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o As(t) =tGis + t (G132 + Gaiz + Gozy + G312) + t*Gaa
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o As(t) =tGis + t (G132 + Gaiz + Gozy + G312) + t*Gaa

o an(t7 q) = ZGE‘B,, tdeS(o')qseg(a)
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Historical definition (1749)

In an attempt to compute the evaluation of the zeta function on negative
integers, Euler defined the polynomials A,(t) as follow :

A1)
( t)"+1 Z(k + 1

k>0
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Historical definition (1749)

In an attempt to compute the evaluation of the zeta function on negative
integers, Euler defined the polynomials A,(t) as follow :

A1)
( t)"+1 Z(k + 1

k>0

L4 Ao(t) =1;
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Historical definition (1749)

In an attempt to compute the evaluation of the zeta function on negative
integers, Euler defined the polynomials A,(t) as follow :
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Historical definition (1749)

In an attempt to compute the evaluation of the zeta function on negative
integers, Euler defined the polynomials A,(t) as follow :

A1)
( t)"+1 Z(k + 1

k>0

L4 Ao(t) =1
L4 Al(t) =1
° A(t)=1+t;
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Historical definition (1749)

In an attempt to compute the evaluation of the zeta function on negative
integers, Euler defined the polynomials A,(t) as follow :

A1)
( t)"+1 Z(k + 1

k>0

° Ao(t) =1,

° Ai(t) =1,

° A(t)=1+t;

® As(t)=1+44t+t
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Historical definition (1749)

In an attempt to compute the evaluation of the zeta function on negative
integers, Euler defined the polynomials A,(t) as follow :

A,
o = ke

k>0

L4 Ao(t):].

L4 Al(t):].

° MA(t) =1+t

° As(t) =1+4t+t%

® A(t) =1+ 11t + 1162 + t3
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Historical definition (1749)

In an attempt to compute the evaluation of the zeta function on negative
integers, Euler defined the polynomials A,(t) as follow :

A,
o = ke

k>0

L4 Ao(t):].

L4 Al(t):].

° MA(t) =1+t

° As(t) =1+4t+t%

® A(t) =1+ 11t + 1162 + t3

® As(t) = 1+ 26t + 66t> + 26t° + t*.

mutativ
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Descents of a permutation
A position i of a permutation ¢ is a descent if o; > oi;1. We denote by des(o)

the number of descents of o.
For o = 514798263, the descents are Des(c) = {1, 5, 6, 8}
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Descents of a permutation
A position i of a permutation ¢ is a descent if o; > oi;1. We denote by des(o)

the number of descents of o.
For o = 514798263, the descents are Des(c) = {1, 5, 6, 8}
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Descents of a permutation
A position i of a permutation ¢ is a descent if o; > oi;1. We denote by des(o)

the number of descents of o.
For 0 = 514798263, the descents are Des(c) = {1,5, 6,8} and des(c) = 4.
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Descents of a permutation

A position i of a permutation ¢ is a descent if o; > oi;1. We denote by des(o)
the number of descents of o.
For 0 = 514798263, the descents are Des(c) = {1,5, 6,8} and des(c) = 4.

Eulerian numbers
For any n and k < n, define

A(n, k) = #{o € &, | des(o) = k}
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Descents of a permutation

A position i of a permutation ¢ is a descent if o; > oi;1. We denote by des(o)
the number of descents of o.
For 0 = 514798263, the descents are Des(c) = {1,5, 6,8} and des(c) = 4.

Eulerian numbers
For any n and k < n, define

A(n, k) = #{o € &, | des(o) = k}

mk|0 1 2 3 4
0 |1

1|1

2 (1 1

3 (1 4 1
4 (1 11 11 1
5 |1 26 66 26 1
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Descents of a permutation

A position i of a permutation ¢ is a descent if o; > oi;1. We denote by des(o)
the number of descents of o.
For 0 = 514798263, the descents are Des(c) = {1,5, 6,8} and des(c) = 4.

Eulerian numbers
For any n and k < n, define

A(n, k) = #{o € &, | des(o) = k}

mk|0 1 2 3 4
0 |1

1 1

2 |1 1

3 1 4 1

4 |1 11 11 1

5 |1 26 66 26 1
n—1

An(t) =D Aln k)th = > 1),
k=0

oe6,
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Some results about Eulerian numbers and polynomials

® \We have

S A = 7(1_”6 .

x(1—t)
n>0 —te
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Some results about Eulerian numbers and polynomials

® We have -
x" (1-1t)e
ZA"(t)ﬁ = 1 — tex—t) °
n>0
® For any n, we have
n—1
A= (1 —t)" " (r+1)IS(n, r+ 1),
r=0

where S(n, k) are the Stirling numbers of the second kind.
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Some results about Eulerian numbers and polynomials

® \We have -
x" 1—t)e**~
DA = (1)7

— tex(1—1t)
>0 te

® For any n, we have

An(t) = t(1—t)" " (r+1)1S(n, r + 1),

where S(n, k) are the Stirling numbers of the second kind.

® Worpitzky's identity: For any positive integers n and k,

k":§<k+n;i_1>A(n,i)

i=0

Noncommutative analog
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Some results about Eulerian numbers and polynomials

® \We have -
x" 1—t)e**~
DA = (1)7

— tex(1—1t)
>0 te

® For any n, we have
An(t) = t(1—t)" " (r+1)1S(n, r + 1),

where S(n, k) are the Stirling numbers of the second kind.

® Worpitzky's identity: For any positive integers n and k,

k":§<k+n;i_1>A(n,i)

i=0

How to prove these ?

Noncommutative analog
C DO
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Proposition
For any k < n, we have

A(n, k) = (n—k)A(n—1,k — 1) + (k + 1)A(n — 1, k).
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Proposition
For any k < n, we have

A(n, k) = (n—k)A(n—1,k — 1) + (k + 1)A(n — 1, k).

Corollary

Let G denotes A,(t) generating function, it satisfies the following differential
equation

(1- tx)%G(t,x) —t(1 - t)%G(t,x) — G(t,x)=0.
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Algebraic study of the Eulerian polynomials
® Foata-Schiitzenberger (1970)
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Algebraic study of the Eulerian polynomials

® Foata-Schiitzenberger (1970)
® Désarménien (1983)

Noncommutative analog
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Algebraic study of the Eulerian polynomials
® Foata-Schiitzenberger (1970)
® Désarménien (1983)
® Duchamp-Hivert-Thibon (2002)
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How to construct FQSym
We want an algebra such that the bases are indexed by permutations.
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How to construct FQSym
We want an algebra such that the bases are indexed by permutations. If G is
our basis, we want a morphism ¢ such that for any permutation o0 € &, we

have ¢(G,) = ’;—T
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How to construct FQSym
We want an algebra such that the bases are indexed by permutations. If G is
our basis, we want a morphism ¢ such that for any permutation 0 € G, we
have ¢(G,) = %. We need a product, for any permutations o € &, and
TE Gy,

Go-Gr= Y Gy

HETHT

where the permutations in the sum are in &,4,. In order to have ¢ a morphism

we need exactly ("t”) elements in the sum.
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How to construct FQSym
We want an algebra such that the bases are indexed by permutations. If G is
our basis, we want a morphism ¢ such that for any permutation 0 € G, we
have ¢(G,) = %. We need a product, for any permutations o € &, and
TE Gy,

Go-Gr= Y Gy

HETHT

where the permutations in the sum are in &,4,. In order to have ¢ a morphism
we need exactly ("t”) elements in the sum.
There are two possibilities, we consider the one where we concatenate o and 7
and consider all the possibilities to create a permutation. For example,

G312 - G21 = G31254 + G253 + Gaizs2 + Gazssy + Gsi1243 + - - - + Gszaz1
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Noncommutative analog

For any n > 0, define
..A,,(t) _ Z tdes(a)+lGa.

oeS,

Noncommutative analog
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Noncommutative analog

For any n > 0, define
.An(t) _ Z tdes(a)+lGU.

oeS,

For example, A3(t) = tG123 + t* (Glaz + Gas + Gos1 + Galz) + t°Gaa1.
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Noncommutative analog
For any n > 0, define

For example, A3(t) = tG123 + t* (Glaz + Gas + Gos1 + Gslz) + t°Gaa1.

n

Using ¢ we have ¢(An(t)) = tAn(t)%.
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As(t)

tGioz +1t° ( G132 + G213 + Ga31 + Gan2 ) + *Gsn
tR3 +t2( R2; + Ri2 ) + t*Runs
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As(t) = tGros +1t° ( G132 + G213 + G231 + Garz ) + 3G

= tRs3 +t2( R + Ri» ) + 2Ry

And more generally,
An(t) =D "R
IE=n
where R is the ribbon basis of the noncommutative symmetric functions
algebra (Sym) and the sum goes over all composition of size n (sequences of
integers of sum n).
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As(t) = tGizs +¢2 ( G132 + G213 + G231 + Garz ) + 3G
= tRs3 +t2( R + Ri» ) + 2Ry

And more generally,
An(t) =D "R
IE=n
where R is the ribbon basis of the noncommutative symmetric functions
algebra (Sym) and the sum goes over all composition of size n (sequences of
integers of sum n).
We use the complete basis S of Sym with

R =) (-1)"""Vs’.
1=J

For example,
Ry — S — S8 _ g3 15,
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As(t) = tGizs +¢2 ( G132 + G213 + G231 + Garz ) + 3G
= tRs3 +t2( R + Ri» ) + 2Ry

And more generally,
An(t) = t'OR,
IE=n
where R is the ribbon basis of the noncommutative symmetric functions

algebra (Sym) and the sum goes over all composition of size n (sequences of
integers of sum n).

We use the complete basis S of Sym with
R =) (-1)"""Vs’.
1=J

For example,
Ry — S — S8 _ g3 15,

Then,
As(t) = t(1 — t)°Ss + £2(1 — t) (512 + 521) + 251,
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We have
An(t) =3O — 1) s,
I=n
=> t'@-0"" > s’
r=1

I=n
L(h=r
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We have
An(t) =3O — 1) s,

I=n
= i t(1—t)" " > s
r=1

IEn
L(h=r

To apply ¢, we use the fact that S is a multiplicative basis

. For example,

P =8%.5,=5;-5=5;-5;-S,.
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We have
An(t) =3O — 1) s,

I=n
= i t(1—t)" " > s
r=1

IEn
L(h=r

To apply ¢, we use the fact that S is a multiplicative basis

. For example,

P =8%.5,=5;-5=5;-5;-S,.

Xk

Moreover, ¢ (Sk) = % 1) Z s'| = r'S(n, r)%
’ I=n :

L(l)=r
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We have

An(t) =3O — 1) s,
I=n

= i t(1—t)" " > s
r=1 I=n
L(h=r

To apply ¢, we use the fact that S is a multiplicative basis

P =8%.5,=5;-5=5;-5;-S,.

k

. For example,

Moreover, ¢ (S5¢) = 7~ so ¢ Z = r1S(n, r)—. Then,

n

tAn(t) = i t"(1—t)"""r!S(n,r).



]
s t@—t)"" Y s
An = X; =
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Ay=> t(1-0)"" Y s,
r=1 IE=n
Lh=r
If we consider the generating function of the (1 — t)™"A,, we obtain

St = (1) sy

n>0 r>0

Noncommutative analog
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Ay=> t(1-0)"" Y s,
r=1 IE=n
L(h)=r
If we consider the generating function of the (1 — t)™"A,, we obtain
An t .
> s =2 () Gesasiey
n>0 r>0

We use the fact that

&(S1+S2+S3+---)=¢€"—1.
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n

Ay=> t(1-0)"" Y s,
r=1 IE=n
L(h)=r
If we consider the generating function of the (1 — t)™".A,, we obtain
An t \ ,

—_— = — ) (S1+S2+S3+---)".
> s =2 (1) s s
n>0 r>0
We use the fact that

&(S1+S2+S3+---)=¢€"—1.

Then applying ¢ to the previous equation we obtain

tA.(t) x" 1-—t
1 —_— =
+§(1—t)”n! 1— tex
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Segmented permutations

A segmented permutation is a permutation where each values may be
separated by bars. We denote by B3, the set of segmented permutations of
size n. For example, o = 52|7138|46 € Ps.

analog
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A segmented permutation is a permutation where each values may be
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Noncommutative analog

separated by bars. We denote by B3, the set of segmented permutations of
size n. For example, o = 52|7138|46 € Ps.

In size 3

123
132
213
231
312
321

1]23
1/32
2(13
231
312
321

123
132
21)3
23]1
312
32)1

123
132
2|13
2[3)1
3[1)2
321
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Segmented permutations

A segmented permutation is a permutation where each values may be

Generalized Eulerian polynomials
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ommutative analog

separated by bars. We denote by 3, the set of segmented permutations of
size n. For example, o = 52|7138]46 € Ps.

In size 3

123
132
213
231
312
321

In general, there are 2" 'n! segmented permutations of size n.

1]23
1/32
2(13
231
312
321

123
132
21)3
23]1
312
32)1

123
132
2|13
2[3)1
3[1)2
321
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Some statistics on segmented permutation

® A position i of a permutation o is a segmentation if there is a bar between
oi and oit1. We denote by seg(o) the number of descents of o.
For o = 52|7138|46 the segmentations are {2,6} so seg(c) = 2.
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Some statistics on segmented permutation

® A position i of a permutation o is a segmentation if there is a bar between
oi and oit1. We denote by seg(o) the number of descents of o.
For o = 52|7138|46 the segmentations are {2,6} so seg(c) = 2.

® A descent is a position / that is not a segmentation and such that

oi > oi+1. We denote by des(c) the number of descents of o.
For o = 52|7138|46 the descents are {1,3} so des(c) = 2

e analog
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Eulerian numbers on segmented permutations

We define the following numbers:

T(n, k) = #{o € P,|des(c) = k}

Mkl 0 1 2 3 4
0 | 1

1|1

2 | 3 1

3 /13 10 1

4 |75 91 25 1
5 | 541 896 426 56 1

Noncommutative analog
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polynomials

Eulerian numbers on segmented permutations
We define the following numbers:

T(n, k) = #{o € P,|des(c) = k}

Mkl 0 1 2 3 4
0 | 1

1|1

2 | 3 1

3 /13 10 1

4 |75 91 25 1
5 | 541 896 426 56 1

Note that the numbers on the first column are the ordered Bell numbers (or
Fubini numbers).
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Eulerian numbers on segmented permutations
We define the following numbers:

T(n, k) = #{o € P,|des(c) = k}

Mkl 0 1 2 3 4
0 | 1

1|1

2 | 3 1

3 /13 10 1

4 |75 91 25 1
5 | 541 896 426 56 1

Note that the numbers on the first column are the ordered Bell numbers (or
Fubini numbers). We have the recurrence relation

T(nk)=(n—-kK)T(n—1,k—=1)+(n+1)T(n—1,k)+ (k+1)T(n—1,k+1).

Generalized Eulerian polynomials Noncommutative analog
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Eulerian numbers on segmented permutations
We define the following numbers:

T(n, k) = #{o € P,|des(c) = k}

Mkl 0 1 2 3 4
0 | 1

1|1

2 | 3 1

3 /13 10 1

4 |75 91 25 1
5 | 541 896 426 56 1

Note that the numbers on the first column are the ordered Bell numbers (or
Fubini numbers). We have the recurrence relation

T(nk)=(n—-kK)T(n—1,k—=1)+(n+1)T(n—1,k)+ (k+1)T(n—1,k+1).
We also have

T(n,n—k —1) = #{o € Pau|des(c) + seg(c) = k}.

mmutativ

e analog
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Generalized Eulerian numbers with two parameters
We also consider the following refinement

K(n,i,j) = #{o € Bn|des(c) = i,seg(c) = j}
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Generalized Eulerian numbers with two parameters
We also consider the following refinement

K(n,i,j) = #{o € Bn|des(c) = i,seg(c) = j}

J\i|o 1 0
n=2: 0|1 1 n=3:
1]2 !
2
aNiJ]o 1 2 3
o1 11 11 1
n==4: 1|14 44 14
2136 36

3|24
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Eulerian polynomials

Generalized Eulerian numbers with two parameters
We also consider the following refinement

K(n,i,j) = #{o € Bn|des(c) = i,seg(c) = j}

Ailo 1 0
n=2: 0|1 1 n=3:
112 1
2
jNiJ]o 1 2 3
ol 1 11 11 1
n==4: 1|14 44 14
2136 36
3| 24

For any n, the numbers on each first row are the usual Eulerian numbers and
the numbers on each first column are the j1S(n,j).

ative analog Generalized Eulerian polynomials Noncommutative

analog
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Generalized Eulerian numbers with two parameters
We also consider the following refinement

K(n,i,j) = #{o € Bn|des(c) = i,seg(c) = j}

J\i|o 1 0
n=2: 0|1 1 n=3:
1]2 !
2
aNiJ]o 1 2 3
o1 11 11 1
n==4: 1|14 44 14
2136 36
3|24

For any n, the numbers on each first row are the usual Eulerian numbers and
the numbers on each first column are the j1S(n,j). We have

K(n,irj) = (i +j+ D[K(n—1,7,) + K(n = 1,i,j — 1)]

+(n—i—j)[K(n—1,i—1,j)+K(n—1,i—1,j—1)].

mmutative analog
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Generalized Eulerian polynomials
Define our polynomials as

Oln(t, q) _ Z tdes(o’)qseg(a).
ASPt

Noncommutative analog
00000
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Generalized Eulerian polynomials
Define our polynomials as

a,,(t,q Z tdeso’ seg(a
o€Pn

Some specialization of the variables give the following properties

an(t,0) = An(t)
an(0,9) = Bn(q)
an(1,1) = 2" !nl
an(-1,1) = 27!
an(2,1) = A050352
an(2,2) = A050351

Noncommutativ

00000

e analog
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Generating Function
We define the generating function of the generalized Eulerian polynomials as
follows:

F(t,q,x) =Y au(t, q)%:-

n>0
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Generating Function
We define the generating function of the generalized Eulerian polynomials as
follows:

F(t,q,x) =Y an(t,q) 9
n>0
The generating function satisfies the following differential equation:

(19— 29~ 1)F(t,,x)+(1 ~ tgx — 0) 5 F(t,,x) — (£~ £)(q + 1) 5 F(t,4,%)~

B
(1—-1)(q"+ 9) 54 F(t:0:%) = —2q + tq.
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Theorem (N., 2018+ )

We have the following expression of the generating function:

ex(lft) -1
1+qg—(t+q)ext-0°

F(t,q,x) =1+

Noncommutative analog
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Theorem (N., 2018+ )

We have the following expression of the generating function:

ex(lft) -1

F(t =1 .
( 7q7X) + 1+q—(t+q)ex(1*t)

Proofs

® Show that F satisfy the previous differential equation.

Noncommutative analog
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Theorem (N., 2018+ )

We have the following expression of the generating function:

ex(lft) -1
1+qg—(t+q)ext-0°

F(t,q,x) =1+

Proofs
® Show that F satisfy the previous differential equation.

® Show that we have

_ G(t,x)
Flt.a.X) = 1= Gy

Noncommutative analog
00000
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Theorem (N., 2018+ )
We have the following expression of the generating function:
ex(lft) -1

F(t =1 .
( 7q7X) + 1+q—(t+q)ex(1*f)

Proofs
® Show that F satisfy the previous differential equation.

® Show that we have

_ G(t,x)
Flt.a.X) = 1= Gy

® Use a noncommutative analog.
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Some properties of the generalized Eulerian polynomials
® For any n > 0 we have

an(t,1) 3 (LD

1 — ¢)ntl Qk+1
k>0

Noncommutative analog
00000
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Some properties of the generalized Eulerian polynomials

® For any n > 0 we have

an(t,1) D14 1)F!
(L —¢t)tt Z k 2k+1 :
k>0

® For any n > 0 we have

an(t,q) = Y t(g-tY(1—t)" TR (i) (’ j”) S(n, i+j+1).

0<i+j<n—1
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Some properties of the generalized Eulerian polynomials

® For any n > 0 we have

an(t,1) 5 o (LF t)k’ll

1 — t)nt+t k+1
k>0

® For any n > 0 we have

Noncommutative analog

00000

an(t,q) = Y t(g-tY(1—t)" TR (i) (’ j”) S(n, i+j+1).

0<i+j<n—1

® Worpitzky's identity: for any positive integers r, k, and n,

(k e 1) Ak -1)) = <” e ’) K(n,i,r),

i=0

where A(k") = (k +1)" — k"
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FQSym (permutations)

Sym (compositions)



Noncommutative analog
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FQSym (permutations)

Sym (compositions) SCQSym (segmented compositions)
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FQSym (permutations) 7?7 (segmented permutations)

Sym (compositions) SCQSym (segmented compositions)
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Segmented permutations algebra (SPQSym)

Let o and 7 be to segmented permutations. Consider all the possibilities to
create a segmented permutation as a concatenation of o and 7.
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Segmented permutations algebra (SPQSym)

Let o and 7 be to segmented permutations. Consider all the possibilities to
create a segmented permutation as a concatenation of o and 7. For example,

1x1)2 = {12]3, 1]2|3, 213, 2|13, 31]2, 3]1]2}
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Segmented permutations algebra (SPQSym)

Let o and 7 be to segmented permutations. Consider all the possibilities to
create a segmented permutation as a concatenation of o and 7. For example,

1x1)2 = {12]3, 1]2|3, 213, 2|13, 31]2, 3]1]2}

312 % 21 = {31|254, 31|2|54, 41|253, 41|2|53, . . . , 53|421, 53| 4|21}
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Segmented permutations algebra (SPQSym)

Let o and 7 be to segmented permutations. Consider all the possibilities to
create a segmented permutation as a concatenation of o and 7. For example,

1x1)2 = {12]3, 1]2|3, 213, 2|13, 31]2, 3]1]2}

312 % 21 = {31|254, 31|2|54, 41|253, 41|2|53, . . . , 53|421, 53| 4|21}

Define G, such that for any ¢ and 7,

G, G-= ) G,

HETHT
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Segmented permutations algebra (SPQSym)

Let o and 7 be to segmented permutations. Consider all the possibilities to
create a segmented permutation as a concatenation of o and 7. For example,

1x1)2 = {12]3, 1]2|3, 213, 2|13, 31]2, 3]1]2}

312 % 21 = {31|254, 31|2|54, 41|253, 41|2|53, . . . , 53|421, 53| 4|21}

Define G, such that for any ¢ and 7,

G, G-= ) G,

HETHT

We have the morphism ¢(G,) = 5= 1,,| for any o € B».
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Noncommutative analog
For any n > 0, define

Z’r’,(t) — Z tdes(o’)+1qseg(o’)Ga.

o &Pn

Noncommutative analog
[e]e] le]e}
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Noncommutative analog
For any n > 0, define

Ew(t) _ Z tdes(o-)+1qseg(o-)G0.

o€Pn

In fact we have, A, € SCQSym :

Noncommutative analog
[e]e] le]e}
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Noncommutative analog
For any n > 0, define

:‘Cw(t) _ Z tdes(o-)+1qseg(o-)G0.

o€Pn

In fact we have, A, € SCQSym :

;C(t) _ Z tdes(l)qseg(l)Rl
I§=n

Noncommutative analog
[e]e] le]e}
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Noncommutative analog
For any n > 0, define

;‘\;(t) _ Z tdes(a')Jrlqseg(o-)Go.
o€Pn

In fact we have, A, € SCQSym :

.;i-;;(t) _ Z tdes(/)qseg(l)Rl
I§=n

des(/) seg(/)
_ n t q—t
-0 (i) () s

If=n
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Conclusion
® Unimodality of T(n, k) and K(n,i,j) :

Mkl 0 1 2 3 4

0 1

1 1

2 3 1

3 13 10 1

4 75 91 25 1

5 541 896 426 56 1
- 1 2 Ail]o0 1 2 3
J\i|]0 1 71 o1 11 11 1
o1 1 6 1114 44 14
1]2 2136 36

3|24
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Conclusion

® Unimodality of T(n, k) and K(n,i,j) : proved by Zhang and Zhang for
rows of T(n, k) and rows and columns of K(n,i,j) ;
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Conclusion

® Unimodality of T(n, k) and K(n,i,j) : proved by Zhang and Zhang for
rows of T(n, k) and rows and columns of K(n,i,j) ;

e Consider K(n,i,j)/j!;

ANijo 1 2 3

JA\i|0 1 0|1 11 11 1
0|1 1 114 44 14
1|2 2136 36

3124
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Eulerian polynomials
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Conclusion

® Unimodality of T(n, k) and K(n,i,j) : proved by Zhang and Zhang for
rows of T(n, k) and rows and columns of K(n,i,j) ;

e Consider K(n,i,j)/j!;
® algebraic understanding of I,(t)
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Merci de votre attention !
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