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Abstract

Investigations into Algebra and Topology over Nominal Sets

Daniela Luana Petrisan

The last decade has seen a surge of interest in nominal sets and their appli-
cations to formal methods for programming languages. This thesis studies two
subjects: algebra and duality in the nominal setting.

In the first part, we study universal algebra over nominal sets. At the heart of
our approach lies the existence of an adjunction of descent type between nomi-
nal sets and a category of many-sorted sets. Hence nominal sets are a full reflec-
tive subcategory of a many-sorted variety. This is presented in Chapter 2.

Chapter 3 introduces functors over many-sorted varieties that can be pre-
sented by operations and equations. These are precisely the functors that pre-
serve sifted colimits.

They play a central role in Chapter 4, which shows how one can systemati-
cally transfer results of universal algebra from a many-sorted variety to nominal
sets. However, the equational logic obtained is more expressive than the nom-
inal equational logic of Clouston and Pitts, respectively, the nominal algebra of
Gabbay and Mathijssen. A uniform fragment of our logic with the same expres-
sivity as nominal algebra is given.

In the second part, we give an account of duality theory in the nominal set-
ting. Chapter 5 shows that Stone’s representation theorem cannot be internal-
ized in nominal sets. This is due to the fact that the adjunction between nom-
inal Boolean algebras and nominal sets is no longer of descent type. We prove
a duality theorem for nominal distributive lattices with a restriction operation
in terms of nominal bitopological spaces. This duality restricts to duality be-
tween nominal Boolean algebras and a category of nominal topological spaces.
Our notion of compactness allows for generalisation of Manes’ theorem to the
nominal setting.
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Chapter 1

Introduction

The deep connection between categorical algebra and formal semantics for pro-
gramming languages was made explicit in the ADJ series of papers—see for ex-
ample [GTWW?77]—which coined the term abstract syntax. Simple data types
are given by many-sorted signatures in the sense of universal algebra. The ini-
tial algebra for such a signature is then the abstract syntax. Any other algebra
is a semantic domain and the unique morphism from the initial algebra assigns
meaning to each construct of the language. This model of syntax provides clear
principles of structural induction and recursion. But this approach proves inad-
equate for syntax containing binding constructs. Since binders are ubiquitous,
the last decades have witnessed an intensification of research into formal frame-
works for reasoning about binding.

In particular, 1999 was a good year for abstract syntax with variable bind-
ing, with two papers appearing in the proceedings of LICS: one by Gabbay and
Pitts, the other by Fiore, Plotkin and Turi. Both of them provided solutions that
would allow the initial algebra semantics for abstract syntax with binding. Their
idea was to move away from the category Set and consider abstract syntax as
an initial algebra for functors on different base categories. In [FPT99] presheaf
models were used, namely Set”, where F is the category of finite ordinals and
functions between them. On the other hand, [GP99] and the subsequent jour-
nal version [GP02] proposed Fraenkel-Mostowski sets, or FM-sets. This model
stemmed from the permutation model of set theory with atoms introduced by
Fraenkel starting with [Fra22], and later refined by Mostowski [Mos38]. Permu-
tation models were designed to prove the independence of the Axiom of Choice
from the axioms of ZFA—Zermelo-Fraenkel set theory with atoms.

Later FM-sets have been replaced by nominal sets, which can be defined in
the realm of the classical set theory [Pit03]. The core idea in nominal techniques



is that names play a crucial role. Nominal sets can be thought of as sets with an
additional structure: a group action of a symmetric group on names satisfying
a certain ‘finiteness’ property. Very roughly, we can think of the elements of a
nominal set as having a finite set of ‘free names.” The action of a permutation on
such an element is then given by renaming the ‘free names’.

The nominal sets approach became successful, perhaps because it strikes
the right balance between rigorous formalism and informal reasoning. This
is nicely illustrated in [Pit06] where principles of structural recursion and in-
duction are explained in nominal sets. Nominal techniques attracted interest
in many areas of computer science, for example game semantics, [AGM™04,
Tze09], domain theory [Tur09], automata theory [KST11, BKL11], coalge-
bra [Kli07], functional and logic programming languages [SPG03], theorem
provers [Urb08].

For this reason we believe that developing algebra and topology over nom-
inal sets is a meaningful endeavour. Let us recall some of the work that has al-
ready been done in this direction.

Equational logic for nominal sets has been introduced in [CP07] and [GM09]
and an account of Lawvere theories adapted to nominal setting was given
in [Clo11]. Gabbay [Gab08] made the first step towards universal algebra over
nominal sets by proving an HSP(A) theorem. But his proof requires ingenuity
and ad hoc constructions, since it is based on the analogy between nominal sets
and sets and even fundamental notions of universal algebra such as variables
and free algebras have to be revisited.

By contrast, this thesis takes its cue from the idea that the category of nom-
inal sets is closely related to a many-sorted variety. In a first part, our aim is to
systematically obtain universal algebraic results for algebras over nominal sets.

The second part of this thesis is dedicated to a study of Stone type duali-
ties in nominal setting. Stone type dualities have played an important role in
theoretical computer science, starting with Abramsky’s Domain Theory in Log-
ical Form [Abr91] and continuing with the developments in coalgebraic modal
logic [BKO5]. Since coalgebras over nominal sets have already been proposed as
models for name-passing calculi [FS06] and the first step towards nominal do-
main theory has already been taken [TW09] a natural question arises on whether
Stone duality can be generalised to nominal sets.

Overview and origins of the chapters

Chapter 2 brings together different characterisations of nominal sets. The cate-
gory of nominal sets is equivalent to a category of pullback preserving functors



from I to Set, where I is the category whose objects are finite sets of names and
arrows are injective maps between them. Another equivalent category is that of
named sets considered by Montanari and Pistore for applications in the study
of history dependent automata. From a category theoretic perspective, nominal
sets have an extremely rich structure: they form a Grothendieck topos and have
a different symmetric monoidal closed structure which allows a nice interpreta-
tion of abstraction.

However, the idea that pervades this thesis is that nominal sets are not too
far removed from a presheaf category. It is precisely this connection that will
allow us to systematically transfer universal algebraic results to nominal sets.

Perhaps the most important element introduced is a functor U from nomi-
nal sets to a category of many-sorted sets Setl, where |I] is the discrete under-
lying category of I. The idea behind this construction is that the elements of a
nominal set are ‘stratified’ by their support. This functor, although not monadic,
has a left adjoint F : Set! — Nom. This adjunction gives rise to a monad T on
Setl whose category of Eilenberg-Moore algebras is isomorphic to Set!. The ad-
junction F - U is not monadic, but of descent type. As a result the comparison
functor I : Nom — Set! is full and faithful. Moreover I has a left adjoint which
preserves finite limits. This adjunction provides the infrastructure for transfer-
ring results from many-sorted universal algebra to nominal sets.

Chapter 3 describes functors on many-sorted varieties having finitary presen-
tations by operations and equations. The notion of finitary presentations for
functors on one-sorted varieties was introduced by [BK06]. It generalises from
the category of sets the fact that any finitary functor L: Set — Set is a quotient

[ [rnxx"—»Lx (1.1)
neN
of a polynomial functor where n is the set {1,..., n}, and a pair (o, f) is mapped
to Lf(o) (f can be thought of as a map from # to X). This is a quotient because
L, as a filtered colimit preserving functor, is determined by its values on finite
sets. The elements of Ln can be regarded as the n-ary operations presenting L,
satisfying the equations corresponding to the kernel of the above map (for a full
account see Adamek and Trnkova [AT90, I11.4.9]). To summarise, (1.1) provides
a presentation (X, E;) by operations >; and equations E; and, therefore, an
equational logic for L-algebras: the category of L-algebras is isomorphic to the
category of algebras for the signature ¥; and equations Ej.
To generalise (1.1) from Set to an arbitrary variety, one can replace finite
sets by finitely generated free algebras. But then L should be determined by its
values on finitely generated free algebras, that is, L should preserve a certain



class of colimits, called sifted colimits [ARV10]. As shown in [KR06], it is indeed
the case that a functor L on a variety .«/ has a presentation by operations and
equations if and only if L preserves sifted colimits.

In this chapter we generalise the results on functors on varieties from the
one-sorted to the many-sorted case. We show that, if .c/ and L: ./ — .o/ have
presentation (X o/, E /) and (X1, .</1 ), respectively, then the category of L-algebras
has presentation (X + Xy, Es + Er). Moreover, L has a presentation iff it pre-
serves sifted colimits. This generalisation of results from [BK06, KR06] is not
difficult, but proves relevant for the developments in the next chapters. As an ex-
ample we give an equational presentation for Set' and a shift functor & that cor-
responds to the abstraction functor on nominal sets. A second example looks at
Halmos’ polyadic algebras—introduced as an algebraic semantics for first-order
logic. They are characterised as algebras for a functor on the category BAF of
Boolean algebra valued presheaves over the category I of finite ordinals.

This chapter contains results presented in the joint papers with Alexander
Kurz [KP10a] and [KP08].

Chapter 4 generalises the HSP theorem to full reflective subcategories of many-
sorted varieties. We then apply this result to categories of algebras given by func-
tors on nominal sets. The central idea is to use the flexibility of the notion of
functor presented by operations and equations. Given such a functor L on Set!
we can apply the theory developed in Chapter 3 and conclude that the category
of algebras Alg(L) is monadic over Set!!l. If L is a functor on nominal sets that, in-
tuitively speaking, behaves similarly to L, the adjunction between nominal sets
and Set! can be lifted to an adjunction between the categories of algebras Alg(L)
and Alg(L).

However the equational logic obtained in this fashion is more expressive
than what is needed in nominal setting. We therefore introduce a fragment of
our equational logic, called the uniform fragment. We prove an HSPA theorem
in the style of [Gab08]: a class of L-algebras is definable by uniform equations if
and only if it is closed under quotients, subalgebras, products and abstraction.
This shows that the uniform fragment of equational logic has the same expres-
siveness as the nominal algebra of [Gab08].

We also show how to translate theories of nominal algebra [GM09] and nom-
inal equational logic [CP07] into uniform theories and how to translate uni-
form theories into synthetic nominal equational logic [FH08]. We prove that
these translations are semantically invariant and we obtain an HSPA theorem
for nominal equational logic and a new proof of the HSPA theorem of nominal
algebra [Gab08].

Chapter 4 is based on the joint paper with Alexander Kurz [KP10b].



Chapter 5 discusses Stone type dualities in nominal setting. In this chapter, ad-
junctions of descent type again play an important role. We recall the celebrated
adjunction between BA and Set, given by the dualising object 2. This adjunc-
tion is of descent type. It gives a monad on Set, whose category of Eilenberg-
Moore algebras is isomorphic to the category CHaus of compact Hausdorff topo-
logical spaces—a result due to Manes. Thus the comparison functor from BA?
to CHaus is full and faithful. Its essential image consists of the zero-dimensional
compact Hausdorff spaces, the so called Stone spaces.

We show that the adjunction between BA’ and Set can be internalised in
nominal sets, but is no longer of descent type. This boils down to the fact that
the ultrafilter theorem does not hold in nominal sets. In fact we construct an ex-
ample of a nominal Boolean algebra and a finitely-supported filter which cannot
be extended to a finitely-supported ultrafilter. This shows that Stone duality fails
in nominal sets.

We conclude that the Boolean algebra structure of the power object of a
nominal set is not enough to generalise Stone duality in nominal sets. Gabbay
pointed out a restriction operation on the power object of a nominal set, simi-
lar in spirit to the W quantifier. This led us to consider the category of nominal
Boolean algebras with a restriction operation nBAy,.

The power object functor & : Nom — n BA;’? has a right adjoint and, in this
case, the adjunction is of descent type. We can generalise Manes’ theorem, using
the notion of compactness for nominal topological spaces we already identified
in [GLP11]. We prove that the Eilenberg-Moore algebras for the induced monad
on Nom are nominal topological spaces that are Hausdorff and n-compact. Thus
the comparison functor from nBA]"” to Nom is full and faithful. Its essential im-
age consists of the zero-dimensional n-compact Hausdorff nominal topological
spaces.

Furthermore, we have generalised this result to a duality between nomi-
nal distributive lattices and a category of nominal bitopological spaces, follow-
ing [BBGK10].

The starting point of this chapter is the duality for nominal Boolean alge-
bra with restriction given in the joint work with Jamie Gabbay and Tadeusz
Litak [GLP11]. The chapter generalises this work, offering a category-theoretic
perspective. We are now able to explain why the notions of n-filters and n-
compactness arise naturally. Furthermore, the example of Section 5.2, the gen-
eralisation of Manes’ theorem and the duality for nominal distributive lattices
with restriction are new.



Chapter 2

Nominal Sets and presheaf
categories

Nominal sets entered the scene of theoretical computer science with the sem-
inal paper [GP02], as a model for abstract syntax with binding that strikes the
right balance between a rigorous formalism and pen-to-paper informal reason-
ing. This chapter takes stock of the rich structure of the category of nominal sets
and presents some new observations relevant for future developments.

In Section 2.1 we recall basic definitions and results scattered across the lit-
erature. In Section 2.2 we discuss categorical constructions for nominal sets and
we recall some equivalent categories. Each one of these alternative descriptions
sheds light on interesting features of nominal sets. Having established that Nom
is a topos, we consider, in Section 2.3 and Section 2.4, geometric morphisms
relating Nom with Set and a presheaf category. The latter connection is of par-
ticular importance in this thesis.

2.1 Nominal sets - basic definitions

We fix an infinite countable set of names A. Elements of A will be denoted by
a,b.... Bijective functions on A are called permutations on A. Examples of per-
mutations include transpositions, that is, functions of the form (a b) which swap
a and b, and fix the other elements of A. The permutations on A form a group,
where multiplication is the usual composition of functions and the neutral ele-
ment is the identity on A. Let G(A) denote the subgroup of permutations on A
generated by transpositions. A permutation 7 on A can be expressed as a finite
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product of transpositions if and only if the set
faeA|n(a)#a} (2.1)
is finite. These permutations are called finitely supported.

Definition 2.1.1. A G(A)-action is a pair (X,-) consisting of a set X and a map
-1 6(A) x X — X such that for all x € X and for all 7, 7" € G(A)

id-x=x

(tom)-x=m"-(m-x) 2.2)

Example 2.1.2. The set of names can be equipped with the ‘evaluation’ action
defined by
m-a=rm(a). (2.3)

(A,-)is a G(A)-action.
Example 2.1.3. The powerset of A equipped with the pointwise action, defined

by
m-X={n(x)|xeX} (2.4)

forall X C A, is a G(A)-action.

Example 2.1.4. (S(A),*) is a ©(A)-action, where *: G(A) x S(A) — S(A) is the
conjugation action defined by

Txm=1nT L (2.5)

Definition 2.1.5. Consider a G(A)-action (X, -) and an element x € X. We say
that a set of names A C A supports x if for all a, b € A\ A we have (a b)-x =x.
We say that x is finitely supported if there exists finite A C A that supports x.

Remark 2.1.6. Given a set of names A, let fix(A) denote the set of permutations
in G(A) that fix the elements of A. Given an element x of a &(A)-action, the
stabilizer of x, denoted by Stab(x), is the set {7 € S(A) | - x = x}. Both fix(A)
and Stab(x) are subgroups of G(A). Notice that x is supported by a set A when

Vr.nefix(A) = mn-x=x (2.6)

This follows from the fact that a permutation is in fix(A) if and only if it can be
n

written as a product of transpositions H(ai b;)suchthat a;, b; € A.
i=1

Definition 2.1.7. A nominal set is a S(A)-action (X, -) such that each element of
Xis finitely supported.
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Example 2.1.8. (A,-) as defined in Example 2.1.2 is a nominal set because each
name a is supported by {a}.

Example 2.1.9. The G(A)-action on the powerset of names, described in Exam-
ple 2.1.3, is not a nominal set. A subset of A is finitely supported if and only if it
is finite or cofinite. But the set %p,(A) of finite subsets of A and the set 2 (A) of
finite and cofinite subsets of A are nominal sets when equipped with the point-
wise action. More on the power object construction in Section 5.3.

Example 2.1.10. (6(A),*) defined in Example 2.1.4 is a nominal set, as each
permutation = € G(A) is supported by the finite set {a | 7(a) # a}.

Definition 2.1.11. A morphism between two nominal sets f : (X,:) — (Y,)is a
map f: X —Y thatis equivariant, that is,

VxeX.VreBA) f(r-x)=n-f(x) (2.7)
Next we recall some fundamental properties of the notion of support.

Proposition 2.1.12. Let X be a nominal set and let x € X. Then the following
hold:

1. IfS,S € Z4,(A) support x then SNS’ supports x.

2. There exists a least finite set supp(x) € Z5,(A) that supports x.

3. supp(m-x)=m-supp(x) for all € G(A).

4. If m,7 € G(A) satisty mjsupp(x) = T|supp(x) then - x =17 -x.

5. If S supports x and S € §’ then S’ supports x.

6. For all equivariant maps f :(X,-) — (Y,-) we have supp(f(x)) € supp(x).

Complete proofs can be found in [GP02]. In order to prove 1 assume a € S
and b ¢ §’. Consider ¢ ¢ SUS’. Such c exists because both S and S’ are finite.
Observe that (a b)-x =(a c)(b ¢)(a ¢)-x. But (a c) and (b ¢) fix x since a,c &S,
respectively b,c €S’. Thus (a b)-x =x and SN S’ supports x.

Point 2 follows immediately from 1. Notice the importance of the word ‘fi-
nite’ in 2. In general, an element of a nominal set does not have a least support-
ing set of elements. For example, the element {a} of %,(A) has as least finite
support the set {a}, but it is also supported by A \ {a}.

To prove 3, consider a, b & 7w -supp(x). Then 7~1(a b)r € fix(supp(x)), hence
(a b)r-x =7 - x. This shows that supp(7 - x) C 7w - supp(x). Using this for 77! - x,
we can prove that the reverse inclusion also holds.
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Point 4 follows from Remark 2.1.6 applied to 77~! while 5 and 6 are imme-
diate consequences of Definition 2.1.5 and Definition 2.1.11.

Consider an element x of a nominal set. From Remark 2.1.6 it follows that
fix(supp(x)) is a subgroup of Stab(x). The next lemma shows that fix(supp(x)) is
in fact a normal subgroup of Stab(x).

Lemma 2.1.13. Let X be a nominal set and let x € X. Let G(supp(x)) denote the
group of permutations of supp(x). Define ¢ : Stab(x) — &(supp(x)) by

7= Tlsupp(x)-

Then ¢ is awell defined group homomorphism and the kernel of ¢ is fix(supp(x)).
Consequently, the quotient group Stab(x)/fix(supp(x)) is isomorphic to a sub-
group of &(supp(x)).

Proof. Given 7 € Stab(x) we have that supp(7-x) = supp(x). By point 3 of Propo-
sition 2.1.12 it follows that 7 - supp(x) = supp(x). Therefore ¢ is well defined. It
is easy to check that ¢ is a group homomorphism and that the kernel of ¢ is
fix(supp(x)). Hence fix(supp(x)) is a normal subgroup of Stab(x). The last part of
the lemma follows from the First Isomorphism Theorem for groups. O

For any element x of a nominal set we have an infinite, actually cofinite,
supply of names outside its support, which we can think of as not interfering
with x, or being fresh for x:

Definition 2.1.14. Given a nominal set (X,-), x € X and a € A, we say that a is
fresh for x and write a#x when a & supp(x).

Freshness is an important concept in nominal techniques. In [GP01] Gab-
bay and Pitts introduced the freshness quantifier, that can express concisely the
ability of finding at least one or, as we will see, cofinitely many fresh names sat-
isfying certain properties:

Definition 2.1.15. Given a higher-order logic formula ¢(a, x1,...,x,), describ-
ing properties of elements of a nominal set X and of names in A, we say

Na.p(a,x,...,xn)

when {a € A | ¢(a,x;,...,x,)} is cofinite, or, equivalently, when ¢(a, x1,...,x5)
holds for cofinitely many names a.

In nominal proofs it is enough to consider a fresh name and prove that a
certain property holds for this particular choice. The next theorem, that goes
back to [GPO01], says that the property will hold automatically for any other fresh
name considered.
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Theorem 2.1.16. The following are equivalent:
da e A.a#xy,...,xn, NP(a,x1,...,Xp).
VaeA.a#xy,...,xn, = ¢(a,xi1,...,xn).
WNa.¢(a,xi,...,xn).

Remark 2.1.17. The W quantifier allows for a concise way of expressing fresh-
ness. Given an element x of a nominal set and a € A we have

a#x < Wb.(ab)-x=x

Another important concept introduced in [GP01] is that of atom-abstractions.
Given a nominal set X we can define its abstraction [A]X as follows. We define
an equivalence relation (a,x) ~ (b,y) on Ax X by Wc.(a c)-x=(b c)-y. It can be
shown that the equivalence class of (a, x) w.r.t. ~, denoted by [a]x, is the set

{(a,x)}u{(b,(a b)-x)| b#x}.

Define [A]X to be the set of equivalence classes of ~ with the permutation action
given by 7 - [a]x = [%(a)](7 - x). This is indeed a nominal set, and one can prove
further that

supp([a]x)=supp(x)\ {a}.

2.2 The category of nominal sets

Nominal sets and equivariant maps form a category, denoted by Nom. In this
section we will analyse the rich categorical structure of Nom. We set about de-
scribing finite limits.

Lemma 2.2.1. Nom is a cartesian category.

Proof. Nom has a terminal object 1, that is, a singleton equipped with the trivial
action. Nom has pullbacks of pairs of morphisms. Given f: X —-Zand g:Y —
Z, the pullback of (f, g) is computed as follows. Consider

T={(x,y)eXxY]| f(x)=g)} (2.8)

with the G(A)-action defined by 7 - (x,y) = (- x,7-y). Each pair (x,y) is sup-
ported by the finite set supp(x)Usupp(y), thus T is a nominal set. The projections
px:T—Xand py: T —Y, given by (x,y) — x, respectively (x,y) — y, are equi-
variant and fpx = gpy. Furthermore, for all equivariant maps h : U — X and
j : U — Y such that fh = gj there exists a unique equivariant map k : U — T,
defined by k(u)=(h(u), j(u)), such that h = pxk and j = pyk.

Therefore Nom has all finite limits. O
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We will see that Nom is actually complete. While the product of two nominal
sets (X,-) and (Y, ) is the nominal set (X x Y,-) where 7 (x,y)=(n-x,7-y), arbi-
trary products are more complicated. Consider a family of nominal sets (X;);¢;.
We can equip the set of all tuples {(x;)ie; | x; € X;} with the pointwise action
given by

7 (Xi)ier = (- Xi)ier. (2.9)

This is a G(A)-action, but some tuples may not be finitely supported, as the
following example shows:

Example 2.2.2. Consider as indexing set I the set of natural numbers N and for
all i e Nlet X; be the nominal set of names A. Consider an ordering of the names
in A: ay,a,,... Then the tuple (az;);en is not finitely supported.

Lemma 2.2.3. The product of a family of nominal sets (Xj,-;);e; is the nominal
set [ [(X;,+;) of tuples of the form (x;);e; that are finitely supported w.r.t. the

iel
action of (2.9).

Proof. By construction [ [(X;,-;) is a nominal set and the projections
iel
pi 51_[(Xiy'i)_’(xi,‘i)
iel
mapping a tuple to its i component are equivariant. We need to check that the

usual universal property is satisfied. Assume (T,-) is a nominal set and f; : T —
X; are equivariant maps. We define k : T — [ [(X;,-;) by k(¢) = (fi(¢))ies. This

iel
is well defined because, by point 6 of Proposition 2.1.12, each f;(¢) is supported
by supp(t), hence (f;(t))ies is supported by supp(t). O

Lemma 2.2.4. Nom is a cartesian closed category.

Proof. We have to show that for all nominal sets (X, -x) the functor —xX: Nom —
Nom has a right adjoint [X, —] : Nom — Nom. Given a nominal set (Y, -y) define
a G(A)-action on the set of all Set-functions from X to Y:

VxeX (n-fix)=m-y f(7'c_1 X X) (2.10)

Define [X,Y] to be the nominal set of all functions f : X — Y such that f is
finitely supported w.r.t. the G(A)-action in (2.10). It is not difficult to check that
this construction extends to a right adjoint for — x X. Indeed, the evaluation
map ev: [X, Y] x X— Y given by

(f,x) = f(x)
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is equivariant, natural in Y and universal from — x X to Y. The latter means that
for all equivariant maps & : Z x X — Y there exists a unique map 4 : Z — [X, Y]
such that h = evo(h x idx). For each z € Z, h(z) € [X, Y] is defined by

h(z)(x)= h(z,x). (2.11)
It is straightforward to check that h(z) is supported by supp(z). O

Lemma 2.2.5. Nom has a subobject classifier 1 — Q, where 2 is the two-element
nominal set with trivial action.

From the lemmas above it follows that Nom is a topos. In fact Nom is equiva-
lent to a Grothendieck topos, the so called Schanuel topos. We give more details
on this equivalence in Section 2.4.

Being a topos, Nom has a very rich structure:

1. Nom is complete and cocomplete.
2. Nom has a epi-mono factorisation system.

3. Aswith any topos, we have a power object construction defined by 2 (X) =
[X,Q]. Spelling out the definition of the internal hom functor, we obtain a
description of the power object in elementary terms: Y € #(X) if and only
if Y € X is finitely supported w.r.t. the action on the powerset of X given
by

n-Y={n-y|yeY} 2.12)

In Section 5.3 we will have a closer look at the power object construction
in nominal sets. It is worth mentioning Paré’s result, [Par74], that states
that the functor 2 : Nom? — Nom is monadic. This means that & has
a left adjoint and Nom® is equivalent to the category of Eilenberg-Moore
algebras for the resulting monad. See [MLM94, p. 178] for a definition of
monadic functors and [MLM94, Theorem 1, p.180] for a proof of the fact
that 22 %P is the left adjoint of 2.

2.3 Functors between nominal sets and sets

In the next chapters we will use the connection between nominal sets and many-
sorted sets to systematically obtain universal algebraic results. One may ask why
we cannot use for this purpose the relation between nominal sets and sets. In
this section we will see that the functors that we may consider from Nom to Set
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do not have the satisfactory properties necessary to transfer universal algebraic
concepts.

The first such functor that comes to mind is probably the forgetful functor
V : Nom — Set that maps a nominal set (X,-) to its underlying carrier set X.
However a free construction is missing:

Remark 2.3.1. From Example 2.2.2 and Lemma 2.2.3 it follows that V does not
preserve arbitrary limits. Hence V does not have a left adjoint.

But we will see next that V is the inverse image of a geometric morphism
from Set to Nom. Recall that geometric morphisms are maps between toposes,
see [MLM94, Definition 1, p. 348] for a definition. We can construct a right

adjoint for V as follows. For each set X we consider the set [] X equipped
geS(A)
with a §(A)-action given by 7 * (x4 )s = (Xg<)o- The finitely supported elements

of J] X wrt. this action form a nominal set, denoted by RX. Denote by
oe6(A)
Po : RX — X the natural projections. Notice that for all u € RX we have

Po(T*u)=po(u). (2.13)

Given a function f: X — Y define Rf : RX — RY by

Rf(x5)0)=(f(x5))o- (2.14)

The next lemma shows that we can extend R to a functor from Set to Nom.
Lemma 2.3.2. V4R :Set— Nom is a geometric morphism.

Proof. The functor V preserves finite limits, as we can easily see from the proof
of Lemma 2.2.1. It remains to check that we have indeed an adjunction V - R.
For each nominal set X, consider the map nx : X — RVX defined by

x—=(0-X)y (2.15)

We can easily check that nx is natural in X and that for all x € X and 7 € G(A)
we have n(7 - x) = 7*n(x) = (07 - x)s. Further, nx is universal from X to R, that
is, for any set Y and any equivariant map h: X — RY, we canfind h: VX —» Y
such that

h=Rhonx. (2.16)

Indeed, define & by h(x) = pia(h(x)). The commutativity of (2.16) amounts to
the fact that pig(h(o - x)) = ps(h(x)). This follows from the equivariance of &
and (2.13). O
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As a left adjoint, V preserves all colimits. Moreover, V creates colimits, thus:
Corollary 2.3.3. Colimits in Nom are computed as in Set.

Next we will look at another functor from Nom to Set which, although has a
left adjoint, fails to be faithful.

Since Nom is equivalent to a Grothendieck topos, there exists a geometric
morphism from Nom to Set that corresponds to the global sections functor and
its left adjoint, to the constant sheaf functor. The global sections functor is just
the hom-functor out of the terminal object Nom(1,—) : Nom — Set. Its left ad-
joint A : Set — Nom is given by

AX=(X,") 2.17)

where - is the trivial action on X.

Notice that, given a nominal set (X -), we have that Nom(1, X) is isomorphic
to the set of elements of X that are supported by the empty set. We will call such
elements the equivariant elements of X.

As with any cartesian closed category, this functor relates the exponential
and the hom functors. More precisely, we have Nom(1, [X, Y]) = Nom(X, Y).

The functor Nom(1,—) is not faithful as the next example shows.

Example 2.3.4. Consider the power object of the nominal set of names Z?(A)
and f: 2(A) — 2(A) that maps proper subsets of A to their complement, but
maps 0 to @ and A to A. f is an equivariant map obviously different than idz ).
However Nom(1, f)=Nom(1,idz)).

Further, A has a left adjoint Iy : Nom — Set defined as follows.

Definition 2.3.5. Given a nominal set (X, -) and x € X, the orbit of x is defined as
Or={m-x | 1eBA)} (2.18)

Two elements x, y have the same orbit provided that there exists 7 € G(A)
such that x = - y. The functor II, maps a nominal set to the set of its orbits.
Given an equivariant map f : X — Y, we put Ily f(Ox) = Of(x). This is well defined
since Oy = Oy implies that Of(x) = Of(y).

Lemma 2.3.6. We have two adjunctions ITp 4 A <+ Nom(1,—):!

Ip

Nom <=—A Set (2.19)

Nom(1,—)

IThe existence of the left adjoint for A shows that Nom is a locally connected topos.
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Proof. We will give the unit and counit for both adjunctions.
Ny : X — Al X is given by
X — Oy

while &} : [I)AX — X is given by
Oy — x.

It is easy to check that ! and ¢! are well defined and satisfy the usual triangular
identities.

n% : X — Nom(1,AX) is given by x — x. This is well defined since each x €
AX is equivariant. The counit sszg : ANom(1,X) — X is given by x — x. It is easy
to check that €§2§ is equivariant and that the usual triangular diagrams commute.

O

Proposition 2.3.7. (X, -)is afinitely presentable objectin Nom if and only if (X )
has finitely many orbits.

Proof. Let (X,-)be a finitely presentable object in Nom, J a filtered category and
F: J — Set a diagram with colimit colim;e; F(j). Then we have

12

Set(IlpX, colim;e; F(j)) Nom(X, Acolimje; F(j)) (byLemma 2.3.6)
Nom(X, colimjc;AF(j)) (A isleft adjoint)
colimje;Nom(X,AF(j)) (Xisfp.)

colim;e;Set(IlpX, F(j)) (byLemma 2.3.6)

2

12

2

This shows that IyX is finitely presentable in Set, hence X has finitely many
orbits.

Conversely, we first prove that each nominal set X with exactly one orbit is
finitely presentable. Consider a filtered diagram F : ] — Nom and let ¢; denote
the injections from F(j) to colim;e; F(j). We show that each equivariant f: X —
colim;e; F(j) factors through ¢ for some k € J.

Using Corollary 2.3.3 we have that colim;c; F(j) is computed as a quotient

[ [¥G)~

i€l

where for u; € F(j;) and u, € F(j,) we have u; ~ u, if and only if there exist
morphisms /; : j; — j and I, : jo — j such that F(I;)(u;) = F(l2)(u2). The equiva-
lence class of u € F(j) is denoted by &. The permutation action on colimje; F(j)
isgivenby - i =7 - u.

Consider x € X and let f(x)= & € colim;c; F(j). First we will show that there
exists j € J and v € F(j) such that v ~ u and supp(v) = supp(). Since ¢; are
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equivariant maps, point 6 of Proposition 2.1.12 implies that for all v with v € &
we have supp(#) C supp(v).

Assume by contradiction that for all v € &i we have that supp(v) # supp(ii)
and consider v € F(j) for some j such that 7 = & and supp(v) \ supp(#) has the
minimum number of elements. Let a € supp(v)\ supp(it). Then

a#v Wb.(ab)-v=0 ( by Remark 2.1.17)
Wb.(ab)-v~v

db#a,v.dl € J(j,j).F(1)(a b)-v)=F(l)(v) (byThorem 2.1.16)
1€ J(j,j)Wb.(a b)- F(I)(v)=F(l)(v)

Al € J(j,j).a#F(l)(v) ( by Remark 2.1.17)

1geee

Since a € supp(v) we have that supp(F(l)(v)) € supp(v). Since F(l)(v) ~ v
and supp(F(1)(v))\ supp(it) S supp(v)\ supp(if) we obtain a contradiction.

Hence there exists v € F(j) such that v ~ u and supp(v) = supp().

By Lemma 2.1.13 we have that each 7 € Stab(x) can be written as the com-
position of a permutation in fix(supp(x)) and a permutation in a finite group
{o1,...,0,} of permutations of supp(x). Since f(x)= 7, it follows that o; - v ~ v
for all 1 < i < n. Using the fact that J is a filtered category there exists a mor-
phism [ : j — k in J such that F(I)(v) = F(l)(o;-v) forall1 <i < n. Put
w = F(l)(v) € F(k). Then ;- w = w for all 1 <i < n. Moreover we have that
w ~ v and supp(w) = supp(?) € supp(x), hence fix(supp(x)) € Stab(w). Thus

Stab(x) C Stab(w). (2.20)

We define f : X — F(k) by f(m-x) = - w. The fact that f is well defined
follows by (2.20). It is easy to check that f is equivariant and that f =ty o f. This
shows that for a one-orbit nominal set X we have:

Nom(X, colimje; F(j)) ~ colimjc yNom(X, F(j)).

n
Next, if X has finitely many orbits, we have X ~ | [ X; with X; being nominal sets
i=1
with one orbit. The conclusion follows since by [ARV10, Lemma 5.11] finitely
presentable objects are closed under finite colimits. O

Orbits also play an important role in understanding the connection between
nominal sets and named sets, [GMMO06, FS06]. Named sets were introduced
in [FMP02] and can be regarded as more efficient implementations of nominal
sets, useful for history-dependent automata [MPO05]: finitely-presentable nomi-
nal sets correspond to finite named sets.
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2.4 Nominal sets and presheaf categories

In this section we emphasise the connection between nominal sets and a ca-
tegory of presheaves Set'. In a certain sense, Set' is the closest many-sorted
variety to nominal sets. We start by giving a forgetful functor from Nom to a
category of many-sorted sets. Although this functor is not monadic, it is at the
heart of our approach to understanding algebra over nominal sets.

Definition 2.4.1. Let [ be the category whose objects are finite subsets of A and
morphisms are injective maps between them.

Let B be the subcategory of I whose objects are finite subsets of A and mor-
phisms are bijective functions.

Let |I| denote the underlying discrete subcategory of I.

The notion of support (Definition 2.1.5) allows us to ‘stratify’ the elements of
a nominal set. We have a forgetful functor U : Nom — Set!! defined by

UX(S)={x XS supports x} (2.21)
for all S €|I|. Given equivariant f: X — Y define Uf: UX — UY by
UX(S)> x — f(x)€ UY(S) (2.22)

This is well defined by point 6 of Proposition 2.1.12.
We now show that the functor U has a left adjoint F : Set — Nom. Given
X eSet the carrier set of FX is

FX= ]_[ B(S, T) x X(S).
S, Tell]

For o €B(S, T) and m € G(A) we define te o :S— (- T) by
s— m(o(s)).

Above, 7+ T is computed in the nominal set Z4,(A), as in Example 2.1.9.
We define a G(A)-action on FX by

n-(o,x)=(rec,x)

for all # € G(A) and (0,x) € FX. It is easy to check that this is a well defined
G(A)-action. Moreover, if 0 : S — T is a bijection of finite sets, then the element
(o,x)e FX is supported by T. Hence FX is a nominal set.

For a morphism f: X — Y in Set!!! define Ff:FX — FY by Ff(o,x) =
(o, f(x)), which is clearly equivariant. Thus we have a functor F: Set — Nom.
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Before showing that F is left adjoint to U, let us observe that the nominal
sets of the form FX are precisely the strong nominal sets in the sense of [Tze09].
Recall from [Tze09, Definition 2.9] that a finite set S is a strong support for an
element x of a nominal set X when fix(S) is exactly the stabilizer subgroup of x

Ve.nefix(S) << mn-x=x (2.23)
and X is called a strong nominal set when all its elements have a strong support.

Lemma 2.4.2. A nominal set X is a strong nominal set if and only if it is of the
form FX for some X € Set'".

Proof. Consider X € Set'! and (o,x)e FX, with o € B(S, T) and x € X(S). Recall
that 7-(o,x) = (reo,x). If € fix(T) then n-(0,x) = (0,x). Conversely, if
n-(0,x)=(0,x)then Teo =0, or equivalently, 7(c(s))=o(s)forall s €S. Since
o is bijective we have that 7 € fix(T).

Now let X be a strong nominal set. Using the Axiom of Choice, for each orbit
O €I1pX pick xp € O and consider the set

X(S)={x0|0OellpX and S is a strong support for xp}.
We will show that FX and X are isomorphic nominal sets. Define ¢ : FX — X by
¢(o,x0)=0"-x0 (2.24)

where o € B(S, T), xo € X(S) and o is any permutation in &(A) that is equal
to o when restricted to S. Clearly such permutations exist and (2.24) does not
depend on the choice we made since x¢ is supported by S. It is not difficult to
check that ¢ is equivariant and bijective. O

Lemma 2.4.3. We have an adjunction F4U : Nom — Set/!l.

Proof. Define the unitny: X — UFX by
X(T)>x—(idr,x) e UFX(T). (2.25)

This is well defined because (idr, x) € FX is supported by T. Define the counit
ex: FUX - Xby _
(b,x)—b-x. (2.26)

Above b : S — T is a bijection, x is an element of X supported by S and b is an
arbitrary permutation such that bs = b. Such permutations exist and the choice
made is not important since x is supported by S. It can be easily checked that ex
is equivariant.



2.4 Nominal sets and presheaf categories 19

By a simple verification, the usual triangular diagrams commute:
erx(Fnx(b, x)) erx(b,(idr, x))
b-(idr, x)
(beidr,x)
= (b,x)
for all (b, x) € FX with b € B(S, T) and x € X(S). Also:
Uex(nux(x)) = Uex(ids, x))
= idg-x (2.28)
= X

for all x € UX(S). O

(2.27)

Lemma 2.4.4. The adjunction F 41U : Nom — Set!! yields a monad (T, n, u) on
Set given by
TX(T)= ]_[]I(S, T) x X(S)
Sel|
with the unit nx : X — TX defined by

X(S)> x —(ids,x) € TX(S)
and multiplication ux : TTX — TX by
TTX(S)>(f.(g,x)— (fo g, x) € TX(S).
Proof. Notice that
UFX(T)={(b,x)|beB(S’,S),x is supported by S’,S C T}.

Since each injective map f : S — T can be uniquely written as f = ib with i an

inclusion and b a bijection, we conclude that UFX = ]_[ I(S,—) x X(S). The rest
Sell|
of the proof is an easy verification. O

It is well known that the category of Eilenberg-Moore algebras for the monad
(T,n,u) on Set!" given in Lemma 2.4.4 is exactly the functor category Set!. This
is a particular instance of [ARV10, Remark 1.20].

Thus, by [ML71, Theorem 1,p. 138], there exists a unique, so-called compar-
ison functor I : Nom — Set’:

Nom Set! (2.29)
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We can easily check using (2.21) and (2.26) that the functor I works as fol-
lows:
IX(S)={x eX| S supports x} (2.30)

and for j : S— T the map IX(j): IX(S) — IX(T) is given by
IX(j)x)=j-x (2.31)
where j is any finitely supported permutation such that ]_'| s = j. For equivariant
f:X—>Ythemap If:IX—IY is given by
IX(S)3x— f(x)eIY(S) (2.32)

for all objects Sin I.
We can easily check that I is full and faithful. Notice that for any nominal set
X the presheaf IX preserves all pullbacks of the form

S1 ﬂSZCH S; (2.33)

S———T

This is by point 1 of Proposition 2.1.12. It follows easily that IX preserves all
pullbacks. In fact the essential image of the functor I consists precisely of the
pullback preserving presheaves. To prove this we need the following definition.

Definition 2.4.5. Given a presheaf P € Set!, T e II| and x € P(T), we say that
S C T is a P-support for x when for all i,j : T — T’ such that i|s = j|s we have

P(i)(x) = P(j)(x).

Lemma 2.4.6. Let P € Set' be a pullback preserving functor. Then the following
hold:

1. If x € P(T) and S is a P-support for x then there exists a unique y € P(S)
such that P(S— T)(y)=x.

2. Forall x € P(T) there exists aleast S C T that is a P-support for x and there
exists a unique s(x) € P(S) such that P(S — T)(s(x))=x.

Proof. For all S C T there exist a finite set of names 7" and i, j : T — T’ such that
the following square is a pullback:

T

|

HT

J

(SR

9]

(2.34)

<

N<—
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Since P preserves this pullback and x € P(T) is P-supported by S, the first part of
the lemma follows. The second part follows from the first part and the fact that
P preserves in particular pullbacks of the form (2.33). O

Consider the set X = {s(x) | T € |I|, x € P(T)}, where s(x) is as in part 2 of
Lemma 2.4.6. The set X can be equipped with a §(A)-action given by

- s(x) = s(P(m)(x))

where T is any injective map such that 75 = ;5. We can show that this is well
defined and, moreover, if s(x) € P(S) then s(x) is supported by S. Thus X is a
nominal set. We can see that IX ~ P.

It is well-known, see [Joh02, Example A2.1.11(h)], that a functor in Set’ pre-
serves pullbacks if and only if it is a sheaf w.r.t. the atomic topology on I°P. These
sheaves form a Grothendieck topos Sh(I°P), called the Schanuel topos.

We have recovered the following well-known fact:

Proposition 2.4.7. The category of nominal sets is equivalent to Sh(I°P).

In Chapter 4 we often make use of the above equivalence. In what follows,
we will denote by I the inclusion functor Sh(I°P) — Set!.

Proposition 2.4.8. The functor I, : Sh(I?) — Set! has a left adjoint I* which
preserves finite limits.

This is a particular instance of [MLM94, Theorem 1, pp.128].

Remark 2.4.9. The functors I and I, preserve filtered colimits and coproducts.
This is because colimits are computed pointwise in Set! and both filtered colim-
its and coproducts commute with pullbacks in Set.

Also I preserves all limits and I* preserves all colimits. This follows from the
fact that I, is right adjoint to I*.

We proceed to describe the left adjoint I*, following the proof of [MLM94,
Theorem 1, Chapter II1.5]. We will need some technical details regarding the
characterisation of Sh(I°’) as a Grothendieck topos of sheaves on I° for the
atomic topology. We refer the reader to [MLM94, Chapter III] for the general
definitions of notions such as Grothendieck topology, sieve, matching family,
amalgamation, sheaf or atomic topology. However we shall make these defini-
tions explicit in the case of [°?. We have to underscore that unlike in [MLM94,
Chapter III] we work here only with covariant functors, so a presheaf on 1°7 in
the sense of [MLM94, Chapter III] is a Set valued covariant functor on IL.
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Definition 2.4.10. A sieve ¥ on an object S in I is a family of morphisms in I
with domain S, and such that f € .% implies g f €. whenever the composition
is possible.

Given j €(S, T) and . a sieve on S the set
J(S)=1{g|3T". g€l(T, T")and gj € &}

is a sieve on T. The atomic topology on [ is obtained by considering as covers
for an object S all the non-empty sieves on S, see [MLM94, Chapter III].

Given a nonempty sieve . on S, there exists a least natural number n and
an arrow f : S — T in & with |T| —|S| = n, where |T| denotes the cardinal of
T. Furthermore, we can assume that the sieve .% is generated by an inclusion
i:S—T,thatis,

S ={f:8—T'|3g:T— T’ such that f = gi}.

Definition 2.4.11. A matching family for a sieve . of elements of P : [ — Set is
a family of elements (xf)re» indexed by the elements of . such that

1. If f in.% has codomain T then xr € P(T);

2. P(g)xf)=xgrforall f:S— Tin.” and g arbitrary morphisms in I that
can be composed with f.

Lemma 2.4.12. If the sieve ¥ is generated by i : S — T then matching families
for & of elements of P are in one-to-one correspondence with elements of P(T)
that have S as a P-support.

Proof. Indeed, given a matching family for . we can consider the element x; €
P(T). To see that x; is P-supported by S, consider j, k : T — T’ that coincide on
S. Then ji = ki :S — T’ is an element of .. We have that P(j)(x;) = x;; and
P(k)(x;) = xk;. Since ji = ki we obtain that P(j)(x;) = P(k)(x;). Conversely, let
x € P(T) be an element P-supported by S. If f : S — 77 in . is of the form gi
for some g : T — T, put xy = P(g)(x). This does not depend on the chosen g
because x is P-supported by S. It is easy to check that (xf)fes is a matching
family. O

Definition 2.4.13. An amalgamation for a matching family (x¢)re+ for a sieve
& on S of elements of P : I — Set is an element x € P(S) such that P(f)(x) = xy
forall fe. 7.
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Afunctor P: I — Set is separated when each matching family has at most one
amalgamation and is a sheaf when each matching family has a unique amalga-
mation. Thus Lemma 2.4.6 shows that pullback-preserving functors are indeed
sheaves. Given P : I — Set, we first obtain a separated functor P*. If P is sepa-
rated then Pt is a sheaf. Thus the sheaf I*(P) is obtained as (P*)*. We spell out
the (—)* functor in our case.

Following the proof of [MLM94, Theorem 1, pp.128] we have that P*(S) is
defined as a colimit of matching families taken over covering sieves of S ordered
by reverse inclusion. To get a simpler definition for P*(S) we use the correspon-
dence of Lemma 2.4.12. We define an equivalence relation on the elements of P
that have S as a P-support.

Definition 2.4.14. Consider x € P(T) and y € P(T’) having S as a P-support. We
say that x and y are equivalent when there exists i : T — T” and j : T/ — T” such
that i;s = jis and P(i)(x) = P(j)(y ). Write x for the equivalence class of x.

We then have

Lemma 2.4.15. P*(S)is the set of equivalence classes of elements of P that have
S as a P-support.
Given j €1(S,S’) the arrow P*(j): P*(S) — P*(&’) is defined as follows. Let
x € P(T)have S as P-support. There exists T’ andf €I(T, T’) such that the square
commutes:
S——T (2.35)

I

§——T
Then P*(j)(%) = P(7)(x). This is well defined.
We have an arrow n}; : P— P* natural in P, given by
P(S)>x —X € PH(S).

If P is a sheaf we have that n; is an isomorphism.
The unit of the adjunction I* 4 I, is then obtained as the composition

5

7];+
pP—— pt —— (PH)* (2.36)

In Chapter 4 we will also use quotients in the Schanuel topos:
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Proposition 2.4.16. A morphism between two presheaves is an epimorphism if
and only if it is so pointwise. A sheaf morphism f: A — B is an epimorphism in
Sh(I°P) if and only if for all finite sets of names S and all y € B(S) there exists an
inclusion / : S— T in [ and x € A(T) such that fr(x)= B(I)(y).

Proof. This follows from [MLM94, Corollary I11.7.5.]. O

We conclude this section with a very brief account of a different symmet-
ric monoidal closed structure on Nom. On the presheaf category Set! one can
consider Day’s convolution, see [Day70]. This yields a separating tensor on Nom
given by

XY ={(x,y)eXx Y |supp(x)nsupp(y)=0} (2.37)

Then (Nom,®,1) is a symmetric monoidal category, which is moreover closed.
Let — denote the internal hom w.r.t this structure. It was shown in [Men03] that
A — X is isomorphic to [A]X. In general, X — Y was described in [Sch06]. This
monoidal structure plays an important role in [FHO7].



Chapter 3

Universal algebraic functors

In this chapter we discuss an important notion in the category theoretic toolkit
needed in the development of this thesis, namely, that of presentations by op-
erations and equations for functors. This concept was pioneered in [BK06] and
further studied in [KRO06].

In Section 3.1 we recall briefly the category theoretic account of universal
algebra and we discuss sifted colimits. In Section 3.2 we introduce functors on
many-sorted varieties that can be presented by operations and equations and
we generalise to this setting a characterisation theorem and a compositional-
ity theorem. The former states that, as in the one-sorted case, the functors on
many-sorted varieties that admit presentations by operations and equations are
exactly those preserving sifted colimits. The latter shows that the category of al-
gebras for a sifted colimit preserving functor L on a many sorted variety ./ has
a presentation by operations and equations obtained by merging a presentation
of L and a presentation of .¢/.

Although the move from the one-sorted to the many-sorted case is techni-
cally straightforward, we can now apply these results to an array of examples, as
seen in Sections 3.4 and 3.3. Furthermore, in [KP10a] we give further applica-
tions to compositionality for coalgebraic modal logic.

3.1 Preliminaries

In this section we fix notation and we recall the connection between equational
categories, finitary monads and algebraic theories. A very nice overview of this
deep connection is given in [HP07]. The importance of sifted colimits is empha-
sised in the monograph [ARV10].

25
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3.1.1 Equational categories.

Let S be a set (of sorts). A signature Y. is a set of operation symbols together with
an arity map a : ¥ — §* x S which assigns to each element o € ¥ a pair (s;...5,;s)
consisting of a finite word in the alphabet S indicating the sort of the arguments
of o and an element of S indicating the sort of the result of o. To each signature
we can associate an endofunctor on Set®, which will be denoted for simplicity
with the same symbol X:

(X0 = (] ] ke x X5

keS*

If k = s51...5, € S* then X 5 is the set of operations of arity (si...5,;s) and X¥
is isomorphic in Set with the finite product X, x --- x X;,. If we regard S as
a discrete category, a word k = s7...s, € S* corresponds to a finite coprod-
uct [ [, S(si,-) € Set’, so we can identify X* with Set5(k, X). Conversely, to
each polynomial endofunctor on Set® given as above corresponds a signature

[T Zk,s- In this chapter we will make no notational difference between the sig-
keS*
nature and the corresponding functor, and it will be clear from the context when

we refer to the set of operation symbols or to a Set’ endofunctor. The algebras
for a signature X are precisely the algebras for the corresponding endofunctor,
and form the category denoted by Alg(X). The terms over an S-sorted set of vari-
ables X are defined in the standard manner and form an S-sorted set denoted
by Termy(X), in fact this is the underlying set of the free >-algebra generated by
X. An equation

'+ T1=1T2

consists of a contextI'={x; : s1,..., X, : s} of variables x; of sort s;, and a pair of
terms in Termy(T') of the same sort. A >-algebra A satisfies this equation if and
only if, for any interpretation of the variables of I', we obtain equality in A. A full
subcategory ./ of Alg(X) is called a variety or an equational class if there exists
aset of equations E such that an algebra lies in .¢/ if and only if it satisfies all the
equations of E. In this case, the variety .«/ will be denoted by Alg(%, E).

An important example of a (finitary) variety of algebras is the functor category
Set® for any small category 6. The sorts are the objects of 4, the operations
symbols are the morphisms of ¢’ (all of them with arity 1), and the equations are
given by the commutative diagrams in 6.

Endofunctors may appear via composition of functors between different vari-
eties. Therefore, it is useful to consider a slight generalisation of the notion of
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signature. If S; and S, are sets of sorts we will consider operations with argu-
ments of sorts in S; and returning a result of a sort in S», encompassed in the
signature functor ¥ : Set> — Set®

ZXZ(]_[ Zk,s XXk)seSg (3.1)
keS;

3.1.2 The monadic approach to universal algebra.

The forgetful functor
U : Alg(%, E) — Set®

preserves filtered colimits and has a left adjoint F. The variety Alg(%, E) is iso-
morphic to the Eilenberg-Moore category (Set®) for the finitary monad T = UF
(see [AR94, Theorem 3.18]).

In fact, the forgetful functor U preserves a wider class of colimits, namely
sifted colimits, see Definition 3.1.1.

Conversely, for each finitary monad on Set®, the category of Eilenberg-Moore
algebras is a variety. However its equational presentation is not unique, and for
practical purposes finding a good presentation is important.

3.1.3 Algebraic theories and sifted colimits.

Lawvere introduced algebraic theories which give a category-theoretic treatment
of the notion of clone from universal algebra. More generally, one can define an
algebraic theory simply to be a small category Z with finite products. The ca-
tegory Alg(Z) of algebras for 7 is defined to be the full subcategory of finite
product preserving functors in Set”.

In Lawvere’s words, (see [ARV10, Foreword]), ‘the bedrock ingredient for all
of general algebra’s aspects is the use of finite cartesian products’. For this rea-
son, the crucial role in understanding algebraic categories is also played by those
colimits that commute in Set with finite products:

Definition 3.1.1. A small category Z is called sifted when colimits over ¥ com-
mute with finite products in Set. Sifted colimits are colimits of sifted diagrams.

Then the category of algebras for a theory 7 is exactly the free completion
under sifted colimits of 797, see [ARV10, Theorem 4.13]. Sifted colimits play a
similar role for algebraic categories as filtered colimits play for locally finitely
presentable categories. A result similar to Gabriel-Ulmer duality, namely a 2-
categorical duality for the 2-category of algebraic categories, functors preserving
limits and sifted colimits and natural transformations, was given in [ALR03].
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The most important examples of sifted colimits are filtered colimits and re-
flexive coequalizers.

An objectin a category is called strongly finitely presentableif its hom-functor
preserves sifted colimits. It is shown in [ARV10] that any object in a variety is
a sifted colimit of strongly finitely presentable algebras, which in a variety are
the retracts of finitely generated free algebras. An important observation is that
sifted colimit preserving functors on varieties are determined by their action on
free algebras.

3.2 Presentations for functors

3.2.1 Presenting Algebras and Functors

The notion of a finitary presentation by operations and equations for a functor
was introduced in [BK06]. It generalises the notion of a presentation for an al-
gebra, in the usual sense of universal algebra. An algebra A in a variety .«/ is
presented by a set of generators G and a set of equations E, if A is isomorphic
to the free algebra on G, quotiented by the equations E. In a similar fashion, an
endofunctor L on .¢/ is presented by operations ¥ and equations E, if for each
object A of .¢/, LA is isomorphic to the free algebra over XUA quotiented by the
equations E. Below we extend this notion to the case of functors between pos-
sibly different many-sorted varieties.

A presentation for a (many-sorted) algebra in a variety .«/ can be regarded as a
coequalizer, as in the next definition. This category-theoretical perspective will
allow us to generalise this notion to functors.

Definition 3.2.1. Let A be a many-sorted algebra in a variety .«/. We say that
(G, E) is a presentation for A if G is an S-sorted set of generators and E = (E;)ses
with Es; € (UFG)s x (UFG); is an S-sorted set of equations such that ¢, is the
coequalizer of the following diagram:

ﬂ‘i

FE—ZFG% A (3.2)
ni
The maps 7'cnl, nnz are induced, via the adjunction, by the projections 7,7, of E

on UFG.

Next we want to define a presentation for a functor L: .¢/; — .¢/», between many-
sorted varieties. For i € {1,2}, denote by S; the set of sorts for .¢/; respectively, by
U; : ./; — Set® the corresponding forgetful functor, and by F; its left adjoint. We
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will do this in the same fashion as in [KR06] and [BKO06], keeping in mind that we
need to extend (3.2) uniformly: this means that the generators and equations for
each LA will depend functorially on A. Suppose A is a many-sorted algebra in
/1. The generators XU, A for the algebra LA will be given by a signature functor
¥ : SetS! — Set® as in (3.1). The equations that we will consider are of rank 1,
meaning that in the terms involved every variable is under the scope of precisely
one operation symbol in ¥, and are given by an S,-sorted set E. In detail, for
each sort s € S, and each S;-sorted set of variables V with the property that

|J Vi is finite, we consider a set Ey,s of equations over the set V, of terms of sort
teS;

s, which is defined as a subset of (U, BEXU1 i V)%. Now take Ey = (Evs)ses, and
E = Ev, where the union is taken over finite many-sorted sets of variables V.

Definition 3.2.2. Let S}, S, be sets of sorts, .«/; be an S;-sorted variety and .</»
be an S,-sorted variety. A presentation for a functor L: .¢/; — .o/ is a pair (2, E)
defined as above. A functor L: .</y — .o/ is presented by (%, E), if

(i) for every algebra A € .¢/1, there exists a morphism g4 : XU} A — LA that
is the joint coequalizer of the next diagram

f
T #
——> BEYUL RV 2 BYUA -~ 1A (3.3)

EEy

i
T

taken over all finite sets of S;-sorted variables V and all valuations v : V — U, A.
Here v! denotes the adjoint transpose of a valuation v.
(ii) for all morphisms f : A — B the diagram commutes:

BEXUA —M o 1A
BXU f Lf (3.4)

BEXUB "~ 1B

Example 3.2.3. Let 6 be a small category. We have seen that Set® is a many-
sorted variety over Set/!, where |6| denotes the discrete subcategory of objects
of ¢ . Let U denote the forgetful functor and F its left adjoint. Then for all
XeSet“land Ce |€'| the set U F X¢ consists of pairs (f, x) with f € €(D, C) and
x € Xp for some D €|6)|.

We give a presentation for the functor L: Set — Set” given by LX = X x X.
For all C €|%| we consider a binary operation symbol with arity op.: CxC — C.
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The corresponding signature functor X : Set/“l - Set! ! is given by
(XX)c={op.} x Xc x Xc.
For a finite many-sorted set of equations V and C €|%| the set
Evc CS(UFSUFV)c x (UFSUFV)c

consists of pairs of terms of the form

(f,(opp, ((idp, x), (idp, y)))) = (idc, (opc((f, %), (f, )

with f € ¢(D,C) and x,y € Vp for some D € |¢|. Of course, we prefer to write
such an equation in an abbreviated form

{x:D,y: D}t fopp(x,y)=opc(fx, fy).

Then (%, E) is a presentation for L. In this case the equations express that the
interpretation of the operations op, is natural in C.

3.2.2 The Equational Logic Induced by a Presentation of L

If . = Alg(X., E) is an S-sorted variety and the endofunctor L : .&/ — .o/
has a finitary presentation (X, Er), we can obtain an equational calculus for
Alg(L), regarding the equations E . and E; as equations containing terms in
Termy ,,x,. First remark that formally, for an arbitrary set of variables V, Er v
is a subset of the S-sorted set (UFX UFV)?. But for each set X, UFX is a quo-
tient of Termy , X modulo the equations. Thus, if we choose a representative
for each equivalence class in UFX; UFV, we can obtain a set of equations in
Termy ¥ Termy V. We can use the natural map from Termy > Termy  V to
Termys 45, V to obtain a set of equations on terms Terms 5, V. By abuse of
notation we will denote this set with E; as well.

Theorem 3.2.4. Let ./ = Alg(X ., E.#) be an S-sorted variety and let L : .of —
./ be a functor presented by operations >; and equations E;. Then Alg(L) =
AIg(Z,;y +>1,Ey+ Ep).

Proof. We define a functor H : Alg(L) — Alg(X.o + X1, E + Er). Suppose « :
LA — Ais an L-algebra. Then the underlying set of HA is defined to be UA. HA
inherits the algebraic structure of A: the interpretation of the operation symbols
of ¥ is the same as in the algebra A and it satisfies the equations E ;. As far as
the operation symbols of ¥; are concerned, their interpretation is given by the
composition:
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qga a

F>1UA LA A (3.5)

Explicitly, the interpretation of an operation symbol o of arity (s; ...s,;s) is the
morphism 04 : A, X -+ x As, — A defined by

ox1,...,xp)= a(qal(o,x1,...,x1)))

Now it is clear that the equations E;, are satisfied in HA, because g, is a coequal-
izer as in (3.3). If f is a morphism of L-algebras, we define Hf = f and we only
have to check that f(o(ay,...,ax)) = o(f(a1),..., f(ax)) for all o € X;. But this
follows from the definition of the interpretation of the operations, the commu-
tativity of diagram (3.4) and the fact that f is an L-algebra morphism.

Conversely, we define a functor J : Alg(X s + X1, E + Er) — Alg(L). Suppose A
is an algebra in Alg(X s + X, Es + Er). The map p4 : ¥ UA — UA defined by:

(U(sl...sn;s)» Xiyreos »xi,,) — 0-(51...Sn;8)(xi1’ cee »xin)

induces a map pg : FXJUA — A. The fact that equations E; are satisfied im-
plies that pﬁ o FX Uvto nq = pg o FY Uvfo ﬂnz as depicted in (3.6). But g4 is
a coequalizer in Alg(X o, E ), therefore there exists a morphism a4 : LA — A
such that @y o g4 = p). We define JA to be the L-algebra as. For any mor-
phism f: A — Bin Alg(Xy + X1, Eo + Er) we define Jf = Uy f, where Uy :
Alg(X oy +21, E + Er) — Alg(X o, E.&) is the forgetful functor. This is well de-
fined and we can check this easily by proving that the rightmost square of dia-
gram (3.6) is commutative:

Pa

i H
Fruv!

ﬂﬁ /
FEf ——Z F>1UFV i FXUf Lf f (3.6)

”nz T~

qB ap

F¥>;UB —>1LB* - —-—=>=B

—

Now it is straightforward to check that J o H and H o J are the identities. O
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3.2.3 The Characterisation Theorem

The characterisation theorem of endofunctors having finitary presentation was
given in [KR06] for monadic categories over Set and it can be easily extended if
we replace Set with the presheaf category Set®. The result holds even if we work
with functors between different varieties.

Theorem 3.2.5. Let S1,S be sets of sorts, .¢/; be an S;-sorted variety and .¢/»
be an S,-sorted variety. For a functor L: .¢/; — .o/» the following conditions are
equivalent:

(i) L has a finitary presentation by operations and equations;

(ii) L preserves sifted colimits.

Proof. (i)= (ii). Assume L has a finitary presentation (%, E). Let D be a sifted
category and a; : A; — A be asifted colimit in .¢/;. Let d; : LA; — B be an arbi-
trary cocone. As we have seen in the preliminaries, the corresponding forgetful
functors and their left adjoints Uy, U,, F, 5 preserve sifted colimits. ¥ shares the
same property because sifted colimits are computed point-wise and commute
with finite products. Therefore we obtain that BEXU,a; : EXUA; —» BXU A is
a colimiting cocone in .¢%», hence there exists a map d : LXU;A — B such that
doBXUya;=d;oqy, foralliin D.

Choose an arbitrary S;-sorted set of variables V = (V;);es, such that U V; is fi-
NEMT
nite and a morphism v : V — U;A. Since V is strongly finitely presentable in

the category Set®!, and U preserves sifted colimits, we have that Set>!(V, U A)
is the sifted colimit of Setsl(V, U1A;). In particular there exists an index i and a
morphism v; : V— Ui A; such that v = U a; o v;. From the fact that gy, is a joint
coequalizer, it follows that d makes the bottom line of diagram (3.7) commuta-

tive.
BEXU1A;

BXU v
EXUa; 3.7)

T
1 BXU vt d

FZEV FQZU1F1V—> FgZUlA ——F— > B

i
)

Using that g, is a joint coequalizer, we obtain b : LA — B such thatbogy =d.
Now it is immediate to check that diagram (3.8) is commutative, and this shows
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that the cocone La; : LA; — LA is universal.

qa;
EXUA; LA;
lFZZUlai iLﬂi
BIXUhA—" 1A (3.8)

(ii)= (i) Being a sifted colimit preserving functor, L is determined by its val-
ues on finitely generated free algebras. Given k a finite many-sorted set in Set%!
and given s € S, we can view the elements of the set (U,LF k), as operations
symbols which take |k;| arguments of sort ¢ for all ¢ € §; and return a result of
sort s. Explicitly, we consider for all algebras A the map r4 given component-
wise by:

[ [WweLE k) x (UiAY —— Ws LA); (3.9)
keS*

(0,x)— (UzLeao U LF x)(0)

where ¢4 : F;U; A — Ais the counit of the adjunction. In the definition of the map
ra,s we have interpreted x as a morphism in Setsl(k, U, A). Now the operations
that we will consider are encompassed in the functor . : Set> — Set® defined
by
=X =(] [@LAK) x XM)ses, (3.10)
keSy

Note that r is a natural transformation from >U; to U, L.

For an arbitrary S;-sorted set of variables V, the equations are induced by the
map rry : 2U1RV — U, LK V as in (3.9), more precisely Ey is defined to be the
kernel pair of the map U rfvlv U BYU RV — U, LR V. We will prove that L is
presented by (X, E). For all k € S;* the following diagram is a split coequalizer
because E} is a kernel pair.

Ugl‘uFlk

Ey U, BEXU Rk

2 ~—
S

U,LER k (3.11)

t

One can check that it follows that
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UZﬂ:q Uzr;lk
UZFZEk UgFgZUlFlk

i ~—
W s

U2 Bt o Ny, xu; Bk

U,LF k 3.12)

is again a split coequalizer. U, is a monadic functor, hence it creates split co-
equalizers, and we obtain that

t r;Ik
BYXU ik — > LEk (3.13)

EEx

Ty

is a coequalizer. Now it is straightforward to show that

# #
n r
BEXU RV 2N pyu Rk 25 LRk (3.14)

T

EEy

n‘i
is a joint coequalizer. This proves that L coincides on finitely generated algebras

with the functor presented by the finitary presentation (%, E), and therefore it is
presented by (%, E). O

3.3 Example: presentations for Set' and &

We have seen that Set' is given by a finitary monad on Set/l. Averylarge presen-
tation for Set! is obtained by taking a unary operation with arity S — S’ for each
injection in I(S, S’). The equations are then commutative diagrams in I. But we
can find a smaller presentation. The operation symbols should correspond to
morphisms that generate all the arrows in I. One would be tempted to use op-
eration symbols of the form (a, b)s, which correspond to swapping the names
a and b of a set S, and ws,,, which correspond to inclusions of S into SU {a}.
However swappings and inclusions fail to generate all the bijections in I. For
example, if a # b and a,b ¢ S, they cannot generate a bijection from SU {a} to
SU{b} which maps a to b and acts as identity on the remaining elements of S.

This example suggests the following set X1 of operation symbols with specified
arity:
(b/a)s:SUfa}—SuUib} a#b, a¢S bg¢S
Ws,q:S—SU{al agsS
We will refer to operation symbols of the form (b/a)s as ‘substitutions’ and to

operations symbols of the form wg, as ‘inclusions. When the arity can be in-
ferred from the context, or is irrelevant, we will omit S from the subscript.

(3.15)
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We consider the set Ej of equations of the form:

x:Sufa} F (a/b)s(b/a)s(x)=x (E1)
x:SUfa,ct F (b/a)suay(d/c)suiay(x) =

(d/c)supy(b/a)suicy(x) (E2)
x:Sufat  F (c/b)s(b/a)s(x)=(c/a)s(x) (E3) (3.16)
x:Sufat F (b/a)suic;Wsuiay,c(X) = wsugpy,c(b/a)s(x) (Es) '
x:Sufal  F (b/a)swsa(x)=wsp(x) (Es)
x:S F o wsugpy,a Ws,p(X) = Wsuia},p Ws,a(X) (Es)
x:Sufal F wsupya(b/a)s(x) = wsugay,p(x) (E7)

Theorem 3.3.1. (3, Ey) is a presentation for Set!.

A proof of this theorem can be found in Section 3.5.

Next we will define a ‘shift’ functor & on Set’. This functor corresponds to the
abstraction functor on nominal sets and plays an important role in Chapter 4.

Definition 3.3.2. Assume P : I — Set is a presheaf and S C A is a finite set of

names. We define an equivalence relation = on ]_I P(Su{a}). Ifa,b ¢S, x €
agsS
P(SU{a}) and y € P(SU{b}) we will say that x and y are equivalent if and only

if P((b/a)s)(x) = y. We define (0 P)(S) as the set of equivalence classes of the

elements of ]_[ P(Suf{a}). If x € P(SU{a}) the equivalence class of x is denoted
agsS

by x5,

If f:S— Tisamorphisminlanda € SUT, f+a :Su{al — TU{a}l de-
notes the function which restricted to S is f and which maps a to a. We define
(5A)(f)(fs'“) =A(f+ a)(x)T'a for some a ¢S.

One can easily check that (0 A)(f) is well defined and that ¢ is a functor.

Next, we give a presentation for 6. For each finite subset of names S € A and
for each a ¢ S we consider an operation symbol [a]s : SU{a} — S, and we will
denote by X5 the corresponding functor on Set!. This is given by

(X5X)s= U{[a]s} X Xsugay-

agsS

We denote by U : Set' — Set!!l the forgetful functor and by F its left adjoint. For
any functor P : [ — Set we can give an interpretation of these operation symbols,
captured by a natural transformation

pp:SsUP— UGP
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defined by:
Vae P(SUu{a}) (lals, @) — a>* (U8 P)(S) (3.17)

The equations should correspond to the kernel pair of the adjoint transpose
ph: FYsUP— 6P (3.18)

as in Definition 3.2.2. We will use the fact that for any X = (Xs)sen we have

(FX)s = ]_[ X7 -hom(T,S), where - is the copower. For f: T — S and x € X1 we
Telll
denote by fx the element of (FX)s which is the copy of f corresponding to x.

The equations E;s will have the form:

t:SUfa,b}t F (c/b)slalsupyt = alsuici(c/b)suart
t:Suiat} F [alst =[bls(b/a)st (3.19)
t:Sufal F wsplalst =lalsupywsugaypt

Theorem 3.3.3. (35, Es) is a presentation for 6.

Proof. First we show that the map pgj makes the next diagram commutative for
all finite many-sorted sets of variables V and all valuations v: V — UP.
! f

T i
FEsy ——= FysUFV —2" pysup—2r - 5p (3.20)

)

Given S € [[l], consider an element of FEs y/(S) of the form f([a]rt,[b]r(b/a)rt))
forsome f€l(T,S), t € V(TU{a}) and ([alrt,[b]lr(b/a)rt)) € Es,v(T). Then

7 (f(alrt, blr(b/a)rt) = flalrt

: (3.21)
no(f([alrt,[blr(b/a)rt)) = flblr(b/a)rt
Assume v(t)=p € P(TU{a}). Then
FEsUFV(f((alrt) = (flalrp) 322
FXsUFV(f([blr(b/a)rt) = (f,[b]lrP(b/a)r)(p)) ’
We can check that
Ph((f:[alrp) = PP
¢ B - Tb (3.23)
pp((f,[blrP((b/a)T)(p)) = o6P(f)P(b/a)r(p) )

By Definition 3.3.2 we have that ﬁT’“ = P((b/a)T(p)T'b. Using (3.21), (3.22)
and (3.23) we conclude that diagram (3.20) commutes. The proof of the fact that
the other two types of equations are satisfied is similar and is left to the reader.
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Next we show that pl is indeed the joint coequalizer of (3.20) taken over

all finite many-sorted sets of variables and all possible valuations. Consider « :
FX5UP — X amorphism in Set' such that

a0 FYsUFvtornt =ao FYsUFvtorh,.

We show that there exists a unique @ : P — X such that @ o pg, = a. We define
dr:6P(T)— X(T) by
a(p"*)=a(id((alr, p)) (3.24)

The definition of @ does not depend on the representative p € P(T U{a}). This
follows from the fact that « satisfies the second equation in (3.19). The fact that
d is natural in T follows from the fact that a satisfies the other two types of equa-
tions in (3.19). O

Notation 3.3.4. We will denote the element @> € (0 P)(S) by {[alsalsp.

3.4 Example: polyadic algebras as algebras for a functor

The aim of this section is to understand algebraic semantics of first-order logic,
more specifically Halmos’ polyadic algebras in terms of algebras for a sifted col-
imit preserving functor on a variety of nominal substitutions. The nominal sub-
stitutions considered by Staton in [Sta09] for his study of the open bisimulation
of mt-calculus correspond to functors in Set™ where F is the category of posi-
tive ordinals and maps between them.

We introduce a category of algebras for a functor on Set™™, that we call FOL-
algebras (Definition 3.4.3), and we prove that polyadic algebras are precisely
FOL-algebras. First, we need to give a presentation for Set™. The set of sorts
are the positive integers. We will consider a signature consisting only of unary
operation symbols, whose arity is specified below:

U?:n—»n 1<i<n n>1
wp:n—n+l n>0 (3.25)
ch:n+l—n n>0

The intended interpretation is the following: 0’%) corresponds to the transposi-
tion a%) =(i,i+1) of the set n, ¢, corresponds to the contractionc,:n+1—n
defined by ¢, (i)=ifori <n and c,(n+1)=n, and w, to the inclusion w, of n
inton+1.

In [KP10a] we gave a presentation for Set™, where F is the category of all
finite ordinals. We can obtain a presentation for Set™™* by dropping the sort 0 and
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all the operations of arity 0 and all the equations containing such operations. We
obtain that the equations needed to present Set™™ are as follows:

Firstly, we consider the equations coming from the presentation of the symmet-
ric group:

(02 =id, 1<i<n
0'(,;)0'(,{):0(,{)0'%) jFIEL1<i,j<n (Eq)
((J'(nl)a'(n“rl))3 =id, 1<i<n-1

Each permutation of the set n can be written as a composition of transpositions
a(n’) and we choose for each permutation such a representation. The permuta-

tions that will appear in equation (Eg) below, should be regarded as abbrevia-

tions of their representation in terms of the corresponding O'Ef).

Secondly, we use the next set of equations:

(n)

Cn0n+1 =Cn (Ez)
CnWn = idy , (E3)
Ol Wy = w0y 1<i<n (E)
1
U(ylr:.’_z )wn-H wr‘z = Wn+1Whn (Es)
a(,f)cn = cna(n']rl i<n-1 (Ee)
-1 -1
Cno';nﬂ )O'(nnj21 Wn :a(rzn )wn—lcn—l n>2 (E7)
CnCnt10 ) = CnCnyil (Es)
(2,n =D, n)wp_1cp1)?=(Wn-1cp12,n—=1)(1,n)> n>4 (Eo)

We will consider a category of algebras for a functor on BA™, where BA is
the category of Boolean algebras. The basic observation, essentially going back
to Lawvere [Law69], is that presheaves taking values in the category BA

A: IF+ — BA
where the weakenings w, have left-adjoints 3,
d,a<b < a<w,b (3.26)

are (algebraic) models of first-order logic (we write w;, b for A(w,)(b)).

BAF is the subvariety of Set™, obtained by adding for each sort the Boolean
connectives V, and —,, satisfying the usual axioms for Boolean algebras and
commuting with the operations from F, that is, we have w,V, =V, w, and
CnVn+1 = Vncn and ag)(x Vpy)= U(ni)x Vi U(ni)y as well as the analogous equa-
tions for —,,. We are looking for algebras QB — B where the structure at sort
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n, (QB)(n) — B(n) interprets the quantifier 3,, binding the new name in n+1.
Thus, the quantifier corresponds to a map B(n + 1) — B(n) and, being an exis-
tential quantifier, it preserves joins. Since arrows in BA are Boolean homomor-
phisms, we account for this by letting (Q B)(n) be the free BA over the finite-
join-semilattice B(n + 1), or, explicitly

Definition 3.4.1. Define Q : BA™ — BAF*+ as the functor mapping B € BA™ to
the presheaf

e generated, at sort n, by 3,a,ac B(n+1)

e modulo equations specifying that 3,, preserves finite joins, explicitly 3,(0) =
Oand3,(aVvb)=3,aVvI,b.

Remark 3.4.2. Boolean algebra homomorphisms Q B(n) — B(n) are in bijective
correspondence with finite-join preserving maps B(n +1) — B(n).

Furthermore, using the (co)unit of the adjunction, the two implications (3.26)
are easily transformed into equations (recalla <b < a =a Ab), leading to

Definition 3.4.3. The category of FOL-algebras is the category of those Q-algebras
satisfying the additional equations ¢ < w,3,¢ and 3,w,y <, where ¢ is a
variable of sort n + 1 and v is a variable of sort n.

Algebraic semantics of first-order logic was first studied by Tarski and col-
laborators [HMT71] and Halmos [Hal62]. A polyadic algebra [Hal62] on a set of
variables V is a Boolean algebra with some additional structure that captures
quantifiers and an action of the monoid of functions V'V, subject to several ax-
ioms.

Definition 3.4.4. Let B be a Boolean algebra, amap 3: B — B is called a quanti-

fierif
30=0
dp>pforallpeB

dpvig=3(pvqg)foralp,gqeB
ddp=dpforallpe B
J-dp=—-dpforallpe B

Definition 3.4.5. A polyadic algebra B over a set of variables Vis a tuple (B, V,.¥,3)
such that B is a Boolean algebra, % : VV — End B and 3 is a map from £ V to the
set of quantifiers on B, such that

(PD) 3(0) is the identity map on B.

(P2) AJUK)=3(J)A(K)forall , K<V



3.4 Example: polyadic algebras as algebras for a functor 40

(P3) < maps the identity on V to the identity on B.

(P4) S(or)=F (o)L (1) forallo, 1€ VV

(P5) L (o)A(J)=S(r)A()), if o and 7 coincide on V'\ J.

(P6) I())&(r) = Z(7)I(r~1]) for all transformations T which are injec-
tive when restricted to 771 7.

Definition 3.4.6. A polyadic algebra B = (B, V,.¥,3) is called locally finite if for
each P € B there exists a finite set W C V such that 3(J)P = P for all / € V such
that J and W are disjoint.

Ouellet [Oue82] reformulated Halmos’ polyadic algebras using Boolean val-
ued presheaves. He characterised the locally finite polyadic algebras on a set of
variables V' as Boolean algebra objects in the category of locally finite V -actions
that admit suprema indexed by V. A V-action on a set X is locally finite if each
element x € X has a finite support (or is finitely supported), that is, there exists
a finite subset W of V, such that any function £ : V — V that acts as the identity
on W has no effect on x, i.e. £x = x. Note that any locally finite polyadic algebra
is equipped with a V-action given by (P3) and (P4), which is locally finite be-
cause of (P5). The locally finite V-actions are exactly the nominal substitutions
in [Sta09].

Ouellet [Oue82] uses the equivalence [Oue81] between the category of lo-
cally finite V-actions and Set™. The proof of the next theorem shows how this
equivalence restricts to an equivalence between FOL-algebras and locally finite
polyadic algebras.

Theorem 3.4.7. The category of FOL-algebras is equivalent to the category of
locally finite polyadic algebras.

Proof. First we construct a functor from FOL-algebras to locally finite polyadic
algebras. Let @ : QB — B be a FOL-algebra. Let us fix an infinite set of variables
V.

We consider the Boolean algebra B’ = Lan; B(V), where Lan; B is the left Kan
extension of B along the inclusion i : F, — Set. Notice that B’ is computed
as a colimit in the comma category (i, V), more explicitly, it is isomorphic to
lims., v B(n). So B’ is a quotient of the disjoint union of B(n) taken over all
n > 1and all maps f : n — V. Consider an element P in the copy of B(n) that
corresponds to a function f : n — V mapping i € n to v; € V. We will denote
by [P(v1,...,v,)] the equivalence class of P. Two elements of B’, [P(vy,..., vy)]
and [Q(wy, ..., wy)], are equal iff there exist maps [ : n — p, k : m — p and
h:p — V such that h(I(i)) = v; for all i € n, h(k(j)) = w; for all j € m and
B(1)(P)= B(k)(Q).
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For any map & : V — V we define /(&) to be the Boolean algebra mor-
phism Lan;(B)(&). So we have a V-action structure on B’. Moreover B’ is a
locally finite V-action, because each element is finitely supported. Indeed, an
element of B’ of the form [P(vy,...,v,)] is supported by the finite set with ele-
ments vy, ..., V. In fact each x € B’ has a minimal support denoted by supp(x).
Moreover if supp(x)={vy,..., v} for some n > 1, then there exists P € B(n) such
that x = [P(vy,...,v,)]. If x has empty support, then for any tuple of variables
(v1,...,vy,) there exists P € B(n) such that x = [P(vy, ..., V).

Next, for each subset W C V we define an existential quantifier 3W. First
we do this for singleton sets. Assume v € V, and x € B’. There exists n > 1
and P € B(n +1) such that x = [P(vy,..., Vs, V)] for some variables vy, ..., v, all
different than v. We define dv(x) = [(3,,P)(v1, ..., V»)]. One can check that this
definition does not depend on the choice of P or of the variables vy, ..., v,. Note
that 3, P is just an abbreviation for a,(3, P).

Remark 3.4.8. We have that supp(Jv(x)) =supp(x)\ {v}.

We need to show that Jv is indeed an existential quantifier on B’.
1. dv0=0 follows from 3,0,4+1 =0,,.

2. Letus prove that Jv(x) > x. With the notations above we have that

dv(x)

[(3nP)(v1,...,v0)]
(wp3nP)(v1,..., Un, V)]
P(vy,...,vp,v)]

X.

(3.27)

vl

3. The fact that Jv(x v y) = Jv(x) v v(y) follows from the corresponding
equation for 3,,.

4. Let us prove that dv(Jv(x)) = Jv(x). Using Remark 3.4.8 it is enough to
show that Jv(x) = x for all x whose support does not contain v. Indeed,
if x is such that v € supp(x) € {v1,...,v,}, then x =[P(vy,..., v,)] for some
P e B(n). Then v(x) = [Frwn P)(v1,...,vn)] < [P(vy,...,v,)] = x. On the
other hand we know that Jv(x) > x.

5. In order to prove that Jv(—3v(x)) = -3v(x) we use the same argument as
above, plus the observation that supp(—x) = supp(x) for all x € B’.

Lemma 3.4.9. For u,v € V and x € B’ we have Jv(Ju(x))=3Ju(Fv(x))
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Proof. There exists P € B(n+2) such that x = [P(vy,...,v,, u,v)], for n > 1 and
for variables vy, ..., v, different form u, v. It remains to show that

B 3nn100n (P)=3,3,1(P). (3.28)
From the equations it follows that

Wp1WpIpdpp1(P) = P
e o wenw, 3,3 (P) 2ol P
(n+1) (3.29)
& Wy WypIdpIna(P) 2 0,42 p

= 3n3n+l(P)Zzlnzlnﬁ»la'(nnj_gl)(l))-

Applying the last inequality to U(,an:;l)(P) instead of P, we get that 4,,3,,41(P) <
== GEZ”J:FZI)(P), so in fact we have equality. O

Now we can define the existential quantifier 3W for an arbitrary subset W C
V. If x € B’ is such that supp(x)N W = {v1,...,v,}, then we define IW(x) =
vy ...3v,(x). The above lemma implies that AW is well defined.

We have to show that these existential quantifiers satisfy the equations defin-
ing a polyadic algebra. It is straightforward to check (P1)-(P5), so we will only
give the proof for (P6). Assume W C V and £ € VV is injective when restricted
to £-1(W). We need to show that 3W o & = £ 0 IE~1(W). This is immediate using
the observation that supp(&(x)) € E(supp(x)).

The polyadic algebra obtained in this way is locally finite in the sense of
Definition 3.4.6. Indeed, for x € B’ we have 3(J)x = x for all sets J, such that
JNsupp(x)=0.

Conversely, given a locally finite polyadic algebra (B, V, ., 3), let us construct
a FOL-algebra B?. The map .% : VV — End(B) determines a V-action structure
on B such that each element is finitely supported. For each n > 0 define Bf(n)
to be the set of V-action morphisms from V" to B, where V" is endowed with
the component-wise evaluation action. If f : n — m is a morphism in F, and
P: V" —Bis an element of B¥(n) then

Bn(f)(P)(Ulrr Vm):P(Uf(l),---, Uf(n))

We have to construct an algebra a : QB! — Bf. This will be determined by
the maps 3, : Bf(n+1) — B(n) defined as follows: For P € B¥(n+1) define
(FnP)(v1,...,vn)=3v(P(11,..., Vs, v)) for some v distinct from all the v;-s. From
(P6) it follows that this is well-defined. It is trivial to check that 3,, preserves
joins.
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We can check that for all P € B(n) we have that 3,, w, P = P. Indeed
1, w,P(vy,...,vy)=Av)(w, P)(v1,..., V5, v)) (3.30)
for some v different than v4,..., v,. Therefore
3, w,P(vy,...,v,)=3v)(P(v1,...,v,))=P(v1,..., V).

The last equality holds because supp(P(v1,...,v,)) € {v1,...,v,} does not con-
tain v.

For P € BY(n + 1) we have that (w, 3, P)(v1,..., Vs, Un41) = @ P)(v1, ..., Un) =
Fv)(P(vy,...,vy,v) = P(vy,...,Vn, Vyy1) for some v & {v1,...,v,}. The last in-
equality follows from (P5) and the fact that (3v)(P(vy, ..., vy, v)) > P(v1, ..., Uy, V).

One can check that the functors b and { give an equivalence of categories.

O

3.5 Appendix: Proof of theorem 3.3.1

Proof. (a) First we show that Setlisa category of (X, Ey)-algebras. The intended
interpretation of the operation symbols above is the following: If a,b & S then
(b/a)s corresponds to the bijective map from SU{a} to SU{b} which substitutes
b for a. The symbol ws , corresponds to the inclusion of S into SU{a}. It easy to
check that these morphisms satisfy the equations listed above. We have to check
that each morphism in I can be written as a composition of such inclusions and
substitutions. First notice that the swapping of elements a, b of a set SU {a, b},
is obtained as the composition

Oap=(b/c)suia(a/b)suici(c/a)sugpy (3.31)

where ¢ & SU {a,b}. Therefore all bijections are generated by substitutions. If
the cardinality of a subset S of A is less or equal than the cardinality of a finite
subset T of A, then one can construct an injective map i : S — T, by enlarging S
with elements of T'\ S (using the inclusions) until it reaches the cardinality of T,
and then by substituting the remaining elements of 7'\ S for those of S\ T. Now
any other map j : S — T is obtained by composing i with a bijection on T.

(b) Conversely, it is enough to check that different representations of an injective
map ¢ :S— T in I as composition of inclusions and substitutions are equivalent
via the equations Ej. Using (E4) and (E7) one can prove that each representation
of ¢ can be reduced to one of the form s;...5xwy, ... ws, where the s;-s stand
for substitutions. Using (E;) one can reduce the problem to showing that if the
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equality s1...SkWq, ... Wq, = Wy, ... Wy, holds in I then it can be derived from
Ej. For cardinality reasons we must have / = h. Notice that using (Es) and (Eg)
we can reduce this to the simpler problem in which {a,...,a;} ={bs,...,b;}. As-
sume that w,, has arity S — SU{a;}. The arities for the rest of the w’s can be now
deduced. Because the equality holds in I we have that s; ... s, is a permutation
onSu{aj,...,a;} which is the identity when restricted to S.

We finalize the proof using the well known presentation of the symmetric groups.
Firstly, Lemma 3.5.2 asserts that the equations which are enough to give a pre-
sentation for the symmetric group are satisfied by o, 1, -s, where o, is the ab-
breviation introduced in (3.31). Secondly, Lemma 3.5.1 asserts that a sequence
of substitutions whose interpretation is a permutation, can be reduced to a se-
quence of o, 5-s. Then the sequence s ... s can be rewritten as a sequence of
O 4,p-s with the a and b only from the set {a,,...,a;}. To finish, notice that it is
straightforward to derive from Ey that 04, 4, Wa, Wa;, = Wa, Wy, . O

Lemma3.5.1. Let sy, ..., sg be a sequence of substitutions, such that the compo-
sition s7 ... s of their interpretation in [ is possible and moreover it is a permu-
tation. Then we can reduce s ... sk to asequence of o, ,;’s, where each o4, p, is
a sequence of 3 substitutions as defined in (3.31).

Proof. The proof is by induction on k. If k = 0 we have nothing to prove. As-
sume the statement of the lemma has been proved for k —1, let us prove it for k.
Assume s =(c/a). This means that s; ... ¢ is a permutation on a set which con-
tains a. In particular a is in the image of s; ... sx. Therefore there exists i such
that1<i < k and s; is of the form (a/y)r for some atom y and some set 7. Con-
sider the i maximal with this property. The idea is to rewrite the sequence using
the equations such that the rightmost substitution of the form (a/y)r can be
moved to position k — 1. If i < k — 1 we know that the substitutions s;+1,...,Sk-1
do not involve a. We have two cases:

1. y does not appear in the substitutions §;41,...,5x—1 . We can use (E;) to
prove that the sequence s, ... sx can be rewritten to a sequence s ...s;_ Sk
such that s;c_l =(a/y). If y = ¢ we can reduce the sequence to a shorter
one, via (E;) and apply the induction hypothesis. If y # c, then, by (E;), we
know that s7...s;_ sy =s'1...5,_,(c/y)(y/c)a/y)(c/a). But this is equal
to s7...5;_,(c/y)oay. By the induction hypothesis s7 ...s;._,(c/y), which
is of length k — 1 can be reduced to a sequence of transpositions.

2. y does appear in the substitutions s;41,...,Skx—1. Because of (E;), we may
assume without loss of generality that s;4; = (y/w). But now we can use
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(E3) to reduce the sequence s;s;+1 to (a/w). The resulting sequence is
shorter and the conclusion follows by the induction hypothesis.

O
Lemma 3.5.2. The following can be derived from the equations Ej:

1. For all pairwise distinct names a, b, x,y ¢S we have that

(b/x)suiay(a/b)sugxy(x/@)sugpy = (b/y)suga(@/b)sugyi(y / @)suipy-
In what follows we will abbreviate (b/x)suai(a@/b)suixi(x/a)supy by o a,p-
2. If a # b then ai,b =id
3. Ifa, b, c,d are pairwise distinct names then 0, ,0¢c,d =0 ¢,a04,b-
4. If a, b, c are pairwise distinct names then (o, 5,0, )° =id.

Proof. 1. From the equations we can derive:

(b/x)suiay(a/b)sugxy(x/@)suipy
=B (b/x)suga3 (X /¥ )suia3 (v /%)suga3(@/b)sugxy (X / @)sugp
=) (b/y)suia3(y /X)sutat(@/D)sugxy (x/ a)sugny (3.32)
=E2) (b/y)suia(a/b)sugy3 (v /%)suipy(x/ @)sugp
=E) (b/y)suta(a/b)sugyy (v / @)suiby-

2. Choose x, y distinct from a, b. Then

2
a,b

=(b/x)suiai(@/b)suixi(x/a)suipi(b/y)suiai(@/b)sugy(y / @)sugpy
=E2) (b/x)sugai(a/b)sux(b /Y )sup () )sugyi(a/D)sugyy (v / @)sugpy
=8 (b/x)suai(a@/y)sugxy(x/D)sugyy (v / @)sugb

=E2) (b /x)suia3(x/D)suiay(@/y sy (v / @)suiny

—(E1) idSU{a,b}-

o

(3.33)
3. This follows easily from point 1. above and (E,).

4. This can be proved in the same spirit as point 2. above. The key is to show
that 04,0, =(c/y)a/c)(b/a)(y/b) for somey ¢{a,b,c}.
O



Chapter 4

HSP like theorems in nominal
sets

In this chapter we will prove an HSP-theorem for algebras over the topos Sh(I°P)
in a systematic way.

In the first section we prove general results using categorical techniques. To
set the scene we outline a categorical proof of Birkhoff’s HSP theorem. Then,
in Theorem 4.1.5, we show how to obtain an HSP-theorem for a full reflective
subcategory .«/ of a category of algebras ¢, if some additional conditions are
met. Recall that .¢/ is a reflective subcategory of 6 when the inclusion functor
has a left adjoint, see [ARV10]. Essentially, this is achieved by ‘pushing’ the proof
of the general HSP-theorem through the adjunction

9L T

This result is interesting because .« might not be a variety. We also prove a gen-
eral result, Proposition 4.1.6, concerning a lifting property of an adjunction to
categories of algebras for certain functors.

Secondly, in Section 4.2, we apply these results to the nominal setting. Con-

46
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sider the following diagram

e
Ag(D)T L Alg(l) 4.1

-~ K-_”—\\
(Csim™ 1 s O
L

where L is an endofunctor on Set’ that preserves sifted colimits, and L is an end-
ofunctor on Sh(I°), such that LI* ~ I*L. Using Proposition 4.1.6 we prove that
the adjunction between Sh(I°?) and Set! can be lifted to an adjunction between
Alg(L) and Alg(L). On the right hand side of this diagram we have categories
monadic over Set, for which the classical HSP-theorem holds. We derive an
HSP theorem for Alg(L), by applying Theorem 4.1.5.

4.1 HSP theorems for full reflective subcategories

Birkhoff’s HSP Theorem. Given a category of algebras €, a full subcategory
PB C 6 is closed under quotients (H for homomorphic images), subalgebras (S),
and products (P) iff 2 is definable by equations.

This theorem can be proved at different levels of generality. We assume here
that €6 is monadic over Set", for some cardinal k. We denote by U : 6 — Set"
the forgetful functor and by F its left adjoint. Then we can identify a class of
equations ® in variables X with quotients FX — Q. Indeed, given ® we let Q
be the quotient FX/® and, conversely, given FX — Q we let ® be the kernel of
FX — Q. Further, an algebra A € ¢ satisfies the equations iff all FX — A factor
through FX — Q as in the diagram

AE® & FX

\ 3
2

A

FX/® 4.2)

Proof of ‘if’. We want to show that a subcategory 9 defined by equations
® is closed under HSP. Closure under subobjects A’ — A follows since quotients
and subobjects form a factorisation system (see e.g. [AHS90, 14.1]). Indeed,
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according to (4.2), to show A |=® = A’ |=® one has to find the dotted arrow in

FX —> FX/®

V.

AA—=A

which exists because of the diagonal fill-in property of factorisation systems. A
similar argument works for products (because of their universal property) and
for quotients (using that free algebras are projective [AHS90, 9.27]).

Proof of ‘only if’. Given 9 C %, we first need to find the equations. Since
2B is closed under SP, 4 is a full reflective subcategory, that is, the inclusion
AB — 6 has a left-adjoint H and, moreover, the unit A — HA is a quotient.! We
take as equations all FX — HFX. That all A € 3 satisfy these equations, again
using (4.2), follows immediately from the universal property of the left-adjoint
H. Conversely, suppose that A satisfies all equations. Consider the equations
q : FUA — HFUA. Because of (4.2), the counit e : FUA — A must factor as
e = foq. Since e and g are quotients, so is f. Hence A is a quotient of HFUA,
which is in 2.

Remark 4.1.1. Notice that in the proof above we allow quotients FX — HFX for
arbitrary x-sorted sets X. If the set X is infinite, we allow equations involving
infinitely many variables. Therefore we no longer reason within finitary logic. If
we impose that the equations involve only finitely many variables, then the HSP
theorem is not true for arbitrary many-sorted varieties. Indeed, in the many-
sorted case, closure under homomorphic images, sub-algebras and products
is no longer enough to deduce equational definability (see [ARV10, Example
10.14.2]). One needs an additional constraint, namely closure under directed
unions, [ARV10, Theorem 10.12]. But in the motivating example of SetH, we will
prove that closure under HSP implies closure under directed unions.

In the following, we show that it is possible to obtain an HSP theorem for
certain subcategories of varieties, by pushing the argument above through an
adjunction. But first let us say what we mean in this context by equationally
definable and closed under HSP.

We will work in the following setting. Let 6 be a category monadic over Set®
for some cardinal k, let U : 6 — Set" denote the forgetful functor and let F be its

q
To construct HA given A, consider all arrows f : A — By with codomain in %; factor f = A Z

. (ar) -
By KA B; up to isomorphism, there is a only a proper set of different g; now factor A =4 ]_[f By as
A— HA— ], By to obtain the unit A — HA.
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left adjoint. Consider .</ a full reflective subcategory of ¢. Let I : .¢/ — 6 denote
the inclusion functor and let R : ¢ — .o/ denote its left adjoint. Assume that .¢/
has a factorization system (E, M), such that for all regular epimorphisms e in ¢
we have Re € E and for all monomorphisms m in 6 we have that Rm € M.

Definition 4.1.2. We say that 3 — ./ is equationally definable if there exists a
set of equations ® in ¢, such that an object A of ./ lies in 2 iff IA = ® (where ®
and = are as in (4.2)). We say that 23 is closed under HSP if and only if

1. For all morphisms e : B— B’ such that e € E and Ie is a quotient, we have
that B € £ implies B’ € 4.

2. For all morphisms m : B — B’ such that m € M we have B’ € 8 implies
Be A.

3. If B; are in 93 then their product in .¢/ is an object of 4.

Remark 4.1.3. In general, the inclusion functor I does not preserve epimor-
phisms. We will assume that the arrows in M are monomorphisms. Being a
right adjoint, I preserves products and monomorphisms, but we cannot infer
from B’ — I B being a monomorphism in ¢ that B’ is (isomorphic to an object)
in.¢/.

Remark 4.1.4. The third item of Definition 4.1.2 makes sense only if .¢/ has
products. But .¢f is complete, since .</ is a full reflective category of a complete
category, see [Bor94, Proposition 3.5.3].

If <6 is a category monadic over Set® for some cardinal x and .¢/ is a full
reflective subcategory of 6, then ./ is complete and is well-powered because ¢
is. Hence we can equip .¢/ with a strong-epi/mono factorisation system [Bor94,
4.4.3]. We can prove:

Theorem 4.1.5. Let 6 be a category monadic over Set" for some cardinal x and
./ a full reflective subcategory of ¢, such that the left adjoint of the inclusion
functor preserves monomorphisms. Then # C .¢/ is closed under HSP in the
sense of Definition 4.1.2 if and only if 9 is equationally definable.

Proof. We will use U to denote the forgetful functor ¢ — Set" and F to denote
its left adjoint. I denotes the full and faithful functor ./ — %6 and R denotes its
left adjoint.

Note that in .«/ (as in %) strong epis coincide with extremal epis [Bor94,
4.3.7] and with regular epis [AHS90, 14.14, 14.22]. The proof of the theorem relies
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on the following two properties

e regular epiin ¥ = Re regular epiin .«f (4.3)

m mono in ./ = Im mono in ¢ (4.4)

(4.3) holds because R is a left-adjoint and (4.4) because [ is a right adjoint. Also
note that we have the converse of (4.4), since [ is full and faithful.

Let us prove that equational definability implies closure under HSP. Let %
be an equationally definable subcategory of .e/. That means that there exists
an equationally definable subcategory 98’ of 6 such that B is an object of 23 iff
IB is an object of ’. The proof of the fact that 2 is closed under HSP in the
sense of Definition 4.1.2, follows from the HSP theorem applied for 9’ and the
following observations:

1. The quotients e € E considered in Definition 4.1.2 are exactly those for
which /e is a regular epimorphism in €.

2. I preserves monomorphisms.
3. I preserves products.

Conversely, let 8 be a subcategory of ./, closed under HSP, as in the previous
definition. We will prove that 23 is equationally definable. We proceed in three
steps:

Step 1 (construction of the equations that define 9): Let C be an arbitrary
object of 6. We will consider all morphisms f; : RC — B; in .«/ such that B; isin
2. For each i, the corresponding morphism in €, ff :C — I B, factors in 6:

c\e‘
B;
/mi

IB;

1

We will denote by 1 and ¢ the unit, respectively co-unit, of the adjunction
RA1I. One can easily show that the following diagram commutes:

RC

N

fi RB; (4.5)

/6‘BiORmi

B;
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Since R preserves regular epis and monos, and ¢p; is an isomorphism ([ is full
and faithful), we have that (4.5) is a factorisation of f; in .ef. But 2 is closed
under subobjects, hence RB; is actually an object of . Since € is co-well-
powered, there is only a proper set of different e; up to isomorphism, so we can
take the product P of the objects of the form RB;, obtained as above. P is again
an object of 93, and we have a morphism « : RC — P, uniquely determined by
the Re;. We consider a factorisation in % of the adjoint map a!: C — IP:

C

N
at Qc
S m
IpP
Using a similar argument to the above we deduce that RQc is an object of % and
the following diagram commutes:

(4.6)

RC RQc¢

fi £poRm 4.7)

Bi epoRm; RE i P
We consider the class of equations & of the form FX — Qgx for all sets X, and
denote by %’ the subcategory of 6 defined by these equations.

Step 2 (A is contained in the class defined by the equations &): We show that
if an object B of ./ lies in 93, then I B satisfies the equations in §. Let B be an
object of 4, and let u : FX — I B be an arbitrary morphism. For the adjoint mor-
phism u; : RFX — B, one can construct a morphism g : RQrx — B, obtained as
in diagram (4.7), such that g o Re = u;.

It is easy to see that g¥ : Qrx — I B makes the following diagram commutative.
This shows that I B satisfies the equation e : FX — Qpx:

FX —%—=Qrx
u (4.8)

IB

Step 3 (The subcategory defined by the equations & is contained in 3B): Let
B be an object in ./ such that I B satisfies the equations in &. In particular I B



4.1 HSP theorems for full reflective subcategories 52

satisfies FUIB — Qpgy;B, so there exists v : Qry;p — IB such that voe = €§B,
where ¢’ is the counit of the adjunction F 4 U. Since ¢’ is a regular epi, then
v is also a regular epi. We have that the composition €g o Rv : RQryrp — B is
a regular epi in .«/. Since the codomain of v is in the image of I, IRv is also a
regular epi, therefore so is I(¢p o Rv). Using the fact that 2 is closed under H,
and that RQgy;p is already in 98, we can conclude that B € 3. O

The next proposition allows us to lift an adjunction between two categories to
an adjunction between categories of algebras for functors satisfying some addi-
tional conditions.

Proposition 4.1.6. Let (R,I,n,¢) : .o/ — 9B be an adjunction. Let K and L be
endofunctors on .« and 93, respectively. Suppose there exist natural transfor-
mations: k : KR — RL and A : LI — IK making the following diagrams com-
mute:

KRI —L~ R — > RIK
\ / \ / @.9)
(Cl) (Cz)

Then there exists an adjunction (R,1, 1,¢€) : Alg(K) — Alg(L), such that U. JR=
RUg and IU,; = Ugzl, where U, and Uz denote the forgetful functors as in the
next diagram:

R
Alg(K) 1 Alg(L) (4.10)
1
Uy Uz
R
k(.o L BL )L

I

Proof. Firstlet us define the functor I. Let f : KA — A be a K-algebra. We define
I(A, f) :== (IA,If o A4). For an arbitrary morphism of K-algebras u : (4, f) —
(A’, '), we define I(u)=Iu. The fact that Iu is a morphism of L-algebras follows
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from the commutativity of the outer square of the next diagram:

A I
LIA - 1xa Lo 1a 4.11)
Llu \L IKu \L Tu i
X4 If
LIA IKA 1A/

But the small squares commute, the former because A is a natural transforma-
tion, and the latter because u is a K-algebra morphism. It is obvious that I is a
functor and that IU,, = UgI. The functor R is defined similarly: if g : LB — B
is a L-algebra, we define R(B, g) = (RB,Rgox3p). If v:(B,g) — (B/,g")isa L-
algebra morphism, we define R(v) = Rv. The fact that Rv is indeed a K -algebra
morphism is verified easily, using the naturality of x and the fact that v is a L-
algebra morphism.

In order to prove that R is left adjoint to I, we will show that the unit n and
the counit ¢ of the adjunction R 4 I are L-algebra and K-algebra morphisms
respectively. This follows from the hypothesis (4.9) and the naturality of n and ¢
respectively.

Once this is achieved, n) can be lifted to a natural transformations 7} : id — IR,
and similarly £ can be lifted to a natural transformation  : RI — id. But ) and
€ are the unit and the counit of the adjunction R - I, therefore they satisfy the
usual triangular equalities. Therefore, 17 and ¢ satisfy the triangular equalities
for Rand 1. O

Remark 4.1.7. The proposition has some useful special cases, under the addi-
tional assumption that I is full and faithful. For each of them, the commutativity
of the diagrams (4.9) is straightforward to verify, using that the counit ¢ is iso.

1. Suppose L is given and we want to find an appropriate K. Then it follows
from the theorem that we can do this, provided there is a natural transfor-
mation a: LIR — IRL such that the diagram below commutes:

a

LIR IRL

(4.12)

If this is the case, one defines K=RLI, k: KR = RLIR — RL as the com-
position egr o Raand A: LI — IRLI = IK as ni;. Moreover, when « is an
isomorphism, we have that Rae and hence KR — RL are isomorphismes.



4.2 HSP theorem for nominal sets and sheaf algebras 54

2. More generally, suppose we have given an isomorphism x : KR — RL.
Then we define A = [Keo Ik~'IonLI. (Given K we can always find such
akx:Let L=IKRandx=(¢KR)"!: KR=RIKR))

Let X be a polynomial functor XX = [ [ . ;X" If .o/ and % have (co)products,
then ¥ is defined on both categories, so it makes sense to write R> = ¥~R. The
following corollary says that for polynomial functors X the adjunction always
lifts from the base categories to the categories of >-algebras.

Corollary 4.1.8. Let (R,I,n,€) : .o/ — 9B be an adjunction such that I is full
and faithful. Further assume that both categories have coproducts and finite
products and that R preserves finite products. Consider an endofunctor XX =
[1;c, X" on.</ and on A. Then the adjunction lifts to an adjunction (R, I, 1, €) :
Alg(2)— Alg(X).

Proof. We use item 2 of the remark above and calculate R¥A = R(]_[l.G ]A”i) =
]_[iej(RA)"i =XRA. O

Remark 4.1.9. R preserves finite limits whenever R does.

Proof. Assume (B, g)= liil(Bl', gi) is a finite limit in Alg(L). Since Ug preserves
all limits by [ARV10, Remark 12.17], we have that B = }iil(Bi) in 4, and therefore
RB = lim(RB;). Denote R(By, gi) by (RB;, f;) and by 7; : RB — RB; the mor-
phisms of the limiting cone. For each index i we have a map p; : KRB — RB;
obtained as the composition f; o K7r;. From the universal property, we obtain a
map f: KRB — RB, such that each 7; is a K-algebra morphism from (RB, f) to
(RB;, fi). We prove next that (RB, f) = !iﬁl(RBi,fi) in Alg(K). Assume that we
have a cone g; : (C, h) — (RB;, g;). Since RB is a limit in ./ we get a unique map
k : C — RB, such that 7; o k = g;. We need to show that k is a K-algebra mor-
phism. To this end we will use the uniqueness of a morphism from KC — RB
that makes the relevant diagrams commutative. O

4.2 HSP theorem for nominal sets and sheaf algebras

In this section we will prove an HSP theorem for algebras over Sh(1°7). We will
call these algebras ‘sheaf algebras’. Some of them, given by particular signatures,
correspond, in a sense that will be made precise in Section 4.5.1, to nominal al-
gebras, [GM09]. The signature will be given by a functor L on Set! that has a
finitary presentation. On Sh(I°?) we can define the functor L as I*LI,. Through-
out this section we will use the notations from Diagram (4.1). The goal of this
section is to derive an HSP theorem for Alg(L) from Theorem 4.1.5. To this end
we will need to impose some reasonable conditions on the functor L.



4.3 Concrete syntax 55

Theorem 4.2.1. HSP theorem for ‘sheaf algebras’. In the situation of Dia-
gram (4.1), let L be an endofunctor with a finitary presentation on Set! and as-
sume there exists a natural transformation « : LI, I* — I.I*L such that ao Ln =
nL. Let L be the endofunctor on Sh(I°) defined as I*LI,. Then a full subcate-
gory of Alg(L) is closed under HSP if and only if it is equationally definable.

Proof. By Theorem 3.2.4, we have that Alg(L) is monadic over Set™ soithasa
regular factorisation system. By point 1 of Remark 4.1.7 and Proposition 4.1.6,
we can lift the adjunction I* 4 I, of Proposition 2.4.8 to an adjunction I* 4 T,
between the categories of L-algebras and L-algebras. Since I* preserves finite
limits, it preserves monomorphisms, so we can apply Theorem 4.1.5. O

Remark 4.2.2. In the case of algebras over Set!, we can assume that the equa-
tions defining a subcategory closed under HSP involve only finitely many vari-
ables. It is enough to prove that if ./ C Alg(L) is closed under HSP then .¢/ is
also closed under directed unions, see also Remark 4.1.1. The idea of the proof
is to construct the directed union of a directed family (X;);c; of algebras in .<7,
as a homomorphic image of a subalgebra of a product of algebras X;, as in the
proof of [AR94, Theorem 3.9]. The subtlety here is that the product considered
there may be empty in the general many-sorted case, even if some of the X; are
not. However, in the case of algebras over Set! we can see that if one algebra
X;, has the underlying presheaf non-empty, say, for example X;,(S) #0, then for
all j > iy and for all sets T of cardinality larger than that of S we also have that
X;(T)is non-empty. We can consider the product of the X; for j > io, and this is
non-empty.

4.3 Concrete syntax

This section illustrates the concrete syntax obtained from the abstract category-
theoretic treatment of Section 4.2.
Specifying additional operations by a functor has the advantage that the initial
algebra of terms comes equipped with an inductive principle. For an example
see how A-terms form the initial algebra for a functor in [FPT99, GP99, Hof99].
Recall from Section 3.3 the presentation for the category Set! given in The-
orem 3.3.1 and the ‘shift’ functor & on Set' from Definition 3.3.2, which corre-
sponds to the abstraction operator of [GP99] and to the ‘shift’ functor on Set”
from [FPT99]. Theorem 3.3.3 gives a presentation of 0 by operations and equa-
tions.
Using these results, we illustrate the concrete syntax obtained in our setting,
by giving a theory for the A-calculus. We consider an endofunctor L on Set!
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given by
LX=N+0X+XxX (4.13)

where /" denotes the inclusion functor .4 : T — Set. In order to show that the
HSP theorem holds for L-algebras, we need to prove that L satisfies the condi-
tions in Theorem 4.2.1. This is actually a particular case of Proposition 4.4.14
that will be proved in the next section. In Section 4.3.1 we prove that the sheaf
of A-terms up to a-equivalence is the initial algebra for = I* LI, and we give the
equations that characterise the subalgebra of A-terms modulo afn-equivalence.

4.3.1 Axioms for the A-calculus

The a-equivalence classes of A-terms over A form a sheaf A, in Sh(I°P). Indeed,
we can define A4(S) as the set of a-equivalence classes of A-terms with free vari-
ables in S. On functions A, acts by renaming the free variables.

We consider the endofunctor L on SetH, defined by (4.13) and the endofunc-
tor L on Sh(I°7) defined as I* LI,. In a similar fashion as in [FPT99], we will show
that A is isomorphic to the initial algebra .#; for L.

First let us notice that the underlying presheaf of .#; is the initial algebra .#;
for L. Indeed, one can prove

Lemma 4.3.1. We have [..%; = .9;.

Proof. We can check that L preserves w-chains, so the initial algebra .#; is com-
puted as the colimit of the sequence

0—IL0—L[20—-— .9 (4.14)

where 0 is just the empty sheaf. Let us denote by 0 the empty presheaf. Similarly
41 is the colimit of the initial sequence for L:

0> L0—[20—-— 9. (4.15)

Using the observation that L preserves sheaves and the fact that 1,0 = 0 we can
easily verify that I.L"0 ~ L"0 for all natural numbers n. But I, preserves filtered
colimits, so we have that [...%; ~ .9;. O

We consider a functor X : Set! — Set!, defined by

YX=N+N&/XX+XXX. (4.16)

Notice that ¥ preserves sheaves and that the initial algebra for ¥, let us denote
it by .%:, is just the presheaf of all A-terms. Using a similar argument as above
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we can see that [,.% = Y. % is the sheaf of all A-terms. We will prove the
isomorphism between A, and .#; by constructing an epimorphism .% — .%; in
Sh(I°P) that identifies exactly a-equivalent terms.

First let us prove the next lemma:

Lemma 4.3.2. There exists a natural transformation 8 : 4" X — — ¢ such that for
any presheaf X Set! and any finite set of names S C A we have that 8(a,x) =
0(b,y) for some a,b € S and x,y € X(S) if and only if for all ¢ ¢ S we have

X(ws\{ajuict,a(c/a)s\jap)(x) = X(ws\piugcey,p(c/b)s\ip3)(X). (4.17)
Moreover if X is a sheaf, then Ox : 4" x X — 6 X is a sheaf epimorphism.
Proof. We define 0x(S): A (S) x X(S) — (0 X)(S) by
(a,x)— (0 X)(ws\a},a){[@]s\ja3 ¥} 5x) (4.18)

where ws\ (41,4 is the inclusion of S\ {a} into S. It is not difficult to check that this
is indeed a natural transformation. Assume now that (a, x), (b,y) € A(S) x X(S)
and c € A\ S. We have that 0(a, x)= 0(b, x) is equivalent to

(6 X)(ws\{ay,a){lals\ja3x}5x) = (6 X)ws\ip3,6){ [D)s\ip1Y }5x) (4.19)

But

(6 X)(ws\iay,a){[cls\ja3(c/a)s\iar X} 5x)
= {[c]sX(ws\{at,a +c)(c/a)s\ja}(x)}sx  (4.20)
= {[c]sX(ws\{ajuicy,a)(c/a)s\ja3(X))}5x

(6 X)(ws\{ay,a){[als\ja1X}5x)

Similarly, (6 X)(ws\ip3,6){[D]s\ip3y }sx) = {[c]s X(ws\ipyuies,n)((c/b)s\ip3 (¥ D}sx-
Since ¢ ¢ S we have an isomorphism 0 X(S) ~ X(SU{c}). Therefore (4.19) is equiv-
alent to (4.17).

In order to prove the last statement of the lemma, we use the characterisation
of sheaf epimorphisms given in Proposition 2.4.16. Let {[c]sy }sx be an arbitrary
element of (0 X)(S). We have that ¢ ¢ S and y € X(SU{c}). The conclusion follows
from the fact that Ox(SU {c})(c,y) = (0 X)(ws,c){[clsy}sx). O

Proposition 4.3.3. The sheaf of a-equivalence classes of A-terms is isomorphic
to the initial L-algebra .#;.

Proof. This can be obtained by an inductive argument on the structure of the
A-terms. Using the natural transformation 8 defined above we can construct a
natural transformation 9 : X — L defined as ¥ x =ida + 0 +idx xidx. Now we can
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define inductively a natural transformation (™ : ¥ — L". Explicitly, {©© = id,
and ¢ S?H) = L"(9x)¢ (Z"}} We have the following commutative diagram

0 >0 320 e I5 (4.21)
J/ 0 l ) i ) lg
0 Lo L?0 e I

where { is obtained by taking the colimit. As seen above, .#; and .%: are the
underlying presheaves for the sheaves .#; and .%, respectively.

Using Lemma 4.3.2, we can argue inductively that ¢ g?) is a sheaf epimor-
phism for all n and for all sheaves X. One can verify that this implies that ¢ is
a sheaf epimorphism. If two terms in .%: are identified by £, then they must
be identified at some stage n by ). Using Lemma 4.3.2 again, we can show
by induction that two terms are in the kernel of {(") if and only if they are a-
equivalent. O

To illustrate the concrete syntax appearing in our setting, we give a presen-
tation for the functor L and a theory over the signature given by L for afin-
equivalence of A-terms.

Proposition 4.3.4. The endofunctor L is presented by a set of operation symbols

as : SU{a}
apps : SxS—S§
[als : SUfa}—S

where S is a finite set of names and a ¢ S, and the following set of equations:

F (b/a)sas=bs (Eo)

F o wsugayp@s = asuipy (E1)
t:Sufa,bt + (c/b)s([alsupyt) =idsuici([alsugey(c/D)sugayt) (E2)
t:Suia} F [alst =[b]s(b/a)st (E3)
t:Suia} F o wsplalst =[alsupywsoiaybt (E4)
f1,12:S F o wsaapps(ty, t2) = appguja;(Ws,at1, Ws,al2) (Es)
f,t2:Sufat = (b/a)sappguiai(ty, t2) =appsugpp((b/a)str,(b/a)stz)  (Ee)

Proof. The operation symbols as and the equations (Ey) and (E;) present the
constant functor .#. The operation symbols [a]s and the equations (E,), (Es)
and (E4) give a presentation of §, recall Theorem 3.3.3. Finally, the operations of
the form appg and equations (Es) and (Eg) form a presentation for X x X, just as
in Example 3.2.3. O
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Example 4.3.5. The subalgebra of Alg(L) of A-terms modulo a8n-equivalence
is definable by the following equations, similar to [CP07, Fig. 4].

X:Sufal; Y:SF appgygg(walals(waY), X)=w,Y :Sufat (B-1)

X:SF appg(lals(as),X)=X :S (B-2)
X:Sufa,b}; Y:S+  appg(lals([blsuai(X)), Y) =
[b]s(appsugpi(lalsugpi(X), wa V) = S (B-3)

X,Y:Sufal; Z:S+  apps(lals(appsugqy (X, Y)), Z) =
apps(apps([als(X),Z), apps([als(Y),2)) : S (B-4)
X:Sufa} F  appgypy(welals(X),bs)=(b/a)X :SU{b} (B-5)
X:SE [als(appsugap(waX, as))=X :S @)

The theory above is obtained by adapting the nominal equational theory
of [CP07, Fig. 4]. In Section 4.5.2 we make this precise, by giving an algorithm
for translating arbitrary theories of the nominal equational logic of [CP07] into
many-sorted theories having the same models. Hence the fact that the above
equations define A-terms modulo afn-equivalence follows from [CP07, Exam-
ple 9.5] and Theorem 4.5.10.

4.4 Uniform Theories

Gabbay [Gab08] proves an HSP theorem for nominal algebras, or rather an HSPA-
theorem: A class of nominal algebras is definable by a theory of nominal algebra
iff it is closed under HSP and under abstraction.

Our equational logic is more expressive than Gabbay’s in the sense that more
classes are equationally definable, namely all those closed under HSP where H
refers not to closure under all quotients as in [Gab08], but to the weaker property
of closure under support-preserving quotients (i.e. quotients in the presheaf ca-
tegory). Of course, it is a question whether this additional expressivity is wanted.
We therefore isolate a fragment of standard equational logic, which we call the
uniform fragment, and define notions of uniform signature, uniform terms and
uniform equations. The main idea is that a uniform equationI' -t =u : T,
whereI'=4{X;: T,..., X, : T,} is a context of variables and T a finite subset of A,
has an interpretation uniform in all sorts S containing 7.

For this uniform fragment we are able to extend Theorem 3.11 to an HSPA
theorem in the style of [Gab08]: classes of sheaf algebras are definable by uni-
form equations if and only if they are closed under quotients, subalgebras, prod-
ucts and under abstraction.

Let us give an intuitive motivation for the notions introduced in this section.
Assume we want to investigate algebraic theories over nominal sets by studying
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their transport to [I, Set]. Suppose we have some notion of signature and equa-
tions over nominal sets, such as the nominal equational logics of [GM09, CP07].
A nominal set X satisfies an equation, if for any instantiation of the variables,
possibly respecting some freshness constraints, we get equality in X. Notice that
the support of the elements of X used to instantiate the variables can be arbitrar-
ily large. Let us think what this means in terms of the corresponding presheaf
IX. For a finite set of names S, I1X(S) is the set of elements of X supported by
S. So IX should satisfy not one, but a set of ‘uniform’ equations. This means
that we should be able to extend in a ‘uniform’ way the operation symbols to-
gether with their arities, the sort of the equations and the sort of the variables.
We formalize this below, following the same lines as in [KP10b].

We start with the observation that the theory of the A-calculus up to afin-
equivalence (Example 4.3.5) uses only particular operations: names (atoms in
[Gab08]), abstraction, and operations fs : A"(S) — A(S) that are ‘uniform’ in S.
This motivates us to consider sheaf algebras for signatures given by a particular
class of functors, and specified by ‘uniform’ equations.

Definition 4.4.1. A uniform signature is an [[|-sorted signature such that the
operation symbols form a sheaf in Setﬂ, say 0, and such that all the operation
symbols f € 0(T) have arity of the form

Tx--xT—T,
where Ty € T. We will use the notation
bind(f)=T\ Ty (4.22)

Additionally, we assume that if an operation symbol f € ¢(T) has arity T x --- X
T — Tyand j: T — Sis an injective map, then 0(j)(f) has arity

§x---x8— S8\ jbind(f)],

where j[bind(f)] denotes the direct image of bind(f) under j. For an injective
map j: T — Swewrite j - f for 0(j)(f).

Looking at the theory of the A-calculus in Example 4.3.5, we find that all op-
erations are equivariant and that the equations are ‘uniform’ in S. To formalise
the uniformity of an equational specification we first describe uniform terms,
given by the set of rules in Figure 4.1.

In Figure 4.1, there are four schemas of rules: one for each operation f :
T x---x T — Ty, two for the operations in I (weakenings, substitutions), and one
for variables. Each rule can be instantiated in an infinite number of ways: T
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nike:T,..., T, Ft,: T
F1U...Urn|_f(t1,...tn)11_b

(f:Tx---xT—>Tyeo(T)

I'te:T I'tt:Twia}
T'Fwgt:Twia} IC'H(b/a)t: Twib} rEx:T

(X:T el)

Figure 4.1: Uniform terms

ranges over finite sets of names and a, b over names. I and I'; denote finite sets
of sorted variables. Additionally, in the first rule we assume thatif X: 7; €I'; and
X :T; €Tj then T; = T}, that is, a variable has the same sort in all the contexts
I';. The notation T W{a} indicates that an instantiation of the schema is only
allowed for those sets T and those atoms a where a ¢ T.

Definition 4.4.2. A uniform term '} ¢ : T for a uniform signature is a term
t of type T using variables from the context I formed according to the rules
in Figure 4.1. A uniform equation is a pair of uniform terms of the same sort
I'Fu =v:T. Auniform theory consists of a set of uniform equations.

Example 4.4.3. A uniform theory for A-calculus consists of the following uni-
form equations in the uniform signature given by the functor 6 + 4 x —4+—x —:

X:0,Y:0F app(lal(w,Y),X) = Y :0 (B-1)
X:0F app([ala,X) = X:0 (B-2)
X:{a,b},Y:0+ app([a]([bli(X)), Y) =
[bl(appyyy([alpy(X), waY)) : 0 (B-3)
X:{a},Y:{a},Z:0 & app(lal(appyy(X, Y)),2) =
app(app([a](X),Z),app([a](Y),Z)) : 0 (B-4)
X:{a} F appy(wplal(X),b) = (b/a)X :{b} (B-5)
X:0F [al(appygy(waX,a)) = X :0 )

where app, [a] and a stand for appy, [a]p and ag, respectively.

The idea is that a uniform equation I' u = v : T translates to a set of equa-
tions in the sense of standard many-sorted universal algebra: I's- us=wvs: TUS
where S ranges over the finite subsets of A" with SN T = 0. If we want to extend
the sort of the equation, we might also have to change the sort of the variables.
There is a subtlety here: do we raise the type of the variables or do we add weak-
enings? We prefer the former if, for example, we want to raise the type of the
equation X:0,Y:0+X=Y:0byasetS. This becomes X:S,Y:SFX=Y:S.

Similarly, if we want to translate the equation

X:0F[alw, X=X :0 (4.23)
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by a set {b}, where b is a different name than a, we should get
X:{b}t[alw, X=X :{b}.

However, we should be able to translate (4.23) to a standard equation of sort
{a}. We expect all the appearances of X within the translated equation to have
the same sort. If, as above, we change the sort of X from 0 to {a}, then on the
left hand side we would get [a]w, X, and this is not a well-formed term. In this
example, the left hand side of the equation has an implicit freshness constraint
on the variable X. Because of the weakening w, appearing in front of X, we will
not be able to instantiate X with elements whose sorts contain a. So a is ‘fresh’
for X. The solution is to define the translation of this equation as

X:0Fwylalw,X=w,X:{a}

So we have to distinguish between the cases when we simply need to add some
weakenings and the cases when we have to extend the sort of the variable. We
formalise these observations in the next definitions.

Definition 4.4.4. Consider a uniform equation E
l'Fu=v:T.
The freshness set of a variable X : Tx € I" with respect to E is the set

Fre(X)=J(T\ Tx)
t:T

where the union is taken over all sub-terms ¢ of either u or v that contain the
variable X.

Example 4.4.5. In the uniform equation for the uniform signature given by the
functor defined in (4.13)

X:0F [alpappyay(wa X, ap) =X : 0 (4.24)
X has sort® and Frg(X)={a}.
Definition 4.4.6. The translation of an equation E of the form
Il'Yu=v:Tg

by a & Tg, is
tra(D): trg(u)=try (v): TgU{a},



4.4 Uniform Theories 63

where tr, (I'), tr, (1), tr, (v) are defined as follows. The translation of the context
I'byais
tr, ={X:Tu({a}\Frg(X)) | X:TeT}. (4.25)

The translation #rs(t : T) of a sub-term ¢ of either u or v is defined by

tra(f(tly---rtn):ﬂ)) = (wa'f)(tra(tl);---,tra(tn)) ifagT

tra(f(t1,. . tn): To) = waf(t,...,tn) ifaeT
trg(wpt : TW{b}) = wsugayptra(t:T)
tra(b/c)t : TW{b}) = (b/c)rugmtra(t:Twic}) ifc#a (4.26)
tra((b/a)t :TW{b}) = wy(b/a)rt
r,(X:T) = wzX ifa e Frg(X)
r,(X:T) = X ifa&Frg(X)

where in the first two conditions f € 0(T) hasarity T x -+ x T — Tp.
For afinitesetS={a,,...,a} disjoint from T; we define trs(E)as try, ... try, (E).

Remark 4.4.7. In the definition of tr5(E) the order of the elements is not impor-
tant, since we can prove that tr, tr, (E) = trp, tr, (E). We only define #rs(¢ : T) for
finite sets S such that SN T =0.

The definition of tr, (E) is sound, because initially we chose a set a ¢ T, and
then we can prove inductively that whenever we compute tr, (¢t : T’) for some
subterm ¢ : T’ of either u or v we have a & T'.

A more subtle point is that the variable X in the translated equation always
has the sort specified in tr, (I'), namely T U({a} \ Frg(X)). We will prove this in
Lemma 4.4.10.

Notice that the translation #rs(¢) depends on the equation for which ¢ is a
sub-term, and if ¢ has sort T then the sort of trs(¢)isSUT.

In the first condition of (4.26), we have that a ¢ Ty, but a is one of the ele-
ments fresh for the output of f, that is, a € bind(f).

Example 4.4.8. For b # a, the translation by a set {b} of the uniform equa-

tion (4.24) is
X :{b}+ [aloappyy(waX, ap) =X : {b}.

But the translation of the same equation by {a, b} is
X:{b}twalalpappy, py(waX, apy) = waX: {a, b}.

We can do this translation, because the set {a, b} is disjoint from the type of
the uniform equation, which is the empty set. On the left hand side we use the
weakening w, because {a,b}Nbind([alp) = {a}. On the right hand side we use
the weakening w, because Frg(X)n{a, b} ={a}.
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Example 4.4.9. Translating the uniform theory given in Example 4.4.3, we get a
standard many-sorted theory equivalent to that given in Example 4.3.5.

The above definition of tr5(X : Tx) is also justified by the next property that
one expects for the set of standard equations obtained from a uniform equation.

Lemma4.4.10. Let E be a uniform equationI'+u =v: T andleta & T. Consider
a variable X of sort Tx in I, that is, X : Tx € I'. All the occurrences of X in the
standard equation tr, (I') F tr, (u) = tra(v) : Tg U {a} have the same sort Tx U
({a}\ Fre(X)).

Proof. Note that, while applying the algorithm described in Definition 4.4.6, as
we traverse the syntax tree of the term, some subterms may not be translated by
a. Explicitly, we stop when we reach a term f(t1,..., ;) with a € bind(f) or if we
reach (b/a)t. If the variable X appears in such a term then those instances of
X will have sort Ty in the translated equation. Any other instance of X has the
sort TxU({a}\ Frg(X)). So, we have to show that Tx = Tx U({a} \ Frg(X)). Since X
appears in a term of the form f(¢,...,t,) with a € bind(f) or (b/a)t, we can use
Definition 4.4.4 to prove that a € Frg(X)U Tx.

O

Definition 4.4.11. We will say that a functor L : Set' — Set' has a uniform pre-
sentationif L is presented in the sense of Definition 3.2.2 by a uniform signature
and a set of equations of rank one generated by a set of uniform equations and
containing the following:

Wa f(X1,...,Xn) =(Wq - ) wax1,..., waXn)
fx1,..,xn)=(b/a)1\iay )(D/a)\(a1X1,...,(D/A) 1\ (a1 Xn)

(b/a)i\tay f(x1,-.., xn) = ((B/ @) 1\1a} - fT)(D/ @) T\{23 X1, .., (D) @)1\ {2} Xn)
4.27)

where f € 0(T) has arity f: T x...x T — Tp, and in the second equation a €
bind(f)and b & T, while in the thirda€ Toand b ¢ T.

Recall that an equation is of rank one when each variable is under the scope
of exactly one operation symbol.

Intuitively, the equations (4.27) state that the operations are ‘equivariant’. If
X is a presheaf, elements of LX(Tj) will be denoted by

{f(xl»---:xn)}X;

where fe 0(T)hasarity f: Tx...x T— Tpand x; € X(T)for 1 <i < n.
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Remark 4.4.12. Using the equations of Definition 4.4.11 we can deduce that

L)Y f (e, x0)bx) =4 +id) - )L +id)(x1), ..., L(E +id)(xn)}x

provided that f: Tx...xT — Tyand i : Ty — U is an injective map, UNbind(f)=0
and id is the identity map on bind(f).

Example 4.4.13. 1. The functor 6 has a uniform presentation, with the op-
eration symbols given in Section 3.3 structured as a presheaf as follows:

lals€ O0(Suia})
O(wp)lals) = [alsuipy
0((b/a)s)[als)=[b]s
We have that bind([a]s) = {a}, so the equations (3.19) are of the form (4.27).

2. The presentation of the functor used for the axiomatisation of A-calculus,
defined in (4.13), is also uniform. Indeed, the equations appearing in
Proposition 4.3.4 are of the form (4.27), because bind(as) = bind(appg) =0.

3. More generally, functors constructed from .4, 4+, x and 6 have uniform
presentations.

Proposition 4.4.14. If L: Set! — Set! has a uniform presentation, then:
1. there exists a natural transformation « : LI.I* — I.I*L such that the dia-
gram below commutes:

a

LI.I* L.I*L

(4.28)

2. L=I*LI, preserves sheaf epimorphisms.

Proof. Recall the discussion on how to compute the sheafification of a presheaf
from Section 2.4 by twice applying the (—)* functor. It is enough to prove that
we can find a natural transformation « such that the diagram below commutes:

L(—)* : (=)L

e o (4.29)
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For then, the next diagram commutes:

= +
L(PH)t — L(P+)* apt (LPH)* % (LP+)*+ (4.30)
LinH* 3 LnHt 2
I, ey @) @t ) /.
Lp* @ (LP)*
Ln} (1) nip
LP

The upper-right square (3) commutes by naturality of  and the smaller triangles
(1) and (2) by (4.29). Finally Ly}, and L(n})* equalise Ln} by naturality of n™.
Thus the outer triangle commutes. But this is exactly diagram (4.28).

We need to define a natural transformation a making diagram (4.29) com-
mutative. Let X be a presheaf. Elements of LX™(T’) will be of the form

{0, )b

where f € 0(T) has arity f: T x...x T — T’ and we can assume without loss of
generality that x; are elements supported by T of the set X(S), for some T CS.

We put ar({fr(x1,...,Xn)tx+) = {fs(x1,...,xn)}x. In order to show that this
is well-defined, we have to prove that {fs(x,...,x,)}r is supported by T’. Let
i,j : S\ bind(f) — U be two injective maps that agree on 7’. We have to show
that

L) ({fs(x1,..., xn)bx) = L)) fs(x1, ..., Xn)bx)

If UNbind(f) =0 this follows easily from Remark 4.4.12 and the fact that the x
are supported by T. If this is not the case, say for example, if U N bind(f) = {a},
then we can apply the second equation of Definition 4.4.11 for some name b ¢
SuUU:

Us(xn ..., x ) dx ={0((b/a)s\ia3)(fs)(D/ a)s\ja3 X1, ..., (D) @)s\a3 X n)}x

and we can use again Remark 4.4.12, plus the fact that (b/a)s\ja1 X is supported
by T\ {a}U{b}.
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It is now easy to see that ¢ makes diagram (4.12) commutative. It remains to
check that L preserves sheaf epimorphisms. It is enough to prove that whenever
e : X — Y is a sheaf epimorphism, Ll.e : LI.X — LI.Y has the property stated
in Proposition 2.4.16. Let y = {fs(y1,...,¥xn)}. be an element in (LI, Y)(S’), for
some operation symbol fs:Sx:-- xS — S and y,...,y, € Y(S). We prove that
there exists an inclusion w’ : S’ — T’ and x € LL.X(T’) such that LL.Y(w’)(y) =
(LI.e)7/(x). Because e : X — Y is a sheaf epimorphism, there exists an inclusion
w:S— Tand x; € X(T) for all 1 < k < n such that Y(w)(yx) = er(xx) for all
k. Let w’ denote the inclusion of & into T/ = T\ (S\ §’) and let x € LI, X(T)
be {fr(x1,...,xn)}rx. Using the first equation of Definition 4.4.11 we can derive
LLY(w')y)=(LL.e)p(x). O

Corollary 4.4.15. If L : Set' — Set! has a uniform presentation, then the HSP
theorem 4.2.1 holds for L-algebras.

Notice that an L-algebra LA — A corresponds via the adjunction I* - I, to
an L-algebra LA — LA.

Notation 4.4.16. A sheafalgebra A for a uniform signature given by a functor L is
an L-algebra a: LA — A. In subsequent proofs and calculations, we will use the
following notation: for fr € ¥ having arity T x :-- x T — T/, a maps (x1,...X,) €
A"(T)to fj‘%(xl, ...Xp) € A(T"). For each algebra A and each valuation v sending
variables X : Tx to elements of A(Tx), a term ¢ : T of type T evaluates to an
element [[£]]4 ,, 7 in A(T).

Definition 4.4.17. An algebra A satisfies the uniform equation ¢ = u : T iff for
all SN T =0 and all valuations v of variables, we have that A, v |= ts = ug, that is,
[#]la,v,sur and [[u]] s, sur denote the same element of A(SU T).

In the remainder of the section, we are going to show that classes of sheaf alge-
bras defined by uniform equations are precisely those closed under sheaf quo-
tients, sub-algebras, products and abstraction. In our setting, abstraction (which
corresponds to atoms-abstraction [Gab08]) maps an algebra with carrier A to an
algebra with carrier 0 A. To describe this notion, we need to recall the definition
of 6 from Section 3.3. For ¢ ¢ S, there is an isomorphism

ASU{cl) — 0A(S)

4.31
x = {lclsxlsa (4-31)

Definition 4.4.18. Given a sheaf algebra A for a uniform signature with structure
LA — A its abstraction 6 A with structure L(0A) — 6 A is given by

FoAlelxa}sn, .. lclxn}sn) ={lc] frugAlx, ... Xn)bsa
wherec ¢ T.
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The next lemmas establish a connection between the evaluation of a uniform
term ¢ : T in 6 A and the evaluation of ty,; : TU{a} in A, for a ¢ T. Note that this
is possible for uniform terms, but not for terms. Recall from Definition 4.4.2 that
a uniform term is not a term (in the sense of set-based universal algebra) but a
family of terms.

Lemma 4.4.19. Consider a uniform subterm ¢ : T within an equation E. For all
atoms a ¢ T and for all valuations v, in A of the variables in ty4; = fry4; (), there
exists a valuation vg, in 6 A of the variables in ¢ such that

(16,050, 7 = Ualr [t1a3]]a,0,, 70101} 54 (4.32)

Proof. Note that a variable X : Tx in ¢ will have sort Tx U {a} \ Frg(X) in ty,;. We
know that vy (X) € A(Tx U{a} \ Frg(X)). We define v5a(X) € 0 A(Tx) by

{lalTva(X)}sa ifa¢ Tx UFrg(X)

vsa(X)= {{[b]A(wb)vA(x)}gA if a € Ty UFrg(X)

We can prove that if a belongs to the sort U of a subterm u : U of ¢, then

(ullsa vs0,0 =1bluwp [ull ., ulsa (4.33)

Now we can prove (4.32) by induction on the structure of terms. For example, let
fr:Tx--xT— T be an operation symbol such that a ¢ T’. If a & T then the
proof follows by induction. But, if a € T\ T’, then we have

Lt e ) sn g = L2 a,050, 10+ [Enll5a,050,7)
= FPAUDIwo [0 4y, Y54, - AIDTWD [80] 4 0, 7} )
= {[blws fE 0] 4,01+ [En]l a0, 7)}6
{lalwa frt 0 a1+ [tn)l a0, 154
(@) froa U] a, vy 1o [Enll a0, 7)}6
= {[alllt@ Va0, rutar}5a

O

For illustration, consider the uniform term ¢ = appy(X, Y) within an equa-
tion E, such that X,Y are variables of sort 0, with Frg(X) = {a} and Frg(Y) =
0. We have that tys; = appy,(waX, Yia}). Then vsa(X) € 6A(0) is defined as
vsa(X) = {[b]A(wp)va(X)}sa, for some fresh b, whilst v54(Y) € 6 A(D) is defined
as v5A(Y) = {[alva(Yap)}sa.

Lemma 4.4.20. Consider a uniform term ¢ : T within an equation E and let a
be a name such that a ¢ Tx U Frg(X) for all variables X occurring in E. For all
valuations vsa in 6 A of the variables in ¢ there exists a valuation in A of the
variables in try4; (), such that (4.32) holds.
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Proof. Note that if X has type Tx in ¢, it has type Tx U{a} \ Frp(X) = Tx U {a} in
triq3 (t). We define v (X) as the unique element of A(TxU{a}) such that vsa(X) =
{lal,va(X)}s54. The proof is by induction on the structure of terms. O

Proposition 4.4.21. If a class 23 of sheaf algebras is defined by a uniform set of
equations, then 43 is closed under abstraction.

Proof. Assume that the sheaf algebra A satisfies a uniform equation t = u : T.
Consider a valuation v of the variables of s, us in the algebra 6 A. We need to
show 0 A, v = ts = ug for all finite sets of names S, disjoint from T. Choose a
name a such that a ¢ SUT and a ¢ Tx U Frg(X) for all variables X. Consider the
valuation v as in Lemma 4.4.20. Since A satisfies fsuja; = Usugay : TUSU{a}, we

have [[#suiaill o, v, suTutay = [Usuiatlla, vy, suTuga;- Then [[Es]ls a0, s0r = [Usllsa,v,s0r
follows from Lemma 4.4.20 applied for ¢s and us. O

Proposition 4.4.22, If a class % of sheaf algebras is defined by a uniform set of
equations, then 43 is closed under quotients.

Proof. Consider a quotient of sheaves f : A — B, such that A satisfies the uni-
form equations. Consider the uniform equation ¢t = u : T and choose S disjoint
from T and a valuation v in B of the variables in ¢5 and us. We have to show
[zs]lB,v,sur = [UsllB,ysur- If @ variable X has sort Tx in the uniform equation, its
translation has sort Tx US\ Frg(X) in £s = ug, so v(X) € B(Tx US\ Frg(X)). Using
Proposition 2.4.16, we can find a finite set of names §’, such that S € S’ and for
all variables X appearing in the equation there exists va(X) € A(Tx US’\ Frg(X))
such that fr,us\Frpx0)(va(X)) = B(wx)(v(X)), where wx denotes the inclusion
wy : TxUS\ Frg(X) — TxUS'\Frg(X). v is avaluation of the variables in ty = ug.
From this, we prove by induction on the structure of ¢ that fyur([fs]4,p, sur) =
B(w)([[ts]lp,»,sur)- Since B(w) is injective, this concludes the proof. O

Theorem 4.4.23. A class 9 of sheaf algebras for a uniform signature is defin-
able by uniform equations if and only if it is closed under sheaf quotients, sub-
algebras, products and abstraction.

Proof. Assume that a class of sheaf algebras for a uniform signature is defined by
uniform equations. Using Corollary 4.4.15, we can derive closure under subalge-
bras and products. Closure under abstraction and sheaf quotients follows from
Propositions 4.4.21 and 4.4.22, respectively. Conversely, from closure under
HSPA we derive closure under presheaf epimorphisms, subalgebras and prod-
ucts, hence the class of sheaf-algebras is definable by a set of equations & in the
sense of standard many-sorted universal algebra. We have to show that these
equations come from a uniform theory. It is enough to show that whenever t =
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u:Tisin &, thenforall a ¢ T and B € % we have that B = fq; = ugq : TU{al.
This follows from closure under abstraction and Lemma 4.4.19. O

4.5 Comparison with other nominal logics

We now show that uniform theories have the same expressive power as nom-
inal algebra [GMO09], nominal equational logic [CP07] and synthetic nominal
equational logic [FHO08]. Explicitly, we show how to translate theories of nom-
inal algebra and nominal equational logic into uniform theories (Section 4.5.1,
respectively Section 4.5.2) and how to translate uniform theories into synthetic
nominal theories (Section 4.5.3). In each case, we prove that the translations are
semantically invariant.

4.5.1 Comparison with nominal algebra

In this subsection we show how to translate the syntax and theories of the nom-
inal algebra [GM09] to uniform signatures and uniform theories. Then we prove
semantic invariance, that is, there is a correspondence between models for a
nominal algebra theory and models for the uniform theory obtained via this
translation.

Translation of syntax. We refer the reader to [GMO09] for the syntax and se-
mantics of nominal algebra. To each nominal algebra signature there corre-
sponds a uniform signature given by the functor 4"+ 6 + X, where ¢ is as in
Section 4.3 and ¥ is a polynomial functor on Set!, given by

sa=] [ifa}xam

where the coproduct is taken after all the operation symbols f,, with arity n; in
the nominal algebra signature.

Translations of equational judgements. Assume A |- ¢ = u is an equality
judgement in the sense of [GM09]. It is reasonable to ask that the uniform equa-
tion obtained by translating such an equality judgement has to satisfy the fol-
lowing:

1. All occurrences of X in the uniform equation have the same sort.

2. Ifa#Xisin A, then in the uniform equation we can only instantiate X with
elements whose support does not contain a.

3. We can prove semantic invariance of this translation, that is, a nominal set
satisfies an equational judgement iff the corresponding sheaf satisfies the
translated uniform equation.
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In order to address 1. and 2. above, for each unknown X appearing in this judge-
ment, we have to consider the following sets: anc(X) defined as the set of names
a for which there is an occurrence of X, for some permutation 7, such that [a]
is an ancestor of 7X in the syntax tree of the equation,? and

fresh(X)={a e A | a#X € A}.

Before giving the actual translation, we will first find the type Ty of the uni-
form equation E, obtained by translating A - ¢t = u. This is done recursively:

type(t =u) = type(r)Utype(u)
type(f(t1,...,tn)) = Utype(t;)
type([alt) = type(r)\{a} (4.34)
type(a) = {a}
type(nX) = (anc(X)\ fresh(X))Usupp(r)
We define
T =type(t = u)u( U (fresh(X)\ anc(X)).
XeE

The reason for adding [ J (fresh(X) \ anc(X), is that we want to be able to

XeE
retrieve the names in fresh(X) from the uniform equation obtained, even if they

do not appear in any subterms. For example, the type of the translation of b#X
X =Y should be {b}, and not the empty set.

The actual translation is the uniform equation 7r,(t) = J,(u) : Tg, where
Fr(t): T is a uniform term of type T, defined recursively by:

TIr(f(tr,....tn)) = f(Tr(t1),...,Tr(tn)): T

Ir(a)= ar:T
Tr(lalt) = lalrTrugay(t): T ifagT (4.35)
TIr([alt) = wglalrTr(t): T ifaeT
Tr(nX) = Trwa, ... Wa; X1\freshx): T,

where in the last condition {ai,...,ar} = TNfresh(X) and 7wy : T — T is the
restriction of 7 to T. This restriction makes sense because by (4.34) we have that
supp(rt) € T. On the right hand side of the above equations, we have nominal
terms for the uniform signature given by .#"+ 6 + X, obtained according to the
rules in Figure 4.1. Recall from Proposition 4.3.4 that ./ is presented by the
operation symbols ar, while ¢ is presented by the operation symbols [a]r.

2We say that [a] ia an ancestor of X rather than of X, because, in the definition of nominal
terms, X is not a nominal subterm of the moderated unknown 7.X.
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Example 4.5.1. Consider the following judgement in nominal algebra:
a#Xt[alapp(X,a)=X

We have that fresh(X) = {a}, anc(X) = {a} and that the type of the translated
uniform equation is @. The translation is the uniform equation

[aloappyay(waX, ap) =X

and this corresponds to the set of equations (1) of Example 4.3.5, that is indexed
by all finite sets S that do not contain a.

Lemma 4.5.2. If X is an unknown appearing in the equality judgement E, then
all the instances of the variable X have the same sort (Tg U anc(X)) \ fresh(X) in
the translated uniform equation.

Proof. X may appear more than once in the equality judgement. When travers-
ing the syntax tree, the subscript of  may change, so we have to prove that
whenever we have to translate 77(7X), the set T has the property that

T\ fresh(X) =(Tg Uanc(X)) \ fresh(X).

Note that first we apply the translation with index Tg, and as we traverse the tree,
this sort will only increase by a name a when we reach a subterm of the form
[a]t. If we eventually reach a leaf containing the unknown X, such an a must be
in the set anc(X). Therefore T C Tg Uanc(X), so we know that T\ fresh(X) C (TgU
anc(X))\ fresh(X). Conversely, let a € (T Uanc(X))\ fresh(X). If a € Tg \ fresh(X),
then a € T\ fresh(X) because Tg C T. It remains to consider the case when a €
anc(X)\fresh(X). We distinguish two cases, depending on whether this particular
instance of X has [a] as an ancestor. If this is the case, the set T must contain
the name a. If this is not the case, then we have that a e type(t = u) C Tg, hence
acT. O

Lemma 4.5.3. Frg(X)="fresh(X).

Proof. Consider a € fresh(X). Let us denote by Tx the sort of the variable X in
T (E). We know that Tx = (T Uanc(X)) \ fresh(X), so a & Tx. We have two cases:

1. If a € anc(X), then there exists a subterm [a]v, such that X occurs in v.
The sort of 7 (v) must contain the name a, so a € Frg(X).

2. If a e fresh(X)\ anc(X), then a € T, so again we obtain that a € Frg(X).
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Conversely, if a € Frg(X) there exists a subterm v in E containing nX, for
some permutation 7, such that the variable X : Tx occurs in Zr(v): T and a €
T\ Tx. If the sort of 7 (7 X) is S, we have that T C S, hence we get that a € S\ Tx =
Snfresh(X), so a € fresh(X). O

Translation of semantics. Let X = (|X], -, X, Xaps, {X | f € S}) be a nomi-
nal algebra for a nominal signature S. Let 4"+ 6 + X be the functor correspond-
ing to this signature. We consider the sheaf X corresponding to the nominal set
(IX],-). The translation of X is the sheaf algebra 4"+ 6 X + XX — X given by

as — Xgml(a)
{lalsx}sx —  Xaps(Xammla), x)
(fix1,..0x0) = Xp(x1,...,xn)

That this is well defined follows from the equivariance of X s, Xaps, X 7.

Theorem 4.5.4. [semantic invariance] Let X be a nominal algebra for a nominal
signature. Let E be the uniform equation of type Tg, obtained by translating
an equality judgement A F u = v. Then X satisfies A u = v if and only if X
satisfies the uniform equation E.

Proof. Firstassume that [[AFu = v]]X holds. We need to prove that X |= tr5 E for
all finite sets S that are disjoint from 7. Consider a valuation ¢ of the variables
appearing in trs(E) in X. If X is a variable of sort Tx in E, then X has sort S\
Frg(X)UTx in trs(E). So ¢(X) € X(S\ Frg(X)U Tx) is an element of the nominal set
X supported by S\ Frg(X)U Tx. Using Lemma 4.5.2 and Lemma 4.5.3, we know
that S\ Frg(X)U Ty is disjoint from fresh(X), so whenever the freshness primitive
a#X isin A, a#¢(X). Let ¢’ be a valuation in X of the unknowns in A+ u = v that
maps X to ¢(X). We have to prove that [[t15(F u)]]gE = [[trs(T v)]]z€ . This follows
from the claim below, which can be proved by induction on the structure of the
terms.

Claim 4.5.5. For all subterms ¢ of either u or v, we have [[t]]ig =T t]]z€ .

Conversely, assume that X satisfies the uniform equation E. Consider a valua-
tion ¢’ in X of the unknowns of A+ u = v, such that a#¢’(X) whenever a#X € A.
We consider the finite set of atoms S := UXsu pp(¢’/(X))\ Tg. We can define a val-
uation ¢ of the variables occurring in trs(E) in X, simply by taking ¢(X) = ¢/(X).
In order to prove that this is well defined we can check that ¢’(X) is supported
by S\ Frg(X)U Tx. Since ¢’ can be obtained from ¢ as before, we can finalize the
proof by applying again the Claim 4.5.5. O

Corollary 4.5.6. Theorem 4.5.4 and Theorem 4.4.23 give a new proof for Gab-
bay’s HSPA theorem, [Gab08, Theorem 9.3].
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4.5.2 Comparison with NEL

This section compares uniform theories to the nominal equational logic of [CP07].
For simplicity we only consider the one-sorted version of NEL,? although ex-
tending our work to many-sortedness over sheaves is not difficult. We only con-
sider theories for which the axioms are of the form

AFa#t

AFt~t. (4.36)

This fragment has the same expressive power as the entire NEL.

Translation of syntax. Recall that a signature for NEL is given by a nominal
set Op=(|Op|,-) of operation symbols. Consider a theory for this signature, con-
sisting of axioms as in (4.36). We will construct a presheaf of operations ¢ as
in Definition 4.4.11, which is almost the sheaf corresponding to Op via the iso-
morphism between nominal sets and Sh(I[°P): for all finite sets of names S, 0(S)
contains the operation symbols whose support is contained in S. But we also
add more information about the arity of these operation symbols.

Definition 4.5.7. Consider a NEL theory for a signature that contains an opera-
tion symbol f. The set bind(f) is defined as the set of names a such that there is
an axiom in the theory of the form {Xi,..., X, } F b # (7- f)(X1,...,X,) for a finite
set of names b and a permutation 7, such that 7(b) = a for some b € b.

If f € Op is an n-ary operation symbol, such that supp(f) = T and T C S, we
consider an operation symbol in fs € 0(S), with arity fs:S x--- xS — S\ bind(f).
The definition above implies that bind(w - f) = m[bind(f)]. We also obtain that
bind(f) € supp(f). So we can derive that, for any injective map j : S— S, 0(j)(fs)
has the arity §' x---x§ — §’\ j [bind(f)]. So 0 is a presheaf as in Definition 4.4.11.
Note that the arity of an operation symbol in 0 depends not only on the nominal
signature, but also on the theory, because of the way freshness constraints are
expressed in NEL, see (4.36). The translation of a NEL signature is the uniform
signature given by the functor L with a uniform presentation given by 0: see
Definition 4.4.11.

Example 4.5.8. If L, is an operation symbol as in the NEL signature for A-
calculus of [CP07, Example 3.1] then bind(L,) = {a}. The translation of this NEL
signature is the uniform signature given by the functor defined in (4.13).

Translation of a theory. From each axiom in a theory in the sense of [CP07],
having the form
Art~t

3Note that we will not need the sorting environments of [CP07] in this case.
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we will obtain a uniform equation E of sort Tg. As in the previous section we first
describe a way of finding the sort Tg. Again, all occurrences of a variable X are
expected to have the same sort in the translation, so we need to pay attention to
the bound names of the terms that contain X and to the names that should be
fresh for X. To this end we define the set anc(X) by

anc(X)=(_Jbind(f)

taken over all operations f such that X appears in a subterm of either ¢ or ¢’ of
the form f(ty,...,t,). Similarly we define

fresh(X)=a iff a#XeA

The fact that a # X is in the freshness environment will be expressed in the
uniform equation by adding a weakening w, in front of X.
In order to find T we define a function type recursively:

type(t =u) = type(r)Utype(u)
type(f(t1,...,1n)) = (Utype(s;)Usupp(f))\ bind(f) (4.37)
type(nX) = (anc(X)\ fresh(X))Usupp(n)

We define Ty =type(t = u)U( | (fresh(X)\ anc(X))
XeE
The translation of the axiom A F ¢ ~ ¢/ is the uniform equation Jr,(t) =

Ir,(u): Tg, where TJr(t) is a term of sort T, defined recursively by

Tr(f(t1,...,tn)) =  Wrrbindf fTubind()(TTUbind(£)(£1)s - - -» TTUbind(£)(En))

(4.38)
Tr(nX) = TTWTAfresh(x)XT\fresh(X)

The permutation 7 has its support included in T and 7t is the restriction of
n to T. As in the previous section we can prove that all instances of a variable
X have the same sort in the uniform equation, namely (T U anc(X)) \ fresh(X).
The proof of this is analogous to that of Lemma 4.5.2. The only difference is that
now instead of reasoning only about abstractions [a], we allow more general
operation symbols. Similarly to Lemma 4.5.3, we get that Fro(g)(X) = fresh(X).

Similarly, from each axiom in a theory in the sense of [CP07], having the form

AFa#t,
we obtain a uniform equation of the form

I'k F WBgTEUa'(t) = wd(b/d)gTEug(t) :TgUau l_?, (4.39)
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where b is a set of fresh variables having the same cardinality as @ and (b/a) de-
notes the composition (b;/a1)...(b,/a,)whend ={a,...,a,}and b ={by,...,b,}.
For each variable X appearing in t we define anc(X) and fresh(X) as above.
Then, we put
I'e={X:(TgUanc(X))\fresh(X) | X € t}.

We define type(¢) recursively as in (4.37) and we put Tz =type(t). Then Tr,u4(t)
is defined recursively as in (4.38).

Example 4.5.9. The 7 rule of the NEL theory for ¢f8n-equivalence of untyped
A-terms [CP07, Example 6.2]

afxt-Li(Ax V)~rx

translates to
[a](app(w.X,a))=X :0

Translation of semantics. Consider a NEL theory as in (4.36) for a signature
Op. Let X be an algebra for this theory, that is, a nominal set |X]|, equipped with
equivariant functions Op,, x |X|* — [X|, for all arities n. (Op,, is the set of opera-
tion symbols of arity n, and is a nominal subset of Op.) We consider the sheaf X
corresponding to |X|. The sheaf algebra corresponding to X is an algebra for the
functor L with a uniform presentation obtained from Op, see the translation of
syntax above. This sheaf algebra LX — X maps

rxn .o xn)bx = X[f(x1,...,x0)

where X[[f]] is as in [CP07]. This map is well-defined because of the equivari-
ance of the functions Op,, x |X|"* — [X].

Theorem 4.5.10. [semantic invariance] A structure X for a NEL signature is a
structure for a NEL theory as in (4.36) if and only if the sheaf algebra X obtained
as above is an algebra for the translated uniform theory.

Proof. First we can check that a structure X for a nominal signature satisfies a
judgement A |- t ~ ¢’ iff the sheaf algebra X, constructed as above, satisfies the
uniform equation E : Tg obtained as the translation of A F ¢ ~ ¢’. The proof for
this follows the same lines as the proof for Theorem 4.5.4. From a valuation ¢’
in X of the variables in the freshness environment A we get a valuation ¢ in X of
the variables in some tr5(E), for SN Tg =0, and vice-versa. It remains to check
that we have [[t]]§, =T t]]i€ , and this goes by induction on the structure of the
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terms. The next equalities hold in the underlying nominal set of X.

(7r(f(t,..., l‘n))]]zE = [[wrnbindf frubind(r)(TTubind(p)(t1), - - - 9Tubind(f)(tn))]]§
= X(wrnbind )L ubind( ) TTubind(p) (1), - - - 9Tubind(f)(tn))]]§)
= [[frubind()(Trubind(p)(t1); - .- 9Tubind(f)(l‘n))]]2€
= {fmbind(f)([m]]f,...,[[tnu?}x
= {frovinaip(l0a]lz, -, a5 )12
= X[[f]]([[tl]]§,---,[[tn]]§)

[f (s DD

For axioms of the form X;,..., X, Fa # f(Xi,...,X»), semantical invariance
follows since the operation symbol f corresponds on the side of uniform sig-
natures to operation symbols whose arities have the property that a does not
belong to the result. So, for any valuation of the variables X; in X, a translation
of f(Xi,...,X,)is evaluated to an element y of X(S) for a finite set S, with a ¢ S.
This means that, if X comes from a nominal set [X|, we have that a is fresh for y
in [X].

More generally, we can check that a structure X for a nominal signature sat-
isfies ajudgement A F 4 # ¢t if and only if the sheaf algebra X, satisfies the trans-
lation E : Tp obtained in (4.39). From a valuation ¢’ in X of the variables in
the freshness environment A we get a valuation ¢ in X of the variables in some
trs(E), for SN T = 0, and vice-versa. As above we have that [[t]]ig, =T t]]f. It

remains to check that a#[[¢])7, if and only if X(w3)[[7 1]} = X(wa)X(b/@)[7 ]}
for some set b of fresh variables. The latter is equivalent to

(7]} =(ab)- 7]} (4.40)

for some fresh b, where (@ b) denotes the product of transposition (a; b;) for
a=1{a,...,aptand b = {by,...,b,}. Using Remark 2.1.17 and Theorem 2.1.16
this is equivalent to a#[[T L‘]]z€ .

O

Corollary 4.5.11. Theorem 4.4.23 and Theorem 4.5.10 give an HSPA theorem for
models of NEL.

4.5.3 Comparison with SNEL

Fiore and Hur [FH08] introduced an abstract notion of systems of equations be-
tween terms in the setting of enriched category and showed how sound and
complete equational logics can be obtained in this abstract setting. Their case
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study consists in developing a nominal equational logic which is logically equiv-
alent to those introduced by Gabbay and Mathijssen, respectively Clouston and
Pitts.

Hur [Hur10, Section 8.2.6] translated the nominal syntax of [FH08] into NEL
syntax and stated that this translation is semantically invariant. Thus, using the
results from the previous section, we conclude that the SNEL can be translated
into uniform theories. To close the circle, we show in this section that uniform
theories give rise to nominal theories in the sense of [FH08] having the same
models.

Central to the approach of Fiore and Hur is the fact that (Nom, 1, ®) is a sym-
metric monoidal category, where ® is the separating tensor described in (2.37).
Their nominal equational reasoning applies to signatures given by Nom-enriched
functors (and the free monads which they generate). A functor F : Nom — Nom
is Nom-enriched when there exists a natural transformation, called strength

Txy: FX®Y - FX®Y).

Abstract terms in the setting of [FH08] are morphisms of the form

l
A% F(UA®"") (4.41)

i=1

where A®F denotes A®...® A (k-times). We refer the reader to [FH08, Sec-
tion 5, pp. 15-16] for the definitions of the nominal syntax, nominal theories
and the corresponding models. Terms in this syntax are built using the rules

- i V(X)
avrx KO lana
[@alVEt(1<i<k)

[@VF f(tr...te)

where

1. |V]is a finite set of variables and V is a function which associates a natural
number to each variable in |V|;

2. a € A®" for some n;

3. b e A®V(X and X(b) is just a notation for the injection of the tuple of dis-
tinct names b in the X-component of the coproduct [ [y, A®VX).
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Each term in the above syntax corresponds to an abstract term in the sense
of (4.41). Consider a uniform theory for a uniform signature given by a sheaf
of operation symbols ¢. Consider the nominal set O corresponding to 0. If
f€0(T)has arity f T_XVL T — T’ we assign arity 7 to the element f <O that

n
corresponds to f. Then the functor F : Nom — Nom given by

FX = ]_[@n x X" (4.42)
n

is Nom-enriched, where O, is the subset of operation symbols of O of arity 7.
Notice that, by considering only the functor F we have lost some information,
namely the set of names that each operation symbols f binds. However, we
can show that sheaf algebras for the uniform signature ¢ correspond to those
F-algebras that additionally satisfy the following SNEL equations. For each f €
O0(T) and a € bind(f) we consider the abstract equation

[€,a,b){X1:1,....Xn : [} f(X1(T,a),..., Xa(C, a)) = ((a b)- )X (T, b), ..., Xu(T, b)),
(4.43)
where {c} =T\ {a}, b & T and [ is the cardinal of T plus one.

Example 4.5.12. Recall the uniform signature for the A-calculus described in
Example 4.4.3. This corresponds to the nominal signature of [FH08, Example 5.1].
We have appg = A4, lals = L, and a5 = V,. The fact bind([a]s) = {a} is expressed
in SNEL by the abstract equation

[a,bliX : 1} Lo X(a)= LpX(b).

Next we show how to translate uniform equations in the uniform signature
given by ¢ into abstract equations for the functor F described in (4.42). Con-
sider a uniform equation E of the form

THt=t¢t":Tg.

1. Leta denote a tuple of all the distinct names that appear in the equation E
in an arbitrary order. That is, the names in a are obtained by considering
the union of all the finite sets T such that there exists X : T in I" or there
exists a subterm u : T of either ¢ or ¢’.

2. Let |V]| be the finite set of variables from the context I".

3. For each X : T €T consider the set Frg(X), see Definition 4.4.4. Let V(X)
be the cardinality of the set {a} \ Frp(X), where {a} denotes the set of the
names appearing in the tuple a.
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4. We inductively define Z¢(u) for uniform subterms u of either ¢ or ¢’ by

Te(f(ur,.c,un)) = f(Te(ur),..., Te(un))
Te(wau) = Ti(u)
Te(o f(uy,...,un)) = Te((o-flou,...,ouy))

Te(0X) = X((o)(a\Frg(X))

where o stands for a composition of the form (b,/a;)...(bn/a,) and a \
Frg(X) stands for the tuple obtained from a by deleting the names from
Fre(X). Given a tuple of distinct names ¢ and o = (by/a1)...(bn/ay) the
tuple (o)¢ is obtained from ¢ by successively replacing a; by b;.

5. The translation 7 (E) is defined as

[@lV+Te(t) = Tp(t").

Example 4.5.13. Consider the uniform equation
X:{a} & appgy(wp[al(X),b)=(b/a)X :{b} (4.44)

from Example 4.3.5. We have that a = (a, b) and Frg(X) = {b}. So |V| = {X} and
V(X)=1. We compute the term on the right hand side of the translated equation
by

Te((b/a)X) X((b/a)){a})
= X(b).

Similarly, on the left hand side we get

Te(appypy(wplal(X), b))

app(Ze(wp[al(X)), W)
app(Ze([al(X)), V)
app([alTEe(X), W)
app([a]X(a), ).

Hence the corresponding equation in SNEL is

[a,b]{X : 1} Fapp([a]X(a), V;) = X(b).
This is precisely the equation () of [FH08, Example 5.1].

Using the model theory of synthetic nominal equational logic, one can prove
that a sheaf algebra satisfies a uniform equation if and only if the corresponding
F-algebra satisfies the abstract equation obtained using the above algorithm.

Let (X, &) be an F-algebra satisfying the additional equations (4.43). Then
the sheaf X corresponding to the nominal set X can be equipped with an algebra



4.5 Comparison with other nominal logics 81

structure for the uniform signature given by 0. Let E be a uniform equation of
the form
I'te=1¢":T.

Theorem 4.5.14 (semantic invariance). (X,&)F Jz(E)ifand onlyif XF E.

Proof. Recall the model theory and the notations for SNEL from [FH08]. We
have that (X, &) E Z5(E) when

(@ V F Tl x.5b, (Cy)sy)yepv) = M@V F Te(t M0 (B, (Cy) sy )yeiv)

for all (b, ((y)sy )yeiv) € AH# g [A*VD), X].
For the left-to-right direction consider a valuation v of the variables in I" and
consider the abstract equation obtained from E

[@lVET()=T(t)).

For each variable Y in |V| let by denote the tu_ple a\ Frg(Y). Since all the ele-
ments of Frg(Y) are fresh for v(Y) we have a#(by)v(Y).
We show that for all uniform subterms u of ¢ or ¢’ we have that

[[@VFZe()lx (@ (by)v(V))vev) = [ullx,, (4.45)

The proof is by induction on the structure of u. For example, when u =(c/d)X
we can prove that

[[@VFX((c/aNbx)]x (@ (by)v(V)yev) = ((c/d)bx bx)-v(X)
= (cd) v(X)

X(c/d)v(X)

[(c/d)Xx,,

We used that X(S) = {x € X | supp(x) € S} and that X((c/d)s)(x) = (c d)- x, re-
call (2.31) for details. The other cases use X(w,)(x) = x and the inductive defini-
tions of the semantics of the abstract terms. It follows that [[¢]]x , = [[#']]x ,. We
can show similarly that & satisfies all the equations trs(E) for SN T =0.

For the right-to-left implication we have to show that whenever X F E we
have [[[a]V F Te(t)]x &) = [[[a]V F Te(¢')]lx,6)- It is enough to prove that their
evaluation at (a, ({(Cy)sy)ye|v)) coincides for all ({cy)sy )y < v| with the support dis-
joint from {a}. Given such ((cy)sy)y<v, for each Y € |V| we have by#sy, hence
we can find uy € X such that (cy)s, = (Ey) uy. Moreover Frp(X)#uy. Hence
we can consider a valuation v in X of all the variables in an extension tr5(I"). To
finalize the proof, we use that X F trg(E) and (4.45). O
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4.6 Conclusions and further work

In this chapter we have studied a way of transferring universal algebra from Set"
to Sh(I°P). We focused on algebras on nominal sets for functors L : Sh(I°?) —
Sh(I°P) that correspond to sifted colimit preserving functors on Set!. We have
seen that under some mild assumptions on L: Set! — Set! we can obtain an ap-
propriate L as I*LI,. Some questions were left open though, for example what
are the properties of the functors L obtained in this fashion? Or what are the
requirements on a functor L on sheaves so that we obtain an appropriate L on
Set!? Another task is to characterise the uniform theories from a categorical
perspective. We believe we can provide answers to some of these questions and
characterise the functors on nominal sets obtained by transferring sifted colimit
preserving functors across the adjunction between Nom and Set! as exactly the
functors that are determined by their action on the strong nominal sets. Central
to this development is the fact that the adjunction between Nom and Set! is
of descent type. The main category theoretic tool used is the notion of finitely-
based functors, developed in [VK11], as a generalisation of functors presented
by operations and equations in the more general setting of locally finitely pre-
sentable categories.

More results from universal algebra can be transferred to nominal setting.
For example we can obtain a quasi-variety theorem, applying the methodology
described in this chapter.

Another motivation for this study is to give a foundation for the work on
logics for nominal calculi in the style of [BK07]. For example, the models for the
n-calculus of [Sta08] should fit in the realm of universal algebra over nominal
sets.



Chapter 5

Nominal Stone type dualities

In this chapter we present a nominal version of Stone type dualities. In Sec-
tion 5.1 we recall classical Stone dualities for Boolean algebras and distributive
lattices. In Section 5.2 we observe that a simple attempt to internalise Stone du-
ality in nominal sets fails. We also show that the power object of a nominal set
is a nominal-complete atomic Boolean algebra, but has a richer structure: one
can define an operation n that ‘corresponds’ to the VI quantifier and that is a
restriction operation in the sense of [Pitl1, Pit10]. In Section 5.4 we introduce
distributive lattices equipped with a restriction operation and in section 5.5 we
prove a duality theorem with certain nominal bitopological spaces. This duality
restricts to the nominal Stone duality we obtained in [GLP11].

5.1 Preliminaries on Stone type dualities

Stone [Sto36] showed that each Boolean algebra is isomorphic to a subalgebra of
the powerset of its ultrafilters. This subalgebra is obtained by considering only
those sets that are both open and closed with respect to a certain topology on the
set of ultrafilters. He then generalised his representation theorem to distributive
lattices [Sto37]. Stone type dualities have numerous applications in theoretical
computer science : Abramsky’s domain theory in logical form [Abr91] takes its
cue from a duality between program logics and denotations. Coalgebraic modal
logic uses Stone duality as the bridge between systems and logics [BKO05].

Let us first look at Stone duality from a rather category-theoretical perspec-
tive. We have the functor P : Set — BA°” that maps a set to its powerset regarded
as a Boolean algebra and for each function f : X — Y the map Pf : PY — PX
is defined as the inverse image and is a Boolean algebra morphism. The func-
tor P has a right adjoint S : BA?? — Set where SB is the set of ultrafilters of a

83
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Boolean algebra B and for any h : B — B’ the map Sh : SB’ — SB is defined by
Sh(f') = h~'(f"). Notice that SB can be regarded as the set of Boolean algebra
morphisms from B to 2.

The adjunction P H S yields a monad f on Set. The category of Eilenberg-
Moore algebras for f is isomorphic to the category of compact Hausdorff spaces
CHaus, see [Man69, Joh82]. Moreover the adjunction P - S is of descent type, or
equivalently, the comparison functor K : BA?” — CHaus is full and faithful. Its
essential image is exactly the full subcategory Stone of CHaus consisting of the
spaces that are zero-dimensional, that is, spaces for which the sets that are both
open and closed form a basis for the topology. The compact Hausdorff spaces
that are zero-dimensional are called Stone spaces. Thus we have Stone duality:!

Theorem 5.1.1. The categories BA and Stone are dually equivalent.

Let us note that an important part of the proof of this theorem hinges on the
adjunction P - S being of descent type. This is equivalent to the counit of the
adjunction being a regular epimorphism, or equivalently, the map sgp :B— PSB
defined by

b—{FeSB|beF} (5.1)

being a regular monomorphism. This in turn is equivalent to the Ultrafilter The-
orem:

Theorem 5.1.2. Any filter of a Boolean algebra can be extended to an ultrafilter.

The ultrafilter theorem and Stone’s representation theorem are equivalent,
see [Jec73]. The proof of the ultrafilter theorem uses the Axiom of Choice. Nev-
ertheless, there are models of ZF set theory for which the Axiom of Choice fails,
but the ultrafilter theorem still holds.

There are several duality theorems for distributive lattices. Stone [Sto37] rep-
resented them as spectral spaces, that is, spaces that are compact, Ty, coherent
and sober. This representation theorem may seem not as satisfactory as that
for Boolean algebras. One reason is that on the topological side there is a lack
of symmetry. Given a distributive lattice D, we can construct the dual lattice
Depr, with the same carrier set, but with top and bottom, and meets and joins
swapped. One could ask, how can we obtain the spectral space corresponding
to D from the dual (X, 7) of D. The answer may seem a bit complicated: One
has to equip X with the topology generated by the complements of sets that are
both open and compactin 7.

IRecall that two categories are dually equivalent, when one is equivalent to the opposite of the
other, see [ML71].
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Priestley’s reformulation of Stone duality for distributive lattices [Pri70] re-
stores the symmetry on the topological side. She proved that distributive lattices
are dually equivalent to what we now call Priestley spaces. They are compact
topological spaces with an order that satisfies a separation axiom: if x £ y there
exists a set U that is both open and closed— for short clopen—such that x € U
and y & U, see [Pri70]. If (X, 1,<) is the Priestley space dual to a distributive
lattice D, then the dual space of D is just (X, 7,>). The spectral space cor-
responding to D is (X, 74+), where 74 is the topology generated by opens that
are upper sets with respect to <. The lack of symmetry in the spectral spaces
approach appears because 7_, the topology generated by lower opens, is not
taken into account. Thus, distributive lattices can be represented as bitopolog-
ical spaces (X, 74,7-). The bitopological spaces arising in this fashion are de-
scribed in [BBGK10] and are called pairwise Stone spaces. The duals of Boolean
algebras are precisely the pairwise Stone spaces for which the two topologies
coincide, and these are isomorphic to Stone spaces.

5.2 Stone duality fails in nominal sets

In this section we will prove that an internal version of Stone’s representation
theorem fails in nominal sets. Let us see how much of the theory can be replayed
internally in nominal sets.

First, let us consider the category nBA of nominal Boolean algebras. Ob-
jects are Boolean algebra objects in Nom, that is tuples (B, -, A,7) where (B, -) is a
nominal set, (B, A, ) is a Boolean algebra and the operations A, - are equivari-
ant. Morphisms are equivariant Boolean algebra morphisms.

We have a functor 2 : Nom — nBA°. On objects, 22X is the power object
of the nominal set X equipped with a Boolean algebra structure, with A inter-
preted as intersection and — as complement. One can easily check that this is
well defined. If f: X — Y is a nominal sets morphism, then 2 f(Y)= f~1(Y) for
alYeZY.

We can also consider a functor . : nBA?” — Nom defined as follows. Given
a nominal Boolean algebra B, consider the set B of finitely-supported ultra-
filters of B. Notice that finitely supported ultrafilters correspond to finitely-
supported Boolean algebra morphisms from B to the nominal Boolean algebra
2. If f € B is a finitely-supported ultrafilter, then sois 7-f={n-b | b €f}. So /B
is a nominal set. For a nominal Boolean algebra morphism % : B — B’ we define
an equivariant function .(h°P) : SB’ — SB by S(h°P)(f') = h~1(f").

Proposition 5.2.1. We have an adjunction 2 4% : nBA%” — Nom.
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Proof. For anominal set X, the unit nx : X — . %X s given by
x—{YeP?X|xeY} (5.2)

It is easy to check that for all x € X we have that 1(x) is supported by supp(x) and
is an ultrafilter in  X.

For a nominal Boolean algebra B, the counit ¢ : 2B — B in nBA? is
given by the nominal Boolean algebra morphism sgp that maps

b e sB|bef} (5.3)

It is easy to check that for all b € B we have that £°P(b) is supported by supp(b).
Moreover, 1 and ¢ satisfy the usual triangular identities. O

However this adjunction is not of descent type. This boils down to the fact
that the map £ defined in (5.3) is not a monomorphism. We will prove in fact
that the ultrafilter theorem does not hold in nominal sets. The classical theo-
rem uses the Axiom of Choice. It is known that the Axiom of Choice fails for
nominal sets, but there are models of ZF that satisfy the ultrafilter theorem, but
not the Axiom of Choice, see [Jec73]. The example we provide below is inspired
by [Jec73, Problem 4.6.3, pp 52], stating that the ordering principle fails in the
basic Fraenkel model. And classically the ultrafilter theorem implies the order-
ing principle, [Jec73, Section 2.3.2].

Proposition 5.2.2. There exists a nominal Boolean algebra having a finitely-
supported filter that cannot be extended to a finitely-supported ultrafilter.

Proof. Consider the nominal set Z;,(A) and for each P € %3,(A) consider the
set Mp of total orders on P. Put M = U Pe(h) Mp and define a G(A)-action on
M given as follows. If <p is an order on P define 7 <p to be an order on 7 - P
given by

u(n-<p)v < (n"u)<p (') (5.4)

Then (M, ) is a nominal set as for all P € %5,(A) each order on P is supported
by P.

We will consider next finitely-supported partial maps from %,(A) to M.
Formally these are elements of the nominal set [Z;,(A), M + 1], where M + 1
is the coproduct of M and the terminal object 1 of Nom.

Let X be the subset of [Z;,(A), M+ 1] consisting of those maps x such that

1. forall P € Z,(A) either x(P)=1 or x(P) € Mp and

2. for all PRQ € P5,(A) such that x(P) € Mp and x(Q) € M, the orders x(P)
and x(Q) coincide when restricted to PN Q.
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It is easy to check that X is a nominal subset of [#f,(A), M + 1]. Consider
x € X and recall from (2.10) that (7-x)(P)=7-x(n~!-P). If x(#~!-P)=1 then
(m-x)(P) = 1. Otherwise, if x(n~! - P) € M -1.p then (7 - x)(P) € Mp, so condition
1. above is satisfied.

As for condition 2, if (77 - x)(P) and (7 - x)(Q) are orders on P, respectively on
Q, then they agree on PNQ because x(7~!-P) and x(n~!-Q) are orderson 7! - P,
respectively 77! - Q, that agree on (7! - P)N(n~1-Q)=7n"1-(PNQ).

Next we consider the nominal Boolean algebra #(X) and we construct a
finitely-supported filter j. For each P € Z,(A) consider the set

Xp={xeX|x(P)e Mp} (5.5)

Clearly Xp is supported by P, so is in 2(X). Moreover, for all natural num-
bers n and Py,..., P, € Z5,:(A) we have that Xp N...N Xp, is non-empty. To see
this, consider an order < on P;U...U P, and define x € [%g,(A), M + 1] as fol-
lows. Put x(P;) to be the restriction of <to P; and x(Q)=1forall Q&€ {P,,..., P,}.
One can check that x is supported by P, U...U P,, and that x(P;) are pairwise
compatible on intersections. Hence x is in Xp N...N Xp, .

Putf={Ye2(X)|3P,..., P, € Pxu(A). XpN...NnXp, C Y}. Itis easy to check
that f is a finitely-supported (in fact equivariant) filter of 2 (X).

Assume by contradiction that § can be extended to a finitely-supported ul-
trafilter u. For each P € %5,(A) we have that Xp € u and Xp is equal to a disjoint
union U {x € X'| x(P) =<}. It follows that for each P € Z;,(A) there exists a

<eMp
unique total order <p on P such that

Yp={x eX| x(P)=<pleu.
One can show that whenever 7 € fix(supp(ut)) we have
T <p==<r.p. (5.6)

The orders (<p)p are pairwise compatible, because for all BQ we have Yp N
Yo € u. Thus we can define a total order < on A such that the restriction of < to
each finite P is <p. Using (5.6) we can show that < is a finitely-supported order
on A. Indeed, for 7 € fix(supp(u)) we have

U=<v << u=gywunv
= - u(m <L v using (5.4)
& TU=gfup TV using (5.6)
&= TU<TV
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But the existence of a finitely-supported total order on A leads to a contradic-
tion. Assume a, b, c ¢supp(<)and a < b. Then (a c)-a <(a c)-b,soc<b. On
the other hand (a b)(b ¢)-a < (a b)(b ¢)- b, hence b < c, contradiction! Hence
the filter f cannot be extended to a finitely-supported ultrafilter. O

5.3 The power object of a nominal set

In this section we explore the structure of the power object of a nominal set.
We have seen that the functor 2 : Nom? — Nom is monadic and 2 7 is its left
adjoint. The fact that the equivariant elements in the power object of a nominal
set # X form a complete atomic Boolean algebra is a consequence of a theorem
of Barr and Diaconescu for atomic toposes [BD80]. Recall that Nom is equivalent
to the Grothendieck topos for the atomic topology on 1°P.

In fact more can be proved: the category of Eilenberg-Moore algebras for
the monad corresponding to this adjunction is the category of complete atomic
nominal Boolean algebras. Here, by ‘complete’ we mean ‘internally complete in
nominal sets.’

Definition 5.3.1. Let B be anominal Boolean algebra. An element x € B is called
an atomifx # L andforally €B, y <x impliesy =1l ory =x.

Let At(B) denote the set of atoms of the nominal Boolean algebra B.
Lemma 5.3.2. At(B) is a nominal subset of B.

Proof. Consider 7 a finitely-supported permutation and an atom x € At(B). We
can prove that 7t - x is also an atom. Consider y € B such that y <7 -x. Since <is
equivariant, we have 7=!-y <x,hence 7~!-y =L or 17!y = x. Or equivalently,
y =L ory =m-x. This shows that At(B) is an equivariant subset of B. O

Definition 5.3.3. A nominal Boolean algebra B is called atomic if for all x € B
such that x # | there exists an atom y € At(B) such that y <x.

Definition 5.3.4. A nominal Boolean algebra is called nominal-complete if each
finitely-supported subset X € B has a supremum \/ X € B.

Definition 5.3.5. A complete atomic nominal Boolean algebra is a nominal
Boolean algebra that is atomic (Definition 5.3.3) and nominal-complete (Def-
inition 5.3.4). A morphism of complete atomic nominal Boolean algebras is
an equivariant Boolean algebra morphism that preserves suprema of finitely-
supported sets.
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Let nCABA denote the category of complete atomic nominal Boolean alge-
bras.

Example 5.3.6. If X is a nominal set then £ X is a complete atomic nominal
Boolean algebra. Indeed, the atoms of # X are the singletons. Given a finitely-
supported family (v;); in 2 X, we have that | ] Y; is also finitely-supported. Below
we will show that any complete atomic nominal Boolean algebra is actually iso-
morphic to the powerset of a nominal set.

From now on B will denote a complete atomic nominal Boolean algebra.

Lemma 5.3.7. Given x € B, the set {y € At(B) | y < x} is finitely-supported and
its support is included in supp(x).

Proof. Assume a,b ¢ supp(x) and y is an atom such that y < x. Then (a b)-y <
(a b)- x, by equivariance of <. But(a b)-x =x,so (a b)-y < x. By Lemma 5.3.2
(a b)-y is a an atom. This shows that

(ab)-{y eAt(B) |y <x}={y €At(B)|y <x}. (5.7)
Hence supp({y € At(B) | y < x}) Csupp(x). O
Lemma 5.3.8. Given x € B we have that x =\/{y € At(B) | y < x}

Proof. By Lemma 5.3.7 the set {y € At(B) | y < x} is finitely-supported, hence
using Definition 5.3.4 it has a supremum x, € B. Clearly xo < x. Assume the
converse inequality does not hold. Then —xy A x # L. By Definition 5.3.3, there
exits z € At(B) such that z < -x¢g Ax. But z < x implies z € {y € At(B) | y < x},
hence z < xy. Since z < —xyp we get z = 1, contradiction. So x = x(, and we are
done. O

Lemma 5.3.9. The map ¢ : B — 2 (At(B)) defined by
x> fy €AUB) |y < x}.
is a morphism of complete atomic nominal Boolean algebras.

Proof. By Example 5.3.6 and Lemma 5.3.2 we have that 22 (At(B)) is a complete
atomic nominal Boolean algebra. By Lemma 5.3.7 ¢ is well defined. The map ¢
is equivariant. Indeed

(ab)-fy eAtB)|y <x} ={(ab)-y|yeAtB)andy <x}
= {y €AUB) | (ab)-y <x}
—{y €AtB) |y <(ab)-x}
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The proof for the fact that ¢ preserves finitely-supported suprema and nega-
tion is just as in the classical case:

Let x denote an atom of B, and {x;|i € I} a finitely-supported subset of B.
Assume that x <\/x;. We have that x A\/ x; = \/(x A x;). Since for all i we have

4 l 14
x Ax; € {L1,x} it follows that there exists i € I such that x < x;. This proves that
 preserves finitely-supported suprema. O

The map v : Z(At(B)) — B defined by

XH\/X.

is well defined by Definition 5.3.4 and is equivariant. We can now show that ¢ is
an isomorphism and v is its inverse:

Proposition 5.3.10. B and &2 (At(IB)) are isomorphic complete atomic nominal
Boolean algebras.

Proof. We have v o ¢ = idg by Lemma 5.3.8. Let us show that ¢ o ¢ = idp axB))-
Given X € 2 (At(B)), we have to prove that {x € At(B) | x <\/ X} = X. The right-
to-left inclusion is clear. Consider an atom x such that x < \/X. It follows that
there exists y € X such that x < y. Since both x and y are atoms, this implies
x =y, hence x € X, so the left-to-right inclusion also holds.

Both maps ¢ and v’ are equivariant, hence the direct image of any finitely-
supported subset of B, respectively 22 (At(B)), is a finitely-supported subset of
2 (At(B)), respectively B. Then we can easily prove that i also preserves finitely-
supported suprema and negation. Thus i) is an isomorphism inverse to ¢. [

Proposition 5.3.11. The categories Nom and nCABA are dually equivalent.

Proof. We define the contravariant functor & : Nom — nCABA such that # X is
the powerset of X, and for equivariant f: X — Y we put 2(f)(B) = f~(B). This
is well defined. By Proposition 5.3.10 we know that & is surjective on objects.

2 is clearly faithful: Assume f,g : X — Y are equivariant maps such that
P f=2g. Then, forall y € Y we have f~1({y}) = g~!({y}), hence for all x € X
we have f(x)=y iff g(x)=y, or equivalently, f = g.

2 isfull: If 7 : Y — 2 Xis amorphism in nCABA, then the sets (7({y}))yey
are pairwise disjoint and, since 7 preserves finitely-supported suprema, their
union is 7(Y) = X. So for all x € X there exists a unique y, € Y such that x €
T({yx}). Set f: X - Y given by f(x)=y,. Wehave t =2 f. O
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In the previous section we have seen that the Boolean algebra structure is
not enough to provide a representation theorem. In the remainder of this sec-
tion we will define a restriction operation on 2 X. Recall the VI quantifier from
Definiton 2.1.15.

Definition 5.3.12. Define a restriction operation n: A x X — 2 X by
na.X={xeX|Wb.(ab) x <X} (5.8)
forallae Aand Xe 2X.
Using Theorem 2.1.16 we have that

na.X = {xeX|3b#a,x,X.(ab) -xeX}
= {xeX|Vb#a,x,X.(ab) xeX}
It is easy to verify that n: A x 2 X — 2 X is equivariant. The operation n can be

regarded as a semantic interpretation of the new quantifier /. We illustrate this
point in the next lemma.

Lemma 5.3.13. Consider anominal set X and an equivariant relation R € A xX.
Then

{xeX|WNa.R(a,x)}=na.{x €X|R(a,x)} (5.9)
Proof. Given x € X we have the equivalences
Wa.R(a,x) < Wb.(ab) R(a,x)
< Wb.R(b,(a b)-x) (5.10)
— Wb(ab) xef{yeX|R(a,y} )
< xena.lyeX|R(a,y)}
O

Next we summarise some of the properties of n, see [GLP11] for proofs.

Proposition 5.3.14. Let a € A and X € 2X. The restriction operation n has the
following properties:

1. a#na.X.

2. na.nb.X=nb.na.X.

3. If a#X thenna. X =X.

4. na.(XNnY)=(na.X)N(na.Y).

5. na.(X\ X)=X\na.X.

6. If a#x then x € X ifand only if x e na.X.

7. If f: X — Y is an equivariant function then f~!(na.U)=na.f~1(U).
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5.4 Nominal distributive lattice with restriction

The category of nominal restriction sets was introduced in Pitts’ ‘Structural Re-
cursion with Locally Scoped Names’, see [Pit11, Definition 2.6].

Definition 5.4.1. A nominal restriction set X is a nominal set equipped with
a name-restriction operation, that is an equivariant map n : A x X — X that
satisfies:

Swap na.nb.x =unb.na.x
Garbage a#x= na.x=x
Alpha b#x=> wnax=wb.(ba) x

Morphisms are equivariant maps that preserve u.

Definition 5.4.2. A nominal bounded distributive lattice with restriction is
a bounded distributive lattice object in Res, that is, a nominal restriction set
equipped with equivariant operations L, T, V, A that satisfy the following addi-
tional axioms:

Distrib - A na.(xAy)=Wma.x)Aa.y)
Distrib - v na.(xVvy)=Wwa.x)Vvua.y)

Lemma 5.4.3. a#na.x. As a corollary, na.na.x =va.x.

Proof. We have that

a#na.x < MWb.(ab) va.x=wna.x (byRemark2.1.17)
< Wb.nb.(ab) -x=na.x (nisequivariant)

The latter is true by Alpha and Theorem 2.1.16. The last part of the lemma fol-
lows using Garbage. O

Notation 5.4.4. Given a finite set of names C = {cy,...,c,} € A we denote by
by nC.x the element uc;...uc,.x. Notice that the order in which we write the
elements of C is not important by Swap.

Remark 5.4.5. It follows from Lemma 5.4.3 that na.L. =1 and na. T =T, so we
omitted these from the axioms of Definition 5.4.2.

The morphisms between two nominal distributive lattices with restriction,
are Res-morphisms that preserve the lattice operations. Let nDL,, denote the
category of nominal distributive lattices with restriction.

Definition 5.4.6. Let (L,-,Vv,A, T, 1,1) be a nominal distributive lattice with re-
striction. An n-filter § of LL is a finitely-supported set f € 2 (L) such that:
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1. Tef
2. xefandyefifandonlyifx Ay €f
3. NaVx.(x ef < na.x f)

Definition 5.4.7. Call an n-filter f proper when L & .
Call an n-filter f prime when § is proper and for all x,y € L we have x Vy €f
implies x efor y €f.

The notions of n-ideal, proper n-ideal and prime n-ideal are defined dually.

Lemma 5.4.8. If | is an n-filter of L and i is an n-ideal of I, such that fni =0,
then the set

F ={g| gis an n-filter,gNi=0,§ < g,supp(g) < supp(i) Usupp(f)}
has a maximal element with respect to inclusion.

Proof. Given a chain (f;); in & we have that | Jf; € Z. Indeed, | J{; is supported
by supp(i) Usupp(f) because each f; is supported by supp(i) Usupp(f). Moreover
|Jfi is an n-filter. By Zorn’s lemma 7 has a maximal element . O

Theorem 5.4.9. If § is an n-filter of L and i is an n-ideal of L, such that fni =40,
then there exists a prime n-filter f such that f C f, fni =0 and supp(f) C supp(f)u
supp(i).
Proof. Consider an n-filter § as obtained in Lemma 5.4.8. We will prove that f is
prime. Assume by contradiction that x V y € §, but neither x nor y isin .

We will use the following notation. For u €L let C,, denote the set

supp(u) \ (supp(f) Usupp(i)).

The first crucial observation is that we can assume without loss of generality
that supp(x) € supp(f)usupp(i) and supp(y) € supp(f)usupp(i). This is because we
can replace x by x’ = nCy.x and similarly, y by y’ =unC,.y, recall Notation 5.4.4.
Then supp(x’),supp(y’) € supp(f) Usupp(i). By condition 3 of Definition 5.4.6 we
have that x’ vy’ €§, but x/, y’ €.

At least one of the sets {zAx | z € f} and {z Ay | z € f} is disjoint from i.
Otherwise there exist z1,z2 € ? such that z; Ax € iand z, Ay €i. But then
(z1AX)V(z2AY) €l ﬂf and this contradicts the fact thatin ]E =0.

Assume that

fzAx|zefini=0. (5.11)

Consider the set
¥={zAx)Vul|zefuell.

It is easy to see that j” has the following properties:
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1. Tef,because T=(TAx)VT;

2. uefandvefiffunvey,;

3. If a#f,ithen u € implies na.u ¥,
4. fCf,butx e \§;

5. supp(f) € supp(f) Usupp(i). This follows because by the Conservation of
support principle we have supp(f) € supp(f) U supp(x). But supp(x) C
supp(f) and supp(f) < supp(f) Usupp(i).

6. fC§ andin{ =0, the latter follows from (5.11).

So ' is almost an n-filter, but for condition 3 of Definition 5.4.6. We can extend
it to a n-filter by considering

"={uel|uCy.uef}

It is easy to check that §” is an n-filter and supp(f”) € supp(f) Usupp(i). Using the
fact that {/ satisfies property 3 above, it follows that {/ C §. Hence | S

Let us show that  Ni=0. Assume there exists u € " Ni. Since i is an n-ideal,
we have that nC,,.u i and this contradicts that { Ni=0.

We have proved that / € Z and § S 7. This contradicts the fact that fisa
maximal element of Z. Therefore § is a prime n-filter. O

We finish this section with a useful result concerning generation of prime
n-filters.

Definition 5.4.10. Let(L,-,V,A, T, 1,1n) be a nominal distributive lattice with re-
striction. A finitely-supported set A C L is called u-stable when

NaVxel.xeA=>una.xcA (5.12)

Lemma 5.4.11. Consider a finitely-supported subset A of a nominal distribu-
tive lattice that is n-stable and has the finite intersection property, that is, for all
ai,...,ap € Awehave a; A...Nay, # L. Then there exists a prime n-filter f such
that ACH.

Proof. Forall x €L let C, denote the set supp(x)\supp(A). Consider the set
p={xel]|3ay,....,ancA.nCr.x=>aA...Nau}

Using the axioms for u, we can check that p is a n-filter. For example, to prove
that condition 3 of Definition 5.4.6 is satisfied, notice that for a#A we have that
Vle.x == VICMa.x.(Vla.x).
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Since A is n-stable we have that A C p. Since A has the finite intersection
property, we have that L & p. The result follows applying Theorem 5.4.9 for p
andi={l}. O

5.5 Stone duality for nominal distributive lattices with re-
striction

5.5.1 From nominal distributive lattices with restriction to nominal
bitopological spaces

Next we will introduce a notion of topological space internal to nominal sets. A
natural requirement is that the carrier of such a space is a nominal set and the
open sets are finitely-supported and form a nominal set. In general topology,
arbitrary unions of open sets are open. This condition needs to be slightly mod-
ified in the nominal setting, because arbitrary unions of finitely-supported sets
might not be finitely-supported. Here is the formal definition:

Definition 5.5.1. A nominal topological space is a pair (X, 7) consisting of a
nominal sets X and a nominal subset 7 of (X)) satisfying

1. 0,XerT;
2. fU,VveXthenUNVeX;
3. If % is a finitely-supported subset of 7 then | J% € 7.

Definition 5.5.2. Let (X, 7) be a nominal topological space. A finitely supported
subset U € (X)) is called

1. open when U € 7;
2. closed when X\ U € 7;
3. clopen when U is both open and closed.

Lemma 5.5.3. Let (X, 7) be anominal topological space and consider a € A. Re-
call the restriction operation n from Definition 5.3.12. Then the following hold:

1. If U is closed then na.U is closed.
2. If U is open then na.U is open.

3. If U is clopen then na.U is clopen.
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Proof. 1. By Definition 5.3.12 we have that na.U = [ (a b)- U. Since for all
b#U,a
b#U,a the set (a b)- U is closed, we conclude that na.U is closed.

2. follows from 1. and the fact that X\ na.U = na.(X\ U).
3. is an immediate consequence of 1. and 2. O

We will represent nominal distributive lattices with restriction as nominal
bitopological spaces.

Definition 5.5.4. A nominal bitopological space (X, 7}, 7,) is a nominal set X
equipped with two nominal topologies 7; and 7. Morphism of nominal bitopo-
logical spaces are equivariant bicontinuous (that is, continuous in both topolo-
gies) functions. Let nBiTop denote the category of nominal bitopological spaces.

Next we will define a functor F : nDL;p — nBiTop. Given (L,-,V,A, T, L,1n) a
nominal bounded distributive lattice with restriction, consider the set pf(LL) of
prime n-filters of L. For each x € L, put

xt={fepf(L)|xef} (5.13)
and
x~={fepf(L)| x &} (5.14)

Notice that x* and x~ are subsets of pf(IL) supported by supp(x). So we have
two maps (—)*, (=) : L — 2 (pf(LL)). Before giving the definition for the functor
F we establish some of their properties.

Lemma 5.5.5. Forall x,y €L and a € A the following equalities hold:

xtnyt=@xAy)t  x Ny =(xVvy)
xtuyt=@xvyt x Uy =(xAy)

T+ =pf(L) T-=0 (5.15)
1+t=0 1=-=pf(L)
na.xt=Wa.x)* na.x~=Wa.x)".

Proof. Most of these are easy verifications. We give a proof for na.x* = (na.x)*.

fena.xt Wb.(ab)-fex™ by Definition 5.8

Wb.x e(ab)-f

Wb.(a b) -x ef

db#a,x,f.(a b)-x f by Theorem 2.1.16  (5.16)
db#a,x,f.nb.(a b)-x f by Definiton 5.4.6

na.x €f

fewa.x)t

1ttty

Analoguously we can show na.x~ =(na.x)". O
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Lemma 5.5.6. The maps (—)*,(—)" :IL — 2 (pf(IL)) are equivariant and injective.

Proof. The first part is easy. To check injectivity of (—)*,(—)~ consider x,y € L
that are different. It is enough to prove the existence of a prime n-filter that
contains only one of them.

We can assume without loss of generality that x £ y. For z € L/ let C, denote
the set supp(z) \ (supp(x)U(supp(y)). We consider the sets

f={zel/|nC,.z >x}

and
i={zel/|uC,.z <y}

We can check that f is a n-filter containing x and i is a n-ideal containing y.
Moreover, we have that f Ni =0, otherwise we would contradict the assumption
that x £ y. By Theorem 5.4.9, there exists a prime n-filter f such that f C " and
fNi=0.Soxef and y &¥. O

Consider the nominal topology 7. generated by {x* | x € L}. Since this set
is closed under finite intersections by (5.15), 77 is obtained by taking finitely-
supported unions of x;“.

Similarly, let 7_ denote the nominal topology generated by {x~ | x € L}. That
is, the open sets in 7 _ are finitely-supported unions of x; .

We put F(L) = (pf(L), 74,7-). Given h : . — I/ a morphism in nDLy, we
define F(ho): pf(L") — pf(L) by F(hoP)(f) = h~1(}).

Lemma 5.5.7. The functor F:nDL;’ — nBiTop is well defined.

Proof. We need to check that for all morphisms 4 : L. — I’ in nDLj; the map
F(h°P) is a morphism of bitopological spaces. It is easy to check that it is equi-
variant. Notice that F(h°P)"1(x*)= h(x)* and F(h°P)"1(x~)= h(x)" forall x € L.
It follows that F(h°P) is bicontinuous. O

Lemma 5.5.8. The functor F is faithful.

Proof. Consider hy,h; : L — L/ two morphisms in nDLy such that F(h)") =
F(hgp ). Assume to the contrary that there exists x € I such that h;(x) # ha(x).
By Lemma 5.5.6 there exists a prime n-filter f such that /;(x) € f and ha(x) &€ f or
hy(x)efand h;(x) &f§. This contradicts the fact that F (hfp f)=F (hgp )(). Hence
hy = ho. O
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5.5.2 The duality

We prove that the functor F is a full embedding and describe its essential image.
To this end we introduce nominal pairwise Stone bitopological spaces, and we
show that they form a full subcategory of nBiTop dually equivalent to nDLy.

Definition 5.5.9. A nominal bitopological space is called pairwise Hausdorff
when for all distinct x,y € X there exist disjoint U € 7; and V € 7, such that
x € U and y € V, or there exists disjoint U € 75 and V € 7; such that x € U and
yev.

Lemma 5.5.10. (pf(LL), 74, 7-) is pairwise Hausdorff.

Proof. Letf,g be distinct prime n-filters. Then there exists x € f\ g or there exists
x€g\f. Thesets U=x" and V = x~ satisfy the required properties. O

Definition 5.5.11. Given a nominal topology 7, a finitely-supported subset % C
7 is called n-stable when

NaVU.(Ue % =>na.Ue).

Remark 5.5.12. 1. Any finite subset % C 7 is n-stable. If % is an equivariant
subset of T then %/ is n-stable iff foralla € Awehave Ue % =>na.Uc %.

2. Notice that if % is a finitely-supported subset of 7, hence % is a finitely-
supported subset of 2 X. Then % is n-stable if and only if it is n-stable in the
sense of Definition 5.4.10.

Definition 5.5.13. A nominal bitopological space is called pairwise n-compact
when for all n-stable %, € 2 (1) and n-stable %, € 2(t>) such that | | 2 Ul J %
covers X there exists a finite subset of %/ U % that covers X.

Lemma 5.5.14. Given a n-compact nominal topological space (X, 7;,72) and
9, 9 finitely supported n-stable subsets of 71, respectively 7, such that %, U
9, has the finite intersection property, (that is, any finite subset of % U %% has
non-empty intersection), then (%24 U %) # 0.

Proof. Assume by the contrary that (\(% U %) # 0. Then the finitely supported
sets V1 ={X\U | Ue€ 2} and ¥ ={X\ U | U € %} are n-stable and their union
cover X. Hence there exists a finite subcover of ¥; U ¥,. This contradicts the fact
that %/, U %, has the finite intersection property. O

Lemma 5.5.15. (pf(LL), 7+, 7-)is pairwise n-compact.
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Proof. Consider n-stable 2 € #(74) and n-stable % € 2 (7_) such that U U U
| %, covers pf(L). Let

Ai={xelL|IUe2.xt CU}

Ay={xell|3Ue%%.x~ C U}
The sets A; and A, have the following properties:
1. supp(A;) € supp(%;)

2. a#%; and x € A; implies na.x € A;. Indeed, if x € A; there exists U € 2
such that x* € 9. But since a#% and % is n-stable we have na.(x™) C
na.Ue€ % . By Lemma 5.5.5 na.(x*)=(na.x)", thus na.x € A,.

The sets
H={x" | xeA}
Vo={x" | x €Az}
have the properties:
1. supp¥1 Csupp?; and supp¥2 C suppZ-
2. ¥, and ¥, are n-stable.
3. ¥, and ¥, cover pf(LL).

It is enough to show that pf(IL) has a finite subcover of ¥ U 5. For u € L let
C, denote the set supp(u) \ (supp(%/1)Usupp(%)).
Consider the sets

i={fuel|Im>1.3x,..., xp€A1. MCL.u<x1V..Vxp}

f={uel|Im>1.3y,...,ym €As. NC,L. U= A...AYn}.

Theniis an n-ideal and f is a n-filter. To check condition 3 of Definition 5.4.6
use that whenever x € A; and a#%, we have na.x € A;. Moreover A; C i and
Ay CF.

Assume that inf = 0. By Theorem 5.4.9 there exists a prime n-filter § such
that f € and § Ni = 0. But this implies j/ ¢ x* for all x € A; and ' & x~ for all
x € Ay, contradicting that | 73 Ul J ¥ covers pf(L).

Hence there exists # €iNf. We obtain x; V...V x,; > y1 A... Ay, for some
X1,...,Xm €Ay and yy,...,y, € Ay. It is easy to check that {xf»---errJ’f»---'J’J}
covers pf(LL). O
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Definition 5.5.16. A nominal bitopological space is called pairwise zero dimen-
sional when the sets that are open in 7; and closed in 7, form a basis for 7, and
the sets that are open in 7,2 and closed in 7, form a basis for 7.

Lemma 5.5.17. (pf(L), 7+, 7-) is pairwise zero-dimensional.

Proof. We show that every set that U is 74-open and 7_-closed is of the form x+
for some x €IL. Since U is 74+-open we have

u=Jtt1x*cu

Since pf(IL)\ U is T—-open we have that

pf\ U= Jix™ |x~ Spf(L)\ U}

Notice that the sets {x* | x* € U} and {x~ | x~ € pf(LL) \ U} are finitely-
supported and n-stable. Their union is a cover for pf(IL) and by Lemma 5.5.15
it has a finite subcover. So there exists xi,...,x,; € L. such that U = Ux;’. By
Lemma5.5.5wehave U=(x; V...Vx,)T.

Similarly, 7_-opens that are 7, -closed are of the form x~ for some x € L.
The conclusion follows because {x* | x €L} is a basis for 7. and {x~ | x €L} isa
basis for 7_. O

Definition 5.5.18. A nominal pairwise Stone space is a nominal bitopologi-
cal space that is pairwise Hausdorff, pairwise n-compact and pairwise zero-
dimensional.

Let nBiSt denote the full subcategory of nominal bitpological spaces with
objects nominal pairwise Stone spaces.

Lemma 5.5.19. The functor F is full.

Proof. Consider amorphism of nominal bitopological spaces u : (pf(ILL/), T,T)—
(pf(L), T4, 7-). We will define a morphism % : L. — I” in nDLy such that F(h°P) =
u. For all x € I we have that u~!(x*) is open in 7/, and closed in 7”. Using a
similar argument as in Lemma 5.5.17 there exists y, € L such that u~!(x*) = y;\.
Note that y, is unique, by Lemma 5.5.6. Define h(x) = y,. The function h is
equivariant, because u and (—)* are equivariant. From (5.15) it follows that # is
a morphism of distributive lattices. We can easily check that h preserves u:

(h(na.x))y* = u((na.x)t)
= uYna.(x1)) by Lemma 5.5.5
= na.u"i(x%) (5.17)
= na.(h(x))*"
= (na.h(x))*
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By Lemma 5.5.6 (—)* is injective, hence h(ua.x) =wna.h(x). So h is a morphism
innDLy.

Finally we can check that F(h°P)(f) = u(f’). Indeed x € h~1(f') if and only if
f € (h(x))*, or equivalently x € u(j). O

Theorem 5.5.20. The categories nDLj; and nBiSt are dually equivalent.

Proof. By Lemmas 5.5.8 and 5.5.19 the functor F: nDLﬁfJ — nBiTop is a full em-
bedding. We have seen that for each nominal distributive lattice with restric-
tion F(IL) is a nominal pairwise Stone space. It suffices to show that for each
(X, 71, 72) in nBiSt there exists G(X) in nDL}y such that F(G(X)) is isomorphic to
(X, 71, 72). Let G(X) be the nominal set of sets that are open in 7; and closed in
T9. By Lemma 5.5.3 and Proposition 5.3.14 we have that (G(X),n,U,0,X,n) is a
nominal distributive lattice with restriction. We define ¢ : X — F(G(X)) by

P(x)={UeG(X)|xeU}.

It is easy to check that ¢(x) is a prime n-filter in G(X). Condition 3 in Defi-
nition 5.4.6 is satisfied because for all a € A such that a#x we have by point 6 of
Proposition 5.3.14 that U € ¢(x) if and only if na.U € ¢(x). We can prove that
¢ is equivariant. Since X is pairwise Hausdorff it follows that ¢ is injective. To
prove that it is onto, consider § a prime n-filter of G(X). Putg={Ve 1, | X\ Ve
71\f}. We can prove that fUg has the finite intersection property and is n-stable.
Hence, by Lemma 5.5.14, there exists x € X such that x € ﬂ(f U g). It follows that
¢(x)=7. Let iy denote the inverse of ¢.

It remains to prove that ¢ and y are bicontinuous. Observe that for all U €
G(X) we have ¢ {(UT)=U € 71 and ¢ 1(U~") =X\ U € 7,. Since {U+ | U €
G(X)} is a basis for 74 and {U~ | U € G(X)} is a basis for 7_, it follows that ¢ is
bicontinuous. Also for all U € G(X) we have y"1(U)=U"* and Yy '(X\U)=U".
Since X is pairwise zero-dimensional, it follows that ) is bicontinuous. O

5.6 Stone duality for nominal Boolean algebras with re-
striction

In this section we will show that the duality between nominal distributive lat-
tices with restriction and nominal pairwise Stone spaces restricts to a duality
between nominal Boolean algebras with restriction and nominal Stone spaces.
This is exactly the duality we have obtained in [GLP11].

Definition 5.6.1. A nominal Boolean algebra with restriction (B,-,A,—,1) is a
nominal Boolean algebra equipped with a name-restriction operation 1 : A x
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B — B satistying

Distrib - A na.(x Ay)=wa.x)A(na.y)
Distrib - = na.(-x)=-(na.x)

A morphism of nominal Boolean algebras with restriction is a nominal Boolean
algebra mophisms that preserves n. Let nBA denote the category of nominal
Boolean algebras with restriction.

Nominal Boolean algebras with restriction are in particular nominal dis-
tributive lattices with restriction. We will see next the effect that the presence
of negation has on the topological side. First let us see a generalisation of a clas-
sical result for Boolean algebras to nominal setting:

Lemma 5.6.2. Given B a nominal Boolean algebra with restriction and f a finitely-
supported subset of B, the following are equivalent:

1. fis a prime n-filter.
2. For all x € B either x €f or —x €.
3. fis a maximal proper n-filter.

Proof. 1 = 2. This is similar to the classical case, using that for all x we have
T=xV-xef.

2 = 3. Assume there exists a proper n-filter p such that f G p. There exists
x €p\f. Then ~x €f, hence —x €p. It follows L = x A ~x €p and this contradicts
the fact that p is proper.

3= 1.AssumexVyecf, butx,y €f. Thenf ={zeB|zVxei}isan-filter
such that { & /. Condition 3 of Definition 5.4.6 is satisfied because for a#f, x we
have

zef <<= zVxef
< wna.lzvx)ef (5.18)
<~ (Wa.z)vVxef )
~ una.zef
This contradicts the maximality of §. O

Given a nominal Boolean algebra with restriction, we will call its prime n-
filters n-ultrafilters. We can show

Theorem 5.6.3. In a nominal Boolean algebra with restriction, every n-filter §
can be extended to n-ultrafilter § such that supp(f) C supp(j).
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Proof. Given a prime n-filter f, apply Theorem 5.4.9 for f and i = {l}. O
Another consequence of Lemma 5.6.2 is:

Corollary 5.6.4. Given B a nominal Boolean algebra with restriction and x € B
we have x* =(-x)~ and x~ = (—x)*.

Proposition 5.6.5. The duality between nDLj and nBiSt restricts to a duality
between nBA and the full subcategory of nBiSt of spaces for which the two
topologies coincide.

Proof. Given B a nominal Boolean algebra with restriction, the corresponding
nominal pairwise Stone space has the property that the two topologies coincide.
This is because, by Corollary 5.6.4, the two basis {x | x € B} and {x~ | x € B}
coincide.

Conversely, if (X, 7, 7) is a nominal pairwise Stone space then the nominal
distributive lattice G(X) constructed in the proof of Theorem 5.5.20 is in fact a
nominal Boolean algebra with restriction. The negation of U € G(X) is X\ U.
This is well defined because the carrier set consists of clopens of 7 (see Defini-
tion 5.5.2) and if U € X is a clopen so is X\ U. O

The nominal pairwise Stone spaces for which the two topologies coincide
are simply nominal topological spaces (X, 7) that have the following properties:

1. are n-compact, that is, every n-stable finitely supported % C 7 that covers
X has a finite subcover.

2. are Hausdorff, that is for all distinct x,y € X there exist disjoint U,V € 7
suchthatxeUandy e V.

3. are zero-dimensional, that is, the clopens in 7 form a basis for 7.

Definition 5.6.6. We call the nominal topological spaces satisfying the above
three properties nominal Stone spaces.

Let nSt denote the category of nominal Stone spaces and continuous equi-
variant maps. Using Proposition 5.6.5 we have obtained the duality theorem
from [GLP11]:

Theorem 5.6.7. The categories nBAy and nSt are dually equivalent.

The notions of n-compactness and pairwise n-compactness may seem rather
ad-hoc, but, as we will see next, they arise naturally from the proofs. To close the
circle, we prove that the duality in Theorem 5.6.7 is obtained using the same ca-
tegory theoretical machinery described in Section 5.1. We have an adjunction of
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descent type & 1.9 : nBA&p — Nom. This yields a monad (8, u,n) on Nom, and
Theorem 5.6.13 below shows that the Eilenberg-Moore algebras for this monad
are precisely the n-compact Hausdorff topological spaces. Theorem 5.6.7 actu-
ally says that the essential image of the comparison functor K is the category of
nominal Stone spaces.

nBA)’ . Nomf (5.19)

\\\ S ‘ FB ///

/

NN
P2 \\\\‘ / / uf
Nom Q B
By Proposition 5.3.14 we have that # X has a nominal Boolean algebra with

restriction structure. Moreover if f : X — Y is an equivariant function, £ f :
PY — P X isamorphism in nBAj. Hence we have a functor & : Nom — nBAslp.

Proposition 5.6.8. The functor 2 : Nom — nBA}” has arightadjoint ' : nBA]" —
Nom.

Proof. On objects, #(B) is the nominal set of maximal n-filters of B. Given h :
B — B’ a morphism in nBAy, ¥ h: % B’ — . B is defined by % h(f') = h~1(").
For a nominal set X, the unit nx : X —» .2 X is given by

x—{YePX|xeV} (5.20)

It is easy to check that n(x) is an n-ultrafilter in 2 X.
For a nominal Boolean algebra B, the counit ¢g : 2B — B in nBA;p is
given by the nominal Boolean algebra morphism ¢ that maps

b—{jesB|bef} (5.21)

It is easy to check that for all b € B we have that £°P(b) is supported by supp(b)
and is a morphism in nBAy by Lemma 5.5.5. Moreover, 1) and ¢ satisfy the usual
triangular identities.

O

The adjunction # 4% of Proposition 5.6.8 yields a monad (S, u,n7) on Nom
where

1. BXis nominal set of n-ultrafilters in 2 X.
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2. For f: X — Y equivariant S f : BX — BY is defined by

BfH={Ue2Y| f1(U)eft. (5.22)

3. The unit nx : X — ¥ 2?Xis given by

x—{YePX|xeY} (5.23)

4. The multiplication ux : BBX — BX, computed as ¥ ¢»x, is given by

- {YePY |{U csPX| YUt} (5.24)

Next we will generalise Manes’ theorem to the nominal setting. In the clas-
sical case it is well known that a topological space (X, 7) is compact if and only if
every filter on X has at least one limit. We say that a filter F has x € X as a limit
when the filter N(x) of neighbourhoods of x is included in F. A similar result
can be proved for n-compact nominal topological spaces.

Let (X, 7) be a nominal topological space. First notice that for all x € X we
have that the neighbourhoods of x

N(x)={Ue2X|d0e1.x€0,0C U}

form a n-filter. Condition 3 of Definition 5.4.6 is satisfied using point 6 of Propo-
sition 5.3.14.

Definition 5.6.9. Let (X, 7) be a nominal topological space. A maximal n-filter f
in X converges to x € X, or has x as a limit, when A4'(x) €.

Lemma 5.6.10. A nominal topological space (X, 7) is n-compact if and only if
every maximal n-filter f in # X has at least one limit.

Proof. Assume (X, 7) and f is a maximal n-filter. The set {V | Ve X\ V e lis
n-stable (because f is an n-filter and by Lemma 5.5.3) and has the finite intersec-
tion property, thus has a non-empty intersection. Let

xe[iVIvefX\Ver}.

If U is open such that x € U then U €. Hence A4 (x) C .

Conversely, if every n-ultrafilter has a limit, let (U;);<; be an n-stable finitely-
supported cover of X with no finite subcover. Then the set {X\ U; | i € I} is n-
stable and has the finite intersection property. By Lemma 5.4.11 it is included in
a maximal n-filter f. Let x be a limit of f. It follows that for all i we have x &("\U;
because X\ U; €. But this contradicts the fact that (U;);c; covers X. O
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Lemma 5.6.11. A nominal topological space is Hausdorff if and only if every
maximal n-filter in 2 X has at most a limit in X.

Proof. Assume (X, 7) is Hausdorff and f is a maximal n-filter in #X such that
A(x)Cfand A (y) Cf. If x and y were distinct we would find U, V € 7 such that
UNnV=0and x € U, y € V. But then @ € f, contradiction. Conversely, consider
x,y € X such that x # y. Assume by contradiction that for all U € T with x € U
and for all V e 7 with y € V we have U N V #0. Then the finitely-supported set

{Unv|UeN(x),Ve N )}

has the finite intersection property and is n-stable, thus, by Lemma 5.4.11, it is
contained in a maximal n-filter f. Notice that 4(x) € f and A(y) € f, contra-
dicting the fact that f has at most one limit. Hence x and y can be separated by
disjoint opens, so (X, 7) is Hausdorff. O

Let nCHaus denote the category of n-compact nominal topological spaces
and continuous equivariant maps. We define a functor G : nCHaus — Nom?.
Consider a nominal topological space (X, 7) that is n-compact and Hausdorff.
By Lemma 5.6.11 and Lemma 5.6.10 each maximal n-filter f has a unique limit
lim(f). From the proof of Lemma 5.6.10 we obtain that

{lim(f)} =iV VefX\Ver}. (5.25)

This shows that lim : X — X is equivariant.

We prove next thatlim : X — Xis an Eilenberg-Moore algebra for . By (5.25)
it follows easily that for all x € X we have lim(n(x)) = x. To check that the dia-
gram

pBX s pX (5.26)
ﬁlimi ilim
ﬂX lim X

commutes, consider ® € B 3X. Using (5.22) and (5.24) It is enough to check that
the n-filters

ux(@)={U e 22X |{U s X |Uc U} c d}
and

Blim(®)={U € X |lim }(U) € ®}

converge to the same limit. If x is the limit of 8 lim(®), then for all open V € A4 (x)
we have lim™'(V) € ®. But lim (V) C {# € BX | V € %}, hence V € ux(®). It
follows that x is also a limit of ux(®).
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We put G(X,7) =lim : X — X. Let (X;,71) and (X3, 72) be two nominal
n-compact Hausdorff topological spaces. Given f : X; — X, a continuous map
between n-compact Hausdorff spaces, we have to check that folim; =limyof f.
This is exactly as the proofin the classical case, see [Joh82, Lemma 2.3].

Lemma 5.6.12. The functor G : nCHaus — Nom? defined above is full.

Proof. Let (X;,71) and (X3, 72) be two nominal n-compact Hausdorff topolog-
ical spaces and (Xj,lim;), (X3,limy) the corresponding Eilenberg-Moore alger-
bras. If f:(X;,lim;) — (X3,limy) is a morphism in Nom?, we show that f:X—-
X, is continuous. Let V be an open in X, and assume to the contrary that f~1(V)
is not equal to the finitely-supported union

in(f (V)= Jiluen |uc (V.

Let x € f~1(V)\int(f~1(V)). Then the set {U\ f~1(V) | U € #(x)} is n-stable and
has the finite intersection property, thus, by Lemma 5.4.11, it is contained in a
n-ultrafilter f € $X;. It follows that § converges to x. Since folim; =limyof f,
we have that f f(f) converges to f(x). This leads to a contradiction, because

Ve N(f(x)but V&S f(f). O

Theorem 5.6.13. The category of Eilenberg-Moore algebras for the monad S is
isomorphic to the category nCHaus of n-compact Hausdorff nominal topologi-
cal spaces.

Proof. We have seen that the functor G is well-defined, faithful and full. It re-
mains to show that each Eilenberg-Moore algebra is of the form G(X, 1) for a
unique n-compact Hausdorff space (X, 7). Given ¢ : X — Xin Nom” we define
amap cl on Z2X by

U—{y[{IUeit

The map cl : X — #X is equivariant and moreover satisfies the next prop-
erties; the first two can be proved exactly as in the classical case, see [Joh82,
Theorem 2.4]:

1. U Ccl(U), since for all x € U we have y(n(x)) =x and U € n(x).
2. c(UUV)=cl(U)ucl(V),since UUV efiff Uefor Vef.
3. cl(cl(U)) =cl(U) follows using the following claim:

Claim 5.6.14. If f is a n-ultrafilter and cl(U) € f there exists a n-ultrafilter g with
Uegand y(j) =y(g).
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For V € § the set Y~ 1(V)N{#% € BX |U € %} is non-empty because V Ncl(U)
is non-empty. Then the set {y~{(V)N{% € X |U € %} | V € {} is finitely-
supported subset of & X, n-stable and has the finite intersection property.
Thus, by Lemma 5.4.11, it can be extended to a maximal n-filter ® € S8X. Put
g=ux(®P). Since B1)(®) = f we have that Y (f) = Y (g).

We consider a nominal topology on X given by

T={U e 22X | X\U=cl(X\ U)}

It is easy to check that 7 is a nominal subset of X and is indeed a nominal
topology. Next we show that

f converges to x <= Y(f)=x. (5.27)

Suppose limf = x. Then for every V € §, we have x € cl(V). By Claim 5.6.14
there exists an ultrafilter gy that converges to x and contains V. Hence ¢ ~1(x)N
{% € BX |V € %} #0. Then the set {y~(x)N{¥ € BX |V e %} |V €} is
finitely-supported subset of # X, n-stable and has the finite intersection prop-
erty. Hence it is contained in a maximal n-filter in ¥ € g X.

For the right-to-left implication, notice that for all V € f we have x € cl(V).
Using the argument in Lemma 5.6.10 it follows that x =limf.

On one hand, (5.27) implies that each n-ultrafilter has a unique limit in X,
hence by Lemmas 5.6.10 and 5.6.11 it follows that (X, 7) is n-compact and Haus-
dorff. On the other hand, using (5.27) we immediately get that G(X, 7) = (X, ).

O

5.7 Conclusions and further work

In this chapter we proved that the ultrafilter theorem cannot be internalised in
nominal sets. We can still obtain Stone type dualities in nominal setting by ex-
ploiting the rich structure of the power object of a nominal set. In particular, the
power object functor & can be restricted to a functor from Nom to the opposite
category of nominal Boolean algebras with a name restriction operation.

Then, all the apparent ad-hoc constructions from [GLP11] can be easily ex-
plained. The n-ultrafilters of a such a nominal Boolean algebra with restriction
are needed to find the right adjoint for 2. The key for proving the duality lies in
the fact that this adjunction is of descent type. The notion of n-compactness can
be explained by understanding the Eilenberg-Moore algebras for the induced
monad on Nom.
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We have to mention a different approach to the dualities presented in this
chapter. Staton observed that the category of nominal restriction sets is equiv-
alent to Set”!, where plis the category of finite sets and partial injective maps.
Since pl is self dual, an equivalent description of our nominal Stone spaces is
Stone?!. However, notice that in our setting the topological spaces are internal
in nominal sets, rather than in nominal restriction sets.

Future work includes restricting the dualities for nominal distributive lat-
tices with restriction to categories that might be of interest for domain theory.
Another potential application would be a duality-based approach to developing
coalgebraic logic with names.
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