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Notation

o 3>1
e N={1,2,3,---}and Z=1{--,-2,-1,0,1,2,--- }.
® NQ:NU{O}

e || is the integer part of x, and {x} :=x — |x].
o I'(x) :={Bx} for x € |0,1], T is called the S-transformation.
e [a,b] = |a,b] N7Z where a,b € Z and a < b

e v(cica--) = > o,cfB7™ where ciea--- € ZVN satisfies

D n>1lCn]B87™ < o0



What is 3-expansion?

Let z, = T(z,_1) and ¢, = |Bxp_1] for zg = x € [0,1]. Then
cn, € [0, |6]]. Moreover,

r1 = 5$0 — C1 i.e., Lo — 015_1 -+ $1ﬁ_1

Tg = Px1 —co le., T = 625_1 =+ xQﬁ_l

So we have the expansion of x, that is,

r=zp=cif A mB =B B R aB i =Y T
n=1

and write
dﬁ(ZC) :ClcQ...Cn...



The B-expansion of x is given by

x)— CL(z)+1 = ) —n
x=c T 4 CL(z)—10 + Cr(z) + (ﬁH + = Z e BE @)
n=1

L(z) :=min{n € Ng | 267" < 1} & dg(B7 @) =ciep--- .
Symbolically, we write

€T — Cl . . .CL(CC)'CL(ZIZ)—I—l « e,

Example:

(1) dg(1) = |Blds({B}) (2) the S-expansion of 1 = 1.0°




Main T heorem

Def
[x has the finite S-expansion if T”(ﬁ_L(f’})x) = 0 for some n € N. j

Let Fin(8) = {z € [0,00) | = has the finite S-expansion}.

-~ Def (Frougny-Solomyak) ~N

(F1) No C Fin(8)
(PF) Ng[1/8] C Fin(8) where

No[1/8] :={> 1_ockB7" | cx € No,n € Ny}
(F) Z[1/B]>0 C Fin(8) where

Z|1/Bls0 i ={x=>1_gckB " |2z >0,n €Ny, cx €Z}.
\ /




~ Def ~

An algebraic integer ( is a Pisot number if

(i) B>1 (ii) = (# B) is a conjugetes of § = |y| < 1
\ /

Note: (5 is a Pisot number with degree 1 = 3 € Z>5 and so  has (F).

Thm (Frougny-Solomyak & Akiyama)
B has (F1) = ( is a Pisot number ]

Thm (Frougny-Solomyak)
B is a Pisot number with degree 2 = ( has (PF) ]




Example (Frougny-Solomyak & Hollander): Let § be an alge-

braic intger with minimal polynomial 2% —ag_12% ' — -+ —a12 — ap.

Suppose that a; (j € [0,d — 1]) satisfy one of the following:

(FS) ag—1 > ---a1 > ag > 1. (H) aq— 1>ZJ “2aj, a; > 0.
Then S has (F).

Example: Let 38 be a Pisot number with minimal polynomial z? —

3x + 1. Then S has (PF) without (F). For example,

dg(1—p7") =1%.

Example (Frougny-Solomyak): Let 8 be a Pisot number with min-

imal polynomial z° — 3x% +2x — 2. Then 8 does not have (F). Indeed,

the [B-expansion of 3 = 10.111(00012)°



~ Main Theorem

o

Let 8 > 1 be an algebraic integer with minimal polnomial

r° — 2tx? 4 2tx —t (t € Z>2). Then § has (F) without (PF).

~

/

- Thm (Akiyama)

-

By using the following theorem, we can show that above 5 does not

have (PF).

Let 3 > 1. (8 has (PF) without (F) if and only if g is a Pisot

number whose minimal polynomial is of the form:
_ d i
ﬂi_(tﬁj —|—1)33d 1_|_Zj:2ajxd J

with a; > 0 and 2?22 a; < |B].

~




Key Lemma

Let z € [0,00) and the S-expansion of x be

We define

{z}s = Z CnBL(x)_n — CL(x)+1CL(z)+2 " "
n>L(x)+1

and call it B-fractional part of .

-~ Key Lemma

Vo € [0,00), 70 € {0,1}, w, € Ny (n € [0,r]) s.t.

fo+1}s—{e}s =0 > w.T"(1).




Now <., means the lexicographic order and <;., means <., or =.
Remark: For z,y € [0,1], x < y & dg(x) <jex dg(y).
Define p on Ny by p(cico---,cich-+-) == (inf{n | ¢, # . )71 We

can define
dg(z) := li%n dg(y) for each = € (0, 1].
yTx

Since v is continuous on [0, |8]]", we get = = v(ds(z)).

Thm (Parry)

crez -+ €dg([0,1)) & 0% <jep cnlpyr -+ <iew dj(1) (Vn € No)

Moreover we have

N B (dl e dq)oo if d@(l) =dj--- dq_l(dq + 1)000
ds(1) = .
ds(1) otherwise



Def: For ¢ = cico-- -, let

( CiCi+1 " Cj 1fZ§j<OO
C[Z,]] = < CiCj41 lfj — OO

| empty word if ¢ > j
Note: Vn € N, dp € Ny s.t. TP(1) = v(dj(1)[n, o0])
For ¢,c’ € Ny, define
c L &L v(e) =v(cd)
coc = (cp—c))(ca—co) .
Then we have the carry formula.

Obs: Let £ € Nand ¢ :=cico--- € [0, 8]]". Then

c=c[1,0—1](c; + 1) (e[l +1,00] © dj(1)).



Let ¢ = cjco--- €dg(]0,1)). {k;}i>1 C N gives a block decompo-

sition (BD for short) of ¢ if {k; };>1 satisfies cg,,, < dg,,,—x, and
c=dg(1)[1, k1 — 1cp d5(1)[1, ko — k1 — 1]ey, -+
\- /
Remark 1: Let ¢ = cicp -+ and £ € N satisfy v(cg ) < 1 where
ci =c[1,£—1](ce + e[l +1,00].
Let {k;} give the BD of c and k; < ¢ < k;+1. Then

ci =" = c[l,k; — 1](c, +1)0"Fi—1oc]

where
0:=co+1—dpy, &cy:=cll+1,00]6d5(1)[L —k; +1,00].
Proof: Note clk; + 1,0 — 1] =d5(1)[1,£ — k; — 1].




The following example explains how to use Remark 1.

Example: Let 8 > 1 be the algebraic integer with minimal polynomial

2®> —x® — 2 — 1. Then dj(1) = (110)*°. Let

c=cicy--:=10(110)*10* and ¢ = 9.
Then the BD of cis {k;};>1 =1{2,10,11,12,--- }. So by Remark 1,
cg = 10(110)"20> = 110°1¢}| where ¢} := 0 © dj(1)[8, 0.
Moreover, since 1 +v(c}) =1—-8"1 - 572 €[0,1), we have
ch =cf :=110"dg(1 +v(c))).

In order to prove Key Lemma, we need the repeated use of the carry

formula.



Lemma: Let ¢’ € dg(]|0,1)) and ¢ = cyce--- € dg(]0,1)) with its BD
{k;};. Suppose that ¢ € N and ¢ € N with ¢ > k;. Define

~ C[].,Z — ].](Cg -+ ].)C/ if k; </l < kH—l
C= L—k; !
C[l, kiv1 — 1](6147;4_1 —+ 1)0 itie’ i 0> ki1

& ¢ = e[l, k; — 1)(c, + 1)0Fi719(c © d;(l)[é —k; + 1, 00])
where 0° is empty and

g — 1 if/ﬂi<€<l€i+1
“L 0 > k.

Then



Example: Let 8 > 1 be the algebraic integer with minimal polynomial
2?> —x — 1. Then dj(1) = (10000)>°. Let
c = cicy---:=00010°° and ¢ = 5.
Then the BD of cis {k;};>1 =11,2,3,9,10,--- }. So by Remark 1,
cg = 000110°° = 00101¢; where ¢} := 0> & d}(1)[3, 00].
Moreover, since 1 +v(c}) =1—- 5373 =372 €[0,1), we have
ci = cf :=00100ds(1 +v(c})).
Here notice that ¢ = 001000010 ¢ dg([0,1)). So by Lemma,
ci = &Y = 01000c,
where ¢;, = dg(1 + v(c})) © dj(1)[4, oo]. Hence we have
ci = cf =010

because dg(v(c))) = 0°°.




Sketch of the proof of Key Lemma: Let z € [0,00), / = L(x + 1)

and

C=CiCy- 1= ()E—L(:v)dﬂ(g—L(w)x)
and

cy =c[l,£ —1](ce+ 1)e[l + 1, 00].
Note {z}s = v(c[l — L(z) +1,00]) and {x +1}5 = v(cd [( + 1,00]). So
by Lemma, we get

{r+1}s—{x}g=0— Zg(kj) for some k; € N and ¢ € N.
j=1

where §(n) := v(dj(1)[n,o0]). So, since T*(1) = £(n) for some k, we

can choose W and r such that

{z+1}p—{z}p =02 _ow;T7(1).



~ Cor 1 N
For each N € N, there is {w,}I_, (wn, € Ng) such that

[N}s = { anTm)}.

n=1
\_ /

Proof: Suppose that
{N}g ={=2nrwnT" (1)}
Here, we may take r to be sufficiently large. By Key Lemma,
0" € {0,1}, w], e Ngs.t. {N+1}g—{N}g=0-> _ w,T"(1).
Note {N +1}3 € [0,1). So
N1 = {N + 13t = {0 = 2 T () +{= 2o wn T (1)}
= {= 2 n1 (W, +wn) T (1)}




Sufficient condition for (F1)

Let 8 > 1 be an algebraic integer with minimal polynomial

r?d — ad_lajd_l — - — a1 — Qg.

For 4 = (ll,lg, - ,ld_l) c Zd’_l, define )\, T by

J

d—1
A(L) = sz (Z ajz./gz) W) =Ly g1, — [ AD)]).

1=1

Let {\}(4) := {\(4)}. Then we have the following comutative diagram.

Zd_l ; Zd'_l
oy ey
Z[BN[0,1) — Z[B]n[o,1)



Example: Let 8 > 1 be an algebraic integer with minimal polynomial

3 — ax? — bx — ¢. Then

M, 1) =1L+ 187 +¢872) = (lic+ 13b) B~ + 1572,
So 7(I1,12) = (Io, — | A1, 12)]) = (lo, = | (lic + b)) 87 + 1ae872)).
Let
e:=(0,---,0,1) € Z971,
Remark 2: 77(1) = {\}(v""!(e)) for all n € N.

Proof: Since 3¢ —a, 84t —---— a8 —ay =0, we have
B—ag_y =ag 87"+ +a 877 + a7 = Ae).
Thus {\(e)} =B — |B]. So we have
T(1)=p— 8] ={A}e).

Hence by commutative diagram, we have the desired result.



Let Fg:={d e Z ' |3k >0; 7%(4) = 0}.
Then by commutative diagram, {\}(F) C Fin(8). Let

V= {anT”I(e) reN, w, € NO}.
n=1

Remark 3: V C F3 = 3 has (Fy).

Now we aim to get a sufficient condition for V' C Fj. Define
™) = —71(—4).
Notice that if £ := (I1,--- ,lq_1) # 0 then
() = (l2, -+ s la—1, —[A(0)] = 1).
Note: For {, &k € 741,
Tl + k) e {t(d) +7(k), 7(4) + 7*(k)}
Tl — k) e {t7(d) — (&), 7(4) — 7* (&)}




Define

Qp = {zz /e

NeN, U st. ly=e
In =4, b1 € {7(Ly,), 7" (L)} } |

Note: [ is a Pisot number = Q)3 < 0o

~ Obs N
Let Ik = 17(e) (j € Np). Then we have

K =7)— 71— k) € {r(k), 7" (%)} and so &' € Qg
\ /

Def: The set U C Z4~! satisfies backward invariant (BI for short) if
T U)={4ecZ | tU)eU} CU.

Let

Pg:={leQs\{0}|°meN; 7"(l) =4} & — Qp:={—l |1 cQgp}



Lemma: Let 5 be a Pisot number and Py satisty BI. Then —Q)g = (3

Sketch of the proof: First, we note
(@s\{0})NFs # 0= —-Qp = Qp.
Indeed, we can choose ¢ # 0 with 7((,0) = 0. Then 7*((,0) = —e €
—Qp and so —Qp = Q. Consider the case (Qg\ {0}) N Fz = 0. Since
e € Pz by BI, we can choose ((,n) # 0 such that (¢,7n,0) € Ps and
72((,n,0) = e. Notice that (n,0,—1) = 7*({,7,0) € Ps and
7(1,0,=1) € {7(n,0) + 7(—e),7(n,0) + 7"(—e)}.

Now we can show

7(n,0,—1) =7(n,0)+7(—e) = P3 > 7*(n,0,—1) = 7(—e)

7(n,0,—1) =7(n,0) +7*(—e) = P3 > 7(n,0,—1) = 7(—e).
Thus —e € ()3 and hence —Q)g C Q3.




~ Thm N

Suppose that a Pisot number [ satisfies
(i) Pg satisfies BI, that is, 77*(P3) C Ps.
(ii) Ry :=[—6,8] ' NV C F3 where

5= max{|l;| | (I, ,la_1) € Py, j € [1,d—1]}.

Then £ has (Fq).
\_ J

Sketch of the proof: Let R = U,>oR, where
R, ={l—-7/(e)eV |4eR,_1,j € Np}.
Then V = R. Assume R,, 1 C Fgand{ € R,\Fs. Then 4 =4 —77(e)

for some 4’ € R,,_1 and j. Since 4" ends up at 0 and —77(e) ends up

Pg, we get £ € Pg. Contradiction. So by induction on n, R,, C Fjs.



Proof of Main Theorem

Let B8 > 1 be an algebraic integer with minimal polynomial x° —

2tx® + 2tr —t (t € NN [2,00)). So

1 =2t =2t 2 +t57°.

Then 8 is a Pisot number because

Thm (Akiyama): Let > 1 be an cubic number with minimal poly-

nomial 22 — az? — bx — ¢. Then

B is a Pisot number < |[b—1| <a+c & (¢* —b) < sgn(c)(1 + ac).

Note: T(ll,lg) = (12, _Lt(ll — 2[2)5_1 + tlgﬂ_QJ).
Fact: (1) Py={(LL1)}  (2) A(0,1) < —1 and A(2,1) > 0.




Proof of Main Theorem: It suffices to show that [ satsfies the con-
ditions of Thm-(i) and (ii).
(i) : Since A(0,1) < —1 and A(2,1) > 0 and A(z, 1) is increasing in

x, we have
T (1,1) = {(z,1) |z € Z,—1 < A(z,1) < 0} = {(1,1)}
(ii) : Since

(0,1) 5> (1,2) 5 (2,2) = (2,1) 5 (1,0) = (0,0),

we have V C ((—00,0] N Z)? and so
Ry C [—1,0]*
Moreover
(0,-1) & (=1,-1) = (=1,0) = (0,1).
So [ — 1,()]]2 C Fp. Hence Ry C Fjs.



Example: Let

r=2t—-2)+ 2t —2)87 '+t -1 F+ -1+t -1+ (t—-1)37°.

Then x is in Ny|1/5] and does not have the finite S-expansion. Indeed,

by using 1.000 = 0.442,

ds(8~ )
=0 (2t—2) (2t—2) (t—1) 0 t—1) (-1 (t—-1) 0 0 0
Z1 (-2) (4-2) (-1 0 t—1) (t—1) (t—1) 0 0 0
=1 0 (—2)  (4t—1) (=2t) (t—-1) (—-1) (t—1) 0 0 0
=1 0 0 (—1) (2t) (-t—1) (t—1) (t—1) 0 0 0
=1 0 0 0 0 t—1) (=1) (t—1) 0 0 0
=1 0 0 0 0 t—2) (2t—1) (~t—1) t 0 0
=1 0 0 0 0 t—2) (2t—2) (t—-1) (=t) t 0
=1 0 0 0 0 t—2) (2t—2) (t—2) t (—t) t
=1 0 0 0 0 t—2) (2t—-2) (t—-2) (@t—-1) t (=t

a beta-expansion of x = 10.000(¢ — 2)(2t — 2)(t — 2)(t — 1)°°.

-+ O O O O O O o O

0
0>
0>
0>
0
0>
0>
0>
0°°.
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