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© Thue-Morse sequence
@ Zero-one Thue-Morse sequence
@ Thue-Morse constant
@ Plus minus one Thue-Morse sequence
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Thue-Morse sequence on {0, 1}
Let to =0 and tp, =t and topy1 =1 —t, for all n > 0. Then
t:(to,tl,tz,...):(0,1,1,0,1,0,0,1,...)

is the famous Thue-Morse sequence.

It is also
@ a fix point of the substitution 0 — 01 and 1 — 10, and
@ a 2-automatic sequence.

0 0
gyt
(n)2 —
\T/
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The Thue-Morse constant

The generating function of t is
fo(Z):to—FtlZ-l-tzZ2+"‘ .

In base-2,
th

1
Trm =5 f(1/2) = D 54y = 0.01101001 -

n>0
is the Thue-Morse constant.
Questions related to 771:

@ Is 71 an algebraic number?

@ How well can rational numbers approximate 71,7
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Let £ € QF, the irrationality exponent of &, denoted by (), is

. p p 1
u(&)—sup{u>0:3|.m. aer.t. ’g_q‘<ql~‘}'

@ (Mahler 1929') 71y is transcendental;

@ (Adamczewski & Cassaigne 06, A. & Rivoal 09") u(7ry) <5 (06'), 4 (09');

o (Bugeaud 11") u(t1m) = 2;

o (Bugeaud & Queffélec 13") i.m. partial quotients of 715y = 4 or 5 and i.m. > 50;

@ (Badziahin & Zorin 15") 71y is not badly approximable;

@ Trpm iS -well approximable for some C > 0.

_c
G*loglog q

From the Thue-Morse sequence to the apwenian sequences Wen Wu



Thue-Morse sequence Apwenian sequences
©0000®0000 0000000000000000000

Thue-Morse sequence on {—1,+1}

@ Recall that fy(z) = >~ tnz". Applying the recurrence relations t», = t, and
tony1 = 1 — ty, one has

z

f(z) = (1-2) () + =

(1)

o Let
1

() = g5 ~2h(2) = 2 (1 - 2t)2"

n>0

e Eq. (1) implies

fi(z) = (1-2) (2%
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@ For n>0, let t}, := 1 — 2t,. The Thue-Morse sequence on {—1,+1} is

t' = (t))nzo0.

which satisfies ty =1, t5, =t and t5,, , = —t; forall n > 0.
@ Recall that
o
fi(z) =) thz"=(1-2°) A(2) = [](1-2*).
n>0 n=0

@ This inspires us to study the 41 sequences with generating functions given by
9(2) = (o +viz+--+v,_12P Hg(zP) =: P(2)9(z")

where p > 2 and v, .. ., Vp—1 € {—1,+1}.
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Diophantine property of g(1/b)

o Let FF be a field and f(x) = Y72, uix' is a formal power series over F.

@ For each n>1 and p > 0, the Hankel determinant of the series f (or of the
sequence (up)n>0) is defined by

Up Up+1 =+ Uptn—1
U u e u
p+1 p+2 p+n
p _
HR(f) = : : . : cF.
Up4+pn—1 Upyn -+ Upt2p—2

@ (Brezinski 1980) If Hy(f) := HY(f) # 0, then there exist P(x), Q(x) € Q[x] with
degP(x) < k — 1 and degQ(x) < k such that

P(z) — His1(f)
Q(z)  Hk(f)

° g(é)) is the (k — 1, k)-order Padé approximation of f. It is also a convergent of f.

f(z) - 2?4+ 0(2%).
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Let b > 2 be an integer such that P(b%m) # 0 for all m > 0.
(Buguead, Han, Wen and Yao 2016) If 3(n;);>o 1 such that

Hn(g) #0 Vi>0 and Iimsupﬁzl,

i—oo i
then g(1/b) is transcendental and u(g(1/b)) = 2.
(Badziahin 2019) If g(1/z) ¢ Q(z), then

di41

u(g(1/b)) =1+ limsup

k—o0 k

Apwenian sequences
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where dj is the degree of the denominator of the (co-prime) nth convergent of

9(1/2).

@ Need either the Hankel determinants or the continued fraction of g.
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Hankel determinants of Thue-Morse sequence

Recall that t and t’ are the Thue-Morse sequences on {0, 1} and {—1, +1}
respectively.

o (Allouche, Peyriére, Wen and Wen 98’) For all n > 1,

=1 (mod?2)

and
Ho(t) =1 (mod 2).

@ Using BHWY's (or Badziahin’s) result, the non-vanishing of Hankel determinants
of f1 yields for all integer b > 2,

fi(1/b) is transcendental and wu(fi(1/b)) = 2.

@ How about g(1/b)7?
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© Apwenian sequences
@ Results
@ Examples and remarks
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Apwenian sequences

Fu and Han (2016) introduced the apwenian sequences in honour of APWW.

Definition (Apwenian sequences)
A sequence d € {—1,1}°° is £1 apwenian if

Vn>1,

=1 (mod?2).
We restrict our interest on the +1 sequences d whose generating function satisfies

9(z) = Z dpz" = (Vo + viz + -+ + vp_12P 1) g(2P)
n>0

where v; € {—1,1}.
@ Are there any other apwenian sequences?

@ Moreover, how many apwenian sequences are there?
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Are there any other apwenian sequences?

Apwenian sequences occur in pairs: d and —d.

For p=2,3,5,7,11,13,17, Fu and Han (2016) showed that apwenian sequences
are quite rare.

Han and Fu's computer assistant proof gives

5 7 11 13 17 19
2 0 2 2 4 22
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Results

When p is odd, the mapping j — 2/ (mod p) induces the permutation

R N .
2 4 .- p—-1 1 3 - p=2
Theorem (Guo, Han and W. 2021)
If p is even, then
d is apwenian <= d=tor—t'.

If p is odd, then there are

@ no apwenian sequences if the cycle decomposition of T has a cycle of odd length;,

@ 2% apwenian sequences if the cycle decomposition of T has only k cycles of even
lengths and no cycles of odd length.
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Proposition (GHW 2021)
Let p > 3 be odd and

w(p) :=min{l <j<p—1]p|(2 —1)}

Then there are k cycles in the cycle decomposition of T where

1 u(p)—1 _
k=—— cd(2 —1,p) — 1.
u(p) ; gl )
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p | cycle decomposition of T k | Num
3 1(1,2) 1 2
5 1(1,2,4,3) 1 2
7 1(1,2,4)(3,6,5) 2 0
9 |(1,2,4,8,7,5)(3.6) 2 4
11(1,2,4,8,5,10,9,7,3,6) 1 2
131(1,2,4,8,3,6,12,11,9,5,10,7) 1 2
15| (1,2,4,8)(3,6,12,9)(5,10)(7, 14,13, 11) 41 16
171 (1,2,4,8,16,15,13,9)(3,6,12,7,14,11,5,10) 2 4
19| (1,2,4,8,16,13,7,14,9,18,17,15,11,3,6,12,5,10) | 1 2
21 5 0
23 2 0
25 2 4
27 3 8
29 1 2
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0-1 awpenian sequences

If d € {—1, 1} satisfies dy =1 and

9(z) = Z dpz"=(vo+wviz+---+ folzp_l)g(zp)'

n>0

then d is the fixed point of the morphism

1= wvvi- vpo1, =1 W Vp
where x = —x for x € {—1, 1}.
We restrict on the 0-1 sequences ¢ = o(1)*° € {0, 1}*° where

o: 1w lay---a, 0 biby---by.
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Definition (0-1 awpenian sequences)

A sequence c € {0, 1}*° is 0-1 apwenian if

VYn>1, Hp(c)=1 (mod 2).

Example

Let o be the morphism
1+— 10, 0+~ 11.

The period doubling sequence p = 0°°(1) is apwenian.

@ How many 0-1 sequences are apwenian?
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How many 0-1 sequences are apwenian?

The only 0-1 apwenian sequence that is a fixed point of substitution of constant
length is the period doubling sequence.

Theorem (Guo, Han and W. 2021)
Let ¢ =0 (1)> € {0, 1}*° where

a:1|—>laz---ap, Oi—>b1b2"-bp.

Then c is apwenian <= ¢ = p.

If we allow projection, then there are more apwenian sequences. For example,
consider the projection ¢ : 1+ 11, 0+ 00. Then ¢(p) is also apwenian.
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Criterion for apwenian sequences

Theorem (0-1 criterion, Guo, Han and W. 2021)
c € {0, 1} is apwenian if and only if

co=1andc, = copt1+ Gtz (mod 2),Vn > 0. (2)
Theorem (+£1 criterion, Guo, Hand and W. 2021)
d € {+1, -1} is apwenian if and only if

d,+d d d
L +2 ntl 2n+1‘£ 2n+2 _ 4 (mod 2),V¥n > 0.

From the Thue-Morse sequence to the apwenian sequences Wen Wu



Apwenian sequences

Thue-Morse sequence
0000000000 e00000000

000000000

An application

Let p > 3 be an odd number and P(z) = vp + viz + -+ + v,_1zP~1 with v = 1 and
vie {-1,1} fori=1,---,p— 1. Recall that

9(z) = P(2)9(z") = [] P(z").
=0

For m > p, define v, := v; with m =/ (mod p) and 0 </ < p.
Theorem (Guo, Han and W. 2021)
Assume that b € Z>» such that P(?) #0 forall i > 0. If

Vi + Vit1 + Voji1 + Vo0
2

=1 (mod2),0<,;<p-—2,

then the real number g(1/b) is transcendental and its irrationality exponent equals 2.
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General cases

Letd € {—1,1} given by

o: 1= wv- Vo1, —1— wowi---

where v;, w; € {—1, 1}.
In the previous discussion, we know about the case
Wi = —V;

forall0 <j <p-—1.
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Write
A={jlw=y0<j<p-1}
@ #{A = 0 is the previous case.
o If §A = p, then d is periodic which can not be apwenian.

The following is a criterion which applies to o.

Theorem (Guo, Han and W. 2021)
If§A > 0, then d is not apwenian.
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That is to say, if d is a pure substitution of constant length sequence, then d could
be apwenian only if the substitution is of the form

1F—>V0V1"'Vp71, —1*—>V0V1"'Vp71
or its generating function is of the form

9(z) = H(Vo vz folzp”(p—l))'
n>0

Conjecture (GHW)

If d is a pure substitution (of non-constant length) sequence, then d is not apwenian.

@ GHW (2021) verified that all Sturmian sequences are not apwenian.
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Examples

Example

Apply the projection 1~ 11, —1 +— —1 — 1 to the Thue-Morse sequence t’. Then by
our criterion, the resulting sequence is awpenian. However, it is not a pure
substitution sequence.

@ In general, we are still not clear about when substitution sequences (with
projection) is apwenian or not. For concrete examples, our criterion could be

applied.
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Example
Assume that c € {0, 1} satisfies

co =1, ¢, = copt1+ Congo (mod 2) (VI’I > O)

and (c2n+1)n>0 Is the Fibonacci sequence given by 1+ 10, 0 — 1. Then by our
criterion, c€ is apwenian.

@ One can also pick a 0-1 sequence with high complexity to be the odd
sub-sequence of c. So that c is not a substitution sequence but still apwenian.

@ (Allouche, Han and Niederreiter 2020) c is 2-automatic if and only if
(Con+1)n>0 Is 2-automatic.
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Connection with PLCP sequences

Let s = (sm)m>1 be a sequence of elements in a field F.

@ s is called a k-th order shift-register sequence if there exist constants
ao, a1, . .., akx—1 in F such that, for all / > 1,

Sitk + Ak—1Si4k—1 + -+ a1Sj41 + aos = 0.

@ The n-th linear complexity L(n) of s is defined as the least k such that
S1,5,...,5p are the first n terms of a k-th order shift-register sequence.

@ s is said to have a perfect linear complexity profile (PLCP) if for all n > 1 one
has L(n) = [241] = [5].
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Let s = (sp)n>1 be a sequence in Fo with s; = 1. Let
f(t)=sit +st? +s3t>--- € Fo[[t]].

Let ¢ = (cn)n>0 be the sequence defined by ¢, = s,4+1 for all n > 0.

Allouche, Han and Niederreiter (2020) found that
@ s has a PLCP <= c is apwenian.

They also address the question of which 0-1 apwenian sequences are automatic.

o If s has a PLCP, then f(t) is algebraic over Fo(t) if and only if it can be written
as f(t) = v + tu?, with u any series in 1 + tF,[[t]] algebraic over Fa(t) and v
the root of v2 4+ v =1+ u+ tu? lying in tF[[t]].
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Thank you!
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