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Littlewood's conjecture

Littlewood's conjecture (c.1930).
For every (o, 3) € R?,

lim inf n{na)(np) = 0,

n—o0

where () = mingez |z — k.

@ [Cassles, Swinnerton-Dyer, 1955].
If & and (3 are in the same cubic number field, then
lim inf,,_, o n(na)(ng) = 0.
@ [Pollington, Velani, 2000].
For Va € Bad := {a € R [liminf,_,, n(na) > 0},
dG(a) C Bad s.t. dimy G(a) =1 and, for V3 € G(«),

1
n({na)(nB) < —— for infinitely many n.
logn
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The set of exceptions for Littlewood'’s conjecture

has Hausdorff dimension zero.

Theorem [Einsiedler, Katok, Lindenstrauss, 2006].
dimgy {(a,ﬁ) € R?

Furthermore, this set is an at most countable union of compact sets
of box dimension zero.

lim inf n(na)(ng) > O} = 0.

n—oo

This Theorem is obtained as a corollary of some property of the
diagonal action on SL(3,R)/SL(3,Z).
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Quantitative version of Littlewood's conjecture

Littlewood's conjecture says that, for every (o, 3) € R? and any
0 <e <1, n(na)(nB) < e for infinitely many n.

Problem (Quantitative version of Littlewood's

conjecture).

For (o, B) € R?, 0 < ¢ < 1 and sufficiently large N € N, how many
integers n € [1, N] are there s.t.

n{na)(np) < e?
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Result on quantitative LC / Main Theorem

@ [Pollington, Velani, Zafeiropoulos, Zorin, 2022]
(quantitative version of [Pollington, Velani, 2000]).
For Ya € Bad, Vv € [0,1], 3G(a,7) C Bad s.t.
dimg G(a,v) =1 and, for V5 € G(a, ), we have

n{na)(nf — 1) <

{n € [1, N]

H > loglog N, N €N.
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Main Theorem [U., 2022+, 2024+].

For 0 < Vv < 1/72, there exists an “exceptional set” Z(v) C R?
with dimg Z(v) < 90y/27 s.t., for V(a, 8) € R*\ Z(v) and
0<Ve<d4ler

g— {n € [1, N]| n{na)(nB) <ec}| > 1.

Corollary.

There exists an “exceptional set” Z C R? with dimy Z = 0 s.t., for
V(a,B) € R?\ Z and 0 < Ve < 4712

lim inf —(log o 1)
N—o0 (10 )

[{n € [1, N]| n{na)(nf) < e} = Cap,

where C, 3 > 0 is a constant depending only on (a, f3).
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© The diagonal action on SL(3,R)/SL(3,Z) and its relation to
Littlewood's conjecture

Shunsuke Usuki (Department of mathematicsOn a lower bound of the number of integers i Apr 23, 2024 8/25



The diagonal action on SL(3,R)/SL(3,Z)

We write

G :=SL(3,R), I':=SL(3,Z), X :=G/I.
@ By the one to one correspondence
X=G/T>gl' < g-7Z* € {A C R®: lattice of covolume 1},
we can identify X as the space of lattices in R? of covolume 1.

@ X = G/T" admits a unique G-invariant Borel probability measure
mx on X, called the Haar measure. However, X is not

compact.

Proposition (Mahler's criterion).
For a subset B C X, B is unbounded in X iff

0<Ve<1, e | JA\{0}st |juf| <e.
AeB
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A= et? ti,to,t3 €R, T+t +13=0p <G.

The left action of A
Ax X 3 (a,z) ~ar e X

is called the (higher rank) diagonal action on X.
For the application to Littlewood's conjecture, we consider the action
of the positive cone A" of A:

—s—t

At = ayy = e’ 5,t>0

)
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The relation between the diagonal action and LC

Let U < G be the unstable subgroup for conjugation by A*:
UZ:{UE G‘ a "ua" — e, ‘v’aEA+\{e}}

n—oo
1
=Q Uspi= | 1 a,f€Rp =R
I5; 1

For (o, 8) € R?, we write
Tas = Uagl € X = G/T.

By Mabhler's criterion for B = A", 3 C X, we have the following:

Proposition.

For (o, 8) € R?, liminf,, o n{na)(nB) = 0 iff the A orbit of 7,5
is unbounded in X.
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Measure rigidity under positive entropy condition

For an A-invariant probability measure ;1 and a € A, we write h,(a)
for the entropy of the map X > z +— az € X w.rt. p.

Theorem [Einsiedler, Katok, Lindenstrauss, 2006].

If 11 is an A-invariant and ergodic Borel probability measure on
X =SL(3,R)/SL(3,Z) s.t. hy(a) > 0 for Ja € A, then p is the
Haar measure my on X.

As a corollary of this Theorem, we obtain that
dimy {u € U|ATul’ C X is bounded } = 0 and, by Proposition, this
is equivalent to

lim inf n(na) (ng) > O} =0.

n—oo

dimp {(a, 3) € R?
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Remarks on measure rigidity for the diagonal action

@ Measure rigidity does not hold if X = SL(2,R)/SL(2,Z).

@ Theorem is the similar to the following measure rigidity for the
x2, x3 action on R/Z (by Rudolph, Johnson): if a,b € Zx, are
multiplicatively independent and p is a xa, Xb-invariant and
ergodic Borel probability measure on R/Z s.t. dimy p > 0, then
(1t is the Lebesgue measure.

@ The positive entropy condition is believed to be dropped.

Full measure rigidity conjecture [Margulis].

For n > 3, every A-invariant and ergodic Borel probability measure
on SL(n,R)/SL(n,Z) is homogeneous.

It is known that if Full measure rigidity conjecture is true, then
Littlewood's conjecture follows from it.
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© About the proof of Main Theorem
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Main Theorem (review)

Main Theorem [U., 20224, 2024+].

For 0 < Vv < 1/72, there exists an “exceptional set” Z(v) C R?
with dimg Z(v) < 904/27 s.t., for V(«, 8) € R*\ Z(v) and
0<Ve<d4dle

lim inf —(log oz 1)

minf RS 1 € [LN]| nfna) (n8) < <} 2

To prove this, we want to define Z(~y) properly and show that

@ on the outside of Z(7), we can obtain the quantitative result,

and
@ Z(7) has small Hausdorff dimension.
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Empirical measures w.r.t. the diagonal action

For x € X = SL(3,R)/SL(3,Z) and T' > 0, we define the
T-empirical measure of z w.r.t. A" by

1
Sy = —/ S, o dsdt.
At T2 0172 ot

We are interested in the behavior of 6%, ,as T — oo. If
6%, (T > 0) accumulate to a measure ;2 on X, (w.r.t. the

weak*-topology), then p is A-invariant but it may be that u(X) < 1
(since X is not compact).

Definition (escape of mass).

For x € X, a sequence (T})%2; in Rygs.t. Ty = ocoand 0 <y < 1,
we say that 6?;’; . (k=1,2,...) exhibit v-escape of mass if

lim supy,_, 5£’1 L(K) <1 — 1 for any compact subset K C X.
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Outline of the proof

We take (a, 3) € R? and (T})2, C Rug s.t. Ty — oo. We consider
the sequence of the empirical measures (6% _ ﬁ)z‘;l of o5 € X.

Case 1 (large entropy case): For 0 < v < 1, assume that
(5%,705,5)’?;1 converges to a Borel measure i on X s.t.

I—y<puX)<1 and hg(ar) > 7,

where 11 = pu(X) 'y and a; = diag(e ', e, 1) € AT\ {e}.

If we write 71 = fEA(X) v do(v) for the A-ergodic decomposition of [,
then, by the measure rigidity,

hp(a) = /E @) do(2) = o{{mx s (00) = 4o ((mx).

and hence,
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lim 6% == p(X)-o(fmxPmx = 47 1=y mx. (1)

k—o0

(The following “tessellation” idea is from [Bjorklund, Fregoli, Gorodnik,
2022+].)
For T>1and 0 <e <4 te !, we define

Qr,. = {(y,xl,xg) eR3 ‘ O<y< €2T, 0< ’.%'1|, |.%'2‘ < 2_1,
yloy||ze) < e} € R3.

Then
‘{n < e?T| n(na)(np) < 6}‘ = ’QT,€ N (Ua,B - Z3)} .

If we define
A, = {(y,xl,xg) € R3 ’ 0<y<l1, (2¢)7! < |zq|,|2a| < 271,
ylay||ze] < e} € R3,
we have the following partial tessellation of Q7 _:

-1
Qr. D | ] amh A,

mNEL>o,0<m,n<T
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and hence,

1
= [{n < 1| n(na)(np) < e} = T2 Q7,6 N (uas - Z?’)|
1
> = z ‘AE N (Gmnla,p - Z )‘
0<m,n<T
(2)

By using (1) and (2) and Siegel integral formula, we obtain:

Theorem (large entropy case).

Under our assumption of Case 1 (large entropy case), for
0 < Ve <47 'e 2, we have

hkrgmf !{n < e | n(na)(nB) < z—:}! > (1 —y)e.
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o0

Case 2 (escape of mass): For 0 < v < 1, assume that (55’1@ 5)k=1
exhibits y-escape of mass.
For 0 < e < 1/2, we define X, = {z € X |Fv € x\ {0} s.t. [|v]|e < e}

X. is the complement of a bounded subset in X (Mabhler's criterion), and
hence,

.. T
hkrgggf O, (Xe)

oo 1 2
:hkrglorgf T—Ingz ({(s,t) € [0, T3)? | asTap € Xc })

1
=liminf —5mg- U e, N[0, Ty
k—o0 k -
neZ3\{0}

> 7, 3)
where, for n = (n,m1,ms) € Z3\ {0} (n > 0),

dem = {(5.1) € R [lagttapmlloc < <}

_ 2 €
_{(S’t>€R 1B tma]
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s < log t <log

i
) s+t>log .
|na + my| €



T,

log 2

£

0 : ; = Tk S

Figure: lllustration of ¢z 0y desn N [0, Ti)%.

For n = t(n,my,ma) € Z3\ {0}, if d.., N[0, T}]? # 0, we have
n < ee?Tr < ¥ and n(na)(nB) < njna +my||nf 4+ mo| < e < e.
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Furthermore, if d. , N [0, T}]? is large, we can see that
kn < e** and kn{(kna)(knB) < e for many k€ N.
Using (3) and a counting method, we can obtain the following:

Theorem (escape of mass).

Under our assumption of Case 2 (escape of mass), for 0 < Ve < 1/2,
we have

1
lim inf —( 08 T}

v
1 in T2 [{n < ™| n(na)(np) <e}| > 18

If the sequence of the empirical measures (" Ay )z":l of Tap
converges to a measure with large entropy or exhlbits escape of mass,
then we can obtain a quantitative result on LC for («, 3).
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The exceptional case

To prove Main Theorem, we must consider the exceptional case, that
is, (@, B) € R? s.t. some subsequence (67 _ 5)2‘;1 of the empirical
measures of 7, g converges to a measure p on X s.t.

l—y<pu(X)<1l and hg(ar) <~.

Actually, we can show that the set of such («, ) has small Hausdorff
dimension.

Theorem (Hausdorff dimension of the exceptional set).

Let zo € X and 0 < v < 1. We write Z,,(~y) for the set of

u € BY = {uag €U ||, 8] <1} st. 04y, (T > 0) accumulate
to some A-invariant measure g on X sit. 1 —v < u(X) <1 and
hz(ai) <. Then we have

dimpy Z,,(7) < 154/7.
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This Theorem is based on the following result by R. Bowen.

Proposition [Bowen, 1973].
Let T': X — X be a continuous map on a compact metric space X. For
v > 0, we write QR() for the set of x € X s.t. the empirical measures

N1 Zivz_ol O7nz (N > 0) accumulate to some T-invariant probability
measure p s.t. h,(T) <~. Then we have

WT, QR(7)) <,

where h(T, A) for A C X is Bowen's topological entropy (for an arbitrary
subset).

If Tis xa map on R/Z (a > 2), h(T,A) =loga-dimg A. In Bowen's
argument and ours, the following combinatorial lemma is important:

Lemma [Bowen, 1973].

For k € N and v > 0,

1
lim sup — log Hc e{1,....k}N |H(dist(c)) < 7}! <A.
N—o00 N
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In our setting, empirical measures are of two-parameter action, but the
entropy is of one-parameter subaction. In addition, the space

X = SL(3,R)/SL(3,Z) is not compact.
Theorem is based on the following result on the xa, xb action.

Theorem [U., 2023]

Let a,b € Z>3. We take 0 < v < min{logb, (loga)?/logb} and write
K( ) for the set of x € R/Z such that the empirical measures

Zmn 0 %amprz (IN € N) accumulate to a probability measure 1 s.t.
hu(xa) < . Then we have

2/logby/7

di K
imp K(7) < loga + vlogby/7

The AT-action on each U-orbit is expanding. But, we need more
argument because X = SL(3,R)/SL(3,Z) is not compact. This can be
done by the assumption that the accumulation measure y satisfies
p(X)>1—1.
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