= c+1 := 00100dβ(1 + ν(c′1)).

Here notice that c+1 = 001000010∞ /∈ dβ([0, 1)). So by Lemma,

c+1
ν
= c̃carry := 01000c′2

where c′2 = dβ(1 + ν(c′1))⊖ d∗β(1)[4,∞]. Hence we have

c+1
ν
= c+2 := 010∞

because dβ(ν(c
′
2)) = 0∞.



Sketch of the proof of Key Lemma: Let x ∈ [0,∞), ℓ = L(x+ 1)

and

c = c1c2 · · · := 0ℓ−L(x)dβ(β
−L(x)x)

and

c+0 := c[1, ℓ− 1](cℓ + 1)c[ℓ+ 1,∞].

Note {x}β = ν(c[ℓ−L(x) + 1,∞]) and {x+1}β = ν(c+0 [ℓ+1,∞]). So

by Lemma, we get

{x+ 1}β − {x}β = θ −
q∑

j=1

ξ(kj) for some kj ∈ N and q ∈ N.

where ξ(n) := ν(d∗β(1)[n,∞]). So, since T k(1) = ξ(n) for some k, we

can choose ωj and r such that

{x+ 1}β − {x}β = θ −
∑r

j=0 ωjT
j(1).



Cor 1� �
For each N ∈ N, there is {ωn}rn=0 (ωn ∈ N0) such that

{N}β =

{
−

r∑
n=1

ωnT
n(1)

}
.

� �
Proof: Suppose that

{N}β = {−
∑r

n=1 ωnT
n(1)}.

Here, we may take r to be sufficiently large. By Key Lemma,

∃θ′ ∈ {0, 1}, ∃ω′
n ∈ N0 s.t. {N + 1}β − {N}β = θ −

∑r
n=1 ω

′
nT

n(1).

Note {N + 1}β ∈ [0, 1). So

{N +1}β = {{N +1}β} = {θ−
∑r

n=1 ω
′
nT

n(1)+ {−
∑r

n=1 ωnT
n(1)}}

= {−
∑r

n=1(ω
′
n + ωn)T

n(1)}.



Sufficient condition for (F1)

Let β > 1 be an algebraic integer with minimal polynomial

xd − ad−1x
d−1 − · · · − a1x− a0.

For ℓl = (l1, l2, · · · , ld−1) ∈ Zd−1, define λ, τ by

λ(ℓl) :=

d−1∑
j=1

lj

(
j∑

i=1

aj−iβ
−i

)
, τ(ℓl) := (l2, · · · , ld−1,−⌊λ(ℓl)⌋).

Let {λ}(ℓl) := {λ(ℓl)}. Then we have the following comutative diagram.

Zd−1 τ−→ Zd−1

{λ}
y y{λ}

Z[β] ∩ [0, 1) −→
T

Z[β] ∩ [0, 1)



Example: Let β > 1 be an algebraic integer with minimal polynomial

x3 − ax2 − bx− c. Then

λ(l1, l2) = l1cβ
−1 + l2(bβ

−1 + cβ−2) = (l1c+ l2b)β
−1 + l2cβ

−2.

So τ(l1, l2) = (l2,−⌊λ(l1, l2)⌋) = (l2,−⌊(l1c+ l2b)β
−1 + l2cβ

−2⌋).

Let

e := (0, · · · , 0, 1) ∈ Zd−1.

Remark 2: Tn(1) = {λ}(τn−1(e)) for all n ∈ N.

Proof: Since βd − ad−1β
d−1 − · · · − a1β − a0 = 0, we have

β − ad−1 = ad−2β
−1 + · · ·+ a1β

−d+2 + a0β
−d+1 = λ(e).

Thus {λ(e)} = β − ⌊β⌋. So we have

T (1) = β − ⌊β⌋ = {λ}(e).

Hence by commutative diagram, we have the desired result.



Let Fβ := {ℓl ∈ Zd−1 | ∃k ≥ 0; τk(ℓl) = 0}.

Then by commutative diagram, {λ}(Fβ) ⊂ Fin(β). Let

V :=

{
−

r∑
n=1

ωnτ
n−1(e)

∣∣∣∣∣ r ∈ N, ωn ∈ N0

}
.

Remark 3: V ⊂ Fβ ⇒ β has (F1).

Now we aim to get a sufficient condition for V ⊂ Fβ . Define

τ∗(ℓl) = −τ(−ℓl).

Notice that if ℓl := (l1, · · · , ld−1) ̸= 0 then

τ∗(ℓl) = (l2, · · · , ld−1,−⌊λ(ℓl)⌋ − 1).

Note: For ℓl, 1k ∈ Zd−1,

τ(ℓl + 1k) ∈ {τ(ℓl) + τ(1k), τ(ℓl) + τ∗(1k)}

τ(ℓl − 1k) ∈ {τ(ℓl)− τ(1k), τ(ℓl)− τ∗(1k)}.



Define

Qβ =

{
ℓl ∈ Zd−1

∣∣∣∣∣
∃N ∈ N, ∃{ℓln}Nn=1 s.t. ℓl1 = e

ℓlN = ℓl, ℓln+1 ∈ {τ(ℓln), τ∗(ℓln)}

}
.

Note: β is a Pisot number ⇒ ♯Qβ < ∞
Obs� �
Let 1k = τ j(e) (j ∈ N0). Then we have

1k′ := τ(ℓl)− τ(ℓl − 1k) ∈ {τ(1k), τ∗(1k)} and so 1k′ ∈ Qβ� �
Def: The set U ⊂ Zd−1 satisfies backward invariant (BI for short) if

τ−1(U) = {ℓl ∈ Zd−1 | τ(ℓl) ∈ U} ⊂ U .

Let

Pβ := {ℓl ∈ Qβ \ {0} | ∃m ∈ N; τm(ℓl) = ℓl} & −Qβ := {−ℓl | ℓl ∈ Qβ}



Lemma: Let β be a Pisot number and Pβ satisfy BI. Then −Qβ = Qβ

Sketch of the proof: First, we note

(Qβ \ {0}) ∩ Fβ ̸= ∅ ⇒ −Qβ = Qβ .

Indeed, we can choose ζ ̸= 0 with τ(ζ,0) = 0. Then τ∗(ζ,0) = −e ∈

−Qβ and so −Qβ = Qβ . Consider the case (Qβ \ {0})∩Fβ = ∅. Since

e ∈ Pβ by BI, we can choose (ζ, η) ̸= 0 such that (ζ, η,0) ∈ Pβ and

τ2(ζ, η,0) = e. Notice that (η,0,−1) = τ∗(ζ, τ,0) ∈ Pβ and

τ(η,0,−1) ∈ {τ(η,0) + τ(−e), τ(η,0) + τ∗(−e)}.

Now we can show

τ(η,0,−1) = τ(η,0) + τ(−e) ⇒ Pβ ∋ τ∗(η,0,−1) = τ(−e)

τ(η,0,−1) = τ(η,0) + τ∗(−e) ⇒ Pβ ∋ τ(η,0,−1) = τ(−e).

Thus −e ∈ Qβ and hence −Qβ ⊂ Qβ .



Thm� �
Suppose that a Pisot number β satisfies

(i) Pβ satisfies BI, that is, τ−1(Pβ) ⊂ Pβ .

(ii) R0 := [[− δ, δ]]
d−1 ∩ V ⊂ Fβ where

δ := max{|lj | | (l1, · · · , ld−1) ∈ Pβ , j ∈ [[1, d− 1]]}.

Then β has (F1).� �
Sketch of the proof: Let R = ∪n≥0Rn where

Rn := {ℓl − τ j(e) ∈ V | ℓl ∈ Rn−1, j ∈ N0}.

Then V = R. Assume Rn−1 ⊂ Fβ and ℓl ∈ Rn\Fβ . Then ℓl = ℓl′−τ j(e)

for some ℓl′ ∈ Rn−1 and j. Since ℓl′ ends up at 0 and −τ j(e) ends up

Pβ , we get ℓl ∈ Pβ . Contradiction. So by induction on n, Rn ⊂ Fβ .



Proof of Main Theorem

Let β > 1 be an algebraic integer with minimal polynomial x3 −

2tx2 + 2tx− t (t ∈ N ∩ [2,∞)). So

1 = 2tβ−1 − 2tβ−2 + tβ−3.

Then β is a Pisot number because

Thm (Akiyama): Let β > 1 be an cubic number with minimal poly-

nomial x3 − ax2 − bx− c. Then

β is a Pisot number ⇔ |b− 1| < a+ c & (c2 − b) < sgn(c)(1 + ac).

Note: τ(l1, l2) = (l2,−⌊t(l1 − 2l2)β
−1 + tl2β

−2⌋).

Fact: (1) Pβ = {(1, 1)} (2) λ(0, 1) < −1 and λ(2, 1) > 0.



Proof of Main Theorem: It suffices to show that β satsfies the con-

ditions of Thm-(i) and (ii).

(i) : Since λ(0, 1) < −1 and λ(2, 1) > 0 and λ(x, 1) is increasing in

x, we have

τ−1(1, 1) = {(x, 1) | x ∈ Z,−1 ≤ λ(x, 1) < 0} = {(1, 1)}

(ii) : Since

(0, 1)
τ→ (1, 2)

τ→ (2, 2)
τ→ (2, 1)

τ→ (1, 0)
τ→ (0, 0),

we have V ⊂ ((−∞, 0] ∩ Z)2 and so

R0 ⊂ [[− 1, 0]]
2
.

Moreover

(0,−1)
τ→ (−1,−1)

τ→ (−1, 0)
τ→ (0, 1).

So [[− 1, 0]]
2 ⊂ Fβ . Hence R0 ⊂ Fβ .



Example: Let

x := (2t− 2) + (2t− 2)β−1 + (t− 1)β−2 + (t− 1)β−4 + (t− 1)β−5 + (t− 1)β−6.

Then x is in N0[1/β] and does not have the finite β-expansion. Indeed,

by using 1.000
ν
= 0.442,

dβ(β
−2x)

ν
= 0 (2t− 2) (2t− 2) (t− 1) 0 (t− 1) (t− 1) (t− 1) 0 0 0 0 0∞
ν
= 1 (−2) (4t− 2) (−1) 0 (t− 1) (t− 1) (t− 1) 0 0 0 0 0∞
ν
= 1 0 (−2) (4t− 1) (−2t) (t− 1) (t− 1) (t− 1) 0 0 0 0 0∞
ν
= 1 0 0 (−1) (2t) (−t− 1) (t− 1) (t− 1) 0 0 0 0 0∞
ν
= 1 0 0 0 0 (t− 1) (−1) (t− 1) 0 0 0 0 0∞
ν
= 1 0 0 0 0 (t− 2) (2t− 1) (−t− 1) t 0 0 0 0∞
ν
= 1 0 0 0 0 (t− 2) (2t− 2) (t− 1) (−t) t 0 0 0∞
ν
= 1 0 0 0 0 (t− 2) (2t− 2) (t− 2) t (−t) t 0 0∞
ν
= 1 0 0 0 0 (t− 2) (2t− 2) (t− 2) (t− 1) t (−t) t 0∞.

and so

a beta-expansion of x = 10.000(t− 2)(2t− 2)(t− 2)(t− 1)∞.
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